
Safe Multi-Robot Exploration using Symbolic Control

Manas Sashank Juvvi;, David Smith Sundarsingh;, Ratnangshu Das;, Pushpak Jagtap

Abstract— Multi-robot exploration is a complex problem that
involves multiple robots working in a shared unknown environ-
ment. In such scenarios, the safety of the robots is of paramount
importance alongside the completion of the exploration task.
In this paper, we propose a modular exploration framework
that (i) identifies safe frontier targets for multiple robots while
taking into account the system dynamics of each robot to
ensure collision avoidance with previously unknown obstacles
and (ii) ensures that the robots reach their exploration targets
while avoiding any obstacles discovered and each other. We
employ a scalable approach to generate symbolic controllers
for the multi-robot system, utilizing distance functions. We
also provide formal guarantees on the safety of the exploration
targets and the completion of each exploration run, with the
robots avoiding collisions with each other and the obstacles. We
test our approach on simulation experiments and a real-world
implementation to validate it.

I. INTRODUCTION

The domain of multi-robot exploration, where multiple
intelligent robots collectively navigate and explore territo-
ries, has garnered substantial attention. This holds immense
promise to bring about major changes in fields such as
robotics, environmental surveillance [1], search and rescue
operations [2], and many more.

Exploration is primarily done in two ways: decision-
theoretic approaches or frontier-based approaches. Decision-
theoretic exploration [3], [4] relies on maximizing the po-
tential information gain associated with different decisions
and then subsequently generating trajectories for exploration.
Modified versions of this approach employed in the context
of a learning framework for multi-robot systems have been
reported in [5], [6]. However, these techniques require some
knowledge of the environment, are computationally expen-
sive, and sometimes fall back to frontier exploration methods
when they fail [7]. Frontier-based exploration [8], on the
other hand, involves identifying unexplored frontiers and
directing exploration efforts toward these regions. Several
modifications to the approach have also been reported in
the literature, which include maintaining the memory of all
frontiers to avoid revisits [9], employing multiple Rapidly-
exploring Randomized Trees (RRT) for frontier detection
[10] and dynamic frontiers [11] for tackling dynamic ob-
stacles. Moreover, frontier exploration methods are usually
preferred due to their intuitive nature and ease of use.
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However, the robots are directed toward frontiers without
knowing what lies ahead and can lead to situations where
robots come close to unobserved obstacles. Due to the
robots’ state or input constraints, they may be unable to
navigate safely, risking collisions.

The majority of the existing exploration approaches largely
rely on heuristics and prioritize the speed and extent of
exploration over the safety of the robot, the environment,
or both. The environments, however, often pose significant
challenges due to their inherent uncertainty, including unpre-
dictable terrain variations and the presence of other dynamic
robots. Therefore, ensuring the safety of both the robots
and their surroundings is incredibly important. There are
a few approaches that consider safety as a factor. Notably,
authors in [12] use control barrier functions as a safety shield
over an existing planner. However, the approach is limited
to control-affine systems and control inputs are unbounded.
Also, [13] proposes an exploration framework based on
Hamilton-Jacobi analysis; however, it needs to convert the
occupancy map into a regular, well-behaved function for the
computation of value function, which is challenging in a
cluttered environment.

In this paper, we develop a framework for generating
maps using multi-robot systems while ensuring formal safety
guarantees considering all the following factors: (i) the dy-
namics and dimensions of the robot, (ii) practical constraints
on states (like constrained steering angle), and inputs (like
actuator saturation) and (iii) hardware constraints such as
sampling time, sensor noise, and modelling uncertainties. We
use the frontier-based exploration technique and leverage the
symbolic control approach [14], which consists of creating
a symbolic model of the robot and refining the controller
synthesized for the symbolic model to a controller for the
original robot, thereby guaranteeing safe navigation to the
target. The contributions of the paper are highlighted below:

‚ An exploration-target detection algorithm, leveraging
the knowledge of robot dynamics and constraints to
generate safe targets.

‚ An automated, scalable, correct-by-construction motion
planning module that takes into account all the practical
constraints of the system and navigates each robot to its
corresponding targets.

II. PRELIMINARIES AND PROBLEM DEFINITION

A. Notations

The symbols N, N0, Z, R, R`, and R`
0 denote the set

of natural, non-negative integer, integer, real, positive, and
non-negative real numbers, respectively. For a, b P pR Y
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t´8,8uqn, where a ď b component-wise, the closed hyper-
interval is denoted by Ja, bK :“ RnXpra1, b1sˆ¨ ¨ ¨ˆran, bnsq.
A relation R Ď AˆB with the map R : A Ñ 2B is defined
as b P Rpaq iff pa, bq P R and it is strict if Rpaq ‰ H,
for all a P A. The inverse of the relation is defined as
R´1 :“ tpb, aq P B ˆ A|pa, bq P Ru and can be written
as a P R´1pbq. r1;N s :“ t1, . . . , Nu, where N P N. xq

represents the qth element of the vector x P Rn, where
q P r1;ns and the infinity norm of the vector is ∥x∥ :“
maxqPr1;ns|xq|. The vector 1n is an n-dimensional vector
having all entries as 1. Consider N sets Ai, i P r1;N s, the
Cartesian product of the sets is given by A “

ś

iPr1;Ns
Ai :“

tpa1, . . . , aN q|ai P Ai,@i P r1;N su. Given N functions
fi : Xi Ñ Ai, the Cartesian product of the functions is
f : X Ñ A :“

ś

iPr1;Ns
fi “ pf1px1q, . . . , fN pxN qq. The

composition of two maps H and R is H˝Rpxq :“ HpRpxqq.
If η P Rn, then ηZn “ tc P Rn|DlPZn@qPr1;nscq “ lqηqu.

B. Multi-Robot Systems

Consider a collection of N P N robots and let I “

r1;N s. Each robot’s state evolution is given by the following
discrete-time control system:

xipk ` 1q “ fipxipkq, uipkqq, i P I, k P N0, (1)

where xipkq P Xi Ă Rni is the state of the ith robot and
uipkq P Ui Ă Rmi is the input to the robot. The map fi is
defined as fi : Xi ˆ Ui Ñ Xi. The state evolution of the
multi-robot system is given by:

xpk ` 1q “ fpxpkq, upkqq, k P N0, xp0q P X0, (2)

where X0 is the set of initial states, xpkq P X :“
ś

iPI Xi Ă

Rn is the state of the multi-robot system, n “ ΣiPIni, upkq P

U :“
ś

iPI Ui Ă Rm is the input to the system and m “

ΣiPImi. The function f is given by f : X ˆ U Ñ X and
fpxpkq, upkqq :“

ś

iPI fipxipkq, uipkqq.
The reachable set from a set X Ď X under an input

u P U is given by ReachpX , uq :“
Ť

xPX fpx, uq, which
is the set of all states that the system ”reaches” when an
input u is applied at all the states in X in a one-time
step. This reachable set is difficult to compute, so we use
the over-approximated reachable set, Reachpx, uq. Several
approaches are available in the literature for computing this
over-approximated set; for example, [15], [16], [17] and [18].

C. Transition Systems

We now introduce the notion of transition systems [14]
which will be used as a unified representation for the robot
model (1) and their corresponding symbolic models.

Definition 2.1: A transition system is a tuple Σ “

pX,X0, U, F q, where X is the set of states (possibly in-
finite), X0 Ď X is the set of initial states, U is the set of
inputs (possibly infinite), and the map F : X ˆ U Ñ X is
the transition relation.
The set of admissible inputs for x P X is denoted by
Uapxq :“ tu P U | F px, uq ‰ Hu. We use x1 P F px, uq

to represent the u-successor (or successor) of state x.
The transition system representation of the ith robot is given

by the tuple Σi “ pXi, X
0
i , Ui, Fiq, where Xi Ă Rni is the

set of the states of robot i, X0
i Ď Xi is the set of initial

states, Ui Ă Rmi is the set of inputs available for robot i,
and for xi P Xi, ui P Ui, Fipxi, uiq :“ fipxi, uiq.
The composition of the N transition systems, which repre-
sents the multi-robot system (2) is defined below.

Definition 2.2: Given a collection of N P N robots repre-
sented as tΣiuiPI , where I “ r1;N s, the composed transition
system is Σ “

`

X,X0, U, F
˘

, where
‚ X “

ś

iPI Xi, X0 Ď X , U “
ś

iPI Ui,
‚ for x P X and u P U , F px, uq “

ś

iPI Fi pxi, uiq.

D. Map Parameters

Consider a partially known 2D environment P Ă R2 rep-
resented by a uniform occupancy grid µZ2 with quantization
parameter µ P R2, by existing SLAM algorithms. This grid
is described for robot i by a matrix Mi and the indices
corresponding to c P µZ2 in Mi can be obtained using the
index function Idi : µZ2 Ñ N2, where i P r1;N s. A point
c P µZ2 is an obstacle for robot i if MipIdipcqq “ 1, a free
space if MipIdipcqq “ 0, and unexplored if MipIdipcqq “

´1. Now we define free region Pf , obstacle sets Po and
unexplored region Pu as,

Po “
ď

@cPµZ2 s.t. maxiPr1;NsMipIdipcqq“1

c `

r
´
µ

2
,
µ

2

z
,

Pu “
ď

@cPµZ2 s.t. maxiPr1;NsMipIdipcqq“´1

c `

r
´
µ

2
,
µ

2

z
,

Pf “
ď

@cPµZ2 s.t. maxiPr1;NsMipIdipcqq“0

c `

r
´
µ

2
,
µ

2

z
.

The final merged map is given by P :“ Po Y Pu Y Pf . We
denote state spaces of robot i corresponding to Pf , Po, and
Pu as Xif “ Pf ˆOi, Xio “ Po ˆOi and Xiu “ Pu ˆOi,
respectively, where i P r1;N s and Oi Ă Rni´2 denotes
all the states of robot i except its 2-D position, such as
orientation, velocities, etc. In our approach, we consider the
unexplored region and the occupied region as the obstacle
space for each robot given by Obsi “ ppPo Y Puq `

J´rroboti12, rroboti12Kq ˆ Oi, where rroboti is the radius
of the smallest circle that completely encloses robot i. This
over-approximation is provided as the symbolic controller
considers the system to be a point-mass.

Remark 2.3: The map definitions show that if one of the
robots identifies a grid point c P µZ2 as an obstacle, i.e.
MipIdipcqq “ 1, i P r1;N s, then that grid is an obstacle in
the merged map. This places more emphasis on safety.

E. Problem Formulation

Next, we state the problem considered in this paper:
Problem 2.4: Given a multi-robot system as in (2) with

N P N robots and a closed environment P Ă R2, design
an automated exploration framework that incrementally ex-
plores the environment, while guaranteeing that each robot
avoids obstacles and collisions with other robots, till no safe
exploration targets can be found.
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We aim to solve the Problem 2.4 by generating a safe
exploration target for each robot and synthesizing a sym-
bolic controller that ensures that the robots reach the target
while avoiding obstacles and collisions with each other. We
propose the following four-step process:

1) We first find a set of ranked exploration targets for
each robot in the multi-robot system (MRS).

2) We then synthesize controllers that navigate each robot
towards the corresponding best targets while avoiding
obstacles.

3) Using a distance function, we compose the individual
controlled systems in order to eliminate transitions
and states in the overall composed system that do not
maintain the specified distance between robots.

4) Since a few transitions that solved the reachability
problem for each robot might have been removed
during step (3), we synthesize the symbolic controller
again for the composed system that ensures that all
robots reach their corresponding targets.

This final controlled system is such that each robot moves
towards its assigned target without colliding with other robots
or obstacles. Once the robots reach their targets, the process
is repeated till there are no more safe targets available.

III. PROPOSED EXPLORATION FRAMEWORK

This section introduces the overall exploration approach,
which involves four steps: piq finding safe exploration targets
for each robot using a Safe Frontier Target Detector (SFTD),
piiq construction of a symbolic model of each robot and syn-
thesizing reachability controllers for them, piiiq composition
of the individual controlled systems using a distance function
and pivq controller synthesis that ensures that all robots reach
their corresponding targets despite enforcement of distance
maintenance in step piiiq. Controller synthesis is done based
on the mathematical model of the system and constraints,
which eliminates impractical input values.

A. Safe Frontier Target Detector (SFTD)
We first generate targets for robot i P r1;N s. We adapt

frontier-based exploration [8] by finding a free region near
frontiers. As one of the targets may not have a safe trajectory
for robot i, we will generate multiple targets and rank them
based on the size of neighbouring unexplored regions.

Given a map P and the robot dynamics (1), the algorithm
aims to find a set of ji possible frontier target regions FiT “

tF 1
i , . . . , F

ji
i u for robot i, where

Fm
i “pTm

i YSm
i q`J´ϕwini

1ni
, ϕwini

1ni
K,mPr1; jis. (3)

Here, the target region Tm
i is defined as:

Tm
i “ pmi ` J´τwini1ni , τwini1niK Ă Xif , (4)

where pmi P Xif , m P t1, . . . , jiu and τwini P R` is the
target window size. We choose τwini

ě rroboti , where rroboti
is the radius of the smallest circle that encloses robot i. Given
target set Tm

i , we define the safety window as:

Sm
i :“

ď

xiPTm
i

ď

uiPUa
i pxiq

Reachipxi, uiq such that Sm
i ĂXif , (5)

and ϕwini
P R` is chosen to accommodate the over-

approximation of obstacles in the motion planning phase and
to ensure the presence of frontiers and Sm

i ensures that the
robot does not collide with a previously unknown obstacle.
The frontier targets are chosen such that Fm

i zpTm
i YSm

i q X

Xiu ‰ H to ensure the presence of a frontier. For illustration,
refer to Figure 1, where the brown region represents the
target window, the green region represents the safety window,
and the red region represents the frontier window. The next
theorem shows that the safety window Sm

i will ensure that
robot i will never collide with any previously unknown
obstacles near the exploration target for the next transition.
This ensures that the robot can move to the next target after
reaching the previous one while preserving safety.

Theorem 3.1: Consider robot i as given in (1), state-space
Xif corresponding to Pf Ď P as defined in Section II-D,
and a frontier target Fm

i P FiT as given in (3). If robot i
starts anywhere inside Tm

i Ă Fm
i , it will not enter a newly

explored region.
Proof: The safety window corresponding to Fm

i is
given by, Sm

i “
Ť

xiPTm
i

Ť

uiPUa
i pxiq Reachipxi, uiq, such

that Sm
i Ă Xif . Thus, robot i, when starting from any

xi P Tm
i , under any input ui P Ua

i pxiq will reach a state x1
i P

Reachipxi, uiq Ă Sm
i which is fully known and obstacle-

free. This allows the robot to take one transition without
reaching previously unexplored regions near the target.
This target structure is proposed to ensure that robot i always
has some space to move around without collision even if an
obstacle, identified as unknown before exploration, is present
very close to the target.

First, the map is split into smaller submaps based on
the position of each robot in the environment. Robots are
assigned their respective regions to locate targets, which are
then ranked based on the size of the neighbouring unexplored
region. The target with the smallest adjacent unexplored
region is ranked first in order to avoid oscillation between
unexplored regions during exploration. The frontier targets
Fm
i , where i P r1;N s, m P r1; jis and ji is the number of

targets in each submap, are then computed for each robot i,
ranked and their target windows Tm

i Ă Fm
i are then stored

in Ti in the ranked order for each robot. This set Ti is given
to the controller synthesis module for the generation of a
strategy that navigates robot i to Tm

i P Ti.

B. Controller Synthesis for Each Robot for Reaching Target

In this subsection, we describe the construction of a
symbolic model of robot i P r1;N s given by (1), where

Fig. 1: Stages of exploration with target structure
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N P N is the number of robots in the multi-robot system,
and controller synthesis for navigating the robot to a target
Tm
i P Ti. In order to relate robot i given by the transition

system Σi “ pXi, X
0
i , Ui, Fiq with its symbolic model Σ̂i “

pX̂i, X̂
0
i , Ûi, F̂iq, we use the notion of feedback refinement

relation [18].
Definition 3.2: Consider two transition systems Σi and

Σ̂i. A strict relation Qi Ď Xi ˆX̂i is said to be the feedback
refinement relation from Σi to Σ̂i, denoted by Σi ĺQi

Σ̂i,
if for each pxi, x̂iq P Qi the following conditions hold:

‚ Ûa
i px̂iq Ď Ua

i pxiq,
‚ ui P Ûa

i px̂iq ùñ QipFipxi, uiqq Ď F̂ipx̂i, uiq.
All inputs available for the system Σ̂i is also available

for Σi and for any input available to Σ̂i, with the feedback
refinement relation Qi, the transition F̂ipx̂i, uiq is associated
with the corresponding transition Fipxi, uiq of the concrete
system Σi. Thus any controller built for the system Σ̂i can
be refined using Qi to make it compatible with Σi.

We now construct a symbolic model Σ̂i such that the
symbolic model includes the corresponding behaviour of the
system Σi through the feedback refinement relation Qi.

Definition 3.3: The symbolic model of the system Σi is
given by Σ̂i “ pX̂i, X̂

0
i , Ûi, F̂iq, where

‚ X̂i is a cover over Xi whose elements are non-empty,
closed hyper-intervals called cells. Let ¯̂

Xi Ď X̂i be
a compact set of congruent hyper-rectangles aligned
on a uniform grid parameterized with a quantization
parameter ηi P pR`qni . Each x̂i P

¯̂
Xi is given by

cx̂i `
q

´
ηi

2 ,
ηi

2

y
, where cx̂i P ηiZni . The cells in X̂iz

¯̂
Xi

are called overflow cells,
‚ X̂0

i Ď X̂i, Ûi is a finite subset of Ui,
‚ for x̂i P

¯̂
XizObsi and ûi P Ûi, a set A :“ tx̂1

i P X̂i|x̂
1
iX

Reachipx̂i, ûiq ‰ H}. If A Ď
¯̂
Xi, x̂1

i R X̂iz
¯̂
Xi, @x̂1

i P A
and A X Obsi “ H, then F̂ipx̂i, ûiq “ A. Otherwise,
F̂ipx̂i, ûiq “ H.

For a detailed procedure on constructing the symbolic model,
kindly refer to [19].

Theorem 3.4: [20, Theorem 4.3] If Σ̂i is the symbolic
model of Σi which satisfies formal behavioural inclusions
in terms of the feedback refinement relation Qi Ď Xi ˆ X̂i,
ηi P pR`qni is the quantization parameter and Obsi is an
obstacle set, then Σi ĺQi

Σ̂i.
Remark 3.5: By construction, the symbolic model of the

system does not include any transitions that lead into the
obstacle. Thus, any controller designed for this model will
not navigate the robot towards the obstacle.

The next step is the synthesis of the controller for the
symbolic model and the refined controller that ensures that
the concrete system Σi accomplishes the reachability task.
Consider the transition system Σi “ pXi, X

0
i , Ui, Fiq and a

controller Ci : Xi Ñ Ui, where for all xi P Xi, Cipxiq Ď

Ua
i pxiq. Let the domain of the controller be dompCiq :“

txi P Xi|Cipxiq ‰ Hu.
We first construct a controller Ĉi for the symbolic model

Σ̂i using graph theoretical methods [14] that will navigate
the robot i to the best-ranked target Tm

i P Ti.

Theorem 3.6: [18, Theorem VI.3] If Σi ĺQi
Σ̂i and Ĉi is

the symbolic controller that navigates Σ̂i to Tm
i P Ti, then

Ci :“ Ĉi ˝ Qi solves the reachability of Tm
i for Σi.

The refined controller Ci obtained by refining the symbolic
controller Ĉi using Qi will ensure that the system Σ reaches
Tm
i . Toolboxes like [19], [21], and [22] can be used for

symbolic controller synthesis.
Definition 3.7: Given a controller C and a transition sys-

tem Σ, the controlled system is given by the tuple Σ|C “

pXC , X
0
C , UC , FCq, where

‚ XC “ X X dompCq, X0
C Ď XC , UC “ U ,

‚ for xC P XC and uC P UC , x1
C P FCpxC , uCq iff

x1
C P F pxC , uCq and uC P CpxCq.

Using Definition 3.7, we construct the symbolic con-
trolled systems of the individual robots as Σ̂i|Ĉi “

pX̂Ĉi
, X̂0

Ĉi
, ÛĈi

, F̂Ĉi
q.

C. Composition of Individual Controlled Systems

The next step involves the composition of the controlled
systems and the construction of a controlled MRS that
ensures that each robot maintains a prescribed distance from
another using a distance function. Given a collection of
controlled systems and their symbolic model tΣ̂i|ĈiuiPr1;Ns,
we compose them as shown in Definition 2.2. Since Σi ĺQi

Σ̂i and the controller Ci :“ Ĉi ˝ Qi, we can say that
Σi|Ci ĺQi Σ̂|Ĉi, as evident from [18, Theorem VI.3] and
[18, Corollary VI.5], and after composition of the controlled
systems, we have Σ|C ĺQ Σ̂|Ĉ as there is no coupling
between the robots. A control input u “ pu1, . . . , uN q P

Cpxq iff ui P Cipxiq, @i P r1;N s, where x “ px1, . . . , xN q

and a discretized control input û “ pû1, . . . , ûN q P Ĉpx̂q

iff ûi P Ĉipx̂iq, @i P r1;N s, where x̂ “ px̂1, . . . , x̂N q. The
strict relation Q Ă X ˆ X̂ is defined as Q :“ tpx, x̂q P

X ˆ X̂|pxi, x̂iq P Qi, @i P r1;N su. The discretization
parameter of the composed system is η “

ś

gPr1;Ns ηg .
Consider a distance function defined as,

distpxijq :“ ∥xi ´ xj∥ ´ dij , (6)

where xij “ rxi, xjs, xi, xj are the states of the robots
i and j, respectively when the MRS is in state x, i, j P

r1;N s and i ‰ j and dij is the distance that robot i and
j must maintain between each other. However, note that
the controlled systems are represented by their symbolic
model Σ̂i|Ĉi “ pX̂Ĉi

, X̂0
Ĉi
, ÛĈi

, F̂Ĉi
q, where each symbol

x̂i P X̂Ĉi
has infinite states in Rn, making it impossible to

verify that robot i maintains the distance dij at all states
in x̂i. Hence, we modify the distance function distpxijq to
make it compatible with the symbolic model. The modified
distance function is defined as ˆdistpxijq :“ distpcx̂ij q ´

ηij

2 ,
where ηij :“ maxtηi, ηju, pxi, x̂iq P Qi, pxj , x̂jq P Qj ,
x̂ij “ cx̂ij

`

r
´ηij

2 ,
ηij

2

z
and cx̂ij

“ rcx̂i
, cx̂j

s.
Lemma 3.8: Consider robots i, j P r1;N s represented by

Σi and Σj respectively, their corresponding symbolic model
Σ̂i and Σ̂j such that Σi ĺQi

Σ̂i and Σj ĺQj
Σ̂j , where Qi Ă

Xi ˆ X̂i and Qj Ă Xj ˆ X̂j defined by Qi “ tpxi, x̂iq P

XiˆX̂i : xi P x̂iu and Qj “ tpxj , x̂jq P Xj ˆX̂j : xj P x̂ju
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respectively are strict relations, ηij :“ maxtηi, ηju and the
distance function distpxijq, as defined in (6). If distpcx̂ij q´
ηij

2 ě 0, then distpxijq ě 0, @pxi, x̂iq P Qi and @pxj , x̂jq P

Qj .
Proof: Consider a symbol x̂ij . Given the discretized

state-space, we know that ∥cx̂ij ´ xij∥ ď
ηij

2 , @xi P

Q´1
i px̂iq and @xj P Q´1

j px̂jq. Now, distpcx̂ij q´distpxijq ď

∥distpcx̂ij q ´ distpxijq∥ ď ∥cx̂ij ´ xij∥ ď
ηij

2 , distpcx̂ij
q ´

ηij

2 ď distpxijq. Thus, distpcx̂ij q ´
ηij

2 ě 0ùñ distpxijqě

0, @pxi, x̂iqPQi and @pxj , x̂jqPQj .
Remark 3.9: This lemma says that we can use the centre

point of the symbol to ensure that each robot in the multi-
robot system maintains a safe distance from another robot,
irrespective of the state of each robot within the symbol.

Definition 3.10: Given the distance function distpxijq de-
fined as in (6) and the symbolic model of the controlled
multi-robot system Σ̂|Ĉ “ pX̂C , X̂

0
C , ÛC , F̂Cq, the safety

controller ĈS that ensures that the robots i and j maintain
the prescribed distance dij from each other is given by,

‚ dompĈSq Ď X̂C X tx̂|distpcx̂ij q ´
ηij

2 ě 0,@i, j P

r1;N s and i ‰ ju, where ηij “ maxtηi, ηju,
‚ ĈSpx̂q “ Ûa

Cpx̂q X tû|maxx̂1PF̂ px̂,ûq
rdistpcx̂1

ij
q ´

distpcx̂ij
qs ě ´γ ˆ pdistpcx̂ij

q ´
ηij

2 q,@i, j P

r1;N s and i ‰ ju, where γ P p0, 1q.
We now construct the controlled system pΣ̂|Ĉq|ĈS “

pX̂S , X̂
0
S , ÛS , F̂Sq using the safety controller ĈS as shown

in Definition 3.7.
Lemma 3.11: Given the safety controller ĈS defined in

Definition 3.10, the composed system Σ̂|Ĉ and the con-
trolled system pΣ̂|Ĉq|ĈS “ pX̂S , X̂

0
S , ÛS , F̂Sq constructed

as shown in Definition 3.7, @x̂ P X̂S and any û P Ûa
Spx̂q,

distpcx̂1
ij

q ´
ηij

2 ě 0,@x̂1 :“ cx̂1 `
q

´η
2 , η

2

y
P F̂Spx̂, ûq,

@i, j P r1;N s and i ‰ j.
Proof: Since Ûa

Spx̂q Ď ĈSpx̂q, for all x̂ P X̂S , @i, j P

r1;N s and any û P Ûa
Spx̂q, x̂1 P F̂Spx̂, ûq is such that,

distpcx̂1
ij

q ´ distpcx̂ij q ě ´γ ˆ

´

distpcx̂ij q ´
ηij
2

¯

,

distpcx̂1
ij

q ´
ηij
2

´ distpcx̂ij q `
ηij
2

ě ´γ ˆ

´

distpcx̂ij
q ´

ηij
2

¯

,

distpcx̂1
ij

q ´
ηij
2

ě p1 ´ γq ˆ

´

distpcx̂ij
q ´

ηij
2

¯

.

Since @x̂ P X̂S , distpcx̂ij
q ´

ηmax

2 ě 0 and γ P p0, 1q, we
have distpcx̂1

ij
q ´

ηij

2 ě 0.
Remark 3.12: The lemma shows that any transition in the

controlled system will lead to a state where the robots still
maintain the distance defined by the distance function.
The two lemmas show that the distances between the robots
are always maintained in this system.

D. Distributed Controller for Multi-Robot System

During the construction of the controlled system
pΣ̂|Ĉq|ĈS , a few trajectories that accomplish the reachability
task may have been removed in order to maintain the distance
required. Hence, we synthesize a controller ĈB for the
obtained controlled system pΣ̂|Ĉq|ĈS that ensures navigation

of each robot i P r1;N s to its corresponding target Tm
i using

graph-theoretic methods. The combination of controllers Ci,
where i P r1;N s, CS :“ ĈS ˝ Q and CB :“ ĈB ˝ Q ensure
that each robot of the MRS (2) reaches its target while
avoiding obstacles and each other. The following theorem
shows this.

Theorem 3.13: Given the controlled system pΣ̂|Ĉq|ĈS ,
the relation Q Ă XˆX̂ , a collection of targets tTm

i uiPr1;Ns
,

where m P r1; jis and ji is the number of targets for robot
i, and the controller ĈB which navigates pΣ̂|Ĉq|ĈS towards
ś

iPr1;Ns T
m
i , where m P r1; jis and ji is the number of

targets for robot i, CB :“ ĈB ˝ Q solves the reachability
of

ś

iPr1;Ns T
m
i for pΣ|Cq|CS and the robots maintain the

specified distance.
Proof: We know that Σ|C ĺQ Σ̂|Ĉ and CS :“

ĈS˝Q, and from [18, Theorem VI.3,Corollary VI.5], we have
pΣ|Cq|CS ĺQ pΣ̂|Ĉq|ĈS . From Lemma 3.8 and Definition
3.10, we know that the controller ĈS ensures that all states
in the controlled system pΣ|Cq|CS are such that the robots
maintain a prescribed distance from each other. And lemma
3.11 shows that any transition in the controlled system
pΣ̂|Ĉq|ĈS leads back to the states where the distance is main-
tained, and this extends to the concrete system as well due to
Lemma 3.8. We now synthesize a controller ĈB using graph
theoretic methods [14] that navigates the system pΣ̂|Ĉq|ĈS

towards the set of targets tTm
i uiPr1;Ns

, such that x̂ P X̂S

reaches
ś

iPr1;Ns T
m
i . Given pΣ|Cq|CS ĺQ pΣ̂|Ĉq|ĈS and

Theorem 3.6, CB :“ ĈB ˝ Q solves the reachability of
ś

iPr1;Ns T
m
i for pΣ|Cq|CS .

The controller CB is then used to construct the controlled
system ppΣ|Cq|CSq|CB , which only has states that ensure
that robots maintain their prescribed distance from each other
and transitions that accomplish reachability of the targets
without collision and violation of distance requirements.
Thus, by constructing this controlled system from the in-
dividual robot models (1) using the target set Ti, where
i P r1;N s, obtained from the SFTD, the prescribed distance
between robots i, j P r1;N s, i ‰ j and the obstacle set Obsi
defined based on map P Ă R2, we can ensure that the closed-
loop MRS will navigate through the environment such that
each robot reaches its target without collision with obstacles
while maintaining the prescribed distance with all the other
robots in the MRS. After the robots reach their targets, the
target set Ti and Obsi get updated based on the updated map
P and the process of controller synthesis continues till no
more safe targets are found.

Remark 3.14: Due to the result in theorem 3.13, we
must ensure that the robots start inside the region where
a trajectory to the target exists and where they are at the
specified distance away from each other.

IV. EXPERIMENTAL RESULTS

A. Simulation and Experimental Setup

We implemented the proposed exploration approach on a
two and three-robot heterogeneous system. The mathematical
models of the robots are given below:
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Fig. 2: Comparison of different approaches in three different arenas. Vertical lines in the bar graph indicate the minimum
and maximum of collected data.

Fig. 3: Simulation environments used for comparison

piq Differential drive robot pR1q:

xpk ` 1q “ xpkq ` υpkq cospθpkqq,

ypk ` 1q “ ypkq ` υpkq sinpθpkqq,

θpk ` 1q “ θpkq ` ωpkq,

where pxpkq, ypkqq is the position and θpkq is the orientation
of the robot. The bounded control inputs are linear velocity
υpkq P r´0.22, 0.22s with a discretization of 0.02 and
angular velocity ωpkq P r´0.11, 0.11s, with a discretization
of 0.01, respectively.

piiq Omni-direcrtional robot pR2 and R3q:

xpk ` 1q “ xpkq ` νpkq,

ypk ` 1q “ ypkq ` υpkq,

where pxpkq, ypkqq is the position of the robot. The inputs
are, linear velocities, νpkq, υpkq P r´0.22, 0.22s with a
discretization of 0.02.

We use a Turtlebot3 differential drive robot pR1q and two
omni-directional robots pR2q and pR3q built based on the
turtlebot3 hardware in the simulation environment and a two-
robot system in the real-world setting. The considered robots
are equipped with a 360˝ laser sensor RPLIDAR A2 (range
„ 8m) and basic onboard odometry. We used a computer
with AMD Ryzen 9 5950x and 128 GB RAM to perform
simulations. The experimental system runs on Ubuntu 20.04
and the Robot Operating System (ROS) Noetic distribution.
GMapping [23] was used to construct the 2D grid map.

B. Experimental Results

The proposed approach is compared with open-sourced
multi-robot exploration frameworks such as Multi-Robot
RRT exploration [24] and frontier-based exploration [8]. To
compare the repeatability and generality of the algorithms,

we conducted a total of 75 sets of exploration runs on three
maps with five starting points in each.

Figure 2 compares the exploration techniques in terms of
exploration time, number of collisions with other robots and
with the obstacles. For comparison, we use the same robots
with different approaches and arenas shown in Figure 3. Fig-
ure 3 shows an example of the progression of exploration in
one of the arenas. The implementation of the proposed sym-
bolic planner is computationally expensive. Parallel versions
of the proposed approach [25] can synthesize controllers
in real-time, but they require large server-grade processing
units, which are not easily available. Thus, we ignore the
controller synthesis time for quantifiable comparison with
other real-time planners. From Figure 2(a), it can be observed
that the exploration time taken is lower compared to Multi-
RRT and Frontier-Based exploration due to lack of revisiting
explored region. Our approach ensures no collisions during
exploration, as shown in Figures 2(b) and (c) leading to a
safer exploration framework. The map formed by the other
approaches is highly distorted because of the collisions. Our
approach considers the constraints of the robot, which en-
sures that the robots do not collide, reducing the exploration
time significantly and leading to the generation of a less dis-
torted map. We also conducted real-world experiments using
a two-robot system which are shown in the supplementary
material. The video of the implementation can be found at
https://www.youtube.com/watch?v=NX40bgxskQc.

V. CONCLUSION AND FUTURE WORK

This work proposed a general safe autonomous exploration
framework for multi-robot systems. This is achieved by con-
sidering the dynamics and dimensions of robots and practical
constraints on states and inputs. We have also provided
formal guarantees on the safety of the robots and on the
accomplishment of each exploration run. Despite its potential
to solve many real-world issues, the method is generally
computationally expensive, limiting it to static environments.
However, the approach is highly parallelizable. Therefore, in
future work, we plan to leverage high-performance comput-
ing to solve the problem of safe exploration in the presence
of dynamic obstacles and in 3D environments.
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