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Abstract— Successfully achieving bipedal locomotion remains
challenging due to real-world factors such as model uncertainty,
random disturbances, and imperfect state estimation. In this
work, we propose a novel metric for locomotive robustness –
the estimated size of the hybrid forward invariant set associated
with the step-to-step dynamics. Here, the forward invariant set
can be loosely interpreted as the region of attraction for the
discrete-time dynamics. We illustrate the use of this metric
towards synthesizing nominal walking gaits using a simulation-
in-the-loop learning approach. Further, we leverage discrete-
time barrier functions and a sampling-based approach to
approximate sets that are maximally forward invariant. Lastly,
we experimentally demonstrate that this approach results in
successful locomotion for both flat-foot walking and multi-
contact walking on the Atalante lower-body exoskeleton.

I. INTRODUCTION

The field of robotic bipedal locomotion is receiving
growing attention due to the widespread potential of hu-
manoid robots. While this increase in attention is resulting
in numerous demonstrations of experimentally stable robotic
locomotion [1]–[9], it is still unclear how to systematically
verify that the walking is robust to real-world disturbances,
including those due to external perturbations, uncertain ter-
rain, or uncertain models.

In general, there are two main approaches for improving
locomotive robustness. The first is via online planning either
around the full system dynamics or a reduced-order model
[10], [11]. These online planners are able to reject large
disturbance by synthesizing motions in real time to return
to certain desire terminal states. Since these planners are
aimed at stabilizing the system to some prespecified terminal
constraint, it is important to carefully consider how these
references are constructed.

This motivates the second method, directly improving
the inherent robustness of nominal reference trajectories.
Specifically, references that are more robust can improve the
inherent robustness of the walking motion, thus decreasing
the control effort required by online planners. Previous work
towards improving robustness of reference trajectories lever-
aged methods from non-smooth analysis [12] to generate
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Fig. 1: The framework developed in this paper optimizes
locomotive robustness using forward invariance, certified via
discrete-time barrier functions, as a metric for robustness.

limit cycles that are less sensitive to impact uncertainty [13],
[14]. Similarly, previous work has synthesized robust limit
cycles for uncertain impact events by minimizing the cost-
to-go associated with early or late impacts [15]. While these
approaches successfully yield robust limit cycles, they are
not able to provide formal guarantees about the allowable
disturbance bounds.

There exist several methods to quantify locomotive robust-
ness including computing the region of attraction [16] and
input-to-state stability [17], [18]. In contrast to the previous
categories, these methods provide certificates of robustness,
but are often not practical for behavior synthesis due to
computational complexity.

In this paper, we take a step-to-step dynamics perspective
[19], [20], transforming our system into a discrete-time
system via the Poincaré return map. This perspective allows
us to reason about the robustness of the full hybrid system
by identifying forward-invariant sets centered around the
fixed point of the Poincaré return map. The main motivation
here is the observation that larger forward invariant sets
correspond to larger regions of attraction. Towards this, we
leverage discrete-time barrier functions and a sampling-based
approach to approximate sets that are maximally forward
invariant [21]–[23]. The advantage of this approach is that
it is general enough to be applied in combination with any
control framework, while reflecting robustness and remaining
computationally tractable for high-dimensional systems. This
tractability is in part afforded by transforming the system into
a reduced representation of the full-order model.

Finally, we demonstrate how our proposed approach can
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be leveraged in a simulation-in-the-loop learning framework
to systematically synthesize robust reference trajectories. The
main purpose of this demonstration is to illustrate the effect
of our proposed metric, without convoluting the robustness
with the effect of online planners. However, a secondary
purpose of this approach is to emphasize the role that
reference trajectories have on the overall robustness of the
walking motion.

We experimentally deploy the framework for both flat-
foot and multi-contact (foot-rolling) walking on the Atalante
lower-body exoskeleton. This device is designed to restore
locomotion to individuals with mobility impairments, in-
cluding motor complete paraplegia. We also compare our
results with a nominal approach which purely optimizes for
heuristic stability. Overall, the proposed method is shown
to successfully synthesize robust nominal limit cycles in a
principled fashion with computational tractability.

II. PRELIMINARIES ON LOCOMOTION

Walking naturally lends itself to be modeled as a hybrid
system because of the presence of both continuous dynamics
(during the swing phase) and discrete dynamics (at swing
foot impacts). Further, the dynamics associated with periodic
walking can be simplified to only consider a discrete-time
hybrid system, evaluated either before or after impact events.
The advantage of this representation is that the locomotive
robustness can be evaluated by identifying forward-invariant
sets of the discrete-time hybrid system. To motivate this
viewpoint we will first introduce the notations.

Hybrid Control Systems. For simplicity, we will present
hybrid control systems in the context of symmetric loco-
motion, with a single domain capturing the continuous-time
dynamics of the swing phase and a single edge capturing
the discrete-time dynamics of the swing-foot impact event.
Note that this structure can be extended to capture more
complicated domain structures [24]. In our work, we will
extend the domain structure to include a foot-rolling domain
for multi-contact walking, as illustrated in Fig. 2.

Consider a system with states x ∈ X ⊂ Rn and control
input u ∈ U ⊂ Rm. For robotic systems, these states are typ-
ically defined as x = (q⊤e , q̇

⊤
e )

⊤, with qe := {p⊤b , ϕ⊤
b , q

⊤} ∈
R3×SO(3)×Q denoting the set of generalized coordinates
of the system [25]. The complete hybrid control system (for
a system with a single domain and a single edge) can be
modeled as:

HC =

{
ẋ = f(x) + g(x)u x ∈ D \ S, (1)
x+ = ∆(x−) x− ∈ S, (2)

where (1) and (2) denote the continuous-time and discrete-
time dynamics, respectively. Here, D ⊂ X denotes the
admissible domain on which the continuous-time dynamics
evolve and S ⊂ D denotes the guard. These sets are
respectively defined as:

D = {x ∈ X | h(x) ≥ 0}, (3)

S = {x ∈ X | h(x) = 0, ḣ(x) < 0}, (4)

(a) Flat-foot behavior (b) Multi-contact behavior

Fig. 2: Directed graphs describing the hybrid system domain
structure for the a) flat-foot and b) multi-contact walking.

for some continuously differentiable function h : X → R.
Note that for bipedal robots, the function h is typically
defined to be the vertical height of the non-stance foot. It is
also typically assumed that the ground height is known and
constant. Lastly, it is assumed (as is typical) that all quantities
in HC are locally Lipshitz continuous, e.g., the impact map
∆ is locally Lipschitz. This follows from the assumption of
perfectly plastic impacts [26]. For explicit forms of (1) and
(2) for robotic legged systems, we refer the reader to [25].

Synthesizing Nominal Limit Cycles via the HZD Method.
One approach towards achieving robotic locomotion is to
synthesize nominal limit cycles, which when enforced, result
in exponentially stable hybrid periodic orbits of the full
system dynamics. One method for synthesizing these limit
cycles is the Hybrid Zero Dynamics (HZD) method [27].
This method can also be extended to fully-actuated systems,
with the extension termed the Partial Hybrid Zero Dynamics
(PHZD) method [28]. In short, both methods synthesize
nominal limit cycles using a trajectory optimization problem
that enforces impact-invariance of the controllable outputs
(termed virtual constraints), defined as:

y(x, β) := ya(x)− yd(τ(x), β), (5)

with ya : X → Rm denoting the actual measured outputs and
yd : [0, 1] × Rm×(v+1) → Rm denoting the desired outputs
parameterized by a phasing variable τ : X → [0, 1] and a
collection of Bézier coefficients β ∈ Rm×(v+1) with v ∈ N
denoting the Bézier polynominal degree. By driving these
outputs to zero exponentially, the hybrid control system is
transformed into a closed-loop hybrid system:

H =

{
ẋ = fcl(x) x ∈ D \ S, (6)
x+ = ∆(x−) x− ∈ S. (7)

Solutions of (6) can be denoted using flow notation, φt(x0)
evaluated at time t ∈ R+ with initial condition x0 ∈ D. This
flow is periodic, with period T ∈ R+, if there exists a fixed
point x∗ ∈ S satisfying φT (∆(x∗)) = x∗. Thus, we arrive at
the notation for the periodic orbit expressed using the flow:

O := {φt(∆(x∗)) ∈ D | 0 ≤ t ≤ TI}, (8)

with the time-to-impact function TI : X → R defined as:

TI(x) := inf{t ≥ 0 | φt(∆(x∗)) ∈ S}. (9)
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Discrete-Time System Representation. Finally, the closed-
loop hybrid system can be transformed into a discrete-time
hybrid system via the Poincaré return map P : S̃ → S ,
with S̃ denoting the region on which TI is well-defined. The
Poincaré return map, denoted in flow notation as:

P (x−) := φTI(x−)(∆(x−)), (10)

transforms the hybrid system into the discrete-time system:

xk+1 = P (xk), k = 0, 1, . . . . (11)

The benefit of this discrete-time representation is the abil-
ity to analyze the stability of the overall system via stability
of the step-to-step dynamics. In particular, as presented in
Theorem 1 of [29], the periodic orbit Ø is exponentially
stable if and only if for the fixed point P (x∗) = x∗, there
exists M > 0, α ∈ (0, 1), and some δ > 0 such that:

∀ x ∈ Bδ(x
∗) ∩ S̃ =⇒

∥P i(x)− P (x∗)∥ ≤ Mαi∥x− x∗∥,

with P i(x) denoting the Poincaré map applied i ∈ N≥0 =
{0, 1, . . . , n, . . . } times.

However, stability of the periodic orbit alone does not
elucidate the performance of the closed-loop system in the
presence of impact uncertainty and disturbances. This mo-
tivates robustness measures, such as input-to-state stability
(ISS) or input-to-state safety (ISSf). However, verifying
these properties in practice remains computationally expen-
sive for high-dimensional systems, illustrating the need for
computationally-tractable measures of robustness.

III. ROBUST WALKING VIA HYBRID FORWARD
INVARIANCE

While the HZD method of gait generation has been
successfully demonstrated in practice towards realizing sta-
ble locomotion on numerous robotic platforms, there exist
relatively few methods towards characterizing the level of
robustness of the generated gaits. Thus in practice, the
gait generation is typically manually tuned until gaits are
generated which produce robust locomotion on hardware. In
this section, we will instead present a method for certifying
forward invariance of the discrete-time system for a reduced
representation of the full-order system.

Reduced System Representation. While the following
approach could be conducted for the full system state x ∈ X ,
we propose the use of a lower-dimensional representation
since certain coordinates often have a disproportional influ-
ence on overall system stability. For example, for bipedal
robots, perturbations on actuated joints will influence the
overall system much less than perturbations on the global
coordinates. This viewpoint is similar to that of reduced-
order models, whereby the essence of the full-order dynamics
can be captured by a few key states.

In general, the reduced state representation is denoted as
x = Φ(x) ∈ X, where X is a reduced-order manifold,
i.e., dim(X) ≤ dim(D) consisting of the lower-dimension
representation of interest.

(a) Full system (b) Reduced system

Fig. 3: Model representations. a) The full system model is
denoted by the generalized coordinates x = (q⊤e , q̇

⊤
e )

⊤ with
qe := (p⊤b , ϕ

⊤
b , q

⊤)⊤ ∈ R3 ×SO(3)×Q. Here pb ∈ R3 and
ϕb respectively denote the euclidean position and orientation
of the global base frame Rb relative to the world frame Rw.
b) Here, the reduced-order representation of the model is
illustrated, defined as the angular velocities of the global
frame relative to the world frame, i.e., x := (ϕ̇x, ϕ̇y, ϕ̇z)

⊤.

Assume that there exists a projection between our full
system state and lower-dimension representation x = Φ(x).
For the Atalante lower-body exoskeleton, we restrict our
attention to three specific global coordinates, denoted as the
reduced system x := (ϕ̇x, ϕ̇y, ϕ̇z)

⊤ ∈ R3, representing the
global angular velocity. This mapping is simply the labeling
matrix x =

[
03×21 I3×3 03×12

]
x. The motivation for

selecting these coordinates is the observation that exoskele-
ton users often add perturbations to the system that can be
captured by instantaneous angular velocity changes. Note
that in other applications, this reduced-order manifold could
be the position of the center of the pressure in ZMP walking
[30], centroidal dynamics [31], [32], or zero dynamics [33].
We can represent the discrete-time system associated with
this reduced model as the Poincaré map restricted to X:

xk+1 = PX(xk) (12)

with PX := Φ(P (ι(xk))) defined as the Poincaré return map
for the reduced system for states on the “reduced order”
guard X∩S. Here ι : X∩S → S is a specific (non-unique)
reconstruction of the full state, e.g. in the case when X are
the zero dynamics, ι(x) can be obtained from the outputs
and their derivatives [29].

Discrete-Time Barrier Functions. In this paper, we will
utilize barrier functions to guarantee forward-invariance of
our reduced hybrid system. Thus, we will first present a brief
overview. For more details, refer to [21], [34].

Consider a set I ⊂ X ∩ S defined as:

I := {xk ∈ X ∩ S | H(xk) ≥ 0} (13)
∂I := {xk ∈ X ∩ S | H(xk) = 0} (14)
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Fig. 4: Diagram of sim-in-the-loop approach towards optimizing robustness.

for a smooth function H : Rn → R associated with a Barrier
function [35].

Definition 1. (Forward Invariance [34]). The set I ⊂ X∩S
is forward invariant with respect to (12) if:

x0 ∈ I =⇒ xk ∈ I, ∀k ∈ N.

The discrete-time hybrid system is safe with respect to
perturbed initial conditions belonging to the set I if the set
I is forward invariant with respect to (12).

While forward invariance is a desirable property for many
systems, it can be a challenging property to check in practice.
This motivates the use of Barrier functions as a tool for
verifying forward invariance. Since we have a discrete-time
system, we leverage discrete-time barrier functions, origi-
nally introduced in [21]. Specifically, we use the following
definition.

Definition 2. (Discrete-time Barrier Function [22]). A func-
tion H : I ⊂ X ∩ S → R is a discrete-time barrier function
for the restricted Poincareé map xk+1 = PX(xk) on the set
I defined by (13) if there exists α ∈ (0, 1) such that for all
x ∈ I:

H(PX(x))−H(x) ≥ −αH(x) (15)

Note that this condition mimics the form of discrete-time
Lyapunov functions, with important differences. Namely, we
do not require H to be positive definite; this is a consequence
that we only require set invariance, and not stability. Yet,
because H takes values in the real line (rather than the
positive reals), it does imply stability of the set. This is
encoded in the following theorem (which is a straightforward
application of the results from [22] to the setting of restricted
Poincaré maps).

Theorem 1. Let xk+1 = PX(xk) be the Poincaré map
restricted to the set X ∩ S. If there exists a discrete-time
barrier function for the set I, then the set I is forward
invariant and exponentially stable. If dim(X∩S) = dim(S)
and I = {x∗} then the point x∗ is exponentially stable, i.e.,
the associated periodic orbit is exponentially stable.

Practically, in this paper we choose to describe our set I
as a ball of radius r ∈ R+, centered around the fixed point of
our nominal periodic orbit O as defined in (8), but restricted
to the reduced-order surface X, i.e.:

I := {x | x ∈ Br(x
∗) ⊂ X ∩ S},

with x∗ := Φ(x∗). Thus, the statement of hybrid forward
invariance of I is equivalent to the set-based condition
Px(Br(x

∗)) ⊆ Br(x
∗). Using this set definition, we can also

explicitly construct our discrete-time Barrier function as:

H(x) := r − ∥x− (x∗)∥2. (16)

Simulation-Based Sampling. To identify the largest set I
that is forward invariant for a given generated nominal limit
cycle, we use a sampling-based approach to solve for the
largest set I satisfying the forward-invariance condition. This
is framed as an optimization problem of the form:

r∗ = max
r∈[0,rmax]

r (17)

s.t. H(PX(x))−H(x) ≥ −αH(x),

∀x ∈ Br(x
∗)

While we were proposing the use of ropt as a metric of
robustness since it characterizes the set that is maximally
forward-invariant, it is important to note that the parameter
α is also indicative of robustness. In essence, the parameter
α indicates how fast the step-to-step dynamics are allowed
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Fig. 5: Invariant sets identified in simulation compared to the
values seen on hardware during the experiments.

to approach the boundary of the forward-invariant set. When
designing a control barrier function, the value of α is used
as a parameter to control the rate at which the system is
allowed to approach the boundary of the safe set, with the
system becoming more conservative as α → 1. Since we are
concerned with estimating the forward invariant set rather
than controlling for safety, we set α close to 0.

Simulation-in-the-loop Optimization. Solving the afore-
mentioned optimization problem not only provides us with
the set I that is hybrid forward invariant, but it also provides
us with a measure of robustness for the associated gait. It is
important to note that this application of discrete-time barrier
functions to measure locomotive robustness is independent
of the choice of controller. For example, this metric could
be used in a RL setting as part of the reward composition to
optimize the learned policies for robustness.

IV. RESULTS

To show the benefits of the proposed metric, we specif-
ically demonstrate its use towards optimizing offline gaits
using a simulation-in-the-loop based framework. This proce-
dure, as illustrated in Fig. 4, is repeated for both flat-foot and
multi-contact walking on the Atalante lower-body exoskele-
ton. To further elucidate the efficacy of our approach, we also
compare our results to gaits optimized only for stability. A
video of the experimental results can be found at [36].

A. Implementation Details

We choose to generate gaits using the open-source toolbox
FROST [37]. These gaits are parameterized using a set
of essential constraints, as explained in [38]. Specifically,
we define these essential constraints to enforce four gait

5 10 15 20 25

Time (s)

0

1

2

H
(x

)

Flatfoot Multicontact

Fig. 6: Barrier function evaluation using experimental data

features: step length, step duration, step width, and step
height. The output of the gait generation problem is selected
to be 7th-order Bézier polynomials, with the phasing variable
parameterized by time, for each of the 12 joints of the
Atalante lower-body exoskeleton, i.e., β∗ ∈ R12×8. These
gaits are enforced on the robot by tracking the generated
output trajectories.

Once generated, the gait is then provided to a MuJoCo
simulation environment [39]. This simulation environment
is first used to evaluate whether the simulated locomotion
is periodically stable. If the resulting locomotion is stable
(empirically evaluated as the total number of steps taken in
simulation), this provides us with a fixed point, i.e. x∗ =
PX(x∗), around which to conduct perturbation analysis.
Specifically, a collection of N = 200 samples are uniformly
drawn from Brmax

(x∗), with rmax = 2. This set is denoted:

C0 := {x(i)
0 ∼ U(Brmax(x

∗)) | i = [1, N ]}.

To obtain the Poincaré return map of the samples (i.e., CP :=
{PX(x) | ∀x ∈ C0} ), we define our reconstruction map ι(x)
by enforcing the systems outputs and holonomic constraints.
Each initial condition is then simulated forward for one gait
cycle to obtain the Poincaré return set CP . The maximum
set that is forward invariant can then be solved for using the
optimization problem (17).

The robustness measure r∗, along with the parameters
associated with the generated gait, is then provided to a
learning algorithm. Here, we choose to leverage preference-
based learning since it is able to balance feedback regarding
both stability (evaluated by number of steps taken) with
robustness (evaluated by r∗) without explicit term weighting.
The preference feedback is automatically determined to
prefer gaits with higher values of r∗. For gaits that are not
stable, the algorithm automatically prefers gaits with higher
number of steps taken. The POLAR toolbox was used to
implement the preference-based learning algorithm [40].

The entire simulation-in-the-loop procedure was con-
ducted for 10 iterations, with 5 gaits being generated and
ranked in each iteration. At the conclusion of the framework,
the gait identified as being maximally robust was then
experimentally demonstrated on the Atalante exoskeleton.
The same c++ controller used in simulation is used in the ex-
periments, with additional code to interface with Wandercraft
API. For the flat-foot behavior a passivity-based controller
[41] was implemented to track the generated gaits. For the
multi-contact behavior, due to the uncertain domain transi-
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Fig. 7: Experimental Gait Tiles

tion resulted changing holonomic constraints, we switch the
controller to a joint-level PD controller. The controllers are
run directly on the Atalante on-board computer (i5-4300U
CPU @1.90GHz with 8GB RAM at 1kHz).

B. Flat-Foot Walking
The framework was first conducted for flat-foot walking.

This domain structure, as illustrated in Fig. 2a, only has a
single domain and a single edge. The domain characterizes
the continuous-time dynamics associated with single-support
flat-foot walking, with the associated edge characterized by
the impact of the non-stance foot. Specifically, the domain
is described by the following holonomic constraints:

ηSS(qe) :=

[
pst(qe)
ϕst(qe)

]
, (18)

with pst(qe) ∈ R3 and ϕst(qe) ∈ SO(3) denoting the
position and orientation of the stance foot relative to the
world frame. This holonomic constraint is imposed in the gait
generation framework via the condition ηSS(qe) = constant.
We refer the reader to [25] for more details.

The entire learning procedure detailed in the previous sub-
section, was conducted to generate a total of 26 unique gaits.
The invariant set associated with the gait being identified as
most robust (r∗ = 1.97 with rmax = 2) is illustrated in Fig.
5. Additionally, the discrete-time barrier function, evaluated
using experimental data, is illustrated in Fig. 6.

C. Multi-Contact Walking
To further demonstrate the proposed framework, we re-

peated the similar process for multi-contact walking. Multi-
contact refers to behaviors that can be characterized by
changing contact modes throughout a single stride. In the
HZD framework, each domain is defined by a unique set
of holonomic constraints and a corresponding impact event.
While multi-contact walking can include as many 8 unique
domains [42], we simplify our multi-contact domain structure
to only have 2 domains, as illustrated in Fig. 2b. The domains
include the single-support phase (as in flat-foot walking)
captured by the holonomic constraint (18), as well as an
additional domain for the foot-rolling phase captured by the
following holonomic constraint:

ηDS(qe) := [pt(qe)
⊤, ϕx

t (qe), ϕ
z
t (qe), . . .

ph(qe)
⊤, ϕx

h(qe), ϕ
z
h(qe)], (19)

with pt(qe) ∈ R3 denoting the position of the back-
foot toe frame with the frame’s roll and yaw de-
noted by ϕy

t (qe), ϕ
z
t (qe) ∈ R. Similarly, ph(qe) ∈ R3,

ϕy
h(qe), ϕ

z
h(qe) ∈ R denote the position, roll, and yaw of

the front-foot heel frame.
Again, the entire learning procedure was conducted for

10 iterations, resulting in a total of 21 unique gaits. The
invariant set associated with the most robust gait (r∗ = 1.57
with rmax = 2) is illustrated in Fig. 5, with the experimental
discrete-time barrier function evaluation shown in Fig. 6.

D. Comparison to Optimizing for Stability

To further test our proposed metric, we ran an additional
set of experiments in which the gaits were optimized for
stability. This was done by replacing the metric provided to
the learning agent with the total number of steps taken in the
simulation environment, rather than r∗. These experiments
were conducted for both the flat-foot and multi-contact
behaviors, with the resulting gaits ‘optimized for stability’
illustrated in Fig. 7. It is interesting to note that while these
gaits were both stable in simulation, they were not able
to successfully yield stable locomotion when translated to
hardware. This indicates that our proposed approach is a
successful metric for capturing real-world robustness.

V. CONCLUSION

This work explored the use of discrete-time barrier func-
tions to synthesize robust walking gaits. The main idea
was that locomotive robustness can be related to forward-
invariance of the discrete-time step-to-step dynamics. Specif-
ically, the size of these forward-invariant sets was proposed
as a metric for locomotive robustness. Lastly, a simulation-
based framework was outlined and demonstrated towards
experimentally synthesizing robust nominal gaits for both
flat-foot and multi-contact walking on the Atalante lower-
limb exoskeleton. A limitation of this work includes the
fact that robustness is not the only factor important for
desirable robotic locomotion. As such, future work includes
the combination of robustness with other important metrics
such as user comfort and naturalness.
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