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Abstract— In the natural world, benefited from the ad-
vantages of the spine, quadrupeds exhibiting extraordinary
flexibility which allowing them to move efficiently on variable
terrains. The previous researches have indicated the legged
robots which efficiently utilizing their spine can achieve rapid
and stable locomotion. However, within the field of legged robot
dynamics, the design of the spine and understanding how it
positively influences locomotion is unclear, which is significant
for quadruped robot to achieve efficient and stable walking. In
this study, we proposed a model formed by tensegrity spine and
rimless wheel to represent quadrupeds, using passive dynamic
walking as a method, which has been well-demonstrated for
observing the inherent characteristics, exhibited the locomotion
characteristic of the model proposed. By numerical simulation,
we observed change trend of locomotion performance with the
configurations of spine’s shape, and found direction of spine
design that have a positive impact on walking. These findings
contribute to the design of spine structures in quadruped robots.

I. INTRODUCTION

In the natural world, vertebrates possess the capability to
change stiffness of spine to enhance load-bearing capacity
or flexibility. Especially in the case of quadrupeds, which
can efficiently locomotes on the flat ground. Comparing to
bipedal humans, quadrupeds are good at to leverage the
advantages of their spine, exhibiting extraordinary efficient
running capabilities. For example, after tens of thousands of
years of evolution, the cheetah has achieved an unparalleled
terrestrial speed. This kind of locomotion is also consid-
ered to be the most energy-efficient mode of locomotion
for quadrupeds [1]. From the perspective of elastic energy
storage, the benefits of spine extension in vertebrates for
high-speed motion have been studied [2]. In previous studies,
the combination of legged robots and compliant spines can
produce reasonably fast and stable locomotion gaits [3], [4].
It has been discovered that the synchronization of leg and
spine movements can enhance locomotion speed and stability
[5], [6].

On the other hand, in biomechanical studies, a biological
spine is composed of rigid structures (skeletal framework)
and flexible muscular tissues [7], [8]. In the absence of
external forces, the entire structure remains in equilibrium.
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Fig. 1. Conceptual drawing of quadruped represented by combined rimless
wheel with tensegrity spine
As same as the biological spine, the tensegrity structures
are also combined by rigid components and soft cables [9],
[10]. The past researches has demonstrated the flexibility
and practicality of tensegrity spine structures [11], [12],
however, the dynamics of tensegrity spines have not been
extensively studied. Therefore, in this study, we aim to
investigate the dynamics of tensegrity spine, and to analyze
the influence of spine structure on the locomotion perfor-
mance. By recognizing that the walking of quadrupeds is the
inverted pendulum-like motion generated by forelimbs and
hindlimbs, respectively [13]–[15]. In this study, we used the
rimless wheel of simplest walking model, which is capable
of producing typical inverted pendulum motion, to represent
the forelimbs and hindlimbs of quadrupeds. As shown in Fig.
1, two rimless wheels are connected utilizing the tensegrity
spine proposed to form a quadrupeds model.

Moreover, passive walking was proposed by McGeer in
1990 [16] to mimic a human gait with no input during down-
hill, relying only on the conversion between gravitational
potential energy and kinetic energy. It can autonomously
transform the gravitational potential energy into the kinetic
energy of the system through the its own structure to achieve
a stable gait [17]. Conclusively, the structure will greatly
determine the dynamics of itself. In this study we exhibit
the characteristic of the model itself by passive walking.

In this paper, we proposed the simplest model of tensegrity
spine, and by combining 2 identical rimless wheels, formed
a combined rimless wheels, to represent the quadruped.
The design of the shape of tensegrity spine is clarified.
To analyzed influence of the spine shape on locomotion
capabilities, the simulation conducted using the shape of the
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Fig. 2. Mathematical model of combined rimless wheel with tensegrity spine

tensegrity spine structure as a variable and walking speed as
a performance metric. It was observed that models utilizing
the spine structure could achieve stable passive walking,
and vibrations were detected on the spine. Subsequently, the
impact of the weight proportion between the legs and spine
on walking performance is observed.

II. MODELING

A. Overview of Modeling

Fig. 2 (a) illustrates the coordinate system of the rimless
wheel with a upper body, where (xi,zi) denote the position
of the ground contact points, θi represents the rotation
angular position of rimless wheel to the vertical direction.
Additionally, when we remove the soft cables from the spine,
the model can be viewed as two rimless wheels with an upper
body. The γi denotes the rotation angle position of the upper
body to the vertical direction. In the context, the Ri [m] is
the radius of the rimless wheel, which equates with the leg
length of the quadruped. mi [kg] and Ii [kg·m2] represent the
mass and inertial moment of the rimless wheel, respectively.
The length of the upper body is Li [m] with its mass and
moment of inertia being ml [kg] and Il [kg·m2], respectively.
The ai [m] is the distance from passive rotation joint of upper
body to the first connection point of soft cable. In addition,
the second connection point is on the top of the upper body.
The subscripts i shall represent the rimless wheel mark, that
is, i ∈ { f ,r}, with ” f ” and ”r” specifically indicating the
front and rear wheels, respectively. The combined rimless
wheel models Fig. 2 (b), which walks on a gentle downhill
with a slope angle of φ [rad].

B. Equation of Motion

The model can be viewed as being composed of two
wheel-less robots with upper bodies, which are coupled
through tensile forces. Therefore, the generalized coordinates
vector can be denoted as:

q =
[

xr zr θr γr x f z f θ f γ f
]T, the system’s

equation of motion and holonomic constraint condition then

become:

Mq̈+h= JT
c λc +JT

T FT , (1)
Jcq̇ = 04×1, (2)

where M represents the inertia matrix, h is the combination
of the central force, coriolis force, and gravity terms. On the
right side of Eq. (1), JT

c λ is the holonomic constraint. JT
T FT

is the tension due to soft cable.
Additionally, as represented by Eq. (2), it is assumed

that there is no friction on the ground, and both the front
and the rear rimless wheel have a limb in contact with the
ground. Therefore the velocity constraint equation is shown
as follows:

ẋr = 0, żr = 0, ẋ f = 0, ż f = 0. (3)

By summarizing Eq. (3), we can obtain constraint Jacobian
matrix Jc as:

Jc =


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

 , J̇c = 04×8. (4)

The time derivative of Eq. (2) becomes:

Jcq̈ = 04×1, (5)

and by solving Eq. (5) and Eq. (1), λc ∈ R4×1 can be
obtained as:

λc =−X−1
c JcM

−1(JT
T FT −h), (6)

Xc = JcM
−1JT

c . (7)

C. Tension

Fig. 3 shows the details of the soft cable connection.
Each connection point subjected tension from two different
directions on upper body, the model has total four spring
connections, the effect of the tension force vector on the
robot can be defined as:
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Fig. 3. The detail of spine. In this figure α is the angle between the upper
body, d is the distance from the bottom of upper bodies to their point of
intersection.

JT
T FT =

[
JT

1 JT
2 ... ... JT

7 JT
8
]


F1
F2
...
...
F7
F8

 . (8)

The tension of the whole system consisted of 4 soft cable,
and the connection order is: Sa → Sb,Sb → Sc,Sc → Sd ,Sd →
Sa, where the letter S represents the soft cable. We take an
element from matrix (8) as a example: JT

1 F1 represents the
tension applied at point SbB , and its tension can be described
as:

JT
1 F1 = JT

a FSa→Sb , (9)

where Ja is the Jacobain vector of connection point Sa on
upper body of front rimless wheel. The dSa→Sb represents the
direction vector from connection point Sa → Sb. The details
are shown as follows:

Ja =

[
0 0 0 0 1 0 R f cosθ f L f cosγ f
0 0 0 0 0 1 −R f sinθ f −L f sinγ f

]
(10)

dSa→Sb = PSa→Sb/DSa→Sb . (11)

The (xa,za) and (xb,zb) in Fig. 3 represent the coordinate
of connection point Sa and Sb respectively, so the displace-
ment vector and distance can be obtained as:

PSa→Sb :=
[

xb − xa
zb − za

]
, (12)

DSa→Sb :=
√

(xb − xa)2 +(zb − za)2, (13)

FSa→Sb = k(DSa→Sb − ln)+ cV T
Sa→Sb

dSa→Sb , (14)

VSa→Sb :=
[

ẋb − ẋa
żb − ża

]
, (15)

where k [N/m] and c [N·s/m] are stiffness and viscosity
coefficient of soft cable, respectively. The ln is nature length
of the soft cable.

D. Collision Equation

It is assumed that when the fore limb of both rimless
wheels impact to the ground, the rear limb will leave
the ground immediately according to the inelastic collision
model. The holonomic constraint equation after impact can
be formulated as follows.

Mq̇+ =Mq̇−+JT
I λI , (16)

JI q̇
+ = 02×1. (17)

Here, the superscripts “−” and “+” denote immediately
before and immediately after impact, respectively. The JI is
the Jacobian vector of constrain force at collision, then the
constrained condition is

ẋ+I = 0, ż+I = 0, (18)

and can be further arranged as follows:

JI q̇
+ =

[
1 0 R f (cosθ f + cosθ f ) 0 0 0 0 0
0 1 −R f (sinθ f + sinθ f ) 0 0 0 0 0

]
q̇+ = 0. (19)

By solving Eq. (16) and (17) , the λI can be derived as:

λI =−X−1
I JI q̇

−,XI = JIM
−1JT

I . (20)

The velocity vector immediately after impact can be
obtained as:

q̇+ =
(
I8 −M−1JT

I X
−1
I JI

)
q̇−. (21)

III. GAIT ANALYSIS

A. Design of the Spine Structure

Before initiating the analysis, the author would like to
clarify the design approach for the shape of the spine, which
is composed of soft cables and upper bodies.

First, we assume that the spine structure, as shown in the
Fig. 3, is symmetrical. The upper body lengths of the two
rimless wheel are identical and are considered constant are
chosen as the same values as listed in Table I. By determining
the angle α [deg] between the upper body and the distance
d [m] from the bottom of upper bodies to their point of in-
tersection, the side lengths of the isosceles trapezoid formed
by the soft cables can be solved by geometric relations. This
method streamlines the process of determining the shape of
the spine structure. In other words, by simply determining
the angle α and the d, the shape of the spine structure in its
balance state can be defined.

To investigate the influence of the spine on walking
performance, we developed a simulator and chose walking
speed as the metric for evaluating performance. It is set
up the simulation time for 40 seconds and only take the
simulation result of last 10 steps, because we want to ensure
the data obtained is reaching the stable walking cycle. The
initial state of robot started passive dynamic walking as
shown in matrix (22):
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(b) Top-down view of walking speed with respect to α and κ

Fig. 4. Simulation results of walking speed under various values α and κ

q(0) =



0
0
0

φ + α

2
2d cosφ sin α

2
−2d sinφ sin α

2
0

φ − α

2


, q̇(0) =



0
0
2
0
0
0
2
0


. (22)

B. Motion analysis

Fig. 4 shows the simulation results of the walking speed
descriptors in passive-dynamic walking with variable α and
κ . To generalize the model, here, κ is used to represent the
ratio between d [m] and the length of upper body Li [m], so
the ratio of κ can be obtained as:

κ = d/Li. (23)
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Fig. 5. Steady-state phase-plane plot

The physical parameters are chosen as the same values
as listed in Table I. Fig. 4(a) shows the three-dimensional
surface plot, which shows most of the surface appears
relatively smooth. However, there is a pronounced valley
around α=120 [deg] and κ=60% is found, whose data in
the valley region represents a collection of spine structures
that resulted in weak walking speeds. Conversely, the graph
also showcases two peaks near α=135 [deg], κ=46.7% and
α=150 [deg], κ=80%. These peaks represent configurations
where the better walking performance under same specific
physical parameters.

Fig. 4(b) is the plan view of the three-dimensional graph.
The horizontal axis represents the ratio κ between d [m]
and Li [m], while the vertical axis denotes the angle α [deg]
between the upper body. The color intensity at each point
signifies the magnitude of the value, with the variations in
magnitude being illustrated through the color bar on the right
side. The blank areas in the figure indicate situation where
walking failed under those parameter combinations. The
failures in the upper-middle part are due to the insufficient
tension produced by the soft cables, leading to the collapse
of the entire spine structure. The failures located in the
bottom-right section of the figure are due to excessive energy
consumption within the spine in these particular configura-
tions. The remaining energy was insufficient to support the
energy requirements for passive walking, ultimately leading
to the cessation of locomotion. The failures in the bottom-left
section of the figure are due to the excessively high center

TABLE I
PHYSICAL PARAMETERS OF SYSTEM

Symbol Value Unit
mr = m f 0.5 kg
Ir = I f 0.0625 kg·m2

Rr = R f 0.5 m
Lr = L f 1.5 m

Symbol Value Unit
g 9.81 m/s2

φ 0.1 rad
k 500 N·m
c 5 N·s/m
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Fig. 6. Simulation results during last 3 seconds on the peak of Fig. 4(a)

of gravity of the spine in that specific configuration, causing
it to tip forward or backward during walking.

Fig. 6 shows the tension on the four edges of the spine
during the last 3 seconds of a 40-second simulation (a), as
well as the time evaluation angle position for both the fore
rimless wheel and its upper body (b) at the best performance
point in Fig. 4, where α=150 [deg] and κ=80%. In Fig. 6(a),
it is illustrated that the tension acting on the upper body
shows periodic fluctuations. Under the influence of this force,
the upper body also undergoes periodic changes. Fig. 6(b)
shows the detailed of upper body’s angle changes from 38
seconds to 39.5 seconds. Furthermore, the observation shows
that when the γ f curve reaches a trough, the θ f is precisely
at peak.

Fig. 7 shows the simulation results of the last 3 seconds for
the point in Fig. 4 from valley, that exhibited the weak walk-
ing performance. Comparing to Fig. 6, it can be observed
that in this case, the internal tension acting on the spine
have significantly increased. Additionally, the waveform of
the angle γ f of upper body exhibits a double periodicity,
whereas Fig. 6 (b) showed a single periodicity. The authors
speculate that such variations in the spine’s frequency might
influence walking performance.

On the other hand, to investigate the impact of the spine’s
weight on locomotion, the walking speed is used as an
evaluation criterion and the proportion of leg weight to spine
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(b) Angular position of θ f and γ f

Fig. 7. Simulation results during last 3 seconds on the valley of Fig. 4(a)

weight as the horizontal axis, conducted simulations under
different stiffness k [N/m] of soft cable. The simulation
results as shown at Fig. 8. The figure demonstrates that in
most cases, the combined rimless wheel with a spine struc-
ture can achieve stable single-period walking. Only when
k=200 [N/m], as the proportion of leg weight to spine weight
gradually increases, the walking gaits start to occur double-
period and multi-period walking, indicating that decreasing
gait stability. Furthermore, the simulation results suggest that
the walking performance is better when the proportion of leg
weight to spine weight is lower.

IV. DISCUSSION

The combined rimless wheel with a spine structure com-
posed of soft cables and a rigid upper body can achieve stable
dynamic walking on a gentle slope. Moreover, the walking
performance can be adjusted based on the shape of the spine.
In this study, we observed periodic vibrations occurring in the
upper body as a part of the spine, and there seems to be a po-
tential relationship between the vibration frequency and the
walking performance. Such observations can provide insights
into the biomechanics of the structure and further aid in
optimizing the design for better functionality and efficiency.
The author speculates that leveraging the spinal structure to
achieve resonance between the upper body and the rimless
wheel could effectively enhance walking performance, but
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further validation is needed.

V. CONCLUSION AND FUTURE WORK

This study designed a linked wheel model with a spine.
Through observing the passive walking of the proposed
model, we discovered that it can achieve stable passive
walking. We also observed the trend of walking performance
under the influence of the spine. This has made a contribution
to the design of mobile robot structures. The authors hope
to use this model to study the locomotion mechanism of
quadruped robots and enhance their mobility performance,
and also like to provide insights into the biomechanics of
the structure and further aid in optimizing the design for
better functionality and efficiency.

In the future, from the mechanistic perspective, the rela-
tionship between the vibration frequency of the spine and
walking performance will be discussed in-depth. From the
application standpoint, we aim to achieve walking on flat
ground by controlling the spine, and to develope highly

efficient mobile robots that able to use the advantages on
spine. By utilizing the locomotion characteristics of the spine
we found, we hope to enhance its mobility and increase its
practicality for tasks like reconnaissance and exploration in
special scenarios. Ultimately, we will conduct experiments
to verify the feasibility, practicality, and effectiveness of this
model.
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