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Abstract— Advancements in Automated Driving Systems
(ADSs) have enabled the achievement of a certain level of
autonomy while commuting in a car. However, emergency and
high-speed maneuvers still arise as significant challenges for
ADSs due to the intrinsic nonlinearity and fast-paced behavior
of such events. These maneuvers are a distinctive feature within
the recently established motorsport discipline of Autonomous
Racing (AR). In this work, we explore the use of Learning-based
Model Predictive Control (LMPC) to address possible model
mismatches of the first principles model in high-speed racing.
To this end, a Model Predictive Contouring Control (MPCC) (a
specific formulation of the standard Model Predictive Control,
MPC) is formulated, and a Neural Network (NN) that leverages
the use of Feedforward and Recurrent layers is employed to
learn the errors of the first principles model. By combining the
NN with the first principles model, the LMPC is born, capable
of accurately predicting the future with a computational effort
compatible with real-time feasibility, effectively handling the
vehicle at its limits. Furthermore, the controller can adapt
to changing environments by training the NN during the
race. The MPCC (formulation without the NN) is deployed
on a real autonomous formula student racing car showing an
improvement of 16 % in mean lap times across the same track
between a common geometric controller. The LMPC is analyzed
in a high-fidelity simulator, achieving an improvement of 8.9 %
in mean lap times when compared to the MPCC.

Video Playlist - www.youtube.com/playlist?list=
PLxbUnBTSF_WBt 9GTMm6vppgskhR—-R10Ce

I. INTRODUCTION

Recently, a new type of motorsport has emerged enti-
tled autonomous vehicle racing, hereafter, called only au-
tonomous racing (AR). As the name suggests, AR can be
defined as the evolving sport of racing ground-based wheeled
vehicles, controlled by a computer. In order to promote
the research of such complex topics within an academic
environment, the Formula Student Driverless (FSD) Cup
competition [1] was created. Formula Student is Europe’s
most established educational engineering competition with
more than 100 university teams taking part every year. It is
within this environment that the proposed algorithm is tested
(refer to Figure 1).

More than entertainment, AR is a competitive way to
study open research problems in Automated Driving Systems
(ADSs). For a computer to fully take a racing car to the limit,
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Fig. 1: FST12, FST Lisboa’s prototype of the year 2023 [2]

there are several complex problems that need to be tackled.
Firstly, it is necessary to detect the vehicle limits in order
for the software to know what is it dealing with. This can be
related to tire wear, different road/weather conditions, or even
the different vehicle setups available. Secondly, the software
must make decisions either strategy-wise, e.g. overtaking,
or energy-wise, all this at high speeds. Lastly, the software
needs to know how to handle the vehicle at its limits, i.e. how
to actuate the vehicle to extract the maximum performance.
As such, control-wise an autonomous race car far exceeds the
software requirements of a normal passenger car, providing
helpful insights into new algorithms and relevant research
questions [3], hence, being of extreme importance for the
development of efficient but also safe ADSs.

Current approaches to the AR problem use Model Pre-
dictive Control (MPC) as its base controller [4] [S]. With
the advances in non-linear optimization solvers and better
computational resources, nonlinear MPC controllers are be-
coming increasingly popular due to their capacity to opti-
mally control the racing car and add complex constraints to
the problem. However, there still needs to be a reasonable
trade-off between precision and computational effort, forcing
the system’s model to be simpler, leading to suboptimal
solutions.

This study explores the potential of an MPC formulation
that leverages a first principles model combined with a
Neural Network (NN) capable of learning model mismatches.
The core problem lies in finding the best MPC formulation
as well as the best NN to learn such errors, all while keeping
real-time feasibility. The broader implications extend beyond
the realm of AR, positioning this control paradigm as a
versatile solution for problems where abundant plant data
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is at one’s disposal. Hence, the main contributions are:

o Refined MPC Formulation: A more concise and ex-
plicit cost function is developed, tailoring the control
objectives to suit the specific demands of AR.

o Neural Network Exploration: Different Neural Net-
work architectures and configurations are systematically
explored. This exploration aims to identify the most
promising configurations that yield optimal results while
managing computational complexity.

o Computational Analysis: The computational cost
of diverse Learning-based Model Predictive Control
(LMPC) formulations are rigorously analyzed. This
examination enables a comprehensive understanding of
the trade-offs between performance and computational
overhead.

The paper is organized as follows: Section II summarizes
the research conducted on control algorithms for the AR
scenario; Section III presents the proposed controller, focus-
ing on the vehicle model, the MPC formulation, and the
NN architecture; Section IV highlights the achieved main
results of such an approach and compares the influence of
the NN. Finally, Section V concludes with the main point of
the proposed approach as well as future work.

II. RELATED WORK

The abstraction of what the control module of an au-
tonomous race car is doing can be pinpointed to the search
of a steering angle, ¢, and a throttle/brake request, d, which
are subsequently sent to the vehicle’s low-level controllers to
actuate on the car accordingly. Moreover, there is a reference
path, "¢/ that may or may not be associated with time. The
ultimate goal is to design a controller such that for the current
vehicle states, (t), and the reference path, z"f . a control
input, u(t), is computed.

According to [6], the control algorithms can be divided
into 4 different categories: Classic Control, Model Predictive
Control, Learning-based, and End-to-end. Classical Control
encapsulates more traditional techniques like PIDs, LQRs,
and geometry-based controllers [7] [8]. The MPC category is
self-explanatory and the most popular one [9] [10]. Learning-
based approaches leverage Iterative Learning Control (ILC)
based methodologies which work well in AR due to the
repeated multiple laps. It is in this category that the proposed
algorithm is categorized. Finally, End-to-end controllers are
also starting to get more attention with Reinforcement Learn-
ing and Imitation Learning as the most common approaches
[11] [12].

Regarding the Learning-based approaches, in [13] an
optimization-based, data-driven framework is proposed
where a terminal cost and a sampled safe set are learned from
data to guarantee recursive feasibility and non-decreasing
performance cost at each iteration. However, the terminal
sets are computed with some safety margins, not allowing
the vehicle to fully reach its potential. This approach is tested
on a 1:10 scale RC car.

The Machine Learning (ML) algorithm Gaussian Pro-
cesses is used in [14] in order to come up with a learning-

based cautious Nonlinear MPC. The ML algorithm is used
to identify uncertainties and mismatches in the vehicle dy-
namics model based on the collected data. The downsides
of this approach are the fixed kernels and the low number
of inducing points between iterations due to the high control
frequency, which consequently, does not effectively approx-
imate the model mismatch. This idea is also successfully
applied to an FSD car in [15].

In [16], a two-layer Multilayer Perceptron (MLP) is intro-
duced learning the car’s model into a Deep State Space. It is
then used inside the optimization problem in order to better
represent the dynamics of the car. By only relying on a NN
to learn the dynamics of the car prior knowledge regarding
the vehicle is discarded and not generalizable. This approach
is tested on a real sports car.

Moreover, in [17] a Real-time Neural-MPC is introduced
that scales the previous idea of having some sort of neural
network learn the model mismatches, but by linearizing
both the cost function as well as the learned dynamics,
more complex NNs can be used while maintaining real-time
feasibility and have more accuracy. However, short-comings
also come from the linearization, not always surpassing a
non-linearized version in terms of accuracy.

In [18], a similar concept to the proposed work is per-
suaded in the sense that prior knowledge about the vehicle’s
model is integrated into the NN. However, it is done by
purely using a model trained with a loss regarding the data
fit as well as how far the current fit is apart from the first
principles model. This approach is known as PINNs [19]
and in [18] was implemented in TUM’s Indy Autonomous
Racing Car.

Finally, in [20] a similar idea to the proposed work is
suggested. An MPCC formulation that leverages an NN
to predict the physical model error is presented. However,
because of extended computational times, and simple NN
structures, the achieved control frequencies remain signifi-
cantly lower than the desired ones in the context of AR, and
the capacity of the NN to learn the model mismatch is not
ideal.

The approach presented in this work is inspired by the
good preliminary results obtained in [20]. The MPCC for-
mulation as well as the used error correction NN are further
investigated and refined to achieve better results. Addition-
ally, the whole NN integration with the first principles model
is reformulated in order to become agnostic to the change
of coordinates (that induces errors). Moreover, a real-time
high-fidelity simulation is used to study the algorithm’s per-
formance. Finally, the computational burden is significantly
decreased, leading to 52 % faster computational times and
300 % more consistency in solve times (standard deviation
of the solve times).

III. PROPOSED METHOD

The proposed Learning-based Model Predictive Control
(LMPC) formulation leverages the already known Model
Predictive Contouring Control (MPCC) with successful use
cases in the racing scenario (both in cars [21] and drones
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[22]) and some modifications that make it specifically tai-
lored for the FSD scenario (tight curves, small straights,
and tight track width). The other key point of the proposed
approach is the use of an NN to enhance the model’s
prediction capability by modelling the dynamical equations:

fdynamics = fmodel + fNN~ (1)

Where f,04e; corresponds to the first principles model
and fyn the NN output. While f,,,q4e; describes the main
dynamics in a vehicle, it still suffers from unmodelled
phenomena (e.g. actuator delays) and parameter uncertainty
(e.g. tire and aerodynamics parametrization), which begins to
exert a greater influence on the vehicle’s behavior at higher
speeds. Therefore, a simple NN (fypy) is introduced that
captures the influence of such terms. The final model of the
vehicle used consists of a grey-box model that mainly relies
on the physical model but has the flexibility to correct itself
with the outputs from the NN. This approach has several
benefits:

¢ Since the error of the physical model is what is being
learned by the NN (hence, the NN’s output), it is
centered at zero by nature (if the model was perfect,
the error would be zero). Centered data has faster
convergence, can prevent bias in the model, and has
better numerical stability [23].

o Learning residuals has also proven to be a more effec-
tive way to train an NN and can lead to better results,
e.g. the CNN ResNet is based on this principle [24].

o By training the NN around the physical model, rather
than discarding it entirely, the prior knowledge is ef-
fectively incorporated into the NN. Becoming a more
generalizable approach than a Deep State Space.

o By using a Neural Network to discover the unmod-
elled and unknown dynamics, complex systems like the
powertrain and suspension do not need to be exactly
parametrized, saving time and money.

A. Learning-based Model Predictive Control Formulation

Model Predictive Control (MPC) [25] is a popular
optimization-based controller that can handle problem con-
straints. It uses a mathematical representation of the plant
to predict the future, and together with a cost function, it
outputs the optimal control inputs. However, if the model
is not accurate enough the plant’s future behavior will not
be properly predicted, accumulating error between the future
steps of the MPC.

Physical Model: For the physical model, the planar model
[26] was chosen due to its moderate complexity and preci-
sion. It is described mathematically in (2).

The inputs of the system are the time derivatives of the
throttle, dg [s~!], and steering, ds [rad-s~!]. This was chosen
since it was identified that using the derivatives rather than
the variables themselves produced a much more numerical
stable convergence. Additionally, the weights and constraints
for these variables in the MPC formulation become inde-
pendent of the sampling time. Without this change, the
convergence times almost doubled.

The states are the car’s pose (cartesian coordinates
X [m],Y [m], and orientation ¥ [rad]), longitudinal and lateral
velocity, v, [m - s7!] and v, [m - s71], the car’s yaw rate,
r[rad - s71], and finally, the throttle of the car, d, that can
range from 1 (full throttle) to -1 (full braking), and the wheel
steering angle, ¢ [rad]. The states that are on the car frame
(vz, vy, and r) are assumed to be computed for the center
of gravity (CoG). Naturally, m is the mass of the vehicle, I,
is the yaw inertia, [y and [, the distance from CoG to the
front and rear wheels, respectively, and t¢,, is the vehicle’s
track width.

d= dqg
0= ds
X = wvgycos(¥) — v, sin(¥)

= Uy sin(¥) + v, cos(¥)

U= r

Uy = ((waz + war)cos(é) — ( yp T+ Fl/fr).
-sin(0) + (F:vrz + Fww) - FIOSS)/m + vy

Uy = ((waz + wa,,.) Sin(5) + (Fyfz + Fyf'r')'
~cos(8) + (Fy,, + Fy,,))/m = ver

7= ((szz +FIfT)Sin(6)lf+(Fyfl +Fyfr)'
~cos(0)ly — (Fy,, + Fy,. )l + %J
'(F:rfr - waz) cos(d) + %M(Fy,fz - Fy‘fr).
-sin(d) + %(Flr'r = F,))/ 1.

2

The term Fj,,, is the sum of the forces Fy,..y and Foy,
associated with the aerodynamic drag and rolling resistance
of the car and can be expressed as

1
Fdrag = ipCdAsza

with C,. the rolling coefficient, g the gravitational acceler-
ation, p the air’s density, and A the vehicle’s frontal area.

Furthermore, the other forces are all related to each tire,
hence the subscripts f; (front left), ¢ (front right), ,; (rear
left), and ,, (rear right). The subscript , is related to the
longitudinal force and the subscript , to the lateral force
both applied in the tire and can be obtained as

F, = ( n-Ggr ) -T(d, 8, vz, az),

Teffective

E'oll :Cr'm'ga

F, = Dsin[C arctan{Ba — E(Ba — arctan(Ba))}].

Regarding the longitudinal force, it depends on the motor’s
and transmission efficiency, 7, the gear ratio, G, the effec-
tive wheel radius of the tire, 7 fective, and the torque, T'. It
is important to mention that Torque Vectoring (TV) is being
applied in the car as a low-lever controller, depending on the
throttle, steering, longitudinal velocity and acceleration (a,).
This behavior is also directly modeled in the physical model.

Concerning the lateral force, it follows the Magic Formula
structure [27], with coefficients (D,C,B, and E) obtained
by fitting several tire data into the formula. The generated
downforce, longitudinal, and lateral load transfers can be
modeled to some extent in the D coefficient. This formula
solely depends on each wheel slip angle defined as

. vy + L7 vy — b1
Qg pr = 0 — arctan (#) s Qe = — arctan (ﬁ)
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Note that there are some simplifications regarding this ap-
proach, e.g., the longitudinal and lateral forces are decoupled
and longitudinal slippage is not being considered.

Formulation: The proposed LMPC formulation is an
optimization problem defined as
t+N
Y e (&) + aul@r)” = Av + B (u)’ + a

min

TR
(3a)
subject to
Th4+1 = fmodel—i—NN (Ika uk) (3b)
Spt1 = Sk +vp T (3¢)
er = [X Y]" —g(si) (3d)
ép = ’g;(sk)T . ek' (3e)
&, = ’g'(Sk)T “en (3f)
xo = z(t); up = u(t); so = s(t) (3g)
Lmin S Tk S Tmax (3h)
Umin S U § Umax (31)
a 2 a 2
(mk> + <yk) < (g + aaerok)z + €.
P Hy )
(3))

Where q., q;, A, 8, and « are parameters/weights in the
cost function, and 7 is the time between MPC steps.

Additionally, p, and p,, are the grips corresponding to the
tire-road interaction.

A concise explanation and derivation of the MPCC con-
cept can be seen in [28]. The main idea of this formulation
consists on penalizing é; (3e) (the approximated distance
of the car to the path) and maximizing vy (the velocity at
which the path is being traveled). This allows the controller
to come up with its own racing line online (e.g. cutting the
chicanes from the inside).

The whole path is turned into a third-order arc-length
spline (function g parameterized by the traveled distance
with regard to the path, designated as progress, s) in order
to have a differentiable function inside the MPC to follow.
The functions that give the tangent (g/) and orthogonal
(gl_) vectors with regards to the path are necessary for the
formulation as seen in (3e) and (3f). The current and the
next step progress can be approximated by vy (the progress’s
velocity) (3c). The term ¢, (3f) is related to how well
is vy approximation. Finally, a friction ellipse is inserted
into the formulation as a soft constraint (3j) (hence a slack
variable, €), which mimics the existing coupling between the
longitudinal and lateral forces and asserts the vehicle’s limits.
The downforce generated in the vehicle is also taken into
account in this constraint (aqero). Finally, (3g) corresponds
to the initial conditions, (3h) to the state constraints, and (3i)
to the input constraints. Note that within the state progression
(3b) it depends on both the first principles model but also
the NN.

The two proposed formulations are going to be used
and compared, the MPCC and the LMPC, with the only

/Input Layer - Encoder  Timestep k-1 Timestep k N e N
' 00000 N\ { \

e

| b Linear

\ N Ll AN WL )
zk1 z

tanh(Win*zet + bin) tanh(Win*zk + bin)

RNN ‘ ‘ RNN
() ‘ tanh(Wnh*hi + bhn) ‘ (h2)

tanh(Whn*hz + bhn) o
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Fig. 2: Encoder-Decoder Recurrent Neural Network

difference being that the latter one leverages an NN (seen
in (3b)). The proposed MPCC formulation was taken into
competition and the video' shows one of its runs in Formula
Student Spain (11" of August of 2023, 1% Place Overall
Driverless Category) [29], showcasing the performance of
such a controller and how good of a base it is to build upon.

B. NN Architecture

When looking for the best NN architecture to capture
the first principle model errors, two main factors need to
be considered: complexity and effectiveness. Since the NN
will be used directly inside MPC’s optimization problem, it
cannot be too complex or the optimization problem will not
converge fast enough. However, by selecting a too simple
NN it will not be able to effectively model the errors.

The two most popular choices in Deep State Space Models
for Nonlinear System Identification [30] are Multi-Layer
Perceptrons (MLPs) and Recurrent NNs (RNNs). However,
another possible approach is to combine them. This takes
advantage of the RNN capability to extract information
related to the sequential nature of the data, but also uses
MLPs to map the input into a bigger latent space capable of
capturing more aspects and information from the input data
(and consequently, outputs). This is the motivation behind
the proposed approach and a visual representation can be
seen in Figure 2 where two timesteps are used and only the
last hidden state is decoded.

In order to keep the NN reasonably simple, the input
features are chosen to be v,, vy, 7, d, and J. However, this
does not mean that the NN is not taking into account other
variables. For example, by having access to both velocities in
distinct timesteps the NN can learn its own representations
of accelerations. As for the output it corresponds to the three
errors related to the local states: e,,, ey, and e, since the
other states depend on these.

Data Acquisition: Data is collected at the same frequency
as the controller. It is not acquired at higher rates in order
to learn actuator delays and other unknown dynamics related
to the time between iterations in the MPC. The ground truth
is assumed to be the sensor/state estimator at use, in this
case, an Extended Kalman Filter from [31]. The quality of
this data will also determine the quality of the error being
learned by the NN, hence it is extremely important to have a
trustworthy state estimator. Based on the current states and

"https://youtu.be/I20ACINEV2Q
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TABLE I: Summary of some analyzed NNs architectures

TABLE II: Summary of the activation functions studied

Model Architecture N° Parameters  Test Loss (MSE)

Activation Function ‘ Mean Convergence Time [s] Convergence Rate [%] Test Loss (MSE)

1) MLP 5-32-32-32-3 2403 0.4733
2) MLP 5-64-64-64-3 8899 0.3756
3) RNN 2-timesteps (hidden state of 32) 1347 0.3001
4) RNN 10-timestps (hidden state of 32) 1347 0.3548
5) LSTM 2-timesteps (hidden state of 32) 5091 0.2357
6) LSTM 10-timesteps (hidden state of 32) 5091 0.2509
7 GRU 2-timesteps (hidden state of 32) 3843 0.2445
8) GRU 10-timesteps (hidden state of 32) 3843 0.2624

0.2292
0.2163

9) MLP(5-32-32) - RNN(2-timesteps) - MLP(32-32-5-3) 4599
10)  MLP(5-32-32) - LSTM(2-timesteps) - MLP(32-32-5-3) 10935

11)  MLP(5-16-8) - RNN(2-timesteps) - MLP(8-16-5-3) | 623 0.2998
12)  MLP(5-8-16) - RNN(2-timesteps) - MLP(16-8-5-3) 935 0.2893
13)  MLP(5-8) - RNN(2-timesteps) - MLP(8-5-3) 255 0.3844

inputs, the next timestep states can be computed using both
the dynamic equations of the first principles model and a
first-order forward Euler integration method. Despite simple,
such integrator method is enough since the NN will learn the
exact necessary contribution for this method to achieve the
exact future states, not being necessary to use more complex
methods such as Runge-Kutta. The current states/inputs and
predicted states are stored along a run. In the post-processing
an error of the dynamic equations related to the local states
is extracted and used to train the NN. The same can be done
online, but some parameters need to be chosen, such as the
amount of data needed before training the NN. The errors
can be mathematically obtained as in (4). Again, the exact
contribution needed for a first-order forward Euler integration
method.

evm/vy/T _ Treal Xiredwted (4)

A sliding window approach with stride 1 was used to gen-
erate sequences from the racing data. A total of 30 minutes of
racing was used to train the network. A split of 57-19-25 was
adopted for the training, validation, and testing, respectively.
The model is trained with ADAM [32] and a learning rate
of 0.01 with a decay of 0.5 every 30 epochs. The number
of epochs was chosen 150 and the batch size of 32. Each
epoch takes around 1s to train in the used setup (NVIDIA
RTX 2080 Mobile). Finally, the NN is trained with the
Mean Squared Error (MSE), i.e. the difference between the
predicted errors, fnn (v, dype 50,0 1)
and the real ones, €, /.y, /r-

Experiments: Several experiments regarding the architec-
ture and hyperparameters were conducted in order to reach a
compromise between complexity and accuracy. In Table I a
summary of different experiments showcases possible NNs
and their capacity to learn the error. Note that the hidden
space in the RNN of the encoder-decoder architectures
(models 9-13) matches the dimension of the output in the
encoder layer.

Looking at Table I, RNNs in general, work much better
than simple MLPs. Regarding the amount of timesteps used
for the RNNs, two timesteps (current and last past) give
the best result across all RNNs. The encoder-decoder RNN
architectures do have the best results and allow the RNN
to achieve similar outcomes as the LSTM [33] and GRU
[34], being two layers of encoding/decoding the sweet spot
between performance and complexity. All in all, the chosen
architecture was Model 11, due to its trade-off between

Uyt/t—l ’ rt/t—l’

No NN (baseline) 0.0075 99.63 N/A

ReLU >1 N/A 0.4511
Softplus 0.0208 90.02 0.3954
GeLU 0.0109 98.51 0.2998

complexity (under 1000 parameters) and accuracy.

Another important analysis to make has to do with the
activation functions. Since the NN will be placed inside the
LMPC optimization problem, it needs to be a differentiable
function. Using ReLUs might pose a barrier in allowing the
solver to converge due to the lack of smoothness throughout
the whole function. In order to analyze the impact of
activation functions three distinct ones are studied: RelU,
GeLU, and softplus

actreLu (2) = max(0, 2),
actgeLy (2) = 2 - %[1 + erf(z/v/2)], (5

actsofplus (2) = log (14 €7).

Table II shows the comparison for model 11 when using
the three distinct activation functions in the MLPs (encoder-
decoder layers). From the analysis made, GeLU outperforms
the other two by a wide margin, additionally having a
standard deviation of the convergence time of 7.9 x 107 %s.
Note that since the ReLU does not even converge under a
second, there is no point in studying the convergence rate.

IV. RESULTS

Camera S
Estimator |

[ LIDAR H Senscy
Fusion

Perception

Known Track’
N Z , WPC VTO:qu.e
S Unkown Track) | ‘ectoring
SLAM Path ! ]
Planner

Steering Torques
Fig. 4: Diagram of FST Lisboa’s pipeline

Control

Setup: All the data used to train the NN was taken
from several tests done with FST12, FST Lisboa latest
prototype (Figure 1). These tests were performed in several
environments, wet, dry, racing asphalt, and asphalt with
gravel. FST12 is a 4WD electric car equipped with an Intel
Core 15-11600, with 2 sticks of 16 GB of DDR4. The
autonomous systems pipeline can be visualized in Figure 4
where three main modules appear: Perception, Estimation &
Mapping, and Control. Note that the only part being modified
in this graph is the LMPC node, which outputs the steering
and the throttle that is sent to the TV node. The whole
pipeline is implemented in C++ within the ROS framework.
In order to generate the LMPC the software FORCESPRO
is used [35] [36]. Regarding the NN, Pytorch [37] is used
for offline training, and its C++ API (LibTorch) is used for
online training. A high-fidelity simulator that makes use of
IPG CarMaker [38] is employed to evaluate the proposed
approach.

When tested in the onboard PC the LMPC manages
to reach frequencies up to 50Hz. However, due to the
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Fig. 3: Visualization of the path and mean velocities between controllers in Simulation for the FSG2023 track

pose estimation frequency (the LiDAR runs at 20Hz) and
mechanical delays in the actuators, the controller’s frequency
was locked at 20Hz. When the LMPC does not converge
in a specific iteration the last optimal solution is brought
back and the control input related to the current timestep is
used. In the extreme case (never reported in actual testing)
where the LMPC does not converge and all steps of the last
converged solution were already used, it falls to a simpler
known geometric controller called pure pursuit [39]. Since
most of the time when the LMPC does not converge it is only
for one iteration, this does not have a significant effect on
the controller’s performance. Furthermore, the used horizon
(N) is 51 steps equivalent to predicting 2.5 s into the future.

Prediction Capabilities: Table III shows the gain in perfor-
mance when using the offline trained NN. The incorporation
of the NN predicts better (low RMSE), generalizes well (low
max error), and is more consistent (low standard deviation).

TABLE III: Model Mismatch from all the test data

RMSE | Max Error | Standard Deviation

First Principles
+
NN

0.0326
0.0378
0.0466

First Principles
+
NN

0.0327 ‘

First Principles
+
NN

0.5451 ‘

First
Principles

First
Principles

First
Principles

0.0652
0.2808
0.1344

0.4031
1.5877
0.4709

0.0572
0.2765
0.1312

Vg
Uy
T

0.0378
0.0469

0.2268
0.2299

Track Performance: When put in track, the LMPC also
outperforms the version without the error correction NN
(MPCC), and the pure pursuit (baseline, previous controller
in FST12), as shown in Figure 3 and Table IV. Note that, the
LMPC is particularly better than the MPCC in curves than
straights, which aligns with the data from Table III where
the difference in error between models is bigger in v, than
Vg.

Online NN: Lastly, the NN’s capacity to adapt to changing
conditions is also tested. In an experiment, the car’s torques
are decreased by 2Nm. After racing for one lap, the gathered
data is used to train and update the NN online (hence the
name Online NN). The associated RMSE for each state is
shown in Table V. Showcasing the adaptiveness of the NN

TABLE IV: Quantitative Analysis of Figure 3

Controller Mean Velocity [m/s]  Mean Lap Time [s]

Pure Pursuit 8.66 36.24
MPCC 9.96 32.17
LMPC 10.89 29.32

TABLE V: RMSE comparison in online learning

First Principles ~ Offline NN Online NN

Vg 0.1034 0.0100 0.0026
Uy 0.0757 0.0009 0.0004
T 0.0059 0.0025 0.0010

to different scenarios it has not seen before, and also its
superiority (in both offline and online cases) when compared
to the normal first principles model. The same experiment is
done for different tire grips, producing identical results, but
due to space constraints, it is not shown here.

V. CONCLUSIONS AND FUTURE WORK

In this work, an LMPC formulation tailored to the AR
problem is designed and implemented. Furthermore, an
encoder-decoder RNN learns the first principles model mis-
matches, and takes them into account for the final state
progression model. The network is trained with data from
several runs with an autonomous Formula Student racing
car, and high-fidelity simulations show an improvement when
compared to a common geometric-controller and when not
using the error correction NN.

For future work, other similar yet different approaches can
be explored, such as the newly created concept of Physically-
informed Neural Networks (PINNs) [19] [18]. These NNs
also try to incorporate previous knowledge of the model
directly into the loss function of the NN. It would be
interesting to compare both approaches in the same scenario
and see which one outperforms.
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