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Abstract— This paper introduces a differentiable representa-
tion for the optimization of boustrophedon path plans in convex
polygons, explores an additional parameter of these path plans
that can be optimized, discusses the properties of this repre-
sentation that can be leveraged during the optimization process
and shows that the previously published attempt at optimization
of these path plans was too coarse to be practically useful.
Experiments were conducted to show that this differentiable
representation can reproduce scores from traditional discrete
representations of boustrophedon path plans with high fidelity.
Finally, optimization via gradient descent was attempted but
found to fail because the search space is far more non-convex
than was previously considered in the literature. The wide range
of applications for boustrophedon path plans means that this
work has the potential to improve path planning efficiency in
numerous areas of robotics, including mapping and search tasks
using uncrewed aerial systems, environmental sampling tasks
using uncrewed marine vehicles, and agricultural tasks using
ground vehicles, among numerous others applications.

I. INTRODUCTION

Boustrophedon path plans involve traversing an area of
interest in straight lines with fixed spacing. These straight
lines are referred to as transects because they transect the area
of interest. These path plans are used extensively in aerial
survey, environmental monitoring, and search tasks because
they guarantee coverage over an area of interest.

Typically, executors of these path plans start on an edge-
most transect that is followed until it terminates at the end
of the area of interest, whereby the next proximal transect is
selected and followed in the opposite direction. This process
continues until all transects have been followed. An example
of these transects is depicted in yellow in Figure 1 contained
within an area of interest defined using a blue parallelogram.

The literature to date represents this problem in a discrete
manner by computing transects that start and end at fixed
positions along the perimeter of the polygon that defines the
area of interest. This approach is intuitive for robots that
require discrete waypoints for use in path execution.

Recent advances in convex and non-convex optimization
in machine learning have shown the effectiveness of opti-
mization via gradient descent-based methods [1]; however,
this discrete representation, while convenient computation-
ally and operationally, precludes these techniques unless
using encumbering gradient approximation methods. At the
same time, introducing a differentiable system for optimizing
boustrophedon path plans would enable the transmission
of gradients into other differentiable systems, like neural
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Fig. 1. Transects discretely generated within a parallelogram. Transects
covering the polygon are shown in yellow. Some may consider the transects
in (a) superior to (b) as the same space is covered using a smaller count of
uniform-length transects.

networks, which are currently unable to optimize these path
plans directly.

This paper bridges this gap by presenting a numerically
stable and mathematically differentiable representation for
boustrophedon paths over convex polygons that enables
the optimization of these paths via gradient descent1. It
will go on to show that this representation approximates
the discrete representation with a high degree of fidelity,
reveals that the optimization space is more complex than
previously discussed, and requires search techniques that are
far finer than the 10-degree grid search suggested in [2].

1Source code is available at https://github.com/TManzini/
DifferentiableBoustrophedonPathPlans
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Finally, it will explore the properties of this differentiable
representation that can mitigate, but not fully alleviate, the
issues of non-convex optimization in this space.

In addition, this paper explores the optimization of an ad-
ditional parameter of boustrophedon paths. The most relevant
previous work only explored the optimization of the angle
of the transects [2]. However, this paper shows that shifting
transects laterally also impacts the fitness of a particular path
solution and that this parameter can be differentiated in the
same manner as the transect angle.

II. RELATED WORK

The general areas in which this work sits are well-
developed. Boustrophedon path planning and its associated
coverage guarantees have been extensively studied [3], [4],
[5] for decades. Numerous papers, too many to cite, have
explored optimization via gradient descent. Recent advances
in high dimensional optimization using gradient descent have
fueled, in part, significant advances in machine learning [6],
[1]. What differs from previous work is this paper’s focus
on optimizing the length and orientation of transects.

Optimization of boustrophedon path plans has been ex-
plored before. Boustrophedon path plans are generally opti-
mized to guarantee coverage while minimizing the total path
length. However, other optimizations have been considered.
For example, selecting which transect to execute next has
been explored and reformulated as a variant of the traveling
salesman problem [7] and as a genetic search problem [8].
However, these approaches take the transects as a given and
only seek to optimize the transitions between transects in
non-holonomic vehicles. This is not an issue for holonomic
vehicles as they have no turning rate constraints and can
proceed directly to the next transect.

However, optimizing the locations and orientations of
transects has been less studied. This is important because
minimizing the path length may not be an appropriate
optimization in all cases. The most relevant past work in this
regard is [2], which explored optimizing the angle at which
a set of transects were generated for convex and concave
polygons. The objective was to maximize the average length
of the transects while minimizing the variance of those same
transect lengths. The thought is that for sonar mapping tasks,
marine vehicles would benefit from having long transects for
platform stability, with minimal variance in length, to ease
sensor data interpretation. This work showed that certain
orientations for these transects are favorable to others and
suggested that these orientations can be optimized using grid
search. They suggested using search intervals of 10 degrees
to examine transect orientation. The authors evaluated the
effectiveness of this method over a series of polygons gen-
erated by uncrewed marine vehicle operators in the field.
However, it should be noted that [2] only explores the
optimization of a single parameter—transect orientation—on
boustrophedon path fitness.

Beyond boustrophedon path planning, coverage-based
path planning has explored numerous other path planning

strategies [9], including optimizations for other axes such as
time [10] and failure tolerance in multi-robot systems [11].

III. PROBLEM FORMULATION

The problem formulation is presented first as the tradi-
tional discrete approach for generating these path plans to
establish a base case, followed by the differentiable approach
proposed here.

A. Discrete Approaches

As has been discussed, boustrophedon path plans are
constructed out of a set of transects arranged at fixed intervals
along the perimeter of the polygon. In the discrete setting,
these transects are generated by iterating over the perimeter
of the polygon and generating transects as appropriate. These
transects are then connected along the edge of the polygon
in an alternating fashion.

An example of such a discrete set of transects is shown
in Figure 1. In this figure, a field of candidate transects is
placed in the same space as the polygonal area of interest.
The final transects are then determined by computing the
intersection of these candidate transects with the polygon.
Thus, transects are precisely the dimension of the polygon
and have discrete endpoints.

Past work [2] scores transect orientations based on the
count and dimension of the transects. Specifically, this work
proposes maximizing equation 1.

f(θ) = a · (m′
θ) + b · (1− COVθ) (1)

Where m′
θ is the average transect length, COVθ is the

standard deviation of transect lengths, and a and b are
hyperparameters that weight the optimization over angles θ.

This formulation precludes differentiation because the
count of transects at each angle θ, used to compute the
mean and standard deviation, is a discontinuous function that
cannot be differentiated.

B. Differentiable Approach

The proposed differentiable approach also requires a defi-
nition for a polygon and transects but differs in its implemen-
tation from the discrete approach. This section defines how
to differentiably evaluate a given transect parameterization.

1) Polygon Definition: To come up with a differentiable
function for transect fitness with respect to a given polygon,
a definition of a polygon that supports differentiation must
be utilized. To do this, a formulation is developed leaning
on the universal approximation theorem from artificial neural
networks [12]. This formulation utilizes the sum of the sig-
moid of several linear functions to approximate the bounds
of a polygon. More specifically, each face of a polygon is
approximated using a linear function WTX + B where the
matrix W describes the slope of the edge of a polygon, B
describes an offset to align the edge with the rest of the
polygon, and X describes the point to be evaluated. The
procedure for constructing W and B from a set of two points
is straightforward. First, the polygon is resized such that its
maximal dimension equals one and is centered on the origin.
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Fig. 2. Transect lines passing through the parallelogram from Figure 1 using the differentiable formulation described. The z-axis corresponds to an
indicator function stating if a particular point is contained within the parallelogram. Transect lengths are approximated based on the integral of these lines.
Left shows Temperature=17, right shows Temperature=100.

Then, the W and B parameters of the polygon edges are
defined following equation 2.

Given (x1, y1), (x2, y2)

Xe =

[
x1 1
x2 1

]
, Ye =

[
y1 1
y2 1

]
Ce =

[
x1 y1
x2 y2

]

W = [Det(Xe), Det(Ye)]

B = Det(Ce)

(2)

Now, each face of the polygon defined in this way is
passed to a sigmoid function (σ) to compress it between
0 and 1, as shown in equation 3. A hyperparameter Temp,
referred to as Temperature, controls the steepness of this sig-
moid function. Temperature is defined as having a value (0,
+∞). Additional details of this hyperparameter are discussed
in section VI.

v = WTX +B

σ(v, Temp) =
1

1 + e−v·Temp

(3)

With this function, it can be determined if a given point
is on one side of a given polygon’s face. A product is taken
over all the polygon edges F in equation 4 to determine if
a given point is contained within all faces.

P (X,F, Temp) =
∏

(W,B)∈F

σ(WTX +B, Temp) (4)

This behaves as an approximate indicator function of
whether the point X is contained within the given polygon
faces F ; however, it is not numerically stable because high fi-
delity approximations require exceedingly high temperatures
(Temp ≥ 105). To combat this, the value of equation 4 is
passed to another sigmoid function as shown in equation 5.
This increases approximation fidelity at low temperatures,
thereby preserving numerical stability.

Pσ(X,F, Temp) = σ(P (X,F, Temp)− 0.5, T emp) (5)

Equation 5 represents the final function used to approxi-
mate convex polygons. This function is entirely differentiable
and provides high fidelity while being numerically stable. It
should also be noted that this polygon formulation limits
this approach to convex polygons, as it requires a point to
be contained by all faces of the polygon, which will only
be true when there is convexity. However, [12] shows that
extending this approach to concave polygons is possible.

2) Transect Definition: A set of lines γ at equal width
is defined to approximate the transects. As the polygon was
rescaled such that the maximum dimension was between -0.5
and 0.5, these lines run parallel to the Y axis from -0.5 to
0.5 and are repeated along the X axis at the predefined, but
rescaled, spacing covering -0.5 to 0.5. Example transects are
shown in figure 2 and are evaluated by the polygon repre-
sentation defined in section III-B.1 at different temperatures.

The critical item that must be calculated in this setting
is the transect length. The integral of the transect passing
through the polygon can be computed to approximate the
transect length. This is shown in equation 6. Defining the
transects to be parallel to an axis simplifies this integral as
it allows x to remain constant, meaning only y needs to be
integrated.

8780



∫ 0.5

−0.5

Pσ([x, y], F, Temp)dy (6)

This allows us to compute the length of a single transect.
Downstream differentiable scoring functions may then con-
sume this information for optimization purposes.

At the time of writing, a closed-form solution to the
integral described in equation 6 is not known. Thus, this
integral is approximated using the trapezoidal rule.

3) Scoring Function Definition: With a differentiable def-
inition of a polygon and a formulation of transects that
allows for the approximation of a transect length given a
polygon, the optimization of those transects may now be
discussed. With a differentiable approximation of the length
of a transect, a wide variety of scoring functions can be
imagined. In keeping with the literature, the fitness function
from [2] in equation 1 is adapted to this setting.

To compute the average length of all transects, it must be
determined if a given transect in γ has length. To do this, an
additional sigmoid function is used as an indicator function
for transects that have an approximated length 0. This is
done as described in equation 7.

S(x, F, Temp) =
σ(
∫ 0.5

−0.5
Pσ([x, y], F, Temp)dy)− 0.5

0.5
(7)

The constants 0.5 in equation 7 are to scale the indicator
function. This function will now equal 0 when the transect
at x has no length. From equation 7, the mean and standard
deviations of transect with lengths 0 can be approximated
using the approximated transect lengths and an indicator
function detailing whether they were shown.

It is worth noting that while this work focuses on a differ-
entiable implementation of the fitness function presented in
[2], the problem formulation described in III-B is not limited
to this fitness function. This approach enables a variety of
fitness functions that may be useful depending on the needs
at the time. For example, in keeping with much of the
literature, it may be worthwhile to minimize the total length
of all transects; this is possible under this formulation by
simply summing the approximated length of all transects.
In fact, any function that has a defined derivative may be
utilized. Readers are encouraged to adapt the fitness function
to fit their needs.

4) Computation of Gradients: As discussed in the intro-
duction, there are two parameters for which gradients are
computed: angle and x-offset.

In the case of angle, a simplification is made compared to
[2]. Instead of rotating the transects, the polygon is rotated.
This simplifies the integral function defined in equation 6.
This is done through a rotational transform applied to the W
and B terms to rotate them about the origin. Gradients are
then computed on the angle passed to this transform.

In the case of x-offset, this is done by adding a parameter
to the x term in equation 6 and computing the gradient on
that additional term.

Fig. 3. The score surface of the differentiable formulation based on the
parallelogram and transects, shown in Figure 1. Here, the angle varies, and
the x-offset is fixed at 0.0 and Temperature at 10000.

Error 100 PPT 1000 PPT 10000 PPT
Temperature=1 0.50798 0.50795 0.50408
Temperature=10 0.08480 0.08369 0.08367
Temperature=100 0.03090 0.03001 0.03167
Temperature=1000 0.00374 0.00271 0.00306
Temperature=10000 0.00203 0.00055 0.00016

TABLE I
AVERAGE ERROR BETWEEN DISCRETE AND DIFFERENTIABLE SCORES

WHEN COMPARING TEMPERATURE AND POINTS PER TRANSECT (PPT).

More practically, any popular auto-differentiation package
can readily compute the gradients necessary for optimization.
PyTorch [13] was utilized in the case of this work.

IV. COMPARISON WITH DISCRETE REPRESENTATIONS

An obvious question that follows this complex mathemat-
ical machinery is whether it sufficiently approximates the
discrete formulation. To answer this question, an experiment
was conducted where random orientations, x-offsets, transect
spacings, and convex polygons with sides [3, 10) were gener-
ated. These parameters were then passed to a discrete system
where the transect lengths and subsequent fitness scores were
computed precisely and the differentiable system where the
fitness scores were approximated. Both of these fitness scores
were measured, and absolute differences were computed. In
this context, the discrete implementation is considered truth,
and any deviation from the discrete score is considered error.
The fitness function from [2] and shown in equation 1 was
used, resulting in a bounded score between 0 and 1. For
additional context, the Temperature and the number of points
used to approximate the integral in equation 6 were varied,
and 1000 samples were taken for each variation. The results
of this experiment are shown in Table I.

Table I shows that the error decreases as the Temperature
and number of points used to approximate the integral grow.
The minimum error observed was 0.00016 on a fitness func-
tion bounded between 0-1. It is argued that this corresponds
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Fig. 4. The 2D score surface is described by the differentiable formulation
based on the parallelogram and transects, shown in Figure 1. Here, the
angle and the x-offset are varied. The slice where x-offset is equal to 0.0 is
displayed in Figure 3.

to a high degree of fidelity and is sufficiently accurate for
the optimization tasks presented in [2].

In addition, it should be noted that while increasing the
Temperature beyond the ranges of this table may increase
precision, it may also lead to numerical instability due to
overflow of the floating point representation. At the same
time, while increasing the points per transect does increase
the fidelity of the representation by increasing the resolution
of equation 6, it also increases run-time.

V. DISCUSSION OF THE OPTIMIZATION SPACE

With reasonable parity between the discrete and differen-
tiable representations, the discussion turns to the nature of
the optimization space. Taking the example shown in figure 1
and a differentiable implementation of the target function in
Equation 1, figure 3 shows the optimization surface generated
when varying the angle and keeping the x-offset fixed. Even
in this simple polygon with few transects, there is intense
non-convexity. This non-convexity is not a function of the
differentiable representation, as there is very close parity
between the discrete and differentiable representations at this
scale. Instead, this non-convexity is because fewer transects
are visible in some orientations of the polygon than in others.
As the polygon rotates, some transects leave the volume of
the polygon. This leads to decreases in fitness as the transects
become smaller and then a rapid increase in fitness after the
small outlier transect leaves the polygon.

Further optimization surface complexity is observed when
varying the x-offset variable. In figure 4, again utilizing the
polygon and settings from figure 1, the optimization surface
of both the angle and the x-offset is shown. While the
complexity of the x-offset axis appears lesser than that of the
angle axis, it no doubt impacts the shape of the optimization
surface, meaning that it needs to be considered in future
optimization efforts.

The intense non-convexity of this optimization surface
means that future efforts in searching these spaces need to
operate at a far more fine-grained resolution than the 10-
degree interval suggested in [2].

Two main factors drive this non-convexity: transect spac-
ing and polygon aspect. In the case of transect spacing, as
transect spacing decreases and the transect count increases,
the non-convexity of the function increases because the rate
at which transects will be entering and exiting the polygons
volume will increase. In the case of polygon aspect, polygons
with a high aspect ratio will have more non-convex loss
surfaces because as the polygon rotates, more transects will
enter and exit the polygon’s volume. While a circle, or a
shape with an aspect ratio of 1, would have a uniform loss
surface as any orientation would be equally as fit. These two
factors play together to create the non-convex nature of the
optimization surface.

VI. DISCUSSION OF TEMPERATURE

Temperature is the only hyperparameter that is introduced
in this representation, and as a result, its properties are worth
discussing. The Temperature can be seen as a parameter
that governs the discreteness of transect lengths. At high
temperatures, the transect lengths are approximated with
greater fidelity and, therefore, discreteness than at lower
temperatures. When viewing a single transect, increasing
the Temperature can be seen as discretizing the transect;
however, the effect is more intuitive when considering the
whole polygon. From the perspective of the polygon, low-
ering the temperature “melts” the polygon, and raising the
Temperature solidifies it; as shown in figure 2.

From the perspective of the loss surface, it has the same
effect. The loss surface becomes far smoother and undulating
at lower temperatures than high temperatures. This is shown
in figure 5, where the Temperature is varied in conjunction
with the angle. It should be noted that while gradients can
also be computed for the Temperature, it is not recommended
to optimize this parameter directly as it impacts the fidelity
of the representation, and optimizers may find themselves
trapped in temperature-based optima.

However, it may be beneficial to vary the Temperature
depending on the progress of the optimization. For example,
one could perform gradient descent in a low-temperature
setting initially, leveraging the smoother loss surface and then
increasing the Temperature and fidelity, in turn, to refine the
optima later in the optimization process.

VII. OPTIMIZATION VIA GRADIENT DESCENT

As discussed, the loss surface is intensely non-convex,
with numerous local optima and only one global optima.
This presents a challenging optimization space, as it can be
impossible to know if you have reached the global minima.

To highlight this difficulty, an experiment was conducted
that compared grid search and a gradient descent approach
when optimizing 1000 randomly generated convex polygons,
generated in the manner as the experiment in section IV.
In this experiment, gradient descent with a momentum of
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Fig. 5. The 2D score surface as described by the differentiable formulation
based on the parallelogram and transects, shown in Figure 1. Here, the angle
and Temperature are varied. While this figure only shows temperatures less
than 200, the slice where the Temperature is equal to 10000 is displayed in
Figure 3.

0.8 was used2. It was found that grid search arrived at
an optimum that was 0.13633 higher, on average, than the
gradient descent-based approach. However, gradient descent
occasionally converged to an optima greater than grid search.
This is unsurprising given the non-convexity observed in this
loss surface in figures 3, 4, and 5.

This result highlights how much more non-convex this
optimization space is than was previously thought. Fur-
ther, it represents the well-known fact that optimization in
non-convex spaces remains challenging, and the tradeoffs
between gradient descent and grid search proceed in the
usual way. This work is not a solution to the non-convexity
presented by this problem but another tool that may be used
to improve optimization efforts in this setting.

It is theorized that the best chance of arriving at the
global optima efficiently in this setting will be through a
combination of grid search and gradient descent, where grid
search will be utilized to arrive at a parameterization near
the global optima, which gradient descent can further refine.

VIII. CONCLUSIONS

While optimization via gradient descent remains challeng-
ing due to the intense non-convexity found in the loss sur-
face, the analysis in this paper demonstrates that optimization
via gradient descent can provide utility as a mechanism to
refine further solutions generated via grid search. The results
show that a differentiable implementation of boustrophedon
path plans over convex polygons approximates the discrete
formulation commonly used with a high degree of fidelity
that can be tuned depending on the needs of the optimization
problem. It also shows that the optimization surface is far

2This formulation is not limited to traditional gradient descent and can
support the gambit of optimizers discussed in the literature [6].

more non-convex than previously discussed in the literature,
motivating the need for far more fine-grained search methods
than previously discussed. From a broader perspective, this
work contributes to understanding the details of the opti-
mization space, mainly by providing an explanation for the
non-convexity, the utility of the temperature hyperparameter
in the differentiable representation, and the use of gradient
descent to optimize path plans.

Future work will focus on three elements: first, developing
a closed-form solution to the integral in equation 6; second,
refining optimization strategies that utilize gradient descent
and grid search to arrive at more precise optima; third, ex-
ploring extensions of this representation that capture concave
areas of interest. Developing a closed-form solution to the
integral in equation 6 would result in a speed-up equivalent
to the number of points per transect used to calculate the
integral empirically while also increasing fidelity.
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