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Abstract—To create a self-repairing 3D printer, it must
continue operating even after experiencing corruption. This
work focuses on developing a method to effectively utilize a
malfunctioning printer for reliable printing. This method can
be applied by the printer itself for self-repair and enhance
the reliability of commercial 3D printers. We achieve this by
modeling the dynamics of the corrupted printer using a machine
learning model that by observing one trajectory infers the cor-
rupted printer dynamics to improve its accuracy. Our method
is evaluated on a digital twin of the 3D printer, demonstrating
its capability to enable the printer to operate reliably, even
when encountering new corruptions not encountered during
training. The scripts are public on https://github.com/
piotrpiekos/adaptive-printer.

I. INTRODUCTION

Recent milestones in space exploration, including the
discovery of water molecules on the Moon [1], the landing of
the Perseverance Rover, the first drone flight on Mars [2], the
potential for 3D printing in zero gravity [3], and substantial
global investments in contemporary space research, have
made the concept of self-sufficient space colonies, whether
manned or unmanned, more prevalent than ever before.

The human body is uniquely suited to the conditions found
solely on Earth. There is no single piece of land in the solar
system outside of Earth with conditions suitable for human
existence, and creating safe artificial environments in space
where humans can coexist is expensive. Additionally, the
extended travel and communication times make any com-
plications potentially fatal. For these reasons, and supported
by the fact that unmanned devices like the Voyager probes
[4] and various rovers [5]-[7] have operated in space for
extended periods, the authors believe that a society of self-
maintaining robots is a more suitable solution if the goal is
to colonize extraterrestrial lands [8].

The concept of self-repair, self-improvement, or self-
replication at the software level is now a standard practice
[9], [10]. However, kinematic self-repair machines—a term
borrowed from [l11]—are physical objects in a physical
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Fig. 1. Example of virtually printed bodies. We observe (left) an ideal
printed body, (middle) the same 3D printed under corruption on the timing
pulleys of the printer, and (right) the corrected body with our algorithm.

space, and they pose practical challenges as power require-
ments, material resources, fabrication, and assembly when
aiming for automation [11]-[13]. Despite the limited re-
search on kinematic self-repair machines [14], the utilization
of 3D printing to fabricate replacements or even repair spare
parts is becoming increasingly popular [15]-[17]. We focus
on understanding the capacities and limitations of self-repair
in a 3D printer, as it is a robot that, by default, can fabricate
different parts for repair and replication purposes. We believe
that in a system with many 3D-printable robots interacting, if
a multipurpose 3D printer is part of the system and can self-
repair, the entire system can achieve self-repair. Moreover,
in essence, there are no restrictions preventing a 3D printer
from producing its own components [18]-[20]. Therefore,
we believe that studying the self-repair capabilities and
developing strategies to maintain the functioning of a 3D
printer are essential for self-sustaining robotic colonies.

In our earlier study [21], we investigated a scenario in
which a 3D printer, equipped with a faulty timing pulley, pro-
duces a series of increasingly superior timing pulleys until it
attains the optimal one, effectively accomplishing self-repair.
Additionally, we proved that, under some assumptions, the
iterative method always converges to an ideal timing pulley
no matter the initial damage on the timing pulley of the 3D
printer [22]. Then, knowledge concerning the specific type
of corruption on the pulley is not necessary to achieve self-
repair.

A highly sophisticated machine, despite being more au-
tonomous, can be more challenging to restore, while a too
simple machine may have a limited capacity to adapt or
detect various faults. We delve into the trade-off between
complexity and self-repair in our previous work [23], where
we modeled and analyzed a scenario involving a 3D printer
that could not achieve self-repair without the addition of extra
sensors—to provide feedback.

Feedback is the heart of control theory. The power of feed-
back is unquestionable since it gives devices a sense of their
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own states and allows them to perceive their environment. In
our previous work [23], we demonstrated that by assuming
perfect information about the fault in the 3D printer, we
could achieve self-repair, while the open-loop system was
incapable of repairing itself. However, the addition of sensors
complicates the self-repair and self-replication tasks. For
instance, a camera cannot be 3D printed by a standard 3D
printer.

In this work, by estimating the dynamics of the corrupted
printer, we reliably correct the printing process without the
need for real-time feedback or multiple additional sensors—
see Fig. 1 for an illustration of the consequences of corrup-
tion in the printing process. This is achieved by printing a
test object that provides the necessary information for self-
calibration. The main advantage is that we do not require
various sensors—which would increase the complexity of
the printer—to account for all possible different corruptions;
instead, we aim to modify the integrated controls with the
extra help of only a single test object before operation.

We demonstrate the performance of our model on a
dataset of real 3D objects [24] and assess its performance on
different corruptions, which are modeled after our previous
works [21], [25]. As a result, we print more precisely than
the uncontrolled corrupted printer—our best method reduces
the Root Mean Square Error (RMSE) of printed objects by
90% with respect to the uncontrolled printer.

II. RELATED WORK

John von Neumann was one of the pioneering scientists
to formally introduce a theory for self-replicating systems
[26]. Among various approaches, he posed the fundamental
question: How can dependable systems be constructed from
unreliable components? This inquiry holds significance in
our research as a corrupted printer can be likened to a system
with unreliable components.

A fundamental challenge, aligned with the question in-
troduced by von Neumann, is the lack of precision or
the degradation of precision after the self-repair or self-
replicating process. Essentially, if a system repairs itself or
replicates many times, it is not trivial to expect that each
offspring will maintain the original functionality. Richard
Feynman addressed this issue in his lecture titled There’s
Plenty of Room at the Bottom [27]. He proposed a method of
iterative miniaturization for machines, wherein each machine
constructs a smaller version of itself in successive steps. Nev-
ertheless, Feynman emphasized the importance of enhancing
the accuracy of the equipment at each stage to sustain this
progression.

The idea of a robot adapting to changes in their dynamics
is not new. For instance, a PID (Proportional, Integrator,
and Differentiator) controller, which was first introduced
in 1911 [28] and formally modeled in 1922 [29], is often
robust to small changes in the dynamics. In Learning to
Drive and Simulate Autonomous Mobile Robots [30], robots
autonomously tune their own controls, specifically the pa-
rameters of PID controllers to compensate for damages in
the physical components.

Some authors observe that a damaged robot that cannot
follow a desired trajectory directly learns different control
settings in real time to continue operating as if it were
not damaged [31]. Other authors present a self-modeling
robot that utilizes actuation-sensation [32], a technique where
the robot actively interacts with its environment to gather
information about its dynamics and morphology.

A controller that prints an object closely resembling the
desired one using a corrupted printer can be formulated using
reinforcement learning (RL) [33]. The reward is typically
given at the end of the printing process, often based on a
measure that is challenging to compute before completing the
print, as demonstrated in other works [34], [35]. However,
from an engineering point of view, it is crucial for the
controller to efficiently produce reasonable prints after just
one object used to infer dynamics.

Closely related to model the controller is the notion of
world models [36], as in the reinforcement learning terms
we are modeling the dynamics of the environment. A more
general notion than world models [37] allow to have subrou-
tines and function calls inside the world model.

In this work, we focus on the z-axis and y-axis of
the printer. We treat each layer of the 3D body as an
independent print and model them as a sequence of points
in 2-dimensional space. As a model class that learns the
dynamics of the system, we investigate a machine learning
algorithm LightGBM [38].

III. DIGITAL TWIN OF 3D PRINTER

The digital twin (DT) in the experiment represents an
Ender-5 3D printer [39]—see Fig. 2. We utilize the DT for
both creating the training data and evaluating our models.
A typical desktop 3D printer consists of a single stepper
motor responsible for material extrusion and three additional
stepper motors dedicated to controlling the positioning along
the z, y, and z axes. These stepper motors operate at a rate
of 200 steps per revolution. The printer’s emphasis in this
study is on the z and y axes, which employ a belt-pulley
transmission system to achieve linear motion and accurately
position the printing nozzle.

Since each motor has a total of 200 possible discrete
positions per revolution, we model the system as a discrete-
time system where the nozzle can only take discrete positions
over the printing bed at each time-step. Ideally, if at the
i-th time-step, ¢; = (Ax;, Ay;) represent a change in
the angular position of the motors, and the dimensionless
position of the nozzle is s; = (x;,y;) € {0,1,...,1100} x
{0,1,...,1100} = {0,1,...,1100}?> = B, we model the
transition to the (i 4 1)-th time-step as

(Tit1, Yir1) = (0 + Az, y; + Ays). (1

Each experiment involves corrupting the pulley-belt sys-
tem in both—zx-axis and y-axis—directions, in a manner
that renders (1) invalid. For different corruptions on the DT,
we simulate the printing process of objects in the dataset
described in Section V-A, and we store both the ideal output
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Fig. 2. Render of the simulated 3D printer utilized during the experiments.
The render corresponds to an Ender-5 [40]. CAD model downloaded from
[39].

that the DT would produce if it was undamaged and the ac-
tual corrupted output. Corrupted outputs will be trajectories
of points from [0, 1100] x [0,1100] = [0, 1100]? = B¢ C R2.

The possible corruptions include (i) deformation on the
timing pulleys and (ii) loose timing belts. The mathematical
description of the corrupted dynamics of the DT for each
corruption is detailed in Appendix X-A, and they are both
based on our previous validated models [21], [25].

IV. METHOD

In this section, we offer a comprehensive description of
the proposed method for modeling the corrupted dynamics
of the DT.

A. Printing as an Optimization Problem

We view the printing process as the selection of a control
sequence aimed at generating a trajectory as close as possible
to the desired one. When the DT is ideal and (1) accurately
models its dynamics, the optimization problem is straightfor-
ward since we have perfect information about the dynamics.
Consequently, with an ideal DT, even in an open-loop setting,
the trajectory of the nozzle is entirely predictable.

Formally, for each 2-dimensional print, there is an ideal
trajectory I = {(=,,yr,)}i=f ' C B for the nozzle of the
DT, and an optimal trajectory O = {(z;,v;)}.=¢ ' C Bc
with n € N being the number of points in both trajectories.
Each point is connected to the next with a straight line, and
together, they create a shape that ideally—when [ = O—
replicates the object we aim to print—see Fig. 3 for an
example where the printer is corrupted.

During the printing process, we start from a known state
s0 = (x0,y0) € B and attempt to print the trajectory. After
the printing, the two trajectories are compared by some
metric. We cannot access the true positions of the nozzle

Ideal and Corrupted Prints
4t J
- —6— |deal Trajectory
2L —6— Corrupted Trajectory 4
0 ‘ ‘ ‘ ‘
0 2 4 6 8 10
X
Fig. 3. Examples of trajectories with 7 points—ideally, the final point is

equal to the starting point. We observe the ideal figure and the corrupted
one.

s; during the print. However, by (1), when the DT works
ideally, the following assumption holds:

Assumption 1: For an ideal printer, we know the transition
model exactly, s;+1 = T(s;,¢;), where s; and ¢; represent
the state and the selected control at the i-th time-step,
respectively.

Corruptions in the printer break Assumption 1. With a cor-
rupted printer, we have no information on the displacement in
each—z-axis and y-axis—direction, so all non-initial states
are unknown. This uncertainty about the current state of the
nozzle results in the accumulation of errors that grow larger
over the course of the printing procedure. We assume that
after the printing procedure the printer is able to measure the
coordinates of the actually printed points. This information
will be used to learn the dynamics of the printer.

B. Similarity Metric for the Printed Objects

Measuring the similarity between printed and desired
shapes in R? is challenging. If we minimize their non-
intersecting area through rotations and translations, we are
disregarding potential significant point-wise errors. Similarly,
if we minimize the maximum point-wise distance for some
selection of points, the intersecting area is not taken into
account—see Fig. 4 and [41].

Figures for Measures
6 % 1
> 4 [ )
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Fig. 4. On the left: two bodies with minimum non-intercepting area

measure. On the right: two bodies with the minimum point-wise error when
considering the three most proximate points.

Minimizing non-intercepting areas and point-wise metrics
to create algorithms poses challenges, and they cannot be
properly generalized to approximate all figures in R?, so we
minimize the point-wise L? distance between trajectories.

C. Modeling the Printing Optimization Problem

In this subsection, we formally describe and motivate
algorithms to find the optimal trajectories. For an unknown
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corruption on the printer, a control that minimizes the L2
distance between ideal and optimal trajectories in open-loop
is a Partially Observable Markov Decision Process (POMDP)
[42] . POMDRP is a tuple (S,A,T,R,Q, P, D,~), where
S = (X,w,C,Oy), is the state space - it represents current
state of the printer, but it is not visible to the algorithm. It
is composed of 4 parts: (z1,22) € X is the current nozzle
position, (w1,ws) € w is the angular position of the pulleys,
c € C is the corruption of the printer and O; is the optimal
trajectory (description of the object we want to print).

A =72 is an action space, recall that each stepper motor
can advance a discrete number of steps per time-step. 7T is
a transition model, which in case of properly working, not
corrupted printer is equal to (1). The transition model 7T
depends on the corruption. P : § — () is a function that,
from the true state, produces a part that is visible for the
model. R is the reward function, which here we treat as
the RMSE of the optimal trajectory and printed trajectory.
Q = [0,1100]? is a set of observations - information that
is available to the model from the environment - and in this
case it is just the starting position of the nozzle —but not the
current position of the nozzle at every step and the optimal
points - description of the object to print. finally, D and -~y
are the distribution of initial states over S and the discount
factor, respectively.

We assume that the model before the real printing can
run one trajectory 7' to have information about current
corruption in the printer. Therefore, relying on sparse rewards
on precise metrics and training reinforcement learning such
REINFORCE [43] or other classic algorithms [33] is hard
from one trajectory. Instead we use the model of the system’s
dynamics.

Policy is an acting agent controls the printer given known
information about the state. Finding the optimal policy with
a full state information together with the transition model
of corrupted printer would be easy. However, due to low
information about the current state the problem is hard.
Therefore we estimate remaining parts of the state and use
them as if they are the true state to find the best next move.

We need to estimate the corruption ¢, angular position
(w1, w2) and current nozzle position (z1,x2). We estimate
angular position with s, - sum of applied controls throughout
the print and starting position. The model of dynamics T
under corruption c is learned from the training trajectory
and contains all necessary information about the corruption
c. With the estimated transition model we will estimate the
current state at every step.

More formally, We create our printing agent as a model-
based algorithm [44]—-[46]. We estimate the transition model
T from our single observed training trajectory 1" [47]. Then,
with the model, we greedily select the next state that is as
close as possible to the next point in the optimal trajectory as
imagined by the world model—see Algorithm 1. We choose
the Euclidean norm as the L distance. We optimize greedily
the point-by-point difference, which might lead to different
optimal solutions than the formulation with sparse reward at
the end of the episode. The benefit, however, is a significantly

more efficient acting algorithm and, therefore, actually allows
us to learn useful dynamic models with only 1 additional
print.

Algorithm 1: Printing with a learned transition model

Data: My : S x C — S - our estimated model of the
transition model 7; O - optimal trajectory; L -
distance on S space.

Result: s € S - printed trajectory

state < Oy
S < [state]
for o; from O apart Oy do
state <— argmin,. L(o;, My (state, c))
Append state to S
end

D. Learning a World Model - Problem formulation

To use Algorithm 1 effectively, we must learn some
approximate model of transitions My : S x S x C — S.
We begin by formulating an optimization problem for a static
environment and then extend it to a case involving in-context
learning.

For a static environment with a printer corrupted always
in the same way, learning a world model is equivalent to
calculating a good function approximation. Specifically, let
M ={Mpy: 0 € O} be a family of functions parameterized
by 6. For example, M can be a class of neural networks
with a given architecture or set of all possible lightgbm
estimators with given hyperparameters. Let My(s, s,,c¢) be
the estimated value of the next state s’ with the selected
control c¢ at state s, with s, being the nozzle position if
the printer were not corrupted (used to estimate angular
pulley position w). We also have a set of transitions D =
{(84, S0, Ciy $5)}. We find the transition model estimator by
minimizing a loss function

fopt = argming., Z L(My(s, s0,c¢),8"),
(5,80,c,8")ED

where we use the simple Mean Squared Error as L.

In this notion, we train a LightGBM regression model.
Results show that even a simple model can drastically
improve over a standard baseline defined in Subsection VI-
A. We select the layer of the 3D body with the largest
number of transitions as an example trajectory used to infer
the corruption by the model before printing that body. The
printer prints it with corrupted control, and the information
about the printed positions are used to train the LightGBM
model to learn the dynamics of the printer. Since the average
thickness of layers is 0.2 mm, from an engineering point of
view, we are almost not increasing the printing time.

The model learns to infer from this one example a pattern
that is expected to be seen in the following data. A more
general formulation, meta-learning, or learning to learn
would involve changing the parameters based on the inputs,
and therefore, patterns learned can be used not only for
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the next prediction but also for future learning, as well as
learning how to learn [48], [49]. This approach is more
powerful but also more challenging to train. We leave its
investigation for future work.

V. EXPERIMENTS

We utilize our previously designed and validated model
of a 3D printer [21], [25] to build a DT for the printer and
simulate the required data, accounting for potential faults.
Additionally, we conduct the training and testing with a
standard available 3D bodies dataset [24] representing many
possible printable objects.

A. Standard Triangle Language (STL) Dataset

We utilize the 10,000 STL files from [24] since they
represent a concise summary of real-world models used for
3D printing. We call b; to a i-th 3D body on the set of 10,000
3D bodies D = {b;},27%, i.e., b; € D.

B. Construction of Controls

G-code files are commands that sequentially control
the motors on the printer, position the nozzle in a two-
dimensional plane, adjust the altitude of the printing bed,
and regulate the extrusion of material. Different 3D printing
software programs convert STL files into G-code files before
printing.

In this work, and to utilize the models constructed in
[21], [25], we decompose the G-code files corresponding to
the dataset described in Subsection V-A into a sequence of
controls for the stepper motors, instead of coordinates in
space.

We focus on faults on the z-axis and y-axis stepper-
motors. Then, for the i-th 3D body b; in 3, we consider
the m; € N 3-dimensional slices of b; with the same hight
parallel to the printing bed with such that, if si is the k-th
slice of i-th body, then

U st = by, and s Nst =0 if i # j )

with 4,5 € {1,2,...,m;}.

Finally, for the k-th slice s of the i-th 3D body b;, we
construct a sequence of controls {(ufkj,u?k])}?;’f with
n;, € N the needed number of controls for the nozzle to
print the entire slice.

C. Experimental Setup

We create a dataset of 1000 bodies to evaluate our method.
To do that we preprocess part of the original STL dataset to
3D-printer ready format. To create the gcode files, we utilize
the by-default printing setup for ABS of the Ender-5 3D
printer. As some bodies do not fit well into printer with our
setting the translation to 3D format yields corrupted results,
for example consisting of couple points, where usually body
consists of more than 100 000 points.

To filter erroneous translation we choose to keep only
those files that have more than 1000 points in the 3d printing
format. We base this on the observation, that 1000 points is
not enough points to even draw a one dimensional circle of

diameter size equal to lcm would require more than 1000
points. On the other hand, we expect our method to perform
better in general on larger object as it is based on statistical
inference and larger objects, with longer layers give more
data points for infering the printer corruption. Therefore,
we maximize the number of real bodies included in the
dataset, while having some erroneous bodies. They, however,
decrease the performance of our algorithm, so presented
results can be seen as a lower bound of the performance
on real, 3d printable bodies.

D. Error Evaluation

We compare our models by average trajectory RMSE
between the printed and optimal trajectory in each layer of
the 3D body. Let P; be a printed trajectory for ¢-th trajectory
in the dataset, and O; be the desired i-th trajectory from the
dataset. Then, we define the Average Body RMSE as
|D|
> RMSE(P;,0;),
i=1
where RMSE is the standard Root Mean Squared Error. The
choice of ABRMSE attempts to capture the total error in the
printing process of the entire 3D body, and not a single layer.

ABRMSE = —
DI

VI. RESULTS
A. Baselines

Apart from the performance of the model, we also evaluate
two simple baselines for comparison. Specifically, Naive
printer assumes that the printer is not corrupted at all and
prints in such a way. This is the result we would have in
a standard printing method of a corrupted printer. We also
calculate Oracle model that has access to the true transition
model of the corrupted printer. This baseline is used as an
upper bound on the performance (lower bound on the loss)
that we can possibly achieve.

B. Analysed Models

We analyse two models used as a world model in our
method. Both are based on the LightGBM algorithm. In main
results (LightGBM row in the Table I) we use information
about both dimensions for the prediction of both dimensions.
Therefore, we do not utilize the fact that our corruptions are
dimension-independent, meaning that the corruption in one
dimension depends only on this dimension. We do that to
demonstrate that our method is applicable to any corruption,
not only those that corrupt dimensions independently.

The second method, which we call Independent Light-
GBM (Ind. LightGBM) we utilize the assumption of inde-
pendence in our generated corruption dataset and treat each
dimension independently, meaning that the predictions of it
are based only on this dimension. This is significantly easier
version because one of the main bottlenecks is the size of
the "training" data, which in our case is just one layer tra-
jectory for each body. Assuming independence gives strong
inductive bias and therefore reduce sample requirements. We
do that to demonstrate the power of the algorithm if the
corruptions can be limited to a certain subclass.
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Fig. 5. Top view of (left) ideal printed body, (middle) the same 3D printed
under corruption on the timing pulleys, and (right) the corrected body with
our algorithm.

TABLE I
AVERAGE TRAJECTORY RMSE (ABRMSE) ON TEST DATASETS FOR
DIFFERENT CLASSES OF TRANSITION FUNCTION ESTIMATORS.

Model ABRMSE | In mm
Naive 27.6 5.6
Oracle 0.6 0.1
LightGBM 11.9 2.4
Ind. LightGBM (VI-B) 4.0 0.8

The main results are shown in Table I. the table shows
ABRMSE and the equivalent error in millimeters. We ob-
serve that LightGBM reduces the error with respect to Naive
significantly. Also, Independent LightGBM (Ind. LightGBM)
with dimensions modeled independently is even much better,
which is limited to certain type of corruptions, but demon-
strates the capabilities of the model and presents promising
direction for improving general results as a future work.

Fig. 6 shows the distribution of bodies as a function of
their ABRMSE for the LightGBM algorithm. Fig. 5 shows
a graphical representation of (left) an ideal print, (middle)
a corrupted one, and (right) our correction. Since we are
choosing a single training trajectory 7', which informs about
the corruption and helps in the printing process, and that
trajectory is also a layer of the body itself, the more similar
the layers of the 3D body are to each other, the more
informative 7" will be. In other words, more cylindrical
bodies benefit more from the correction.

100
|||||IIIII|III|II|.__|..._._. .
20

0
0 40 60 80 100
ABRMSE

N
=]
S

Number of bodies

Fig. 6. Histogram of the number of bodies as a function of their ABRMSE
for 1000 test bodies. ABRMSE was clipped to 100 for values greater than
100 for better visibility.

VII. CONCLUSION

This work demonstrates that modeling a state transition
mechanism in a corrupted printer can significantly improve
its accuracy, consequently enhancing the quality of the
printed objects. It also shows that we can significantly
increase the self-repair capabilities of a standard desktop

3D printer without the need for additional hardware, thus
bounding the complexity of the printer while simultaneously
increasing its autonomy. We conclude that artificial intelli-
gence can alleviate the complexity-autonomy trade-off. The
advantages of training a neural network with offline parame-
ters and deploying it on low processing-power hardware are
indisputable.

VIII. FUTURE WORK

This work is a first effort at improving the self-repair
characteristics of a 3D printer without adding additional
sensors. Many possible directions for future investigations
arose during this work. A direct next step is validating the
performance of the method on a real corrupted 3D printer.

Despite applying our algorithm to a 2-dimensional case,
the extension to three dimensions is straightforward. The
authors already worked on modeling corruptions on the z-
axis [50], which is a direct next step to be implemented on
the model.

Another promising direction of research is using more ap-
propriate losses. For example, instead of using point-to-point
using non-differentiable losses trained by a reinforcement
learning algorithm.

Currently, the selected test trajectory 7' resembles the ac-
tual printout as much as possible. It would be worthwhile to
investigate whether this is the optimal—most informative—
choice. Even more ambitious is applying automated scientist
and artificial curiosity [51], [52].
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X. APPENDIX
A. Mathematical Models for Corruptions

Non-ideal timing pulley: When the timing pulley on the
stepper motor is not ideal, the expected relationship for the
displacement Az of the nozzle as the pulley experiences an
angular displacement Af is given by

Ax =r1A0, 3)

where r is equal to 6 mm. A non-ideal pulley is defined
as either a pulley with a non-circular convex hull or a timing
pulley with a circular convex hull that has a radius different
from the ideal value.

To model the dynamics of the printer with a non-ideal
timing pulley C' on the x-axis, we follow the model described
in [21], where we essentially find the function f(-) such that

Az = f(by, A6;C), 4

which depends on the initial angular position 6y of the
timing pulley as it starts rotating. The case for the y-axis
is analogous.
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