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Tight Motion Planning by Riemannian Optimization for Sliding and Rolling
with Finite Number of Contact Points
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Abstract— We address a challenging problem in motion
planning where robots must navigate through narrow passages
in their configuration space. Our novel approach leverages opti-
mization techniques to facilitate sliding and rolling movements
across critical regions, which represent semi-free configurations,
where the robot and the obstacles are in contact. Our algorithm
seamlessly traverses widely free regions, follows semi-free paths
in narrow passages, and smoothly transitions between the
two types. We specifically focus on scenarios resembling 3D
puzzles, intentionally designed to be complex for humans by
requiring intricate simultaneous translations and rotations.
Remarkably, these complexities also present computational
challenges. Our contributions are threefold: First, we solve
previously unsolved problems; second, we outperform state-
of-the-art algorithms on certain problem types; and third,
we present a rigorous analysis supporting the consistency of
the algorithm. In the Supplementary Material we provide
theoretical foundations for our approach. The Supplementary
Material and our open source software are available at https:
//github.com/TAU-CGL/tr-rrt-public. This research
sheds light on effective approaches to address motion planning
difficulties in intricate 3D puzzle-like scenarios.

I. INTRODUCTION

Motion planning plays a pivotal role in the field of
robotics, as well as in assembly automation, computer
graphics, and other fields. It is a fundamental component
in the generation of efficient and collision-free trajectories
for robotic systems. A challenging sub-domain is scenarios
where robots must operate within tight settings, engage in
physical contact with objects or surfaces, or traverse through
narrow passages’. These enable a variety of applications,
such as multi-arm motion planning in close proximity, solv-
ing 3D puzzles, and rearrangement of products in the fridge.

Over the past three decades, sampling-based methods
have emerged as a cornerstone in the field of motion plan-
ning, contributing significantly to the success of various
applications. Among these methods, Probabilistic Roadmaps
(PRM) [1] and Rapidly-Exploring Random Trees (RRT) [2]
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2By “narrow passages” as a major problem in sampling-based motion
planning we typically refer to passages in the underlying configuration
space, which we define later. Intuitively, narrow passages arise when a robot
moves in very close proximity to the obstacles or to other parts (links) of
itself. See Subsection VI-C for the Elk puzzle, where the obstacle seems
wide open in the workspace, while in the configuration space the movement
is extremely tight.
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have stood out as fundamental techniques that guarantee
probabilistic completeness. They were followed by numerous
variants aimed at improving parameters such as computa-
tional speed [3]-[5], path quality (e.g. optimality guarantees)
[4, 6], or guaranteeing anytime performance [5, 7].

Despite the widespread success of sampling-based meth-
ods, navigating through narrow passages remains a persistent
and substantial challenge to this date. Various strategies were
proposed to address this intricate issue for dedicated tasks,
such as non uniform sampling designed for the task [8, 9],
learning based approaches [10, 11], and approaches based
on geometry features of the moving elements [12, 13].

Compliant motion planning [14]-[18] is one approach to
cope with movement while in contact with obstacles. It is
primarily a motion planning concept, focusing on generating
suitable trajectories considering compliance and flexibility,
while the execution of compliant motions requires close
integration with control algorithms to ensure that the robot
behaves as planned while adapting to its environment.

Another direction that has demonstrated promising results
in cases with tight constraints, such as solving puzzles, is
Physical-simulation based methods [19, 20].

A different approach, coping with similar problems, uses
search along constraints manifold, either by maintaining an
atlas of manifolds to cope with loop closure constraints [21]-
[24], or by providing task specific projection functions [25].

A more recent work, by Zhang et al. [13], focuses on
rigid disentanglement puzzles, which are interesting because
they are specifically designed to be difficult to take apart
for humans due to the non-trivial translation and rotation.
Apparently, these are challenging for motion planning algo-
rithms as well. They use local features of each component to
identify suspected tunnels, and implement it on 3D puzzle,
starting from the classic alpha puzzle and continue to more
complicated ones. Their algorithm is limited to puzzles
which posses that local feature and solve many of them
successfully.

Although the above methods do solve many new prob-
lems previously unsolved, or solved inefficiently, the general
family of motion planning problems in mixed settings (wide
and tight) is still challenging and in many of them the above
approaches fail.

In this work, we propose a novel approach to motion
planning that traverses directly on critical sub-surfaces in
the configuration space, allowing for explicitly searching
configurations for which the robot slides and rolls over the
obstacles.
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Fig. 1.

Our approach combines the strength of RRT in free areas,
with machinery that implements rolling and sliding around
any contact points that are encountered during the search. It
exhibits promising results in solving problems characterized
by a complex interplay of narrow passages and more accessi-
ble regions. The search in the tight areas, near the obstacles,
is in fact reduced to a traversal on a lower dimensional
manifold. This reduction of the search space significantly
enhances the likelihood of sampling feasible paths through
narrow passages, thus addressing a persistent challenge in
motion planning. The results (shown in Section VI) are
three fold. First, we outperform state-of-the-art algorithms on
certain problem types; second, we demonstrate solutions for
types of problems that were not covered in previous works;
and third, we present a rigorous analysis of the algorithm
consistency, that is, continuously sliding and rolling over the
obstacles.

II. PRELIMINARIES
A. The Signed Distance Function (SDF)

Given some compact manifold M C R3, the Signed
Distance Function (SDF) (also referred to as the Signed
Distance Field) Fy; : R3 — R maps a point p € R? to its
closest distance to M. The distance is signed positive if the
point p is outside M and negative if p is inside M. See [26]
for a survey of classical techniques for computing SDFs.
Instead of computing the SDF directly, one might evaluate
the SDF only on a grid, and use that grid as an approximation
for the SDF value when querying new points [19, 27].

Recently, there has been an emergence of deep-learning
methods (e.g., [28]-[32], to name a few) for approximating
the SDF of a given object. Such methods [28, 32] strive to
be a compact replacement for traditional computer represen-
tations of 3D objects. We note that for such representations,
since neural networks utilize GPUs, we are able to query
multiple (three-dimensional) points at once. A related tech-
nique is Neural Radiance Fields (NeRFs) [33, 34], which
learn for a given scene a mapping that for some 5D point
(z,y, 2,0, ), returns the RGB color and density o of a ray
emanating from (z,y, z) in direction (6, ¢) with the scene.
In this work we use SDFs, as we show that we only require
the signed distance from the obstacles.

B. SDF as a collision detection tool

One use of SDFs is for computing collision detection.
Collision detection is the task of determining, between any
two objects, if any collision occurs. We can represent one
object as a collection of points, and evaluate each point in the

Example of a solution our method produced for the az (alpha-z) puzzle.

SDF of the second body. If there are any points with negative
distance, they are in penetration and a collision occurs.
Conversely, if all points have non-negative signed distance
then there are no collisions. See [35]-[39] for examples.

III. PROBLEM STATEMENT

In this work we deal with a setting of two entangled rigid
bodies? M, M, C R3 (see Figure 2), which we wish to
disassemble. By entangled we refer to configurations where
a straightforward motion (or a simple sequence of motions)
does not separate the objects. Regarding disassemble we note
that it suffices to choose an arbitrary ge such that the
convex hull of the robot is disjoint from the convex hull
of the obstacles, in cases where gy is not provided.

We assume that M is fixed in some pose in SE(3), and
that M, is the object we wish to move from configuration
start tO configuration ggoa) in SE(3). Henceforth, we refer
to My as the obstacle(s), and to My as the robot or the
free-flying object. Without loss of generality, we will also
assume that the fixed pose of M; in SE(3) is the identity
transformation. The configuration space, C-space for short,
of the robot M is the set of rigid-body transformations,
denoted by C = SE(3). Let ¢ € C be a configuration of
M, then we denote by A, its corresponding transformation
matrix. The forbidden region Cons C C, where the robot
penetrates the obstacles, is defined as

Cobs = {q € C | int(A, (M) Nint(My) #0} , (1)

where int(-) is the interior of a set. The semi-free region
Csemi-free © C, where the robot and the obstacles overlap
only at their boundaries, is defined as

Csemi-free = {q eC \ Cobs | Aq(MQ) N Ml 7& @} . (2)

We finally define the free region as all configurations that
yield no intersection for the robot with the obstacles,

Cfree = (C \ Cobs) \Csemi—free . (3)

In this work we focus our search mostly on the semi-free
fegion Csemi—free-

Our problem is thus finding a collision free path from
Gstart € Ciree 0 Ggoal € Ciree, i.€., to find some path ~y : [0, 1] —
Cfree U Csemi—free such that 7(0) = (start and ’7(1) = (goal-

In this work we restrict ourselves to paths v that are
piecewise linear, that is, a sequence:

qo = Gstart; 41, - - -, 4T —1, 4T = {goal, 4)

3Compact sub-manifolds of R3, with or without a boundary.
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Fig. 2. The az (alpha-z) puzzle. The silver object is M7 and is referred
to as the obstacle. The gold object is Mo and is referred to as the robot.

and the line segment between each pair of consecutive
configurations in the sequence, such that v is contained in
Cfree U Csemi—free'

Finally, in this work we identify the C-space SE(3) with
RS, such that

q2 (‘T7y72501‘aaya02) Y (5)

where (x,y, z) is the translation of ¢, and (6,,6,,0.) is the
rotation of ¢, with 0,0, € [—7,7) and 0, € [—7/2,7/2),
represented as Euler angles®.

IV. ALGORITHM OVERVIEW

We present an algorithm for motion planning of a non-
convex rigid body, which we refer to as the robot, in mixed
tight and wide settings. That is, we strive to find a collision-
free path of motion from configuration ¢start 10 Ggoal in
problems for which any solution path passes through both
tight and wide regions of the C-space. By tight we mean
subsets of the free C-space, which have measure of almost
zero, i.e., small enough such that randomly sampling points
in that portion is not viable’. In contrast, by wide we refer
to all other areas of the free C-space. That is, portions of
the free C-space corresponding to motion of the robot with
clearance significantly larger than zero. Due to the nature
of the algorithm, it works even better in cases where the
entire path is tight or the entire path is wide, because these
are easier cases, hence we focus on the more challenging
combination of wide and tight.

Zhang et al [13] refer to the narrow and wide portions of
the C-space as tunnels and bubbles, respectively; we will use
tunnels and narrow (regions) interchangeably.

We call the new algorithm TouchRolIRRT (TR-RRT) as in
the extend phase, it uses the SDF of the obstacles and its
derivatives to maintain two or more contact points between
the robot and the obstacles at (almost) all times. By contact
points we refer to points on My which have signed distance
between —J and ¢ to the boundary of the obstacles M;, for
some small § > 0. These motions, which we call sliding”
and “rolling”, are described in detail in Section V.

Building the tree in TR-RRT uses uniform samples in
SE(3) followed by linear steps towards them in C-space.

4Note that Euler angles should be handled carefully to address singular-
ities. See [40, Section 4.2] for details.

SIf we were able to carry out all computations using exact numbers, say,
using special algebraic varieties, our method would have been able to tackle
also cases of measure exactly zero.

Algorithm 1 TouchRolIRRT
V {QStart}vE — {}

for ; =1,..., ITERATIONS do
if i mod Nioutions == 0 then
randomRotate()
end if

s < sample()

Gnear < arg min(distance, s, V)

v < direction(gnear, S)

qs < extend(gnear, V)

if isEdgeValid(gs[—1], ggoal) then
return getPath(V, E, gyart; Ggoal)

end if

for j =2,...,len(gs) do:
V< VUg}

E <+ EU{lgj-1, 9]}
end for

end for
return None

> path found

Hence, wide areas are covered by the tree as effectively as
in standard RRT. Whenever such a step hits an obstacle (more
precisely, when a point p € M is closer than § to M;) then
the direction of the movement v is changed for p to roll or
slide over M;. This way, the tree grows effectively around
the obstacles in a subspace of lower degree, and finds tunnels,
which in this sub-space have significantly larger probability
to be discovered. As there is typically no simple motion that
leads the robot to ggea, then in every motion direction, the
robot gets into contact with the obstacles sooner or later, and
the sliding mechanism ensures that the contact is maintained
from that point and on.

When the steering gets out of a narrow passage, the
number of contact points that can be simultaneously main-
tained drops down, and correspondingly the dimension of the
manifold where we sample goes up, possibly to six, which
is the dimension of the C-space.

By maintaining, where possible, at least two contact points
between the robot and the obstacles, the number of degrees
of freedom (DOFs) of the robot decreases from six to at most
four, which in turn makes the search on the underlying C-
space tractable. The flow of the entire algorithm is presented
in Algorithm 1.

We thus get a path of motion which is valid (up to some
slight penetrations of depth at most § > 0) for the SDF
representation of the obstacles. We then try to transform
this path into a valid path of motion for the polyhedral
representation of the obstacles, by retracting the path points
that have a small penetration back into free space; this is
described in detail in Section V.

In the remainder of this section we describe the general
flow of the algorithm. In section V we dive into the rolling
and sliding mechanism, which is the main contribution of
this work. In the Supplementary Material we describe the
theoretical framework upon which our algorithm is based.
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We first assume that we have an SDF representation of the
obstacles as detailed in Section II-A. The flow of TR-RRT
is similar to the RRT Algorithm [2]. It starts with an empty
graph (V, E) and adds ¢y, to it. Then, for a predefined
number of iterations, it repeats the following. It uniformly
samples a configuration s € SE(3), finds the closest node in
the graph to s, gnear, and calculates the direction v from gpear
to s. Once every predefined number of iterations (Nyotations)s
the entire scene is rotated at a random angle (randomRotate).
That way, any gimbal lock that might have appeared is
removed from the way.

The major difference between the standard RRT and our
algorithm appears in the extend procedure. At a high level,
the procedure does the following. Assuming that the current
configuration ¢nea, lies near some sub-manifold of SFE(3)
which represents all configurations having some amount of
contact points with the obstacles, we use the direction v to
locally advance and produce a sequence of points, which
also lie in close proximity to that sub-manifold. A series
of such steps is repeated and the resulting free or semi-free
configurations are kept in ¢s. Then, we test if there is a direct
and collision-free edge towards the goal configuration ggqi.
If such an edge exists, the algorithm quits with a valid path.
At the last step of each iteration, all nodes in gs and edges
connecting them are added to the graph.

The pseudo-code for the TR-RRT algorithm is presented
in Algorithm 1.

V. THE SLIDE STEP

In this section we present our novel algorithm for sliding
and rolling the bodies, by looking at constraint sub-manifolds
of configurations that yield contacts between the robot and
the obstacles. Assuming we already know the current points
of contact between the robot and the obstacles, we implicitly
define a sub-manifold of SE(3) of all configurations for
which the given points, or their neighbors, remain in contact.
We then show a method for locally advancing, towards a
given direction, in close proximity to that manifold.

First, we define the contact-SDF functions, which will
implicitly define our critical sub-manifolds of SE(3).

Definition 5.1: Let Fy, : R® — R be the SDF of the
obstacles M. Let p be a point in M. The function Fli\)ﬁ :
SE(3) — R, which we refer to as the contact-SDF (of that
point p) is defined as:

FJZ\)L (C]) = FMl (4,0((]) . p) ) (6)

with p(q) = A, the corresponding 4 x 4 matrix of the
configuration ¢ € SE(3).

Notice that when F}; (¢) = 0, the point p € My touches
the boundary of the obstacles M; when placing My at the
configuration q.

Definition 5.2: Let U(p) C M> be a small open neigh-
borhood of p € Ms,. Then we define the weak-contact-SDF
( of that point p as F}VJ[EP) :SE(3) — R:

FU(P)

— min F¥ (q). 7
M,y (q) /el (p) Ml(Q) (7)

Given k-points pi,...,pr € DMy for some k£ € N, we
define the multiple weak-contact-SDF as FJZEP 1) UPs)
SE(3) — RF,

Fy Y q) = (B (), Fi™ @) - @)
We refer to those pi1,...,pr as the contact points. As-
sume that there is only a finite number of contact points.
Then we note that when a configuration ¢ € SFE(3) has
F ]\%p s Ule k)(q) = 0, for all the original contact points
p1, - - ., Pk there is some point in their open neighborhood (on
the robot M) which lies on the boundary of the obstacles
M3, and (since Fﬂ%p ) is defined as min) no other point in any
of these neighborhoods touches or penetrates the obstacles.

Lemma 5.1: Assume the following holds:

o There exists 1 < k < 6 contact points p1, ..., p; on the
robot Ms .
o The function Gy, : R3 x SE(3) — R defined by
G, (p,q) = Fur, (9(q) - p) ©)

is continuously-differentiable, and V(, . Gar, # 0 for
all (p,q) € R® x SE(3).

e For all points p € My, the function F ]\Ij
continuously-differentiable.

Then the set

Up1)yosUpr)s—1 ( (7
M iy = (FyyP )=t ({0})

is a (6—k)-manifold, which we refer to as the (weak)-contact
critical manifold.

Note that the assumptions above need not necessarily hold.
Still, we use the following analysis to derive an algorithm
that works well in practice.

Assuming we are able to compute the gradient V, Fyy,, it
is straightforward to compute also the gradient of the contact-
SDF V,F}; . In order to compute the gradient of the weak-
contact-SDF, we notice the following:

Lemma 5.2: Let ¢ € SE(3) and some p € Ms, and
assume that p, = argmin, ¢y (p) FI’\}/l (¢). Then:

(p)

1

is

(10)

U ’
VaFyy” = VF}, - (11
We would also like to retract a configuration ¢ € SE(3)
onto the weak-contact critical manifold. There are many
algorithms for retraction onto a manifold [41]. In this work,

we do so by minimizing the function Ly (). u(p)
SE(3) — R,

k 2
(12)
i=1

Non-convex optimization is an extensively researched
area, e.g., [42]-[45], and it is beyond the scope of this
work to give a comprehensive review. In our work, we
use the Adam optimizer [46], which is a common choice
when optimizing with neural networks, and performs well
empirically [47]. We note that minimizing this function
Ly (py).,...,U(py) Yields a configuration in SE(3) for which all
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points p1,...,p, will have a neighboring point on M that
lies in very close proximity to the boundary of the obstacles.

We denote this retraction operator by R MEL v
P1)se-es Pk

We are now ready to present the slide step®, which
generates a sequence of configurations qi, ..., gr such that
for all t = 1,...,T, each ¢ lies in close proximity to
the weak-contact critical manifold. The step size n > 0 is
predefined, hyper-parameter.

For each iteration, assume we have a configuration g;.
We take the direction v € SFE(3) ~ RS, which is the
steering direction from ¢pe,r towards a randomly sampled
s (see Algorithm 1), and project it onto the tangent space

T, M5(P1);~~7U(Pk)’ which i; (the linear space that is orthog-
F pi

onal to the gradients Vg Fy, ). Denote this projection by
v¢. We then take a small (n) step from ¢; in direction v, to
get ¢;, = g + 1 - vy. We then retract ¢, ; back towards
the critical manifold, to get the next point in our sequence,
Gi+1- The pseudo-code, analysis and further details for this
section are presented in the Supplementary Material.

VI. EXPERIMENTS AND RESULTS

In this section, after providing details on our experimental
setup, we present comparisons with state-of-the-art bench-
marks and results, on a subset of 16 instances from the
benchmark presented in [19].

A. Implementation Details

Our open source software is written in Python
and is available at https://github.com/TAU-CGL/
tr-rrt-public. The code and all evaluations were run
on a Linux machine with Intel Core i7-13700K CPU and
NVIDIA RTX 3090 GPU.

The SDF for approximating distances from each obstacle
is implemented as a neural network with N = 12 hidden
layers with H = 64 neurons in each layer, with ReLU activa-
tion, and with tanh activation for the final layer. Our network
structure, data-set and training method are performed as
described in [32]. All models are scaled beforehand such that
they fit in the unit sphere S? C R3. The choice to implement
our SDF as a neural network rather than a grid is based on
the accuracy-size trade-off. In order to achieve the 0.0005
accuracy which is achieved by the network, a grid would

5This method can be described as an implementation of gradient descent
optimization on Riemannian manifolds. More details can be found in the
Supplementary Material.

- _sx ¥

y
C e 0
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All instances from the data-set presented in [19] that our method is able to solve consistently.

require about 13 GB, which seems too large. The network
weights are about 204 KB.

To perform collision detection and to find contact points,
we do as follows. In the beginning of the algorithm we
sample 2, 500 points on the boundary of the robot M. Then,
for a configuration ¢ € SE(3), we transform those sampled
points by ¢ and evaluate the SDF of M. Points that have
value of signed distance less than a threshold 6 = 0.002
are considered contact points. Points with signed distance
that is less then —§ are considered in penetration, and we
report that there is a collision. When checking if an edge
[q1,92] € SE(3) has collisions, we split it in increments
of 9, and perform collision detection for each point along
the edge. Note that since our SDF is represented as a neural
network, we are able to evaluate all sample points in parallel.
When computing a gradient for a contact point, as described
in Section V, we use Autograd [48].

Since there are many contact points that are in close
proximity to each other, yielding similar gradients, we might
lose degrees of freedom which we have not intended. That
is, when projecting a direction v onto the tangent space of
a critical manifold, we might instead project to a linear
sub-space of that tangent space. Hence after computing
the gradients for each contact point, we cluster together
similar gradients using K-means algorithm [49, 50]. Note that
by clustering based on the gradients proximity rather than
contact points proximity the direction v’ calculation becomes
much more accurate. This is due to the fact that close contact
points may require significantly different gradients on the one
hand, while far away contact points, even on two side of a
tunnel, may generate (almost) same (or antipodal) gradients.

B. Evaluation Against Baseline Methods

We evaluated our method on the data-set provided by
Tian et al. [19]. More specifically, we deal with their
rotational assemblies, which are problems that require a
combination of simultaneous translation and rotation in order
to disassemble the parts. This data-set is comprised of overall

TABLE I
Success rate (%) of our method against the baseline methods. Overall, we
achieve the best success rate. The Puzzles and Others benchmarks

have 8 instances each.

[ Method [[ Puzzles Others | Overall |
BK-RRT 75.0 87.5 81.25
TIAN-ET-AL 87.5 87.5 87.5
TR-RRT (Ours) 100 100 100
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Fig. 4. Illustration of one of the tunnels required to solve the Elk puzzle.
The robot is in yellow, while the obstacle is white. In red, green and blue
are different contact points, throughout the motion. In the top row, from
left to right, are the configurations of the robot before, during and after the
tunnel, respectively. In the bottom row are the same configurations, from a
different viewpoint.

24 instances, divided to three categories (of eight instances
each): screws, puzzles and others. Since our method
deals with cases for which there is only a discrete number of
contact points at all times, we have not evaluated our method
on the screws category, which have contact surfaces (i.e., the
set of all contact points in the workspace is a 2-manifold).

We compare our results against the method presented
in [19], which we refer to as TIAN-ET-AL, as well as
the BK-RRT algorithm [20]. We ran each method on each
instance twice, with a timeout of 15000 seconds. If before
that timeout, a valid path of motion was found we consider
this a success. In Table I we show the success rate of the
methods on each subset. We outperform both BK-RRT and
TIAN-ET-AL, by being able to solve all problems in the
benchmark consistently.

C. Towards Solving the Elk Puzzle

Another state-of-the-art work we have compared our work
to is by Zhang et al. [13]. In their work, they identify
geometric features which may be found on individual pieces
and could hint at the location of the tunnels. They present
their results on a series of disentanglement puzzles. Here we
show how the fact that our algorithm does not rely on the
existence and identification of local features, enables it to
perform better in cases where these features do not exist, or
those which exist - do not lead to an actual tunnel.

As many of the puzzles in [13] also appear in [19], while
others are (interesting) variants of each other, we skip the
quantitative comparison and refer to a few representative
puzzles. First is the classic Alpha Puzzle 1.0, which purely
represents one of the features Zhang et al. are using. Their
success rate is 20% and 50% (for two variants of the
algorithm), while our algorithm achieves a consistent 100%.
Another puzzle, of a different type, which uncovers a second
type of local feature Zhang et al. are leveraging is the duet
puzzle. Here their two algorithms achieve 60% and 90%,
while ours achieves consistent 100% success rate. The third,
and probably the most interesting one, is the Elk puzzle,
which seems highly non-trivial to solve [13]. As discussed
in [13, Section 8.1], the features needed by their algorithm
on individual pieces are simply not there. What makes it even
harder is that along the solution, there are multiple tunnels for
which there are more than three contact points, which are not

Fig. 5.  Preliminary attempts at transferring the simulation plans to URS.

in close proximity to each other. As shown in Figure 4, our
algorithm is able to traverse such tunnels. We place the robot
in a random configuration, and let the algorithm explore the
critical manifold. Indeed, the robot slides and rolls with the
contact points, and passes some of the tunnels, although it
has not yet obtained the entire solution.

VII. LIMITATIONS AND FUTURE WORK
A. Occlusions in Sampled Configurations

In order to guide the search tree towards tunnels and along
them, samples (not necessarily in Cg.ee) in the area of the
tunnel are needed. There are situations where branches of
the tree are close to the tunnel but unreachable through
the tunnel. Consequently, they create an occlusion in the
sampling process for growing the tree towards the tunnel,
and may increase the search time dramatically. We intend to
tackle this limitation in future work, probably by breaking
the search tree into a forest.

B. Running Time and Efficiently Computing the SDF

Currently the SDF is implemented using a neural network.
As such, computing the signed distances using a forward pass
is relatively fast, but using a backward pass for extracting the
gradients is time consuming and influences the run time. In
future work we intend to replace the neural network with a
more efficient means of direct gradient calculation.

C. Multi-Part Assemblies

The algorithm presented solves only two parts problem.
We intend to expand it to k-handed problems (see, e.g., [51])
using similar principles.

D. Solving Puzzles in the Real World

Executing tight motion planning solutions in the real world
is the ultimate goal. We have not shown that yet. We have
put together the experimental setup (see Figure 5), which
currently solves wider 3D puzzles. Our immediate next goal
is to complete the path conversion of the tight puzzles to
the system and physically demonstrate the solutions. We
plan on starting with a pre-defined grasping, and continue
to automating the grasping decision similar to [52].
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