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Abstract—1In this paper, the dynamics of an emerging class
of rotating nature-inspired micro aerial vehicles known as
the Monocopter is proven and shown to be differentially
flat. By exploiting this phenomenon, trajectory tracking can
now be implemented on Monocopters via feed-forward terms
that are computed per the trajectory. To demonstrate this, a
Monocopter in the form of a Stable Invertible Coaxial Actuated
ROtorcraft (SICARO) is chosen to harness this approach fully.
The SICARO is capable of flying with either side of the wing
facing up and this feature determines the craft’s direction of
rotation about its body Z axis as well. In addition, it has the
unique feature of a coaxial motor configuration that allows for
a pitching-up moment regardless of the wing side facing up.
The feed-forward terms computed are fused into a cascaded
nonlinear controller on the craft to ensure its effectiveness
in tracking trajectories. Lastly, the flight experiments extend
to both sides of the wing to validate this method as being
applicable for trajectory tracking for Monocopters such as the
SICARO which has an extended range of flying capabilities.

SUPPLEMENTARY MATERIAL:

Extended flight demonstration of the proposed approach:
https://youtu.be/L-e93C53kzM?si=kzKEeshclOOqgt 1HW
Flight demonstration of how the SICARO flies:
https://youtu.be/7y2i45igzZhw?si=Xf79UzpBKIhsByME

I. INTRODUCTION

The Monocopter is a platform with a lot of potential
for research. One area that needs further exploration is its
performance and limits in trajectory tracking. Currently, there
has been little development in controlling the Monocopter
for this purpose, and the limitations of its flight envelope are
largely unknown. In the early stages of Monocopter research,
as detailed in [13,17,20,28,31], a thorough examination
was conducted on the dynamics necessary for both hovering
and translational flight. Much of this investigation drew
inspiration from the dynamics employed by helicopters
[18]. Unlike the comprehensive groundwork laid out by
[23] for understanding quadcopter dynamics, the original
Monocopter dynamics developed by [20] remain incomplete.
This is primarily due to its failure to consider deviations
in disk precession rates caused by the interactions between
the body’s angular momentum and the disk’s torque.
Additionally, studying the Monocopter’s dynamics from
its annular frame [18] is an uncommon approach, since
most research efforts center around the body frame in
their analyses. Subsequent attempts were made by [22] to
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Fig. 1: SICARO flying a circle

scrutinize the hovering dynamics from a new perspective
whilst recent research was done by [5,6] to investigate
the use of attitude control in separating Monocopters for
cooperative flight, and [2] for achieving hovering flight with
a biomimetic rotating wing that’s passively stable in attitude.
Their research highlighted that control schemes significantly
influence dynamics, prompting the need to differentiate
the craft’s control approach during both translational and
rotational motion. In the context of translational motion, their
studies predominantly centered around minimum velocity
trajectories, limited to a confined region within their
flight envelope. For trajectories above the order of 1, [1]
made advancements in computing feed-forward terms for
rotating micro aerial vehicles, however, their platform’s flight
dynamics mimicked that of a quadcopter which enabled
minimal penalization in tracking accuracy whenever the body
frame encountered precession. With the premise being set,
the focus and contribution of this paper is to address the
modeling of the Monocopter that would encompass the
property of differential flatness for trajectory tracking. This
is combined with a cascaded position to attitude controller
for a Monocopter platform like the SICARO, which has an
extended flight range capability enabling it to fly on either
side of its wing in specific rotations [26]. With this approach,
nature-inspired Monocopters can achieve better precision in
trajectory tracking whilst reducing energy consumption as
compared to existing methods. This is crucial for deployment
applications such as surveillance and payload deliveries that
may equip them with small and limited battery capacities.

II. NOTATION

The reference frames of the Monocopter in Fig.2 consists
of the following: {Xw, Yw, Zw} € R? as the orthonormal
basis for the world/inertia frame, {Xp, Yp, Zp} € R? as the
orthonormal basis for the body frame, and {Xp, Yp, Zp} €
R3 as the orthonormal basis for the disk frame. Lastly, {Pg,
Ng, Sg} forms the basis for the gyroscopic frame where
P, N, and S represent the precession, nutation and spin axis
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Fig. 2: Entirety of the reference frames used for the Monocopter
respectively. All frames use coordinates in the world frame
and R = [X, Y, Z] € SO(3) is a rotation matrix where Rg
and Rp refer to the body and disk’s orientation respectively.
Lastly, G as gravity is -9.81 m/s? and opposes the direction
indicated by Zw. The origin point for the orthonormal basis
of the body and disk is located at the center of gravity and
center of rotation of the Monocopter. The state vector of the
body and disk is written as X® and X consisting of 12
dimensions:

XB:[PB Mg VB wB], XD:[PD Mo VD w[)]-

ey

and the state vector of the gyroscope, X¢, consists of 6
dimensions: G

X% =[ne we- 2

where P = [P,, P,, P,] represents the position, V
represents the linear velocity, and 7 equates to orientation
in the form of [¢, 6, 1] that refer to roll, pitch, and
yaw which are defined using Euler angles and w = [w,,
wy, w] represents angular velocity in the respective frame
coordinates depending on the subscript. For the gyroscopic
frame, 1g equates to orientation where [pg, va, Yq] refer
to the precession, nutation, and spin of the Monocopter in
Euler angles. Lastly, wg = [wgp, Wan, Was] represents the
gyroscopic angular rates where the point of origin for the
frame is on the ground.

Zg

F L
Fo -
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‘ e

Fig. 3: Body frame
ITII. MODEL
A. Body
The body equations of a Monocopter were first developed
by [20] to describe its balance of linear and angular
momentum by taking in Vg and wg in XB.

Vp = i(ZF — wg x (mVg)) 3)

p=1" M- wp x (Iwp)) 4)

m and I denote the Monocopter’s mass and moment of
inertia, respectively. F and M are the forces and moments
in all axes induced by lift, drag, gravity, and motor thrust as
denoted by subscripts shown in Fig.3.

B. Aerodynamic Forces

1
dL = iC’chUzdr 5

dD = %C’Dch2dT (6)

Blade Element Theory from helicopter aerodynamics in [18]
was referenced for the lift and drag forces in Eqn.5 and
6. Further information about the equation’s corresponding
variables for the SICARO and its actual mass and moment
of inertia values can be obtained under simulation parameters
in [26]. The Total Mass Rotating Force (TMR) which is F,
can be found by integrating Eqn.5 and 6 based on Eqn.8:

dFy =dLsina —dD cos o @)
dF, = dLcosa — dDsin« 8)

R
1
TMR = F, :/ —Crpcwp.’r?dr-cosa +
0 2 9
0 ©)
/ iCDpchZQTer - sin o
0

The determination of forces in the body frame for Zg and
Y3y that come from both drag and lift involves the application
of Eqn.7 and 8. Here, v denotes the angle of attack (also
known as AOA) of the wing, and ¢ represents the flap angle
employed to induce or reduce lift. A visual representation
is briefly provided in Fig.4, while a more comprehensive
breakdown of how it correlates with airflow in aerodynamics
is explained in [16], and how it applies to Monocopters in
[22,26,30].

dF, : dL

I
I
I
I
I
I
I
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y
1
1
1
1
1
1

Fig. 4: Monocopter’s side profile as referenced in [26]
C. Disk
As the Monocopter spins for flight, its motion is annular
as phrased by [18] mimicking a disk, thus, it is crucial to
model the craft in this frame. In Fig.5, the purple ellipse
represents the disk when it tilts to pitch and the yellow one
represents it when it is straight and level. The Xp-Yp plane
of the disk in reality represents the Tip Path Plane (TPP)
[27,30], which is the plane created by the annular motion of
the wing tips during flight and is perpendicular to Zp.
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Fig. 5: Disk/Annular frame

Disk/Annular/TPP

Gyroscope

Fig. 6: Gyroscopic frame

D. Gyroscope

As a Monocopter rapidly spins with possibly high
disk angles during flight, it will behave like a rotating
axisymmetric body such as a spinning top or gyroscope that
has the effects of precession visible in its motions. Thus,
the final step includes modeling the Monocopter’s balance
of angular momentum like a gyroscope.

E. Combined Dynamics

The dynamic model of the disk mimics that of a
rotating axisymmetric body for non-inertial frames where the
principal axes of the disk align with that of the body in Fig.3
but does not rotate together with it about the Z axis (wp, #
wp.). Given that the disk and body frames are aligned, the
aerodynamic components of the disk are classified under the
body. The balance of the linear momentum component of the
disk adopts an approach that accounts for drag induced by
the spinning motion of the body as similarly developed by
[9, 19] for the rotors in quadcopters. Thus, with the balance
of angular momentum including the gyroscopic dynamics,
the equations for the combined dynamics are the following:

Pp = Vp (10)

Vp = CZp — (RpDpRE)Vp — GZy (11)

Rp = Rp - &p (12)

LJD = I_l(TD — wp X (IwD)) (13)

TGn = ThDy = fm(w@n — oJGp2 sinvg cos vg) (14)

+1,,wap sin vg (wap cOS VG + wi,)

where fm and I .~ refer to the mass moment of inertia about
Xp and Zg of the body and the drag term Dp in Eqn.11 is

presented in the form of a diagonal matrix, wyp refers to the
skew-symmetric matrix containing values from wyp, and the
collective thrust term C corresponds to the force required
along Zp which given that Zp x Zg = 0, this implies C
= Iz in Eqn.9. Because of how the frames are connected
as seen in Fig.6, relationships can be established that allow
certain terms to be shared across frames:
NegxYp=0 = 7gn=Tpy

{UG = eDs Wan = WhDys Wén = wDy} (15)

st wgs # wWps

Because Ng and Yp are collinear in Eqn.15, 74, being the
nutation torque is equivalent to 7p, where based on the
derivations from [15], Eqn.14 is defined for axisymmetric
spinning bodies.
IV. DIFFERENTIAL FLATNESS

In this section, it will be shown that the combined
dynamics from Eqn.10 to 14 with two control
inputs is differentially flat. In a differentially flat
system, the referenced states defined as X' =
[PrD7 V{), RrD7 wp',wpg,", w(;pr, wan', va'l and the
referenced control inputs defined as U" = [C¥, T, ]
can be expressed as algebraic functions of a select group
of 4 flat outputs and a finite amount of time derivatives
based on [12,21]. These flat outputs like [9,10,25] are
chosen to be the referenced position of the disk and its
referenced heading. The vector y for the flat outputs is
defined in Eqn.16, where this and Eqn.17 is true iff the

smooth functions in Eqn.18 and 19 exists:
Yy= [Pm: Pry P 1;[}7"]

_ r T r r r r r r T r
y_fy(PD; DvRDawD yWBz ,WGp ,WGn , V@ 70 aTGn)

(16)

(17)
[ rDva)aRrD,wDrvazrvaprvanrvUGr]
e (13)
= foly, 9,9, ¥, ¥, )
[Cr7Tan] = fu(y7y7y7 y7 y7 ) (19)

The variables P, Py, P, in Eqn.16 represent Cartesian
world coordinates and the variable 1), represents heading
about Zw that are taken from a referenced trajectory.

A. Disk’s Orientation

In this section, the formulation as referenced from [9]
would describe and show that the orientation Rp can be
expressed as a function of the flat outputs. For the unique
case of a Monocopter, an intermediary orthonormal basis
comprising of unit vectors {e;, ey, e,} as shown in Fig.2 is
created and aligned with the disk’s heading ¥ p despite the
yaw on the Xw-Yw plane due to v, shown in Fig.2. As the
Monocopter can adhere to v, digitally without any actuation
or physical motion, the referenced heading can easily be
enforced whilst the axis of Xp remain collinear with e, when
projected onto the Xw-Yw plane. The respective axis in the
orientation can be isolated and found by first multiplying
both sides of Eqn.11 by its transpose where Ap = Vp.

Ap + GZy

=CZp — XpD,Xp” + YpD,Yp" +ZpD.Zp" )Vp
(20)
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For Xp:

X} (Ap + D, Vp + GZw) =0 (21)

For Yp:

Y) (Ap + D, Vp + GZyw) = 0 (22)

In the case of a Monocopter, the drag coefficients (D, D)
in Dp are equivalent along Xw and Yw because of the
symmetrical profile of the disk.

23
.'.XgnzY[T,n, k =Ap + D,.Vp + GZw 3)

Because of the orthonormal constraints when solving for
Rp, the cross product of x and the basis vectors of the
intermediary orthonormal basis is formed and normalized to
solve for the respective vectors:
ey X K k X Xp
XD - =, ZD = XD X YD
|| x X

(24)

TR D
[ley x &ll

B. Disk’s Collective Thrust And Body Yaw Rate wp,
To solve for the collective thrust C, Zp from Eqn.24 is
used. Given C' = Fz in Eqn.9, wp, can be found.

Z5(Ap 4+ D.Vp + GZy) = C (25)

C. Disk Rates

Next, to solve for the rates wp of the disk as a function of
the flat outputs, jerk Jp is i'ntroduced as part of the following
formulation where Jp = Ap:
Jp = C(wpyXp — wp.Yp) — Rp((WpDp + Dpwp” )REVp

+DDR5AD) + CZD
(26)

To solve for the disk rates, the method used in Eqn.21 and
22 on Eqn.20 can be applied to Eqn.26. Therefore,

Yo' Jp + D, YpAp
(-C — D,Z{Vp — D, Z]Vp)
Xp?Jp + D.XpAp
(C + D, ZLVp + D X5 Vp — D.ZLVp)
Due to the effortless requirement to rotate about Zp to ..

digitally, the equation for wp, and subsequently wp, is not
necessary as the yaw is approximately instant.

Wpa = 27)

Wpy = (28)

D. Disk Angular Acceleration and Torque

Lastly, to solve for the disk body acceleration as a function
of the flat outputs, snap Sp is invoked in the formulation
below with Sp = Jp.

Sp = CZp + 2CRpwpe. + C(Rpwie. + Rpwpe.)

: ; (29)
—Rp(WpDp + Dpl )R Vp — B

where:
B = Rp(wp’Dp + Dp(wip”)? + 2upDpwip” )R) Vi

A A 30)
+2Rp (WpDp + DDOJDT)R%AD + RDDDREJD

To solve for the disk body acceleration, the method in
Eqn.21 and 22 is applied again. Therefore,
~Yp'Sp + Cwpywp, — 2Cwp, — Y[T,B

(C+Z5DyVp — Z, D, Vp)

WDy = €1y

And, wp,

~ Xp"Sp — 20wp, — Cwp.wps + XpB + wia(DyY) V)
(C+ 25D, Vp + DXL Vp — ZL D.Vp)
(32)
By substituting wp into Eqn.13, 7 p can be obtained. With
the rate of change in the collective thrust C' being:

C =12p"Sp + 21 D.Ap (33)

E. Gyroscopic Nutation Angle

It is important to match the number of controllable axes
between the disk and the gyroscopic frame. Thus, setpoints
in the Xw-Yw plane are converted to polar coordinates:

R, = \/m, ¢, = arctan 2(P,y, Py)

Upon which, the line formed from R, in Eqn.34 would now
be collinear with e, because the intermediary orthonormal
basis always deviates by 1, as previously established, which
is now the polar angle in Eqn.34. The rotation of the
disk about Zp can be digitally adjusted without any added
actuation to inform when the flaps should actuate based on
1. Because of this, the Monocopter only needs to pitch
forward in the direction of e, at all times which requires
only one torque input. This single torque input about Yp
of the disk frame can also be classified as the torque input
about the nutation axis Ng based on Eqn.15 and 14. Thus,
the nutation angle vg can be expressed as a function of the

flat outputs: ( n K )
vg = arccos | ————
[lea|[l[x]]

With no roll commands issued about Xp with this
approach, the precession angle allows the craft to bank
against the centrifugal force where the lift generated by the
Monocopter serves as a centripetal force to counter it during
high-speed turns.

(34)

(35)

F. Gyroscopic Nutation Rates, Angular Acceleration, and
Torque

The nutation rate wq, can be expressed as a function of
the flat outputs based on the relationship from Eqn.15 and
the nutation angular acceleration being:

{d}Gn = o:)Dy’ TGn = 7-Dy} | Ww@n = Wpy (36)

Because of the relationship in Eqn.14, 15, and 36, the
nutation torque Tg, can also be expressed as a function
of the flat outputs with the above equivalence. Thus, with
the unified term in Eqn.14, the precession rate wg, can
be obtained as well subjected to the following gyroscopic
constraints:

lwepl << |wp:|.  lwep| > || (37)
G. Exceptional Instances
X
AR N | kKxe,=0 (38)
[l% X exl]

In the case where Eqn.38 is encountered, an undefined
solution is produced when e, is aligned with .
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Fig. 7: Control diagram
V. CONTROL

For the Monocopter to follow a reference trajectory, a
cascaded outer-to-inner loop control structure is employed
using real-time state feedback, along with feed-forward
elements obtained from the Monocopter’s differential flatness
property. Much like [4,8,9], the outer-loop consists of a
position controller and produces desired values in terms
of orientation, collective thrust, angular rates, and angular
acceleration which are then fed into an inner-loop attitude
controller. Ap.s comprises the desired acceleration terms in
all 3 axes for the disk and is cascaded from the outer to inner
loop in Fig.7. The computation of it is standard and involves
feedback terms in a PD controller as presented in [9,25].
The attitude controller in Fig.7 also follows the foundation
of [7] and the work of [4, 14] of which in the case of the
Monocopter, the feedforward terms are the referenced disk’s
angular rates and angular acceleration as presented in section
VI. Both controllers require gains where their respective
values of {Kp, Kp} > 0 and the feedback matrices of the
disk’s position Pp and orientation 7y, are presented as the
following:

T T
PD:[,/PngrPg,y 0 PDZ] Cmp=[0 6p wp]"-

(39)

where ¥p = 1, and the format extended to Vp and wp

as well. Given that Xp is not required, it is replaced with

e, for Eqn.28 and 32. The remaining desired orientation and
collective thrust can be achieved via the following:

A es Z T
D DX C 07T Ap,, (40)

ZD:— -
1 ADesl” 1Zp x e’

VI. FLIGHT EXPERIMENTS

A. Generation Of Flat Outputs
Eqn.41 presents the calculus of variations approach as used
by [11] for hand coordination and [25] for quadcopters to
mathematically generate the flat outputs y and its derivatives
[12,21] based on the properties of the flight trajectory chosen
and the derivative to minimize.
min

y(l . 3) = m(t),y(t)7z(t)/0 ((J,‘ )2 + (y )2 + (z )2) dt

st ),y (1), 2% () € C*(0,T), ke Z*
(41)

Yp =

B. Experiment Configuration

The experiment was carried out using the SICARO
platform, featuring a wingspan measuring 340mm. This
platform employs a coaxial setup with two BetaFPV 1506
3000KV motors paired with 5-bladed propellers that are 3

Flaps 4 __ Counter-rotating
motors
Balancing y
add-on T~ Flap servo

Radio Electronic Speed
Receiver Controller Flight

= Micro-
controller

Electronics
& sensors

Magnetic Compass Power Regulator

Fig. 8: Hardware configuration of SICARO

inches wide in disk diameter and made from Gemfan. The
Hyperion DS09 was used as the servo and it was controlled
by an isolated ESP32-S3 micro-controller unit (MCU), as
depicted in the overall diagram in Fig.8. Furthermore, power
was supplied to the system through two BetaFPV 300mah
batteries arranged in a series configuration (4S), regulated
to 5V direct (DC). As a fail-safe measure, a radio receiver
was included in the event a human pilot needed to assume
control. To indicate which side of the wing is facing up,
the wing is colored in Fig.9 where the red side would
be the craft rotating counter-clockwise about Zg and the
blue would be rotating clockwise. For an additional in-depth
understanding of the design of SICARO and its components,
kindly refer to [26]. In the transmission setup, the MCU
receives control input at 100Hz over telemetry from an
external computing unit operating at 100Hz as well. The
controllers as mentioned operate in this unit where it receives
position and angular feedback of the craft at 360Hz from an
Optitrack motion-capturing system.

Fig. 9: Red for counter-clockwise rotation, blue for clockwise

Fig. 10: SICARO flying on both sides

C. Trajectory

The trajectory that the SICARO would fly to demonstrate
this approach is a circle of 0.8-meter radius and the goal is
to track this trajectory at 1m/s whilst maintaining an altitude
of 1.5 meters over a given time sequence. Both sides of
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the SICARO will be flown to ascertain the effectiveness
of this approach. With regards to the highest order in the
setpoints for the flat outputs, jerk was chosen because the
control inputs in torque for the SICARO require it. The drag
coefficients in Dp were obtained as initial values from [24]
through their numerical findings. To ascertain the necessity of
this approach, a conventional PD position controller as used
by [3,29] was implemented to traverse the circle carefully.
Due to the control method being rudimentary, it was unable
to account for the primary precession exerted on the disk
as seen in Fig.6. The result is the inability to complete the
circle smoothly due to the heavy interruptions of precession
that manifested in the form of trochoids as seen in Fig.11.
Trajegtory Heavily Affected By Precession Without The Flatness Approach

[m\Without Flatness|

0.5 0 05 1 1.5 2
X (m)

Fig. 11: Failed circle trajectory with significantly visible trochoids
from 2D perspective

Circle 2D Comparison
! T P ;M Counter Clockwise Rotation

Clockwise Rotation
MReference Circle

0 02 04 06 08 1 12 14 16
X (m)

Fig. 12: Circle trajectory from 2D perspective

Circle 3D Comparison

B Counter Clockwise Rotation
Clockwise Rotation
MReference Circle

25 .
15

Fig. 13: Circle trajectory from 3D perspective

D. Performance

As observed in Fig.12 and 13, the SICARO was able
to track the circle smoothly on both sides when flown
using the new flatness-based approach with no signs of
precession-induced trochoids as observed in Fig.11 in its
course. The absolute position error in Fig.14 captured
for all 3 axes on both sides was consistent and the
Xw-Yw components in the velocity graph in Fig.15 were

) Clockwise Rotation - Blue Side Up Cc1>unter Clockwise Rotation - Red Side Up

X m X
Y| i Y
1 -z gn "M
- = *
Eos anm & *
5 snt® 506 4%
IS ‘A‘ = %
Yos “t 4.
S gu® So4
804 3
a '8
02 02
- —
o — - 0 - g Ny

0 100 200 300 0 100 200 300
Time Sequence Time Sequence

Fig. 14: Absolute position error
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; . i .
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o8 w12 it
. ‘<I.. ‘0 e e my
“> ‘z' ‘s. Agpse . ol am
IR an 0slh

4

o
o
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I
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~

0.2
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0 N _ B 8 ¥ r |
0
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Fig. 15: Absolute velocity

approximately near 1m/s which was the intended velocity
designated for the SICARO to traverse at.

E. Discussion

The cause for positional inaccuracy at times in Fig.14
during the trajectory is owed to the fact that the entire
system is unable to eradicate primary precession forces
completely at all times due to the limited control inputs in
this severely under-actuated platform. Despite this constraint,
this approach has enabled it to track a circle smoothly
without significantly visible trochoids as compared' to the
failed attempt without this approach in Fig.11. Furthermore,
unlike the current approaches in [3,5,29] that primarily
involve small to negligible body angle movements, this
method fully enables the Monocopter to traverse along
smooth and continuous trajectories using disk angle motions.

VII. CONCLUSION

In summary, this approach offers a novel solution,
empowering the Monocopter to navigate continuous
trajectories through controlled disk angle motions
without exhibiting trochoids, a significant advancement
in Monocopter technology. For future work, the authors
intend to further explore methods to better mitigate
precession forces with better airframe designs as well
as modern and optimal control strategies. These new
implementations would pit against this current approach in
a review to verify and validate the necessary adjustments
required for better trajectory tracking and transition.
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