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Abstract—In this paper, we address the problem of relative
localization of two mobile agents. Specifically, we consider the
Dual-IMU system, where each agent is equipped with one
IMU, and employs relative pose observations between them.
Previous works, however, typically assumed known ego motion
and ignored biases of the IMUs. Instead, we study the most
general case of unknown biases for both IMUs. Besides the
derivation of dynamic model equations of the proposed system,
we focus on the observability analysis, for the observability
under general motion and the unobservable directions arising
from various special motions. Through numerical simulations,
we validate our key observability findings and examine their
impact on the estimation accuracy and consistency. Finally, the
system is implemented to achieve effective relative localization
of an HMD with respect to a vehicle moving in the real world.

I. INTRODUCTION

Relative localization between two mobile agents is a
fundamental problem in the field of robotics and has var-
ious applications, such as multi-robot tasking [1], target
tracking [2], formation flight of aircraft [3], and the use of
head-mounted displays (HMD) in moving vehicles [4] for
virtual/augmented reality. In such cases, rather than focusing
solely on the absolute poses of each agent in the global
coordinate system, it is of great interest to obtain the relative
pose and motion information of one agent with respect to the
coordinate system of the other agent.

One commonly used sensor for localization is the Inertial
Measurement Unit (IMU) due to its small size and light
weight. An IMU provides measurements of angular velocity
and linear acceleration of the platform, and has been success-
fully employed for single-agent localization [5]. However, in
the context of relative localization, the use of IMU has two
limitations: Firstly, it only offers motion information with
respect to an inertial frame, whereas the agent serving as the
reference frame is often in motion, creating a non-inertial
frame. This leads to discrepancies between the measurements
from a single IMU and the desired relative motion infor-
mation. To address this issue, two IMUs can be employed,
with one equipped on each agent (Dual-IMU). The other
limitation lies in the prolonged use of IMU, which often
results in pose drift due to biases and noise. To achieve better
localization, IMU data can be complemented with global
observations (e.g. GPS [6]), or relative observations between
the agents [7], as global information may be unavailable.

For the Dual-IMU system with relative observations, ex-
isting works have several limitations. Firstly, there is no prior
work that fully addresses all four biases of the two IMUs.
However, this is necessary because IMU biases are often un-
known and time-varying, hence need to be estimated online.
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Moreover, the observability properties of this system, with
unknown biases, remain uncertain. Observability [8], being
a fundamental aspect of state estimation systems, determines
whether certain state directions are solvable or not, affecting
the system’s estimation accuracy and consistency [9].

In this paper, we introduce a general Dual-IMU state
estimation system, with relative position and orientation
measurements, for achieving relative localization between
two mobile agents. We present the dynamic model equa-
tions of the proposed system, which jointly estimates the
relative pose, velocity, and all four IMU biases from both
agents. Subsequently, we focus on the observability analysis,
addressing both the observability under general motion of
the two agents and the unobservable directions resulting
from special motion constraints commonly found in practical
moving platforms. In summary, the main contributions are:

o We introduce a Dual-IMU estimation system with the
most general case of all biases unknown, and derive the
continuous and discrete-time system model equations.

o We prove that the system is locally weakly observable
under the condition of general motion.

o We analytically determine the unobservable directions
of the system that arise when two agents undergo var-
ious special motions, and identify motion cases where
relative pose estimates are either degraded or unaffected.

o« We verify the impact of the unobservable directions
on estimation results through numerical simulations.
Furthermore, in a real-world example to localize an
HMD with respect to a moving vehicle, the proposed
system is implemented and achieves high estimation
accuracy and processing speed.

II. RELATED WORK

A prevalent approach to achieve localization of a single
agent in the global frame utilizes the integration of IMU
data with additional observations, such as GNSS in tradi-
tional navigation systems [10], [11], visual information from
cameras [12], [13], [14], [15], or Lidar scans [16], [17]. As
for multi-agent localization, the problem is often referred
to as cooperative localization/SLAM. A distributed multi-
robot localization algorithm that utilizes relative observations
between robots has been proposed by [18]. [7], [19] exploited
distance and bearing measurements between two agents to
analytically compute their relative pose. [20] introduced
cooperative mapping based on relative pose graphs. [21]
reported a distributed cooperative mapping framework.

As for IMU-based multi-agent systems with relative obser-
vations, [22] conducted experiments to demonstrate that rel-
ative position observations between two IMUs can mitigate
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the global position divergence. However, this system empha-
sized global pose states. Some studies focused on directly
estimating the relative pose states, e.g., [23] used line-
of-sight measurements between two air vehicles, and [24]
employed ICP algorithm to obtain relative translation and
rotation as observations.

Meanwhile, extensive studies have delved into the observ-
ability properties of single-agent localization systems. [25],
[26] proved the four unobservable directions of visual-inertial
systems under general motion. [27], [28] investigated the
additional unobservable directions of such systems under cer-
tain special motions. [29], [30] analyzed the underlying cause
of system inconsistency stemming from unobservable direc-
tions, and introduced the first-estimates Jacobian Extended
Kalman Filter to improve estimation consistency. Similarly,
for observability analysis of the multi-agent localization
problem, [31] showed that when considering only relative
observations, the absolute pose becomes unobservable. [32]
used the example of two robots to analyze the observability
with global or relative observations.

A common limitation of the aforementioned works on
multi-agent localization, however, is that they assumed
known ego motion of the robots, or ignored biases from some
of the IMUs. In contrast, in this work, we consider the most
general case of unknown biases from both agents’ IMUs,
and jointly estimate them. More importantly, we analytically
study the observability properties of such system, under both
general and special motion scenarios.

III. DUAL-IMU STATE ESTIMATION

This section describes the dynamic and measurement mod-
els of our Dual-IMU state estimation system. This system
comprises two IMUs, the reference and target IMU, which
are rigidly attached to the moving reference and target agent,
respectively (Fig. 1).

A. System State and Dynamic Model

The system state is a 22 X 1 vector, as:

x=["pf, " Tal, by b}, bL BL]T O
where Ilp Ins Iy Ins I qr, are the position, linear velocity,
and unit quaternion of orientation of target IMU {I} with
respect to reference IMU {I;} (see Fig. 1), by, , b,, are the
gyroscope and accelerometer biases of I1, and bg,, b,, are
the biases of I, respectively.

The IMU measurement model of the angular velocity

In,, and the linear acceleration " a,,, n = 1,2, are:
W (t) = "w(t) + by, (t) + ny, () 2
"an(t) = "a(t) + ba, (t) + na, (t) 3)

where nw(t) and ra(t) are the true angular veloc-
ity and linear acceleration in IMU frame, ‘ra(t) =
CT(%qyr, (t))(%ar, (t) — “g), with C(%qy, (t)) the rotation
matrix of IMU frame {I,,} at time ¢ with respect to global
frame {G}, Gg the known gravitational acceleration, and
ng (t) and n,, (t) are modeled as zero-mean, white Gaus-
sian noise processes.
From (2)-(3), we derive continuous-time system model:

Target IMU
Frame {I5(t)}
Target IMU /,/" {Iipr, (tk), T, (t6)}
Frame {I5(tp—1)}| .-~ : 2
Lpr (te—1), ar, (te— f/__;Reference IMU
{1pr (te—1), ar, (te-1)} L Feme k)]
Reference IMU

Frame {I1(tx-1)}

{9 (te—1), “ar, (tr-1)}
Fig. 1. The system comprises a static global coordinate frame {G'}, and the
moving reference and target IMU coordinate frames {11} and {I2}. T1py,
and T1q 1, are the relative position and orientation of the target IMU with
respect to the reference IMU.

h plz (t) =0 Vi, (t) (4)
N35,(t) = C(Man(t) a(t) — "a(t)
=20 w(t) x v, (t) — Ma(t) x p(t)

Global
Frame {G}

—B(®) x ("wlt) x "pr(®) ®
an() = 5("an®) @ e - "em e "an®)  ©
ba, () = Ny (1), by, (1) = N, (1) ™

where Ir@ £ [0 I"wT]T, n = 1,2. The IMU biases
are modeled as random walks driven by zero-mean, white
Gaussian noise n,q,, and n,,,. For derivation see Appendix
A in our Supp. Mater. [33].

B. Continuous-Time Error-State Equation
The linearized continuous-time error-state equation is:
x(t) = F(t)X(t) + G(t)n(t) ®)
where x is the 21 x 1 error state of (1). For the position,
velocity, and bias states, the additive error model is used,
i.e., X = x — X is the error of the estimate X of the state
x. As for the quaternion state g, the 3 x 1 angle error §0
is defined as g =q ' ®q=[1 %69T}T following [34].
The continuous-time error-state transition matrix, F', is:
03 13 03 03 03 03 03

-U —2wy] —Ckax] -K 03 Iy -C
03 03 _[Iz&x} CT —13 03 03
F= 03 03 03 03 03 03 03
03 03 0s 03 0s 03 O3
03 03 03 03 03 03 O3
03 03 03 03 03 03 O3

with € 2 C("qr,), U210, )+ [y ©)
K £ [II‘OXHIlf)b ><] + [(11‘;’ X Ilf)fz + 211‘712)><}

and n is the noise, and G is the noise Jacobian matrix. For

derivation see Appendix B in our Supp. Mater. [33].

C. Discrete-Time Error-State Equation
Given that the IMU measurements are acquired at discrete
time steps, with two IMUs synchronized at each time interval
0t =ty —tp_1, it is necessary to find the discrete-time error-
state transition matrix ®y, ;. The structure of & is:
D11, P12 P13 Py P15 Pis Pir
@21 @22 §23 §24 (I’25 (1’26 (I,27
03 03 P33 P33y P35z 03 O
=03 03 03 I3 03 03 O3 (10)
03 03 03 03 13 03 03
03 03 03 03 03 IB 03
03 03 03 03 03 03 13
The derivation and expression of each term in ® are provided
in Appendix C in our Supp. Mater. [33].
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D. Relative Pose Measurement Model

We consider two types of measurements in this paper,
relative position (dp) and relative orientation (dq) measure-
ments. These two measurement models are:

dp="pr+n, da=[ in7]"®"aq,

where 7, and 7, are zero-mean, white Gaussian noise.

We can apply the derived system dynamic and measure-
ment models (4)-(11) to various estimation frameworks, such
as the Extended Kalman Filter (EKF) [13] or optimization-
based methods [35], to obtain the state estimates.

(1)

IV. NONLINEAR OBSERVABILITY ANALYSIS UNDER
GENERAL MOTION

Next, we conduct an observability analysis of our Dual-
IMU system. We employ the nonlinear observability analysis
method in [8] to prove that our system, under the condition of
general motion, is locally weakly observable. For expression
simplicity, we transform the state (1) to:

< =[0pr, v el by by b bl (12)
where v/ = Iy, + 11w x fipy, . Since v/ is simply a change
of variable as compared to {1 v,, the subsequent observabil-
ity results with (12) are equivalent to those with (1).

Now, we rewrite (4)-(7) in input-affine form as:

x' = fo +f1 Ilwm +f> Ime + f3 Ilam +f4 Izam

]T

fo=[f7 7 £7 Oixis)”

fi = [[Il PI, X]T [V,X]T _%[Il q12]£(1,2:4) 03><12]
f,=[03 03 %[Ilqlz]f(;,z:z;) 03x12}T

f5=[05 —I3 Osus O3x12]"

£.=[0s C"("ar) O03xs 03><12]T (13)

with f, = v/ 4+ by, x "'py,
f, = 70(11 qIQ)ba2 + ba; + by X v/

£, = 5 (" anliby, — " as]rby,)
where [q]; and [q]r are the left and right quaternion-
multiplication matrices of q, l_)gn = [O bgn]T, n =12
For derivation see Appendix D-1 in our Supp. Mater. [33].
As for system observations, the unit norm of 11q12 is
treated as a measurement denoted by hy. Additionally, we
include the dp measurement in our analysis, denoted by h;:

ho =1=|"amll3, (14)

Based on the approach outlined in [8], we found an
observability submatrix formed by the following subset of
Lie derivatives:

0 0 1 1 2 2
L ho, L h1, Ly ho, Ly h1, Ly s h1, Liyz, ha,

2 2 3 3 3
Lfof42h17 Lf0f43h1’ Lf0f0f31h1’ Lfofof:szhl? Lf0f41f0h17
(15)

This matrix has full column rank, which indicates that the
system (13)-(14) is locally weakly observable. For detailed
proof see Appendix D-2 in our Supp. Mater. [33].

In summary, we have shown that the Dual-IMU state
estimation system with only dp measurement is observable.
Hence, the case with both dp and dq measurements is also
observable, trivially. This means that, if the two agents keep
moving generally, the estimation results can be reliable.

hi =dp = "py,

3 3 3 3
Lfof42f0h17 Lf0f43f0h17 Lf0f0f21h1’ Lf0f0f22h1

V. UNOBSERVABLE DIRECTIONS UNDER SPECIAL
MOTIONS

In the preceding section, we have established that under
general motion conditions, as long as dp measurement is
present, all states are observable. Here, general motion refers
to the case when both agents move freely, rotationally and
translationally, in the 3D space. In practice, however, agents
cannot persistently sustain rich 3D motions. For example,
in the case of ground-moving robots, they mostly undergo
special motion profiles, such as stationary, linear, or planar
motions. Also, in the case of a person wearing an HMD
and sitting inside a moving vehicle, the HMD may often
be stationary or purely rotating with respect to the vehi-
cle. In this section, we present the unobservable directions
arising from different types of special motions, and explain
their physical meanings, for the case when both dp and
dq measurements are used, as well as for the case when
only dp measurement is used. Following the methodology
in [36] [26], unobservable directions can be found as the null
space of the observability matrix of the linearized system.

A. Unobservable Directions with Both dp and dq

For all types of special motions we consider here, the
unobservable directions of the system with both dp and dq
measurements are summarized in Table (I). For proof see Ap-
pendix E-1 in our Supp. Mater. [33]. We can query Table (I)
to obtain the corresponding unobservable state directions,
according to the motion constraints of the two IMUs. The
union of all unobservable directions in Table (I) is:

[ba+ | b9+][21x3, 21x3]

03 03
03 03
03 03
— 0, I; (16)
03 C"("ar,(to))
I3 03
C"("ar,(to)) 03

And the physical meaning of each direction is:

e b, is 3 dof of the composite accelerometer bias.
o by, =bgy 1y, is 1 dof of the composite accelerom-
eter bias along /1wy, direction.
e by is 3 dof of the composite gyroscope bias.
o by =bgy, Tiwy, is 1 dof of the composite gyroscope
bias along "*wy, direction.
e byt = byt - ais 1 dof of the composite gyroscope
bias along « direction, where « is defined in Table (I).
B. Unobservable Directions with Only dp
Under the same types of special motions, the unobserv-
able directions in the case with both dp and dq mea-
surements, shown in Table (I), will also exist in the case
with only dp measurement. Furthermore, the absence of
dq measurement will lead to some additional unobservable
directions. These additional unobservable directions are sum-
marized in Table (II). For proof see Appendix E-2 in our
Supp. Mater. [33]. Therefore, we can obtain the fotal unob-
servable state directions for the dp only case, by querying
Table (I) and Table (IT) and adding them together. The union
of all additional unobservable directions in Table (II) is:
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TABLE 1
UNOBSERVABLE DIRECTIONS WITH BOTH dp AND dq MEASUREMENTS

Motion Constraints Motion Constraints of Reference IMUT
of Target IMU w.r.. Nw=0 ho | a 11 dir. const. T1w Jf @ | 1w unconstrained
Reference IMU*
Iy o g
Na=a v e Yldlr”cgsl, la=a iy 1 Ny 1 he 11 v unconstrained
v
"ipp, vy, Nwp, 1 11 111 v v VI VII
w=0 A bat.bgt ba.bg+ ba.bgt bat.bg
p=0 v=0 wy; =0w, =0 B by by by by by by by, by
Unconstrained C 0 0 0 0
w=0 D bay.bgt bai.bot ba+ b+
3 v=0 wy; =0w, =0 E by by by be by, by,
Pz = g Unconstrained F 0 0 0 0
Py =
p. #0 v. =0 w=0 6 bat b3y bat b3y bat bay
vZ:O wy; =0wy, =0 H by by, by by, by, by,
Unconstrained J 0 0 0 0
w=0 K bay.bgy bt b+ bat
v=0 wy, =0w, =0 L b‘a“'Jr,b‘y"Jr b:+ b;’+ by,
Unconstrained M 0 0 0 0
Pe #0 o w=0 N bay.bgy b+ b+ ba+
x Vo =
py #0 VZ:O wy =0w, =0 o b:’+,b;’+ bf+ br+ by,
p: #0 Unconstrained P 0 0 0 0
Uncon w=0 Q ba ba ba ba
strained wy =0w, =0 R by, by, by, by,
Unconstrained S 0 0 0 0

For the motions we consider here, they are classified according to motion constraints of reference IMU (Cols I-VII) and motion constraints of target
IMU with respect to reference IMU (Rows A-S). Here, Cell VII-S represents general motion, while all other cells correspond to various special motions.
bay, bgr, by, by, and by denote the corresponding unobservable directions. In this table, for case Col-I, c is the constant local acceleration of
reference IMU, while for the rest cases Cols II-VII, o equals the constant negative local gravity in the reference IMU at initial moment (— 7 tg(to)).

TABLE II
ADDITIONAL UNOBSERVABLE DIRECTIONS WITH ONLY dp MEASUREMENT
Motion Constraints Motion Constraints of Reference IMUT
of Target IMU W‘im' nw=0 Ne || "1 dir. const. 1w Jf o | 1w unconstrained
Reference IMU*
Iy B
la=a nva \Illdlr.kc:sl, Naza hy 1 e hy 1 e "1y unconstrained
v
pyg, vy, Nwp, I I il v v VI VII
_ =3 oo e o Lo
w=0 A 6, by 6%.b5 0°1 6.b5 0 0 0
p=0 | v=0 [w,—0w,=0 [ B | 6,b% | 65b% o1 0% b3, 0 0 0
Unconstrained C 6, be 6.by 6°1 6.by 0 0 0
w=0 D 6, b2 6%.b2 0°1 6%,b% 0 0 0
o | V7 0 | w,=0w, =0 | E | 6by 6%.by 671 6%.by 0 0 0
g’" ; 0 Unconstrained F 0, b;"l 9"‘,b;"1 0P1 Ba,bg‘l 0 0 0
Py #£0 0 w=0 G [ 6%.b5 | 6°b5 0 6% b 0 0 0
:’/: “o | we=0w,=0 [ H [ 6% b5 | 6°bS 0 0% b% 0 0 0
Unconstrained J 0%, b;"l Ba,bg‘l 0 9"‘,b;"1 0 0 0
w=0 K | 6,b% 6%.by 671 0 0 0 0
v=0 we=0wy, =0 | L 6, by 6%b% 6P1 0 0 0 0
Unconstrained M 6, b2 6%.b2 6°1 0 0 0 0
ps #£0 w=0 N | 6% b% 6%.by 0 0 0 0 0
py#0 | V== 0 T 0 [0 | 65, 5% | 656 0 0 0 0 0
p.#0 vy =0 ki v > 91 > 91
# Unconstrained P | 6% by 6~.by 0 0 0 0 0
w=0 Q 0 0 0 0 0 0 0
Uncon- w,=0w, =0 | R 0 0 0 0 0 0 0
strained Unconstrained S 0 0 0 0 0 0 0

The special motions we consider here, as well as their classifications, are the same with Table (I). @ (composed of 0”1, P2, and 0%), 0%, 0P1, and
bg, denote the additional unobservable directions. In this table, o follows the same definition with Table (I), and for case Col-I, 3, and 3, constitute
an orthogonal basis perpendicular to o, while for case Col-III, 3, is the constant direction of L1y, Note that, the total unobservable directions with
only dp measurement are obtained by adding together Table (I) and Table (II).

fCols I-VII represent motion constraints of the reference IMU, i.e., the local Iy, g, iy of {I,}. Based on the definition of c, examples
of Cols I-VII are: stationary, uniform linear or uniform acceleration linear motion with no rotation (Col-I); linear motion along gravity direction with no
rotation (Col-II); linear motion in a non-gravity direction with no rotation (Col-III); rotating around gravity in place or with uniform linear translation
(Col-1V); planar motion on a horizontal surface (Col-V); planar motion on an inclined surface (Col-VI); free 3D motion (Col-VII).

TRows A-S represent motion constraints of the target IMU wrt the reference IMU, i.e., the relative Ilph, I Vi, L) 1, between {11} and {12}.
Without loss of generality, we align z-axis of the reference IMU at initial moment with o, and X, y-axis are the perpendicular directions. We use
p; =0,v; =0, and w; =0, j = z,v, z, to represent that the relative position G p1,), relative linear velocity (v I,), and relative angular velocity
("wr, = C(Mqyr,) 2w — "w) has constant zero for its j-th element, respectively, while # 0 to denote this element is non-zero for certain time steps.
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[ 0Ps1x2
———
6”11 6° | 6> | b (17)
——_— ——
621x3
L [21x1, 21x1, 21x1, 21x1]
[ 032 03x1 031
O3x2 03x1 031
C'("an () [B1 B:) C'(Man(to))a 0sx1
= 032 031 «
O3x2 03x1 031
[ax B, axpf,] 03x1 031
O3x2 03x1 031

where o, 3, B, are defined in Table (II). And the physical
meaning of each direction is:

« b is 1 dof of the absolute gyroscope bias of reference
IMU along o direction.

e 0% is 1 dof of the relative orientation about the
direction, i.e., the yaw angle with respect to c.

« 67 is 2 dof of the relative orientation about the B
directions, i.e., the two tilt angles with respect to c,
and coupled with the absolute accelerometer bias of
reference IMU along (3 directions.

e 6P is 1 dof of the relative orientation about the B4
direction, and coupled with the absolute accelerometer
bias of reference IMU along o x 3; direction.

In summary, we have shown that these special motions
can introduce multiple unobservable directions to the system.
We can classify all these cases into two categories: The
first category is when certain components of the relative
orientation are unobservable (all non-zero cells in Table (II)),
e.g., when a vehicle stays still or in uniform linear motion,
while an HMD purely rotates inside the vehicle. The second
category is when only biases may be unobservable (all other
cells in Table (I)), e.g., when either agent undergoes sufficient
motion, while the other agent can be moving or stationary. In
practice, a mobile agent’s motion is typically the combination
of general and special motions, with each mode occupying
certain periods of time. As shown in [28], “approximate”
or intermittent special motion profiles may cause estimation
inaccuracy issues as well. Therefore, according to our ob-
servability analysis, if the two agents follow special motions
in the first category, even if it is only approximate, the system
with only dp measurement may have a large estimation error
along the unobservable directions of the relative orienta-
tion (e.g., relative yaw error). Otherwise, if the agents follow
special motions in the second category, then individual IMU
bias estimates may be unreliable, but the relative pose states,
since they are observable, can be accurate.

VI. NUMERICAL SIMULATION

In order to verify the unobservable directions under special
motions in the preceding section and show their impact on
the state estimates, we conduct Monte Carlo simulations
based on EKF. For each motion case, we execute 50 indepen-
dent runs with random noise inputs, and calculate the root
mean square error (RMSE) [37] and 30 bound for each state
per time step, serving as an assessment of the accuracy and
consistency of the estimates. We choose four typical motion

by, Errors b, + Errors
< 002 — RMsE | % 020 +30 bound
8 E
B ¢ R
* 0.00 *0.00
5002 % 0-20
8 E
H E -
>0.00 > 0.00
- = 2.00
3 0.02 3
£ E
N 0.00 ™ 0.00
0 5000 10000 15000 20000 25000 0 5000 10000 15000 20000 25000
Time [s] Time [s]
Fig. 2. The RMSE and 30 bound of composite biases for motion I-K of

Table (I), i.e., both IMUs stay still, with both dp and dq measurements.

patterns corresponding to Cell I-K, II-K, V-K, and I-S of
Table (I) and Table (II).

For Cell I-K in Table (I), even with both dp and dq
measurements, when both IMUs remain still, all 6 directions
of byt and b, (see (16)) are unobservable. From Fig. 2,
we can see that none of the errors in 3 directions of by
converges. The error along the z direction of b, rapidly
grows and exceeds the 30 bound, while the errors and 3o
bounds of the other 2 directions continuously increase.

When there is only dp measurement, in addition to biases,
unobservable directions can also arise for relative orientation.
For Cell I-K in Table (II), the 3 directions of orientation are
all unobservable, and from Fig. 3(a), the yaw error rapidly
grows and significantly exceeds the 30 bound, while the
errors of the other 2 angles and their 30 bounds continuously
increase. For Cell III-K, only the roll (the orientation around
the x direction) is unobservable, and from Fig. 3(b) the
error and 30 bound of just the roll angle keep increasing.
For Cell V-K and I-S, all 3 directions of orientation are
observable, and from Fig. 3(c) and (d) all errors rapidly
decrease to very small values and remain well within the 3o
bounds. Overall, from Fig. 3(a) to (c), as the motion of the
reference IMU becomes increasingly sufficient, unobserv-
able directions of orientation disappear. And from Fig. 3(c)
and (d), it is evident that as long as the motion of either IMU
is sufficient, the estimates of relative orientation are reliable.

For more comprehensive simulation results see Sect. VI
in our Supp. Mater. [33]. All simulation results validate our
observability findings in Sect. V perfectly.

VII. EXPERIMENTAL RESULTS

In this section, we design experiments to showcase the
performance of the Dual-IMU state estimation system in real-
world applications. In our experiment, both the reference and
target IMUs are consumer-grade MEMS-IMUs, where the
reference IMU is attached to a moving vehicle and the target
IMU comes from an HMD. Images from the HMD’s camera
of a car-fixed ArUco marker are processed by OpenCV’s
built-in algorithms [38] to calculate relative poses, serving
as dp and dq measurements. The ground truth is provided
by an OptiTrack [39] system attached to the vehicle. In the
experimental route (about 30mins), the vehicle’s motion is
highly diverse, as shown in the bottom subplot of Fig. 4.
We drive the vehicle along this route twice, and a person
sitting inside the vehicle and wearing the HMD exhibits
two different motion patterns: attempting to remain still and
moving normally. For each motion case, we test three setups
depending on whether the initial biases are calibrated and
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Motion I-K (a) Motion 111-K (b) Motion V-K (c) Motion I-S (d)
= +
£ 9100 0.2 0.2 02 30 bound
ey} —— RMSE L
0 0.0 0.0 0.0
2.0
€9 0.2 0.2 0.2
=)
0.0 0.0 0.0 0.0
2.0 2.0
32 .2 2
e8 o 0.
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0.0 0.0 0.0 0.0
0 5000 10000 15000 20000 25000 0 5000 10000 15000 20000 25000 0 250 500 750 1000 1250 0 250 500 750 1000 1250
Time [s] Time [s] Time [s] Time [s]

Fig. 3. The RMSE and 30 bound of relative orientation estimates for different motion patterns with only dp measurement. (a), (b), (c), and (d) correspond
to the motion patterns described in Cell I-K, III-K, V-K, and I-S of Table (II), respectively. Specifically, for Cell I-K, III-K, and V-K, the reference IMU
remains still, moves along a straight line (the x direction), and moves on a horizontal plane, respectively. Meanwhile, in these three cases, the target IMU
remains still with respect to the reference IMU. Lastly, for Cell I-S, the reference IMU remains still, while the target IMU moves genericly.
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Fig. 4. Comparison of relative pose errors under different motions of the HMD and the vehicle, as well as under different estimation setups. Specifically,
for the initial biases, we consider uncalibrated biases (ub) and calibrated biases (cb). As for the measurements used, we evaluate the system with both dp
and dq (dpdq) and with dp only (dp). Note that, the results of cb-dpdq are almost identical with ub-dpdq, and are omitted.

whether there is dq measurement (see Fig. 4). Our estimation
implementation is based on EKF, where each prediction and
update cycle takes 20us (ArUco marker processing time
excluded) on an Intel (i7, 2.3GHz) processor.

As shown in Fig. 4, the errors of relative pose estimates
with both dp and dq measurements are consistently small,
because the relative pose is directly measured and hence
observable from Table (I). Meanwhile, with only dp mea-
surement, the pose errors are largely affected by the motion
periods. From Fig. 4(a), in the initial phase, both the vehicle
and HMD remain still, and from Cell I-K in Table (II),
the relative orientation are unobservable. Hence, we can see
that with uncalibrated biases, the angle errors, especially the
yaw (8%) error, continue to increase to a big amount, while
with calibrated biases, the errors still exist but are smaller.
This also indicates that at this stage, biases (e.g., bg"‘l) are
not observable. Next, the vehicle starts moving (turn and
straight), which corresponds to planar motion in Cell V-K
of Table (II) and hence the relative orientation becomes
observable, then the angle errors quickly converge. Later on,
when both IMUs come to the second stationary period, since
gyroscope biases have already converged due to previous
motions corresponding to Cell VII-K in Table (I) and (II), the
accuracy remains high. Moreover, when comparing Fig. 4(b)
with (a), we can see that with uncalibrated biases, the HMD
moving normally (Row-S in Table (II)) results in better
relative orientation estimates than staying still (Row-K in
Table (II)). Note that, the position errors of Fig. 4(b) are

slightly larger than (a), because the tracking quality of the
ArUco marker degrades as the HMD’s camera moves faster.

To summarize, the experimental results align well with
our observability analysis in Sect. V. Overall, the proposed
algorithm achieves satisfactory relative localization on real-
world data and runs extremely fast (20us per process). To
further improve localization accuracy, one can enlarge the
marker’s size, design special markers, use outside-in tracking
systems, or introduce additional observations to the vehicle.

VIII. CONCLUSIONS

In this paper, we presented a Dual-IMU state estimation
system, which jointly estimates the relative pose, velocity,
and all four biases from the two IMUs. For this system, we
proved that it is locally weakly observable when both IMUs
undergo general motion, even with only relative position
observation. Furthermore, we have identified the system’s
unobservable directions across various special motions and
categorized these motions into two groups: those result-
ing in the relative orientation becoming unobservable, and
those potentially leading to only biases being unobservable.
Through numerical simulations and real-world experiments,
our observability findings were validated based on the esti-
mation error and consistency, where the relative orientation
estimates were degraded or unaffected, depending on the
corresponding motion category. Lastly, in the real world, our
system was able to localize an HMD with respect to a moving
vehicle with high accuracy and computational efficiency.
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