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Abstract— Disturbance observer (DOB) is a well-known two-
loop control structure that imparts robustness to a controller
with a simple implementation. As a nonlinear DOB for
the robotic systems, we proposed so-called nonlinear robust
internal-loop compensator (NRIC) framework in our previous
work. In this paper, we further extend the NRIC in such a way
that an optimization scheme can be embedded in the control
structure. The proposed method is called constrained NRIC
(C-NRIC), because the optimization allows us to impose con-
straints, by which a controller acquires additional properties.
As a particular use case of the C-NRIC framework, we design
contact-responsive motion controllers that enables a robot to
react to unknown interactions while accurately tracking the
desired trajectory in free motion. The effectiveness of such
designs is validated through the real-world experiments.

I. INTRODUCTION

As the robots are expected to follow the user’s control
command accurately, robust control has been one of the most
classical and fundamental research topics in the robotics
field. Therefore, a number of robust control methods have
been proposed in literature; e.g., sliding mode control [1],
[2], adaptive methods [3], [4], H∞ optimal control [5], [6],
and passivity-based methods [7], [8]. As will be introduced
shortly, in this paper, we focus on the two-loop structures
which are another interesting branch of robust control [9].

However, despite the fact that the real world problems are
subject to constraints, it is often not clear how to incorpo-
rate them into the aforementioned robust control methods.
Although there were attempts to include certain types of
constraints like input constraints [10], [11], general extension
is still an open question.

In contrast, optimization-based control frameworks such as
model predictive control (MPC) and control barrier function
(CBF) can naturally include constraints in the formulation.
MPC framework optimizes a trajectory of inputs and states
over the future horizon, and has been employed in diverse
settings; e.g., robust control [12], [13], robot planning with
constraints [14], [15], and nonlinear extensions for robot
control [16], [17]. Compared to the MPC, a standard setting
of the CBF prevents the system from entering unsafe states
at the current step, rather than predicting the future horizon
[18], [19]. Naturally, CBF is often combined with safety of
robots [20]. Hence, It should be pointed out that MPC and
CBF are versatile due to the optimization-based formulation.
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Fig. 1. A design example using the proposed method. A robot can (a)
accurately track the desired trajectory in free motion, (b) while reacting to
unknown interaction forces.

In this paper, on the other hand, we propose a novel control
framework in which optimization can be embedded in a
two-loop control structure. Disturbance observer (DOB) is
probably the most widely used two-loop control technique,
especially for linear systems [21]–[23]. The DOB is known
for its robustness against unknown disturbances with a very
simple implementation. Another two-loop control structure
called robust internal-loop compensator (RIC) is a notable
variant of the DOB [24]. RIC is essentially equivalent to
the DOB, but it provides a new interpretation that leads
us to nonlinear extension called Nonlinear RIC (NRIC)
framework, which is a class of nonlinear DOB [25].

Mathematical formulation of the NRIC framework con-
tains two systems; real and nominal robots. Roughly speak-
ing, the nominal robot is simulated in the control computer,
providing the nominal signal that the real robot should
follow. In the original NRIC framework, a proportional-
integral-derivative (PID) and proportional-derivative (PD)
controllers are used to make the real robot follow the nominal
signals, while guaranteeing the robustness in the sense of
nonlinear H∞ optimality [25]. Several applications of the
NRIC framework are presented in [19], [26]–[28].

This paper presents a method that imposes constraints
on the NRIC framework which is a particular type of
nonlinear DOBs, by embedding an optimization scheme in
the control loop. This method will be called Constrained
NRIC (C-NRIC). Since the NRIC framework includes real
and nominal robots, the number of states representing the
entire system becomes double. Compared to the standard
optimization-based frameworks, the proposed method may
provide increased flexibility as there exist more states.

As an interesting consequence of such flexibility, we
present control designs with which a robot tracks the de-
sired trajectory accurately in free motion, while reacting to
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Fig. 2. (a) DOB structure. (b) RIC structure as a variant of the DOB. (c) NRIC framework which is a nonlinear extension of the DOB through RIC.

unknown external interactions; this will be called contact-
responsive motion controller in this paper. In fact, a recent
study [28] also proposed a specific control design that can
achieve contact-responsiveness, as a particular application of
the NRIC. Compared to [28], we present a framework that
allows us to include optimization in the NRIC structure. With
properly designed constraints and objectives, the resulting
controller can acquire additional properties. For example, the
robot can become more responsive, even with fragile objects
like eggs, as demonstrated in our experiments.

The rest of this paper is organized as follows. In Section II,
we present a review of the DOB and its nonlinear extension,
i.e., NRIC. We proceed to present the proposed C-NRIC
framework in Section III, with its theoretical derivation
in Section IV. Experimental validations are presented in
Section V, and the conclusion is made in Section VI.

II. BACKGROUND

A. Disturbance observer (DOB)

Disturbance observer (DOB) shown in Fig. 2(a) is a well-
known two-loop structure that impart additional robustness to
controllers designed for nominal systems. Suppose that there
exists a stabilizing controller K(s) for a nominal system.
With some algebraic calculation, it is straightforward to see

d̂ =
Q(s)P̂−1(s)P (s)

X (s)
d+

Q(s)(P̂−1(s)P (s)− 1)

X (s)
uc, (1)

where X (s) = (1 − Q(s)) + Q(s)P̂−1(s)P (s). P (s) and
P̂ (s) are real and nominal plants, respectively. When Q(s)
is designed as a low-pass filter, it is easy to see that
yr = P̂ (s)uc when Q(s) ≃ 1. Namely, the system behaves
like a disturbance-free nominal system in a low-frequency
operating range.

One disadvantage of the DOB is that, in principle, it can be
applied only to linear systems because the analysis is based
on the transfer functions. Although nonlinear extensions of
DOB have been proposed in literature [29], [30], general-
ization to multi-dimensional robotic systems is not clear.
In robotics community, a momentum-based formulation is
widely used [26], [31], [32]. However, extension to high-
order estimation/compensation is not clear.

B. Robust internal-loop compensator (RIC)

RIC shown in Fig. 2(b) is a variant of DOB. Indeed, one
can easily derive the equivalence between RIC and DOB
with Q(s) = P̂ (s)C(s)/

(
1 + P̂ (s)C(s)

)
.

An advantage of RIC is in its interpretation. First, the RIC
defines a nominal plant, which is a copy of the real plant. By
simulating the nominal plant, the nominal behavior yn can
be obtained, and it is compared with the actual response yr.
Finally, the difference between the real plant and nominal
plant enr = yn − yr is attenuated using C(s). As a result,
the real behavior yr follows the nominal one yn.

Notice that, unlike the DOB structure, RIC does not
include inverse of the system model. More specifically, Fig.
2(a) contains P̂−1(s), whereas Fig. 2(b) runs simulation to
obtain nominal signal yn through P̂ (s). This leads to the
nonlinear extension of RIC structure, as introduced in the
following.

C. Nonlinear RIC (NRIC)

The NRIC framework is a nonlinear DOB in the sense that
the controlled robot behaves like a disturbance-free nominal
system. As shown in Fig. 2(c), the structure of NRIC is
almost the same as that of RIC, except that (i) the systems
are multi-dimensional and nonlinear, and (ii) the nominal
signals are fed back into the controller. This paper considers
the following PD-type auxiliary input

τa =

(
L+

1

γ2
I

)
(ėnr +Lpenr), (2)

where γ > 0 is a control gain. L, Lp are diagonal gain
matrices, and I is an identity matrix. qn is the nominal
signal, qr is the real signal measured from the real robot,
and enr = qn − qr is the difference between them.

With this setup, [25] proved that the entire system is
disturbance input-to-state stable (ISS) when the controller is
designed to satisfy asymptotic stability for the equilibrium
of interest. In other words, as long as the disturbance input is
bounded, boundedness of the state trajectory is guaranteed.

D. Quadratic programming (QP)

In this paper we consider the quadratic programming (QP)
problem given by

min
x

1

2
∥x− x̄∥2Q (3)

subject to Gx ≤ h, (4)

where ∥·∥2Q = (·)TQ(·) is the Q-weighted norm. Q ∈ Rn×n

defines the non-negative quadratic objective function for a
decision variable x ∈ Rn with a constant vector x̄ ∈ Rn.
Inequality constraint (4) is defined component-wise with
G ∈ Rm×n and h ∈ Rm.
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Fig. 3. The proposed C-NRIC framework that can impose constraints on
the NRIC framework.

When there exists a strictly feasible x,1 the optimization
problem (3)-(4) can be solved by solving the following
Karush-Kuhn-Tucker (KKT) conditions [33]

Q(x∗ − x̄) +GTµ∗ = 0, (5)
diag(µ∗)(Gx∗ − h) = 0, (6)

µ∗ ≥ 0, (7)
Gx∗ − h ≤ 0, (8)

where superscript ∗ represents the optimal value, µ is the
Lagrange multiplier, and (5) is called stationarity condition.

III. CONSTRAINED NRIC (C-NRIC) FRAMEWORK

In this section, we propose C-NRIC framework that can
impose constraints on the NRIC which is a nonlinear DOB.
Furthermore, as an application of the C-NRIC framework,
we present a contact-responsive motion controller that allows
the robot to react to unknown interaction while accurately
tracking the desired trajectory in free motion (Fig. 1).

Recall that the NRIC framework makes the real robot
follow the nominal signal obtained by simulating the nominal
system in the control computer. Therefore, by enforcing that
the nominal signal does not deviate too much from the
real robot, it is possible to design contact-responsive motion
controllers. Technically speaking, this can be formulated as
a constraint on the state related to enr, as will be introduced
in Section III-C.

A. Modeling

The structure of C-NRIC framework is shown in Fig. 3. As
stated in Section II-C, in principle, any stabilizing controller
can be used for τc. In this paper, the following computed
torque control, which exponentially stabilizes the equilibrium
of interest, is used for simplicity.

τCTC
c = M̂n(q̈d −kvėnd − kpend︸ ︷︷ ︸

=ϕn

) + Ĉnq̇n + ĝn, (9)

where end = qn − qd with the desired trajectory qd.
kp,kv are positive control gains, and ϕn is defined for

1More formally, there exists an x∗ such that Gx∗ < h. This is referred
to as Slater’s condition.

later convenience. M , C, and g represent the inertia matrix,
Coriolis/centrifugal matrix, and gravity vector, respectively.
(·)n is a notation indicating that (·) is a function of nominal
signals; e.g., Mn = M(qn) and Cn = C(qn, q̇n). (̂·) is the
estimate of (·) under parametric uncertainties. Moreover, all
configuration variables, such as qn and qr, are in Rn, and
dynamic parameters have a compatible dimension.

The dynamics of the entire system can be expressed as

Mrq̈r +Crq̇r + gr =τCTC
c (xnd) + τa(xnr) + τext

(10)

M̂nq̈n + Ĉnq̇n + ĝn =τCTC
c (xnd)−GTµ∗. (11)

Here, similar to (·)n, (·)r means that (·) is a function of the
real signals. The states are defined as

xnr = [eTnr, ėTnr]
T , (12)

xnd = [eTnd, ėTnd]
T . (13)

The signals qr and q̇r can be obtained from the real
hardware, whereas qn and q̇n are obtained by simulating
the nominal model. Note that the actual tracking error can
be obtained by qr − qd = end − enr.

B. C-NRIC framework
In general, C-NRIC framework can employ the optimiza-

tion problem (3)-(4) with the decision variable x containing
at least q̈. However, to simplify the explanation, let us
consider the following optimization in this section.

min
q̈

1

2
∥q̈ − q̈free∥2M̂n

, (14)

subject to Gq̈ − h ≤ 0, (15)

where

q̈free = M̂−1
n (τCTC

c − Ĉnq̇n − ĝn) (16)

is the unconstrained acceleration of the nominal robot. With
constant G and h, (14)-(15) become a QP problem.

With the M̂n-weight in (14), the stationarity (5) becomes

M̂nq̈
∗ +GTµ∗ = M̂nq̈free

= τCTC
c − Ĉnq̇n − ĝn. (17)

Notice that this equation is equivalent to (11). It follows that
we can obtain the nominal signals simply by integrating (17).

One can interpret GTµ∗ as a generalized force that makes
the nominal robot satisfy the constraint (15). Note also that
µ∗ is zero when the constraint (15) is not violated. The
following theorem states the boundedness of the system
states.

Theorem 1: Consider the C-NRIC framework of which
structure is shown in Fig. 3. Assume that (i) the optimization
(14)-(15) (or, more generally, (3)-(4)) is well-posed in the
sense that there exists x such that Gx < h, (ii) τext is
bounded, and (iii) the CTC controller in (9) is used with the
PD-type auxiliary input (2). If γ is chosen sufficiently small,
then the states xnr and xnd are bounded.

Proof: See Section IV
Note that the result of this theorem implies that the real
robot’s state is also bounded, because qr − qd = end − enr.
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C. Design examples

Using the C-NRIC framework, various control designs can
be devised by modifying the optimization problem. In the
following, we present a couple of design examples.

1) Contact-responsive motion control: A contact-
responsive motion controller can be designed using the
objective in (14) with the following constraint:

enr ≤ enr[k + 1] ≤ ēnr, (18)

where enr and ēnr are known2, and [k] denotes the time
index in the discrete domain. To represent (18) in the form
of (15), we make the following approximation:

qn[k + 1] = qn[k] + (q̇n[k] + q̈∆t)∆t, (19)
qr[k + 1] = qr[k] + q̇r[k]∆t, (20)

where ∆t represents the time step. Then (18) can be rewritten
as

q̈ ≤ q̈ ≤ ¯̈q (21)

with

q̈ =
1

∆t2
(enr + qr[k] + q̇r[k]∆t− qn[k]− q̇n[k]∆t),

¯̈q =
1

∆t2
(ēnr + qr[k] + q̇r[k]∆t− qn[k]− q̇n[k]∆t).

(22)

In this formulation, qn is forced to remain close to
qr. Note that we are using PD-type robust control input
τa given by (2), which renders a spring-damper between
qn and qr. Therefore, only limited robustifying input τa
is applied to the robot, and this essentially leads to the
contact-responsiveness because the robot does not try hard
to overcome unknown interaction forces. In contrast, in the
ordinary NRIC framework, enr can increase in the presence
of the unknown interaction, and consequently, the control
input τa will grow to overcome the uncertainties.

2) Contact-responsive motion control with torque limit-
ing: In this subsection, we present a more sophisticated
design for the contact-responsive motion controller. To begin
with, let us modify the controller (which is originally (9)) as

τCTC′
c (xnd) =M̂n(q̈d + (I − diag(λ))ϕn) + Ĉnq̇n + ĝn.

(23)

Here, diag(·) represents a diagonal matrix with the given
values on its diagonal, and λ is a scaling factor that modu-
lates ϕn.

Consider the following optimization problem:

min
q̈,λ

1

2
∥q̈ − q̈free + diag(ϕn)λ∥2M̂n

+
c

2
∥λ∥2, (24)

s.t. τ a ≤ τa ≤ τ̄a, (25)
ϕ

n
≤ (I − diag(λ))ϕn ≤ ϕ̄n, (26)

2For example, we can run trajectory tracking in free-motion to obtain the
lower and upper bounds of enr .

where q̈free is defined in (16), and λ is an additional decision
variable; hence x = (q̈,λ) when written in the form of (3)-
(4). The constraints can be expressed in the form of Gx ≤ h
using the similar approximations used in (19)-(20).

Note that ϕn is constrained because the amount of input
τc may increase due to feedback error end. This happens
because qd may move far away, while qn remains close to
qr due to the constraint (25).

Note also that ∥λ∥2 term is introduced in the objective
(24) to force the QP solver to choose small λ if possible.
As a result, λ can be interpreted as a scaling factor for ϕn.

The stationarity condition (5) for this setting is[
I diag(ϕn)
0 cI

] [
q̈∗

λ∗

]
−

[
q̈d
0

]
+

[
kvėnd + kpend

0

]
=

−
[

M̂−1
n GT

1 0
−diag(ϕn)

TGT
1 GT

2

] [
µ∗

1

µ∗
2

]
, (27)

where µ = [µT
1 , µT

2 ]
T and G = blockdiag(G1,G2) are

broke down with proper dimensions.
Finally, the nominal signals qn, q̇n are obtained by inte-

grating the first row of (27). Strictly speaking, this setting
does not fall into Theorem 1 because the CTC input is
modified to (23). Nevertheless, the same theory can be
applied with little modification as long as each component of
λ∗ ∈ [0, 1) which is implicitly imposed in the optimization
problem (24)-(26).

IV. THEORETICAL DERIVATION

The equations (10)-(11) represent the dynamics of the
entire system. For the analysis purpose, instead of (10), we
use so-called difference dynamics obtained by subtracting
(10) from (11). After algebraic calculation, we can obtain

Mr(ënr +Lpėnr) +Cr(ėnr +Lpenr) = −τa(xnr) +w,
(28)

where

w = Mr(M̂
−1
n −M−1

r )(τc −GTµ∗) +MrLpėnr

+ (Cr −MrM̂
−1
n Ĉn)q̇n +CrLpenr

+ (gr −MrM̂
−1
n ĝn)−GTµ∗ − τext (29)

is called extended disturbance.
To summarize, the entire system is represented by the

nominal dynamics (11) and difference dynamics (28) with
the states xnd and xnr in (12)-(13). In fact, bound of
xnd can be shown easily by combining converse Lyapunov
theorem (e.g. Theorem 4.14 in [34]) and uniformly ultimately
boundedness theory (e.g. Lemma 9.3 in [34]). Therefore, it
is sufficient to investigate the boundedness of xnr.

The boundedness of the xnd implies that τc(xnd) is also
bounded. Under the assumption (i) that at least one feasible
solution exists strictly in the constraint set, µ∗ is bounded
(Theorem 2.2 in [35]).

Therefore, under the conditions (i)-(iii), the following
upper bound of w can be obtained as

∥w∥2 ≤ c1∥xnr∥2 + c2∥xnr∥+ c3, (30)
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Fig. 4. Snapshot for the experiment 1. The robot complies with the unknown obstacle obstructing the trajectory.

for some positive constant coefficients c1, c2, c3. Please refer
to Appendix of [25] for more details.

The difference dynamics (28) can be represented as fol-
lows in state-space.

ẋnr = Axnr −Bτa +Bw, (31)

where

A =

[
0 I

−M−1
r CrLp −M−1

r Cr −Lp

]
(32)

and B = [0n×n, M−1
r ]T , where 0n×n is a n × n matrix

with zero elements.
Moreover, let us define a positive definite matrix P as

P =

[
LpMrLp +LpL LpMr

MrLp Mr

]
. (33)

Then it is easy to see BTP = [Lp, I], and it follows that

τa = R−1BTPxnr, (34)

where R = (L + 1
γ2 I)

−1. It is also interesting to observe
that P satisfies

Ṗ +ATP + PA =

[
0 LpL

LpL 0

]
. (35)

Then, it is straightforward to see that P is a solution of the
following Riccati equation.

Ṗ + PA+ATP − PB(R−1 − 1

γ2
I)BTP +Q = 0,

(36)

where Q = diag{L2
pL, L} > 0.

Defining Vnr = 1
2x

T
nrPxnr > 0, its time derivative is

V̇nr = 1
2x

T
nr(Ṗ + PA+ATP )xnr

− xT
nrPBτa + xT

nrPBw. (37)

Using (34), (36), and Young’s inequality xT
nrPBw ≤

1
γ2 ∥BTPxnr∥2 + γ2∥w∥2,

V̇nr =
1

2
xT
nr(Ṗ + PA+ATP − 2PBR−1BTP )xnr

+ xT
nrPBw (38)

≤ 1
2x

T
nr(Ṗ + PA+ATP

− PB(R−1 − 1

γ2
I)BTP )xnr + γ2∥w∥2 (39)

≤ −λm(Q)∥xnr∥2 + γ2∥w∥2 (40)

where λm(Q) represents the minimum eigenvalue of Q.
Recall that ∥w∥2 is bounded by a 2nd-order polynomial in

(30). Hence it is trivial that ∥xnr∥ is bounded in (40), as long
as γ is chosen small enough to satisfy λm(Q)− γ2c1 > 0.

V. EXPERIMENTAL VALIDATION

The experiments are performed using a Neuromeka Indy7
manipulator, which is a 6-dof industrial collaborative robot.
We point out that Indy7 is not equipped with joint torque
sensors. Namely, only joint encoders were used in the
experiments. The control frequency for our setup was 2 kHz,
and the qpSWIFT solver [36] was utilized for solving the
QP, and its solving time was less than about 120 µs for each
time step using the i7-6700k CPU. The dynamic parameters
of the robot, such as mass, the center of mass, and inertia
matrices, were obtained based on 3D CAD model. For all
experiments, the control gains were set as (L + 1

γ2 I) =
132 × I6, Lp = diag(14, 14, 8, 8, 8, 8) for τa in (2), and
kv = diag(7, 7, 5, 5, 4, 4), kp = diag(20, 20, 14, 14, 11, 11)
for the CTC (9).

A. Experiment1: Contact-responsive motion control with enr
constraints

This section demonstrates a contact-responsive motion
controller designed in Section III-C.1. In the experiment, the
robot was commanded to follow a certain desired trajectory,
which is obstructed by an unknown obstacle. When the robot
hits the obstacle, ordinary robust control methods are not
able to handle the collision safely. Indeed, when the ordinary
NRIC is used, the emergency stop is activated as soon as the
robot hits the obstacle, as shown in the video attachment.

In contrast, with the C-NRIC framework that can impose
the constraint on enr in the form of (18) (or (21)), the robot
can comply with the unknown obstacle, as shown in Fig. 4.
In this experiment, the lower and upper bound of enr were
ēnr = 0.005× [1, 1, 1, 1, 1, 1]T rad, and enr = −ēnr.

Fig. 5 summarizes the experimental results. As shown in
the first row, the robot follows the desired value qd accurately
in free motion. When there is a contact with the obstacle,
qr starts to deviate from qd (see 12− 17s and 32− 34s), as
expected. The second row is essentially the same, but shows
the error edr instead of the joint angles. Here, it is clearly
shown that the error in free motion is kept small. The third
row shows that enr is bounded due to the constraint on enr
(18). Finally, in the fourth row, it is shown that nonzero
GTµ∗ occurs to ensure the constraint (18), while µ∗ = 0 in
free motion.

B. Experiment2: Contact-responsive motion control with
torque limiting constraints

As presented in Section III-C.2, we can design a more so-
phisticated contact-responsive motion controller by imposing
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Fig. 5. Results of the experiment1. In the first row, dashed and solid lines
represent the desired and real positions, respectively. The small boxes in the
second and fourth rows magnify the plot for the time interval of 20-30s,
during which the robot is in free motion. The plots display only the 3rd,
4th, and 5th joints to improve readability.

constraints on τa and ϕn. We report that, with this setting,
the robot can behave very similar to the previous experiment,
in which only enr is constrained. Due to space constraints in
the manuscript, we instead present another experiment that
demonstrates the effectiveness of the torque limiting.

In this experiment, we make the robot follow a trajectory
consists of upward and downward motions. As shown in
Fig. 6, the robot tracks the upward trajectory in free motion.
In contrast, during the downward trajectory, we put an egg
below the robot to make a contact. By limiting the τa and ϕn

properly, it is expected that the robot does not break the egg.
To this end, the constraints (25)-(26) were set using τ̄a =
[18, 18, 8, 8, 2, 2]TNm, ϕ̄n = 0.2 × [1, 1, 1, 1, 2, 2]T rad/s2,
τ a = −τ̄a, and ϕ

n
= −ϕ̄n.

Fig. 7 shows the experimental results. The first row shows
that the robot tracks the desired value at the beginning,
whereas it is blocked by the egg during the downward
trajectory. The second row shows the bound of τa. Similarly,
the third row shows the bound of ϕn with the scaling factor
λ on the fourth row.

(a) (b)

Fig. 6. Setup for the experiment2.
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Fig. 7. Results of the experiment2. In the first row, dashed and solid lines
represent the desired and real positions, respectively. The plots display only
the 2nd, 3rd, and 5th joints to improve readability. The top row shows the
2nd joint exclusively for the same purpose.

VI. CONCLUSION

In this paper, we presented a method of imposing con-
straints on the NRIC framework, which is a class of nonlin-
ear DOB. For this reason, the proposed method is called
constrained NRIC (C-NRIC) framework. As long as the
constraints are well-posed in the sense that a feasible solution
exists strictly in the constraint set, the system states are
bounded (Theorem 1). As an application of the C-NRIC
framework, we presented a couple of contact-responsive mo-
tion control designs. Conceptually speaking, such controllers
can be realized by updating the nominal robot in such a way
that the nominal signal does not deviate too much from the
real robot. Consequently, the robot could comply with the
interaction force caused by unknown obstacles. The proposed
scheme was validated through the real-world experiments.
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