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Abstract— The control of granular materials, which are found
in many industrial applications, is a challenging open research
problem. Granular material systems are complex-behavior (as
they could have solid-, fluid-, and gas-like behaviors) and high-
dimensional (as they could have many grains/particles with at
least 3 DOF in 3D) systems. Recently, a machine learning-based
Graph Neural Network (GNN) simulator has been proposed
to learn the underlying dynamics. In this paper, we perform
optimal control of a rigid body-driven granular material system
whose dynamics is learned by a GNN model trained by reduced
data generated via a physics-based simulator and Principal
Component Analysis (PCA). We use Differential Dynamic
Programming (DDP) to obtain optimal control commands that
can form granular particles into a target shape. The model
and results are shown to be relatively fast and accurate. The
control commands are also applied to the ground truth model,
i.e., physics-based simulator, to further validate the approach.

I. INTRODUCTION

Control of granular materials has many applications, such
as mining machinery, industrial robots, e.g., excavators
and robots that work with humans [1], [2], [3]. There
are various aspects to consider to solve such a complex
problem. One difficulty here is in obtaining the granular
material model. Another difficulty is that granular materials
are high-dimensional systems, as they could include many
grains/particles with at least 3 DOF (in 3D). To achieve the
system model, machine learning methods have recently been
shown to be efficient alternatives to traditional numerical
methods. They require a huge amount of training data that
should be generated by either verified computer simulations
or experiments (which are usually not practically feasible).
Moreover, the control of such systems by actively interacting
with the particles has not been addressed in the literature yet.
We will discuss it in more detail below.

Simulation Method. Physics-based numerical granular
flow simulation methods can be considered highly accurate
candidates as system models [4]. But they predominantly
suffer from their intensive computational complexity, es-
pecially in hardware-constrained robotics applications [5].
However, Machine Learning (ML) has begun to be applied to
the problem of reducing the runtime of simulating complex
physics [6]. Data-driven ML models are an emerging class
of physics simulation methods. They are trained by either
computer-generated synthetic or real experimental data. They
could be accurate enough depending on the data utilized and
the model architecture.

Learning Model. Here, the goal is to properly learn
the underlying dynamics principles in the physical systems
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Fig. 1: Overview of our framework and task.

automatically. Several recent methods have been used for
fluid simulations, including regression forest, multilayer per-
ceptron (MLP), autoencoder (AE) convolutional neural net-
work (CNN), generative adversarial network (GAN), and loss
function-based method [7], [8], [9], [10], [11], [12]. They
can handle mostly a specific state of materials (either gas-,
solid-, or specifically fluid-like behaviors). However, graph
neural networks (GNN) [13] are generalized models proven
to be capable of simulating different states of materials.
Recent state-of-the-art research has developed a GNN model
[14], which has outperformed some other recent methods
[15], [16] in terms of accuracy and ease of implementation.
However, aside from the time complexity, GNNs might
be infeasible for desktop GPUs with mid-level limits on
memory (i.e. VRAM of 8-20GB).

Reduced-Order Model. In physics simulations, model re-
duction methods are utilized to capture the effective degrees
of freedom of a physical system [17], [18], [19], [20]. This
is to reduce both processing time and the usage of memory
space corresponding to the system. Recent literature [21],
[22] has shown that principal component analysis (PCA) [23]
could be an effective choice to capture primary modes of
object deformation while maintaining the expressive power
of the ML model. PCA can significantly reduce the training
and rollout runtime and memory usage of ML models by
learning the reduced dynamics (i.e. subspace learning [24]).

In [21], to run the ML-based simulation in real-time, a
subspace GNN model has been trained by a reduced number
of particles obtained through PCA. The subspace output
of the GNN model can then be projected back to the full
space by the PCA inverse. This approach has been able
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to accurately predict the interactions of rigid bodies and
granular flows (e.g. the interactions of an excavator bucket
or a rover wheel with soil particles). Note that the training
data have been generated using an accurate and efficient
continuum physics-based simulation method called Material
Point Method (MPM) with a nonlocal viscoplastic granular
flow constitutive model (NGF) [25], [26]. This method can
also predict the interaction forces applied to the rigid body
by the granular material.

Particle Control. There are a few granular material dy-
namics models that have been proposed for control purposes
in the literature. In [27], using a particle dynamics model
introduced in [14], a control problem is solved, where the
particles are shaped to be a target shape. The task is to
find a suitable place to pour particles (instead of actively
interacting with them, as done in this paper). Also, in [15],
some examples of control problems are presented, including
the formation of fluids and deformable material into target
shapes. However, the particles are assumed to not have real
mechanical properties, which limits their potential real-world
applications.

Control of particle systems can be seen as a trajectory
optimization problem, where state and control sequences are
optimized to reach a desired state, i.e., a target shape. For
trajectory optimization, Sequential Quadratic Programming
(SQP) [28] and Differential Dynamic Programming (DDP)
[29] have been widely used in robotic applications. The sys-
tem state can be represented by a concatenation of the states
of the particles and actuators (e.g., bucket and robotic arm).
Thus, the control state dimension is significantly smaller than
that of the system state dimension. For this type of system,
DDP is computationally noticeably faster than SQP. This is
because in DDP, the size of Hessian is determined by the
control state dimension (whereas the size of Hessian in SQP
is determined by the sum of the system and control state
dimensions) [30], [31]. Also, DDP can provide feedback gain
as a by-product of its optimization, whereas SQP needs to
be performed in MPC fashion to enjoy feedback control.

Contribution. In this paper, we aim to actively control
the shape of a granular material that interacts with a rigid
body and form its shape into a target shape. We perform
an optimal control using the DDP algorithm with the PCA-
reduced dynamics learned by the GNN model [21]. Our
method is configuration and material type agnostic as it
is a generalized method by design. That is, it can handle
any configuration with any type of material [14], [21], [25].
Here due to limited space, we only discuss a system of one
rigid blade interacting with granular materials (i.e., soil).
The control inputs are the temporal accelerations of the rigid
blade. First, we generate a training dataset using a physics-
based simulator [25] including several examples each with
thousands of particles and different motions of rigid bodies.
Second, the granular flow system is reduced via PCA (i.e.,
from the order of thousands of particles to a very small
number of modes). We then train a GNN model, obtaining
system dynamics in subspace. By applying DDP to the
reduced dynamics, control input commands that drive the
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Fig. 2: Graph Neural Network (GNN) simulator.

rigid body are obtained. The control commands can cause
the particles to form a target shape. Finally, we apply the
control commands to the physics-based simulator to further
validate our approach. An overview of our model is shown
in Fig. 1. Although a framework that can form elastoplastic
material to a target shape has been proposed [32], to the best
of our knowledge, such a framework has not been proposed
for the granular flow control problem.

II. PRELIMINARIES

In this section, we will provide a background on the main
components used in our framework.

A. Graph Neural Network (GNN)

The Graph Neural Network (GNN) simulator utilizes a
graph representation of particles possibly with different types
(e.g., rigid, granular, etc.). [14]. Let us define a graph G =
(V,E), where vi ∈ V and ei,j ∈ E are the node and edge
attributes, respectively. The subscripts i, j in ei,j indicate the
sender and receiver node indices. In the graph representation
of particles, nodes vi correspond to the particles, and the
edges ei,j correspond to the relations between the particles.
More precisely, if two particles are closer than a threshold,
they can be connected with edges with specific attributes.
Note that we do not aim to use such relations in subspace
because the relations might not be proximity-based. In our
work, we keep the graph for the reduced particles fully
connected. Of course, fully connected graphs make their
computational process heavy, but thanks to the reduced
number of particles (nodes) by PCA, this strategy is still
feasible in our setting.

The procedure performed on the GNN simulator is shown
in Fig. 2. GNN takes graphs and outputs the particles’
accelerations. The node and edge attributes are given by

vi = [qik, q̇
i
k−C+1, · · · , q̇ik, si, gk],

ei,j =
[
qik − qjk,

∥∥∥qik − qjk

∥∥∥],
where qik is the position of i’th particle at time step k, si

is particle type (e.g., sand, rigid body), and gk is the global
feature (shared among all nodes). Note that the C sequence
of velocity can be obtained by C + 1 sequence of positions
using finite difference schemes. GNN first encodes an input
graph into a latent graph via encoder multilayer perceptrons
(MLPs) as Vh = ϕv(V ), Eh = ϕe(E). The processor then
performs M times of message passing steps to propagate
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information and update the node and edge attributes. The
detailed equations of the processor component can be found
in [21]. Finally, the particle accelerations are predicted via
a decoder MLP as q̈ik = ϕa(vi). The accelerations are used
to update node positions qk using implicit Euler integration
with time step ∆t via

q̇k+1 = q̇k + q̈k∆t, qk+1 = qk + q̇k+1∆t (1)

where we drop i for particles. qk+1 is used as the node
positions of the new input graph to forward the simulation.
Note that similar to the physics-based simulator, the motion
of rigid particles which represent the rigid body can be
predefined. Therefore, the GNN model can be learned to
predict the motion of normal granular particles only. We train
GNN to predict standardized acceleration and unstandardized
it to predict positions as in [14].

B. Principle Component Analysis (PCA)

Principal Component Analysis (PCA) is a nonparametric
linear dimensionality reduction method [33]. It provides
a data-driven, hierarchical coordinate system to re-express
high-dimensional correlated data. The resulting geometry
of the coordinate system is determined by the principal
components (also known as modes). These modes are uncor-
related (orthogonal) to each other, but they have a maximal
correlation with the observations.

Here, we explain how PCA is used to obtain the reduced
data. Define nn as the number of normal particles in each
example and mo as the number of observations. Note that we
are not using rigid particles for PCA. Given that the system
is d dimensional with a time horizon N , and the number of
training examples is ne, the number of observations is given
by mo = ne ×N . In 2D with d = 2, the data matrix Xd of
the particle trajectories (i.e. positions) is written as

Xd =


x1
1 x2

1 · · · xnn
1

y11 y22 · · · ynn
1

...
...

...
...

x1
mo

x2
mo

· · · xnn
mo

y1mo
y2mo

· · · ynn
mo

 ∈ Rdmo×nn , (2)

where superscripts and subscripts of x and y are indices for
the particle and observation number, respectively. Notice that
the column of Xd represents a flattened and concatenated
trajectory of a particle, while the row represents the position
of all the particles at the same time step. nnr principle
components of centralized (i.e. zero-mean) data are given
as eigenvectors of the covariance matrix of data, which
corresponds to the first nnr’th largest eigenvalues, forming
the loading matrix W . W projects Xd onto a subspace,
forming Z. They are given by

W = [w1, · · ·wnpr
], Z = [Xd − 1µ]W. (3)

where µ is the mean of the data and W ∈ Rnn×nnr ,W ∈
Rdmo×nnr . Notice that the number of particles is now re-
duced from nn to nnr. Z can be mapped back to full space,

resulting in the reconstruction of Xd denoted by X†
d

X†
d = ZWT + 1µ. (4)

When nn = nnr and WT = W−1, Xd is perfectly recon-
structed.

C. Differential Dynamics Programming (DDP)

Consider the discrete-time optimal control problem of a
dynamical system given by

min
U

J(X,U) = min
U

[N−1∑
k=0

l(xk, uk) + Φ(xN )
]
, (5)

subject to xk+1 = f(xk, uk),

where xk ∈ Rn, uk ∈ Rm denote the state and control
inputs of the system at time step tk, respectively. f : Rn ×
Rm → Rn is the transition dynamics function. The scalar-
valued functions l(·, ·), Φ(·), and J(·) denote the running,
terminal, and total cost of the problem, respectively. We also
let X = [x0, . . . , xN ], U = [u0, . . . , uN−1] be the state and
control trajectory over the time horizon N . The cost-to-go at
time step k = i, i.e., cost starting from k = i to N is given
by Ji(Xi, Ui) with Xi = [xi, . . . , xN ], Ui = [ui, . . . , uN−1].
The value function is defined as the minimum cost-to-go in
each state and time step k via Vk(xk) := minuk

Jk(Xk, Uk).
Given Bellman’s principle of optimality that provides the
following rule

Vk(xk) = min
uk

[l(xk, uk) + Vk+1(xk+1)︸ ︷︷ ︸
Qk(xk,uk)

], (6)

DDP finds local solutions to (5) by expanding both sides
of the rule (i.e., (6)) about given nominal trajectories, X̄
and Ū . Taking quadratic expansions of Qk about x̄k and ūk

considering the deviation δxk = xk−x̄k, δuk = uk−ūk, and
mapping terms on both sides of Q with linearized dynamics,
i.e.,

δxk+1 = fxδxk + fuδuk,

result in the Q derivatives (evaluated on x̄ and ū) as follows

Qyy,k = lyy + fy
TVxx,k+1fy (7)

Qy,k = ly + fy
TVx,k+1,

where we augment control and state as yk = [uT
k , x

T
k ] to

save space. With quadratically expanded Q, we can explicitly
optimize with respect to δuk and compute the locally optimal
control update via

δu∗
k = κ+Kδxk, (8)

with κ := −Q−1
uuQu, K = −Q−1

uuQux,

where κ and K are known as feedforward and feedback
gains, respectively. Note that we dropped the time indices
for Q for readability. Now, δu∗

k is computed using Vx,k+1

and Vxx,k+1. Notice the difference in the time instances of
uk and Vx,k+1. To propagate Vk back in time, we plug the
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quadratic expansion of Vk+1 with linearized dynamics and
δu∗

k into (6), and comparing coefficients of δxk, obtaining

Vx,k = Qx,k −Qxu,kQ
−1
uu,kQu,k, (9)

Vxx,k = Qxx,k −Qxu,kQ
−1
uu,kQux,k,

with boundary condition VN = Φ(xN ). The process of
computing Vx and Vxx is called backward pass. After the
completion of the backward pass, a new state-control se-
quence is determined by propagating the dynamics forward
in time (called forward pass). DDP repeats these two passes,
decreasing the cost. Although the original DDP uses the
second-order expansion of dynamics, we only use the first-
order information due to its computational efficiency and
numerical stability [34].

III. LEARNED DYNAMICS AND OPTIMAL CONTROL

The dynamics of our system in reduced space, represented
by a GNN model, is explained here. We have applied our
method to two different configurations including a moving
rigid box containing granular materials inside and a moving
rigid blade interacting with granular materials (i.e., soil).
However, here due to limited space, we only consider the
latter. The state-space representation of this system is derived
to set up a problem to achieve a task where the materials are
formed into a target shape.

A. System Dynamics

Let pk be the positions of normal reduced particles at
time step k. Recall that we have normal particles and rigid
particles that represent the granular material and rigid bodies,
as mentioned in II-A. Although only normal particles are
projected onto subspace via PCA, we can also reduce the
number of rigid particles carried in the state of the system.
Let bk be a representative position of the rigid body (blade)
selected as the center. With knowledge of the initial position
of the rigid particles, their positional information at time step
k can be recovered from bk. Therefore, we keep only one
representative point of the blade in the state of the system.
Now, we can derive the dynamics of the blade system.
Concatenating the sequence of the particle positions and rigid
representative positions, we define the state as

Xk:k+C = [pTk , · · · , pTk+C , b
T
k , · · · , bTk+C ]

T (10)

∈ Rd(nn+1)(C+1)+d(C+1),

where C is the length of the sequence of velocity introduced
in II-A because GNN needs a sequence of velocities.

The system’s control input uk+C ∈ Rm is the acceleration
of the blade in the vertical direction. For the horizontal
direction, we set the speed constant to simplify the learning
and control problem. This simplification can still describe
some real-world applications, such as motor graders [35].
Here, the C + 1 sequence of position is required to recover
the C velocity sequence. The GNN model takes Xk:k+C as
input and predicts normal particle accelerations p̈k+C+1 as
detailed in II-A. Let gGNN(·) be a function of the trained
GNN simulator. We obtain the accelerations of the most

recent element of the state sequence by feeding the sequence
of positions as

p̈k+C = gGNN(Xk:k+C ; [p]
r
0), (11)

where [p]r0 is the initial position of rigid particles. Using this
acceleration, we update the velocity and position with a semi-
implicit Euler scheme given in (1). We put these acceleration
predictions and position updates together, writing

pk+C+1 = GGNN(Xk:k+C ; [p]
r
0),

As mentioned, the blade acceleration is the control input.
Hence, he representative point’s velocity and position are
updated through

ḃk+C+1 = ḃk+C + ũk+C∆t, (12)

bk+C+1 = bk+C + ḃk+C+1∆t

where ũk+C distributes uk+C to the corresponding dimen-
sions. In our example bk ∈ R2, while uk ∈ R and thus cannot
be added as they are. Hence, we have ũk = [0, uk]

T. Also,
because we set the horizontal velocity constant, ḃ1k = vc,
where the superscript indicates the first element and vc
is a constant. Since elements of Xk+1:k+C+1 except for
pk+C+1 and bk+C+1 are obtained by shifting Xk:k+C , we
have dynamics for the rigid body example as

Xk+1:k+C+1 = f(Xk:k+C , uk+C ; [p]
r
0), (13)

whose detailed expression is given by



pk+1

pk+2

...
pk+C−1

pk+C

bk+1

...
bk+C

bk+C+1


=



M1


pk

pk+1

...
pk+C


GGNN(Xk+C ; [p0]

r)

M2


bk

bk+1

...
bk+C


2bk+C − bk+C−1 + ũk+C(∆t)2


,

where M1 = [OdnpC,dnp
, IdnpC ] ∈ RdnpC×dnp(C+1),

M2 = [OdC,d, IdC ] ∈ RdC×d(C+1).

For this system, the dimension d = 2, the number of the
reduced particles nr = 8, and C = 5, thus the state
dimension is dnr(C + 1) + (C + 1)d = 108, where we
can see the benefit of not having all the rigid particles. If
we need them, they add (the number of rigid particles,10)
×(C + 1) = 60 particles to the state. Notice that the
dynamics takes a linear form except for the GNN part and
that its Jacobian matrix for DDP is computed efficiently by
leveraging this structure without solely relying on numerical
computation.
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B. Constrained Optimal Control.

Now, we can set up an optimal control problem (i.e. (5))
for our system. The dynamics is given by (13). We set
quadratic running and terminal costs as follows.

l(Xk, uk) = 0.5(uT
kRuk + Y T

k PYk), (14)

Φ(YN ) = 0.5Y T
NQYN ,

with desired state Xg, difference with the state Yk = Xk−Xg

and positive semi-definite weight matrices P,Q, and R.
Note that Xg is given by reduced particles. Since we now
have everything required for DDP, we can compute the
optimal control sequence for our task, i.e., the sequence
of accelerations of rigid bodies to form the particles into
a target shape. Since our final validation is performed by
moving rigid bodies in the physics-based simulation, which
has spatial bounds, it is necessary to constrain the motion
of the rigid bodies in DDP. Also, constraining the motion of
the rigid body close to the space shown in the training phase
helps the model inference. Because the bounds are described
as inequality constraints, we add a log barrier function to the
objective [36], [37]. Let us define the constraints g(xk, uk) =
g(yk) ∈ Rw. The constraints are satisfied when g(·) < 0.
With a positive penalty parameter ϵ, the log barrier function
is given by −ϵ log(−g), modifying the Q functions of DDP
as

Q̂y = Qy − ϵ

[
w∑
i=1

gi,y(y)

gi(y)

]
,

Q̂yy = Qyy − ϵ

w∑
i=1

[
gi,yy(y)

gi(y)

]
+ ϵ

w∑
i=1

[
gi,y(y)gi,y(y)

T

gi(y)2

]
.

By using these modified Q, the constrained problem is
solved by DDP. We omit the second term of Qyy for
better conditioning of Quu, which corresponds to the Gauss-
Newton approximation [38]. In the original formulation of
the log barrier method, ϵ is driven to zero as optimization
proceeds. In practice, however, a small fixed ϵ, say 10−3,
works well [39], and thus we keep ϵ constant.

IV. NUMERICAL EXPERIMENTS

In this section, we provide the results of our numerical
experiments, as well as the procedures used to obtain the
results, including data generation, PCA, and model training.
We perform DDP on the trained GNN model in the subspace.
We can then recover the full space particles by applying
PCA inverse (see (4)) to see the results approximately. To
validate our system’s dynamics and control commands, we
compare the target and terminal states in full space obtained
by applying the control commands from DDP to the physics-
based simulator. That is, we move the blade in the physics-
based simulation, following the trajectory of the blade from
DDP.

A. Data generation

In order to generate training data, we parameterize a blade
trajectory, simulating 320 trajectories using the physics-based
simulator with 3150 particles [25]. The data acquisition time,
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(a) Total energy (cumulative) versus the number of reduced parti-
cles.
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(b) Example of reconstruction. The numbers correspond to
those of the reduced particles that are used to reconstruct the
full particles. The blade moves from right to left.

Fig. 3: Total energy (a) and reconstruction from different
numbers of reduced particles. Particles in full space are
drawn in purple and reconstructed particles are drawn in blue.

which is the time discretization interval ∆t in DDP, is 1/60
s. Note that this is different from that of the physics-based
simulator which is 5× 10−5.

B. PCA for reduced particles

After generating the training data, PCA is applied to
reduce the dimensionality of the data as explained in II-
B. Fig. 3a shows the relationship between the number of
reduced particles (PCA modes) and the cumulative total
energy (variance). The total energy of the first i reduced
particles is given by

∑i
k=1 λk/

∑nn

k=1 λk, where λi is the i’th
largest eigenvalue of the data covariance matrix. The total
energy plot indicates at least how many reduced particles
are required to capture the full space information. As seen
in Fig. 3a, 8 reduced particles can cover more than 99% of
the energy. Note that an optimal number of reduced particles
(i.e., modes) heavily depends on the complexity of the
configuration as it can also be applied to 3D configurations
[21]. Fig. 3b shows examples of reconstructed particles from
reduced particles. Although some information is lost, eight
particles can still describe the entire motion of the full
system. Thus, we use eight reduced particles (PCA modes)
in our application. We compute and store the matrix W (and
mean µ) for reduction and reconstruction.

C. Model training

The GNN model is trained using the reduced data. The
inputs and outputs are the reduced particle positions and
their accelerations, respectively. When computing the particle
accelerations, we use finite difference as

ṗk∆t = pk − pk−1, p̈k∆t = ṗk − ṗk−1,

leading to

p̈k(∆t)2 = pk − 2pk−1 + pk−2.
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Fig. 4: Results and validation plots. Full and reconstructed
particles are drawn in purple and blue, respectively. (A)’s are
target shapes in full space, (B)’s are PCA reconstructed target
shapes in full space, (C)’s are reconstructed terminal states
from the GNN model with DDP control commands, and
(D)’s are terminal states from the physics-based simulator
with the same control commands. Blades are drawn with
black.

We use p̈k(∆t)2 as labels and thus the output of GNN.

D. Results

The results are shown in Fig. 4. Here, we present three
experiments with different targets numbered 1 to 3. In the
figure, (A) is the target shape in full space, (B) is the
reconstructed target shape in full space, (C) is the PCA
reconstructed terminal state from the GNN model with the
DDP control commands, and (D) is the terminal states from
the physics-based simulator with the control commands.
Since DDP is performed in the reduced space, comparing
the target and terminal states in the reduced space is more
meaningful than comparing (B) and (C), but we have these
here to see how the reduced-order model can recover the
full state. Overall, the controller seems to know in which
direction to move the blade to achieve the target shape. The
Root Means Square Errors (RMSEs) between the target and
terminal state in the full space are given in Table I. Although
all particles are distinguished and a quadratic cost in (14) is
used in our work, permutation-invariant cost, such as the
Earth Mover’s Distance (EMD) [40] is more appropriate
for the task because the goal is to form the distribution of
particles to a target one, rather than assigning each particle
to its goal position. We therefore add EMD in the table as a
reference, which is given by

dEMD(S, T ) = min
ϕ:S→T

∑
x∈S

∥x− ϕ(x)∥2,

where S, T are source and target sets with the same number
of elements, i.e., particles, and ϕ : S → T is a bijection. We
used [41] to solve the minimization problem to obtain ϕ.

TABLE I: RMSE and EMD between target (A) and terminal
states(D) in Fig. 4. The numbers correspond to those in the
figure. The initial state is a flat shape shown in Fig. 1.

Cost 1 2 3
RMSE Init. 8.65 × 10−2 5.92 × 10−2 2.67 × 10−2

RMSE Terminal 1.26 × 10−2 1.39 × 10−2 1.55 × 10−2

EMD Init. 190 106 48.6
EMD Terminal 22.4 12.2 9.77

We deduce that a large portion of the error between the
target and the terminal state in the reduced space is due
to the DDP method and the reduced-order model. DDP is a
local method that approximates the value function around the
nominal trajectory. Thus, it converges to a local minimum
and may get stuck at it. Adjusting the weight matrices
and penalty parameter ϵ in the penalty term might partially
resolve this issue [39]. The property, including controllability
and observability, of the reduced-order model by PCA for
linear systems is well studied [42]. For the nonlinear system,
however, the same analysis is not applicable, and it might
have been difficult for our system in the reduced space to be
steered in a desired direction even though there exists a way
to steer the original system.

We also speculate that the number of reduced particles
could be another cause of the overall error. Consequently, we
tried to use more modes in the hope of potentially increasing
the accuracy of the model. However, it turned out that a
higher number of reduced particles makes the optimization
problem more challenging with underactuation. With 16
reduced particles, DDP gets stuck at poor local minima in
the early stage of optimization. It will be further examined
in future work. Furthermore, we tried a deep autoencoder
as a model reduction method, because of its superior recon-
struction accuracy compared to PCA. However, the obtained
reduced-space representation does not preserve the structure
of particles for GNN, and thus we did not proceed with it.

V. CONCLUSION

We performed an optimal control using DDP with the
PCA-reduced dynamics learned by the GNN model to form
granular materials into target shapes. First, we generated the
data via a physics-based simulator. Then, we reduced the data
dimensionality via PCA and trained a GNN model accord-
ingly. We derived the state-space representation of learned
reduced dynamics and implemented DDP coupled with to
compute control command that forms particles into a target
shape. The control command was applied to the physics-
based simulator, showing the validity of our approach.

One future direction is to utilize cost metrics that are
appropriate for forming particles, such as Chamfer and Earth
Mover’s distances. While the utilized physics-based simula-
tion method, as a data generator, uses an accurate nonlocal
viscoplastic constitutive model, we will additionally consider
testing the algorithm on real experiments, by developing a
framework that can recognize particles from images.
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