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Abstract— This study presents a recursive algorithm for solv-
ing the regularised least squares problem for online identifica-
tion of rigid body dynamic model parameters with emphasis on
the physical consistency of estimated inertial parameters. One of
the geometric approaches is to use a regulariser that represents
how close the pseudo-inertia matrix is to a given reference on
the feasible manifold in the regression problem. The proposed
extension enables memory-efficient online learning in addition
to the benefits of geometry-aware convex regularisation using
the log-determinant divergence of the pseudo-inertia matrix.
Also, the recursive version endows the estimator with the capa-
bility to deal with time-variation of parameters by introducing
an optional forgetting mechanism. The characteristics of the
recursive regularised least squares algorithm is demonstrated
using the MIT Cheetah 3 leg swinging experiment dataset and
compared to the existing batch optimisation method.

I. INTRODUCTION

Inertia identification is a fundamental yet challenging
problem in autonomy for multi-body physical systems. Ex-
amples of such systems include spacecraft with reaction
wheels and appendages [1]–[5], conventional aircraft [6],
unmanned aerial vehicles carrying slung-load payloads [7],
humanoid and legged robots [8]–[12], and manipulators
[13]–[15]. A reliable knowledge of the inertial parameters
consisting of mass, centre of mass, and rotational inertia
matrix is essential for precise control and efficient planning.

Inertial parameter identification is not as straightforward as
it seems even though the inertial parameters appear linearly
in the expression for joint torques. Technical challenges
arise from both intrinsic and extrinsic sides of the problem.
In the aspect of mathematical nature, physical consistency
of the estimated parameters always poses a constraint that
inertial parameters of a rigid body lie on certain Riemannian
manifold rather than the Euclidean space. The ordinary
batch or recursive least squares (RLS) with ℓ2 regularisation
often provides unrealistic results such as negative mass and
negative semidefinite inertia matrix as it does not respect
the non-Euclidean geometry of parameter space [16]. In the
aspect of information quality, the sensor measurements are
often sparse and noisy, and the operational limits imposed
on the joint space usually lead to insufficient excitation in
the regressor signal which renders the problem ill-posed.

Various algorithms have been developed in the recent
decade to overcome the shortcomings of standard linear
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regression methods in inertial parameter estimation. Only a
few of the algorithms are aware of the physical consistency
requirement [17]. The methods can be broadly classified into
two different approaches depending on how the physical
feasibility of inertial parameters is enforced.

One approach is to formulate the sign definiteness re-
quirements into linear matrix inequality (LMI) constraints
and apply semidefinite programming (SDP) [1], [9], [13],
[15], [18]. The LMI constraint in [13] describes positive
definiteness of inertia matrix and strict positivity of mass for
each body with positive definiteness of an augmented 6× 6
matrix written in terms of the link inertial parameters. It was
noticed in [8] that the full physical consistency requires the
principal inertia moments, i.e., eigenvalues of inertia matrix,
to satisfy a set of triangle inequalities in addition to the
positive definiteness of inertia matrix. The approach in [1]
represents the strengthened condition with a LMI constraint.
The triangle inequality property is only sufficient but not
necessary for the positive definiteness of inertia matrix alone,
hence full physical consistency requires the solution to be
confined to the corresponding subset of positive definite
cone. Independent developments in [9], [15] led to the same
LMI constraint given as positive definiteness of the so-called
4 × 4 pseudo-inertia matrix which compactly represents all
physical consistency conditions.

The formulation using classical least squares criterion
for fitting, standard Euclidean distance for regularisation,
and LMI constraints for physical consistency turned out
to have fundamental limitations. The estimates obtained as
the solution to such constrained optimisation problem are
often only marginally feasible. As a result, the estimated
inertia distribution can be unrealistically sharp along certain
directions [10], [11]. This is mainly because the optimal
solution lies on the active LMI constraint boundaries when
the unconstrained least squares minimiser is not physically
consistent.

To address these issues, another approach focuses on
developing methods based on the natural distance func-
tions associated with the non-Euclidean geometry of the
inertial parameter space [10], [11], [14], [19], [20]. The
coordinate invariance of a geometric distance metric en-
ables physically meaningful quantification of the variations
in inertial parameters, which in turn manifests as better
generalisability in practice. The robust offline identification
method developed in [10] is to solve a nonlinear optimisation
problem formulated by using the natural Riemannian metric
for the manifold of physically consistent inertial parameters.
Minimisation of a coordinate-invariant error criterion based
on the natural Riemannian metric is theoretically appeal-
ing, however, the algebraic nonlinearity of the geodesic
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distance metric proposed in [10] lead to many difficulties
in computation and theoretical convergence analysis. The
Bregman divergence associated with the log-determinant of
the 4 × 4 symmetric positive definite pseudo-inertia matrix
is suggested as a surrogate function preserving coordinate
invariance [11], [14]. This convex divergence metric approx-
imates the affine-invariant Riemannian metric up to second-
order. Using the Bregman divergence as a Lyapunov function
yields an adaptation law that resembles natural gradient flow
for more performant direct adaptive control [14]. Using the
same function as a regulariser in the batch least squares
framework enables efficient and robust offline identification
by taking advantages of convex optimisation [11]. In [20],
a singularity-free and smooth parameterisation is proposed
based on the log-Cholesky decomposition of the pseudo-
inertia matrix. Introducing the log-Cholesky parameterisation
into the objective function of [11] leads to the unconstrained
optimisation problem which is non-convex but well-posed in
the sense that all local minima are global minimisers.

While the advantage of geometric regularisation in en-
hancing generalisation performance is clear, it has not been
fully realised in an online estimation setting. The previous
studies on geometric methods enabled robust identification
under limited degree of observability, however, they were
limited to batch optimisation. The natural adaptation law
proposed in [14] performs continuous-time online update
of inertial parameters on the associated manifold. However,
it is a stable-tracking-oriented method for direct adaptive
control which does not pursue identification but only adjusts
the parameters on a need-to-know basis. Meanwhile, online
inertia identification has been studied in aerospace domain,
but without reference to the geometric approach. The physi-
cal consistency requirement was either incorporated with the
LMI approach [1] or ignored in problem formulation [2]–[6].

This study aims to develop a recursive algorithm for on-
line identification of inertial parameters considering physical
consistency by taking advantages of geometric regularisation.
Some form of online calibration or update is necessary for
the estimated parameters to represent actual dynamics in the
presence of uncertainties or sudden changes. The online iden-
tification capability is particularly desired in systems where
the inertia of each component can change over time, e.g.,
spacecraft consuming fuel. In such circumstances, recursive
estimation can be preferred over batch estimation as long as
the theoretical well-posedness and the robust generalisability
of a geometric approach can be retained.

With this background, this study takes the approach to
extend the geometric method developed in [11] for batch
convex optimisation to the streamed data setting. The pur-
pose of this choice is twofold. The first is to retain the
practical benefits of using the log-determinant divergence of
pseudo-inertia matrix as an appropriate convex regulariser.
The second is to take the own advantages of online identi-
fication including not only the memory efficiency but also
the capability to estimate time-varying parameters with an
adequate forgetting mechanism. The contributing points are
summarised as follows:

• Development of a recursive update method for online
identification of physically consistent inertial parame-
ters based on the analytic expressions for gradient and
Hessian of the log-determinant divergence

• Introduction of the optional directional forgetting mech-
anism for alertness to time-variation of parameters

• Verification against batch convex optimisation result us-
ing MIT Cheetah 3 fixed-base identification experiment
dataset

The rest of the paper is organised as follows: Section
II provides a brief overview of the geometry of inertial
parameters and the log-determinant divergence. Section III
presents an update method for RLS with log-determinant
divergence regularisation which is essentially a Newton
method. Section IV provides a performance benchmark using
the MIT Cheetah 3 dataset. Section V concludes the paper.

II. PRELIMINARIES

A. Physical Consistency of Inertial Parameters

Inertia of a rigid body can be represented by 10 indepen-
dent parameters that are described with respect to a body-
fixed reference frame. The collection of parameters can be
written as

ϕ =
[
m hx hy hz Ixx Iyy Izz Iyz Izx Ixy

]T (1)

where m ∈ R is the mass, h =
[
hx hy hz

]T ∈ R3 is the
first mass moment vector which is the product of mass and
centre of mass position vector, and

Ī =

Ixx Ixy Izx
Ixy Iyy Iyz
Izx Iyz Izz

 ∈ R3×3 (2)

is the rotational inertia matrix about the origin of coordinate
system.

The inertial parameters of a single rigid body satisfy
several inequalities by definition of m, h, and Ī as functionals
of a density distribution ρ (·) : R3 → R+ (Readers are
referred to [9] for the details). Denoting by Īc the rotational
inertia matrix about the centre of mass and by Ji = λi

(
Īc
)

for i = 1, 2, 3 the eigenvalues of Īc, the full physical
consistency conditions for non-degenerate rigid body are
given by the following scalar inequalities.

m > 0

Ji > 0 for i = 1, 2, 3

J1 + J2 > J3

J2 + J3 > J1

J3 + J1 > J2

(3)

Let us define the notion of pseudo-inertia matrix as

L (ϕ) ≜

[
Σ h
hT m

]
∈ R4×4 (4)

where
Σ ≜

1

2
tr
(
Ī
)
I3 − Ī (5)
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represents the density-weighted covariance of a rigid body.
Note that Σ is linear in ϕ. In [9], [13], the set of constraints in
Eq. (3) is shown to be equivalent to a single LMI constraint
given by

L (ϕ) > 0 (6)

Equation (6) clearly indicates the non-Euclidean nature of
the inertial parameter space.

B. Linear Parameterisation of Rigid Body Dynamics

Consider a nd degrees-of-freedom system consisting of
nb rigid bodies. The multi-body dynamics can commonly be
described as

M (q) ν̇ + C (q, ν) ν + gk (q) = F (7)

where q ∈ Q denotes the configuration lying in the configu-
ration manifold Q, ν ∈ Rnd denotes the generalised velocity,
M (q) ∈ Rnd×nd denotes the mass matrix, C (q, ν) ν ∈
Rnd denotes the Coriolis force, gk (q) ∈ Rnd denotes the
gravitational force, and F ∈ Rnd denotes the generalised
force. The contributions of joint actuator torques τ , viscous
and Coulomb friction forces, external contact wrenches,
aerodynamic forces, etc. enter into the dynamics through F .
It is well-known that the left-hand-side of Eq. (7) has the
linear structure which allows rewriting Eq. (7) as

U (q, ν, ν̇) Φ = F (8)

where U (q, ν, ν̇) ∈ Rnd×10nb is the known regressor matrix,

and Φ ≜
[
ϕ1
T · · · ϕnbT

]T
∈ R10nb is the collection of

inertial parameters of each body. If the generalised force can
be described as F = y − Λ (q, ν, ν̇)ψ with some known
regressor matrix Λ (q, ν, ν̇), unknown extra parameter vector
ψ, and known force element y ∈ Rnd , then an augmented
linear model can be constructed by rearranging Eq. (8) as[

U (q, ν, ν̇) Λ (q, ν, ν̇)
]︸ ︷︷ ︸

Γ(q,ν,ν̇)

[
Φ
ψ

]
︸︷︷︸
θ

= y (9)

with the augmented regressor matrix Γ (q, ν, ν̇), and the
augmented parameter θ.

C. Bregman Log-Determinant Divergence

Given a strictly convex and differentiable function ρ (·) :
Sn → R that maps the space of real symmetric matrices
Sn ⊂ Rn×n to R, the Bregman matrix divergence is defined
as

Dρ (X,Y ) = ρ (X)− ρ (Y )− ⟨∇ρ (Y ) , X − Y ⟩ (10)

where ⟨A,B⟩ = tr (AB). Various Bregman matrix diver-
gences generated by different choices of ρ (·) have been
investigated [21].

The log-determinant divergence is a Bregman matrix
divergence generated with σ (X) = − log |X| which is
defined over the cone of positive definite matrices. It can
be expressed as

Dσ (X,Y ) = − log
|X|
|Y |

+ tr
(
Y −1X

)
− n (11)

The log-determinant divergence has been also known in other
names such as Stein’s loss [22], Burg matrix divergence,
and entropic divergence [11]. The use of log-determinant
divergence was studied in the context of low-rank kernel
learning [23], [24], information-theoretic metric learning
[25], and matrix nearness problem [26], [27].

Given any invertible matrix M , we have Dσ (X,Y ) =
Dσ

(
MTXM,MTYM

)
. This property suggests that the

log-determinant divergence is a coordinate/scale-invariant
pseudo-distance metric between two positive definite matri-
ces.

III. RECURSIVE LEAST SQUARES WITH
LOG-DETERMINANT DIVERGENCE REGULARISATION

A. Regularised Recursive Least Squares with Newton
Method

Given N noisy measurements of Γ (q, ν, ν̇) and y, a
deterministic approach to estimate the unknown parameter θ
in Eq. (9) is to minimise a regularised least squares objective
function given by

JN (θ) =
1

2

N∑
j=1

(yj − Γjθ)
T
Wj (yj − Γjθ)

− 1

2

N∑
j=1

(
θ − θ̂j

)T
Gj

(
θ − θ̂j

)
+ αNR (θ)

(12)

where yj ≜ y (tj), Γj ≜ Γ (q (tj) , ν (tj) , ν̇ (tj)), θ̂j ≜
θ̂ (tj), Wj = WT

j > 0, and Gj = GTj ≥ 0 are the output,
the regressor, the estimated parameter, the weighting factor,
and the forgetting factor at the j-th time step, respectively;
αN > 0 is the regularisation strength at step N and R (θ) is
a twice differentiable convex regulariser.

Let us define J0 (θ) = α0R (θ) with α0 > 0 and θ̂0 =
argmin

θ
J0 (θ). Given θ̂k−1 = argmin

θ
Jk−1 (θ), the recursive

update algorithm needs to find the increment ∆k such that

θ̂k = θ̂k−1 +∆k = argmin
θ

Jk (θ) (13)

The first-order necessary condition for optimality at step k−1
gives

∇Jk−1

(
θ̂k−1

)
=

k−1∑
j=1

(
Γj θ̂k−1 − yj

)T
WjΓj

−
k−1∑
j=1

(
θ̂k−1 − θ̂j

)T
Gj + αk−1∇R

(
θ̂k−1

)
= 0

(14)

By introducing the incremental update given in Eq. (13) and
using Eq. (14), the optimality condition at step k requires

∇Jk
(
θ̂k

)
=

k∑
j=1

(
Γj θ̂k − yj

)T
WjΓj

−
k∑
j=1

(
θ̂k − θ̂j

)T
Gj + αk∇R

(
θ̂k

)
= [gk (∆k)]

T
+
�������
∇Jk−1

(
θ̂k−1

)
= [gk (∆k)]

T
= 0

(15)
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where

gk (∆) ≜ ΓTkWk

(
Γkθ̂k−1 − yk

)
+Ωk∆

+
[
αk∇R

(
θ̂k−1 +∆

)
− αk−1∇R

(
θ̂k−1

)]T
(16)

with the information matrix defined as

Ωk ≜
k∑
j=1

ΓTj WjΓj −
k−1∑
j=1

Gj (17)

The required increment ∆k can be obtained in closed-form
only if ∇R (θ) is linear in θ. Otherwise, the algebraic
equation given by the last equality in Eq. (15) should be
solved for ∆k numerically.

The convexity and the twice differentiability of Jk (θ)
suggests using Newton-Raphson method to find ∆k. Let l∆k

denote the increment for time step k obtained after l Newton-
Raphson iterations. Given an initial guess 0∆k and tolerance
ϵ, each iteration proceeds as follows:

1) Compute the Newton step lδ by solving

∇gk
(
l−1∆k

)
lδ = −gk

(
l−1∆k

)
(18)

where

∇gk (∆) = Ωk +∇2R
(
θ̂k−1 +∆

)
(19)

2) Compute the Newton decrement

λ2 = −
[
gk

(
l−1∆k

)]T lδ (20)

3) Stop iteration if λ2

2 ≤ ϵ
4) (Optional) Find step size γ by backtracking line search
5) Update the solution according to

l∆k = l−1∆k + γ · lδ (21)

The update can be performed in a recursive fashion
without storing all pairs of yj and Γj by maintaining only
the problem data that are necessary to evaluate gk (∆). One
can construct gk (∆) with Ωk updated as

Ωk = Ωk−1 −Gk−1 + ΓTkWkΓk (22)

starting from Ω0 = 0.

B. Log-Determinant Divergence Regularisation

Physically consistent pseudo-inertia matrices are positive
definite as shown in Eq. (6). For i = 1, · · · , nb, the func-
tion Dσ

(
L
(
ϕi
)
, L

(
ϕ̂i0

))
represents how close the inertial

parameter of the i-th body ϕi is to some prior value ϕ̂i0
on the manifold. This motivates the use of log-determinant
divergence in [11] as a regulariser in the batch least squares
parameter identification framework.

In the same philosophy, this study considers the composite
regulariser which takes the log-determinant divergence for
the inertial parameters in Φ and the Euclidean distance for
extra parameters ψ as

R (θ) =

nb∑
i=1

Dσ

(
L
(
ϕi
)
, L

(
ϕ̂i0

))
+
β

2

∥∥∥ψ − ψ̂0

∥∥∥2
2

(23)

with constant β > 0.
Equations (16) and (19) show that the gradient and Hessian

of the regulariser R (θ) are necessary to build the algorithm.
The separable structure of Eq. (23) leads to the block
structure of the derivatives as

∇R (θ) =

[
∇ϕ1Dσ

(
L
(
ϕ1

)
, L

(
ϕ̂10

))
· · · β

(
ψ − ψ̂0

)T]
(24)

and

∇2R (θ) =


∇2
ϕ1Dσ

(
L
(
ϕ1

)
, L

(
ϕ̂10

))
0 0

0
. . . 0

0 0 βI

 (25)

Therefore, analytic expressions for the gradient and Hessian
of each log-determinant divergence term will suffice the
purpose of constructing the required derivatives.

The right superscripts for indexing the bodies are dropped
in the followings to avoid cluttered notation. Let nϕ denote
the n-th component of the inertial parameter vector and L0 ≜
L
(
ϕ̂0

)
. Since L (ϕ) is linear in ϕ, it is obvious that ∂L(ϕ)∂(nϕ) =

L (en) where en is the unit vector whose n-th component is
1 and ∂2L(ϕ)

∂(mϕ)∂(nϕ) = 0. Therefore, using the matrix calculus

identity ∂ log|U(x)|
∂x = tr

[
U (x)

−1 ∂U(x)
∂x

]
yields

∂Dσ (L (ϕ) , L0)

∂ (nϕ)
= tr

[(
L0

−1 − L (ϕ)
−1

)
L (en)

]
(26)

Also, using the linearity of trace operator and another matrix
calculus identity ∂U(x)−1

∂x = −U (x)
−1 ∂U(x)

∂x U (x)
−1 which

holds for differentiable and invertible U (x) gives

∂2Dσ (L (ϕ) , L0)

∂ (mϕ) ∂ (nϕ)
= tr

[
L (ϕ)

−1
L (em)L (ϕ)

−1
L (en)

]
(27)

C. Regularisation Strength and Directional Forgetting
The formulation in Eq. 12 provides an enriched framework

for modifications through the choice of αk and Gj . Since
αk determines the relative weighting imposed on the chosen
regulariser with respect to the fitting objective, a balanced
choice that can reduce performance sensitivity due to the
scale difference between the two terms is to set αk =

αsf tr

(
Ωk

[
∇2R

(
θ̂k−1

)]−1
)

with constant αsf > 0.

However, the benefit of adaptive weighting is in a trade-
off relationship with the amount of computation. Therefore,
using a constant regularisation strength α can be more
suitable especially in online identification.

One advantage of online learning is the capability to incor-
porate a forgetting mechanism with nonzero Gj in Eq. (12).
The directional forgetting method of [28] prevents estimator
windup by forgetting old information only when it can be
updated with new information. This method corresponds to
the choice of design parameters given by

Wk = I

Gk−1 =


(1− µ) Ωk−1Γ

T
k

(
ΓkΩk−1Γ

T
k

)−1
ΓkΩk−1

if
∥∥Ωk−1Γ

T
k

∥∥ > ε

0 if
∥∥Ωk−1Γ

T
k

∥∥ ≤ ε
(28)
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with 0 < µ ≤ 1 and 0 < ε≪ 1.

IV. NUMERICAL EXPERIMENT

This section benchmarks the proposed algorithm in fixed-
base identification of the MIT Cheetah 3 leg assembly. The
task is to learn the inertial parameters of each body and the
friction coefficients.

A. Model Description

The 3-DOF leg of MIT Cheetah 3 robot which is driven
by three proprioceptive actuators is modelled as a system
consisting of three links and three rotors, i.e., nd = 3 and
nb = 6. The ideal joint space dynamics can be described as[

U (q, q̇, q̈) Λ (q̇)
]︸ ︷︷ ︸

Γ(q,q̇,q̈)

[
Φ∗

ψ∗

]
︸ ︷︷ ︸
θ∗

= τ (29)

where q ∈ R3 is the joint angles, U (q, q̇, q̈) ∈ R3×60 is the
classical regressor, Λ (q̇) =

[
diag (q̇) diag (sign (q̇))

]
∈

R3×6 is the friction regressor, Φ∗ =
[
ϕ1∗
T · · · ϕ6∗

T
]T

∈
R60 is the collection of true inertial parameters, ψ∗ ∈ R6

is the true viscous and Coulomb friction coefficients, and
τ ∈ R3 is the joint torques.

B. Experiment Setup

1) Dataset Preparation: The hardware experiment for
fixed-base identification of inertial and friction parameters
was performed in [9]. This dataset was used in [11], [20]
and is made openly available through [12] along with the
MATLAB script for computing classical regressor and the
CAD data providing initial prior values for the inertial
parameters, i.e., Φ̂0 = Φ̂CAD.

This study takes the same dataset which contains a time-
series recorded for 28s at the sampling rate of 1kHz. The
first 50 and the last 51 datapoints are removed from the
dataset since the joint angle values are set to zero and thus
the data in those periods are invalid. Therefore, the total
number of time points in the dataset spanning the time
interval [0.05s, 27.95s) is N = 27900.

2) Experiment Cases: The numerical experiment aims to
assess the effects of regulariser and sampling rate on the
performance of parameter identification algorithms. The fol-
lowing three methods are compared for verification purposes:

• RLS-l2: RLS with ℓ2-regularisation for Φ (baseline)
• RLS-ldetdiv: RLS with log-determinant divergence reg-

ularisation for Φ (proposed algorithm)
• BLS-ldetdiv: Batch least squares with log-determinant

divergence regularisation for Φ (prior works [11], [12])

RLS-l2 considers R (θ) = 1
2

∥∥∥Φ− Φ̂0

∥∥∥2
2
+ 1

2β
∥∥∥ψ − ψ̂0

∥∥∥2
2

as the regulariser. By exploiting the Woodbury matrix iden-
tity, the update equation for RLS-l2 with Gj = 0, ∀j is given
by

Pk ≜ (Ωk +WR)
−1 where WR = α diag (110nb

, β16)

= Pk−1 − Pk−1Γ
T
k

(
W−1
k + ΓkPk−1Γ

T
k

)−1
ΓkPk−1

∆k = PkΓ
T
kWk

(
yk − Γkθ̂k−1

) (30)

BLS-ldetdiv is implemented in the MATLAB script in [12],
and its result is treated as the reference θ∗ in this study.
The dependency of performance on the sampling rate is
tested by downsampling the dataset to specified sampling
rate fs Hz. The size of the downsampled dataset is Ns =
N fs

103 . For a fair comparison, the regularisation strength α
for each method is chosen to achieve the same value of
∥τ̃ (t; tf )∥[t0,tf ]rms to two decimal places in batch optimisation.

Table I summarises the experiment setup. The Julia-
based implementation is available via [29].

TABLE I
NUMERICAL EXPERIMENT SETTINGS

Quantity Value
fs

{
103, 102, 10, 1

}
[Hz]

θ̂0
[
Φ̂T

CAD 0T
]T

Wj
1

Nsnd
I3

Gj 0
α 50 for RLS-l2, 10−1 for RLS-ldetdiv
β 10−3

γ† 1
0∆k 0
ϵ 10−20

P0
‡ W−1

R = α−1 diag
(
110nb

, β−116
)

† no line search in RLS-ldetdiv, ‡ for RLS-l2

C. Results

The following notations are introduced to clearly describe
the results. θ̃ (t) = θ̂ (t) − θ∗ denotes the parameter error
at t. τ̂ (t; t′) = Γ (t) θ̂ (t′) denotes the predicted torque at
t considering the parameter estimated at t′ and τ̃ (t; t′) =
τ̂ (t; t′) − τ (t) denotes the corresponding torque prediction
error with respect to the measured torque. The RMS value
for a sequence of Ns vector-valued data points τ̃ (t; t′) in
the interval t ∈ T is defined by

∥τ̃ (t; t′)∥Trms =

√√√√ 1

Ns

Ns∑
j=1

∥τ̃ (tj ; t′)∥22 (31)

Figure 1 shows the time histories of the geometric distance
for Φ̂ given by DΦ ≜

∑nb

i=1Dσ

(
L
(
ϕ̂i
)
, L

(
ϕi∗

))
, the

Euclidean norm for ψ̂ given by Dψ ≜
∥∥∥(ψ̂ − ψ∗

)
/ψ∗

∥∥∥
2

with elementwise division denoted by / for normalisation,∥∥∥θ̃ (t)∥∥∥
2
, and ∥τ̃ (t′; t)∥[t,tf ]rms for the case of fs = 103

Hz. DΦ cannot be computed for the estimate provided by
RLS-l2 due to physical inconsistency. Unlike RLS-l2, θ̂ (t)
converges to θ∗ with RLS-ldetdiv. The RMS value shown is
for the error in the output predicted using current parameter
estimate for unseen future state. The result indicates better
generalisation performance of RLS-ldetdiv in the low-data
regime as compared to RLS-l2.

Figure 2 shows the time histories of the measured torque
τ (t) and the predicted torque τ̂ (t; t) for each method being
compared. Note that BLS-ldetdiv is only capable of offline
prediction, thus the distinction of τ̂ (t; t′) depending on t′

does not apply to BLS-ldetdiv. The prediction of online
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identification methods show deviation from the result of
BLS-ldetdiv during the first few seconds. Both RLS-l2 and
RLS-ldetdiv managed to average out the effect of noise in the
measurements as the stream of data accumulates. However,
only the predicted torque of RLS-ldetdiv converges to that
of BLS-ldetdiv since θ̂ (t) → θ∗ in RLS-ldetdiv.

Fig. 1. Parameter and Torque Prediction Errors (fs = 103 Hz)

Fig. 2. Measured and Predicted Joint Torques (fs = 103 Hz)

Table II shows the benchmark result for a range of fs with
the indicator for full physical consistency of Φ̂ (tf ) given
by Icons ≜

∏nb

i=1 isposdef
(
L
(
ϕ̂i (tf )

))
, the indicator for

positive definiteness of the estimated mass matrix given
by IM ≜

∏Ns

j=1 isposdef
(
M

(
q (tj) ; Φ̂ (tj)

))
,
∥∥∥θ̃ (tf )∥∥∥

2
,

∥τ̃ (t; t)∥[t0,tf ]rms , and ∥τ̃ (t; tf )∥[t0,tf ]rms . The RMS value of
torque prediction error is comparable as expected from
the choice of α for each method. However, only RLS-
ldetdiv provides fully physically consistent estimates for the
inertial parameters regardless of fs. Moreover, the mass
matrix estimated by RLS-ldetdiv is always positive definite

which complies with the essential requirement in many robot
control schemes. The accuracy of RLS-ldetdiv with respect to
θ∗ obtained by BLS-ldetdiv using entire dataset is improved
with more data points, whereas increasing fs does not lead
to effective reduction in

∥∥∥θ̃ (tf )∥∥∥
2

for RLS-l2.

TABLE II
SAMPLING RATE DEPENDENCY OF PERFORMANCE METRICS

fs [Hz]
100 101 102 103

Icons
RLS-l2 0 0 0 0

RLS-ldetdiv 1 1 1 1

IM
RLS-l2 0 0 0 0

RLS-ldetdiv 1 1 1 1∥∥∥θ̃ (tf )∥∥∥
2

RLS-l2 1.956 1.625 1.659 1.663
RLS-ldetdiv 1.158 0.347 0.067 0.014

∥τ̃ (t; t)∥[t0,tf ]rms

RLS-l2 3.004 3.554 3.585 3.619
RLS-ldetdiv 3.279 3.554 3.507 3.532∥∥τ̃ (

t; tf
)∥∥[t0,tf ]

rms

RLS-l2 4.030 3.577 3.397 3.407
RLS-ldetdiv 4.130 3.593 3.395 3.404

Computation time per each time step is assessed for
RLS-ldetdiv on Macbook Pro 15-inch 2017 with 2.8GHz
Intel Core i7 CPU and 16GB 2133MHz LPDDR3 RAM
running Julia 1.9.3. At step k,

[
L
(
ϕ̂ik−1

)]−1

L (en) for
i = 1, · · · , nb and n = 1, · · · , 10 are computed before
starting the Newton-Raphson iterations to reduce the number
of matrix operations. The increment ∆k in RLS-ldetdiv is
found in no more than two Newton-Raphson iterations at
each time step even for the tight stopping criterion specified
by ϵ. The mean and the standard deviation of the per-
step computation time for the cases ended in one Newton-
Raphson iteration are 1.623ms and 0.340ms, respectively,
and those for two Newton-Raphson iterations are 2.199ms
and 0.421ms, respectively. Implementation using a low-level
language such as C or C++ is expected to provide further
improvements in runtime efficiency.

V. CONCLUSION

An online parameter estimator is developed based on
linear regression with the recursive regularised least squares
approach. The log-determinant divergence defined over the
cone of positive definite pseudo-inertia matrices is used
as the regulariser to keep the full physical consistency of
estimated inertial parameters. The analytic expressions for
the gradient and Hessian of the regulariser help efficient
pointwise computation of the increment using the Newton-
Raphson method. Recursive update of the information matrix
allows online identification without storing every input-
output pair in the memory and incorporation of optional
forgetting factors through problem modification. Numerical
experiment using the MIT Cheetah 3 dataset confirmed that
the recursive implementation converges to the same result
as the batch optimisation with at most two Newton-Raphson
iterations at each time. The proposed algorithm provides fully
physically consistent sequence of inertial parameters and
positive definite mass matrix regardless of the sampling rate.
The benchmark results support the validity and practicality
of the proposed algorithm.
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