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Abstract— Skid-Steer Wheeled Mobile Robots (SSWMRs) are
increasingly being used for off-road autonomy applications.
When turning at high speeds, these robots tend to undergo
significant skidding and slipping. In this work, using Gaussian
Process Regression (GPR) and Sigma-Point Transforms, we
estimate the non-linear effects of tire-terrain interaction on
robot velocities in a probabilistic fashion. Using the mean
estimates from GPR, we propose a data-driven dynamic motion
model that is more accurate at predicting future robot poses
than conventional kinematic motion models. By efficiently
solving a convex optimization problem based on the history
of past robot motion, the GPR augmented motion model
generalizes to previously unseen terrain conditions. The output
distribution from the proposed motion model can be used for
local motion planning approaches, such as stochastic model
predictive control, leveraging model uncertainty to make safe
decisions. We validate our work on a benchmark real-world
multi-terrain SSWMR dataset. Our results show that the
model generalizes to three different terrains while significantly
reducing errors in linear and angular motion predictions. As
shown in the attached video, we perform a separate set of
experiments on a physical robot to demonstrate the robustness
of the proposed algorithm.

I. INTRODUCTION

Robots with a skid-steer drive mechanism are becoming
increasingly popular for autonomous off-road navigation due
to their simple mechanical structure, high traction, and large
payload capabilities [1]. Skid-Steer Wheeled Mobile Robots
(SSWMRs) achieve turning motion by rotating one side of
the wheels at different revolutions per minute than the other.
As a result, they are able to turn in-place which increases
their maneuverability. However, this also leads to significant
tire skidding and slipping [2]. Predicting robot motion in
response to commanded velocities is thus a challenging task.

Gaussian Process (GP) Regression [3] is a nonlinear
function approximation technique that provides mean and
covariance estimates for a new test point. By propagating
uncertainty in the robot states forward, several high-speed
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Python implementation of the motion model is available at: https:
//github.com/RIVeR-Lab/multiterrain-gp-model

Fig. 1: Right: Skid-Steer Wheeled Mobile Robot (SSWMR)
Clearpath Jackal used in our experiments. Left: Free body
diagram representing the forces and torques acting on an
SSWMR.

safety-critical autonomy applications have used GP Regres-
sion (GPR) to design risk-aware motion planning approaches
that can balance caution and aggression [4], [5].

In this work, we utilize GPR to estimate the effects of tire
skid and slip for SSWMRs operating on off-road terrains,
such as the one shown in Fig. 1. Utilizing Sigma-Point
Transforms [6], we approximate the distribution of robot
positions and velocities in response to these effects. By
computing a weighted sum of different GP outputs, we are
able to generalize and adapt to unseen terrain conditions.

In summary, our contributions are as follows:
• A probabilistic motion model for SSWMRs capable of

accurately estimating the distribution of robot positions
and velocities in response to tire skid and slip.

• A convex optimization formulation to combine the GP
outputs from different terrains allowing the motion
model to be used for diverse, potentially unseen terrains.

• Experimental results on an extensive, multi-terrain SS-
WMR dataset demonstrating improvements in predic-
tion performance compared to existing state-of-the-art
kinematic motion models.

II. RELATED WORK

Tire slip is the relative motion between a tire and the road
surface. For each wheel, a slip ratio s and slip angle α can
be defined as [7]:

s = 1− Vwx

r ω
, α = arctan

(
Vwy

Vwx

)
, (1)

where Vwx, Vwy are longitudinal and lateral wheel velocities,
ω is the wheel angular velocity, and r is the wheel radius.
Estimating Vwx, Vwy , and ω tends to be noisy in practice.
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In this work, we circumvent this issue by relying instead on
the robot’s center-of-mass (COM) position and orientation.
Visual odometry methods, such as ORB-SLAM2 [8], can
estimate a robot’s COM pose at millimeter-level precision
for different outdoor environments.

Kinematic approaches for motion modeling of SSWMRs
[9] quantify the effects of skid and slip by relating com-
manded wheel velocities ωl and ωr to measured velocities
vx, vy , and ω using a Jacobian matrix J [10], [11]:

ẋ =

vxvy
ω

 = J

[
ωl

ωr

]
. (2)

Baril et al. [12] recently applied five popular data-driven
kinematic models to a 590 kg SSWMR. We benchmark
our proposed method against these models. The effects of
tire-terrain interactions on robot motion vary with terrain,
acceleration, weather, tire lifetime, etc. Nonetheless, purely
kinematic models are unable to accurately capture these
nuances, as we verify in Section IV. Dynamic approaches
on the other hand, quantify the effects of skid and slip by
explicitly modeling the forces and torques acting between the
robot and the surface. However, many of these approaches
are either suited for low-speed operation or are limited to
validation in simulation [13]–[15]. In this work we address
high-speed motion modeling on varying terrain conditions.

Rabiee et al. [16] developed a friction-based kinematic
model that reasons about slippage and skid at the wheel
level. While this motion model achieved impressive accuracy
at high speeds of operation, the method presented was
computationally prohibitive, as every inference step required
a non-convex optimization problem to be solved. Their
method further relied on measured wheel velocities, which
are noisy signals. In contrast, we employ GPR for motion
modeling. GPR has the advantage of being easily parallelized
on a Graphics Processing Unit (GPU) using libraries, such
as GPyTorch [17]. Additionally, our work generalizes to
navigation over multiple terrains.

Existing research on GPR applied to SSWMR motion
planning involves customizing the unicycle kinematic model
to achieve high-precision tracking of a predefined global
path [4], [18], [19]. However, these approaches are unable
to perform obstacle-avoidance maneuvers and are intended
for use on a single terrain. On the other hand, the general-
purpose motion model introduced in this work can be inte-
grated with navigation cost-maps. Reasoning over cost-maps,
as opposed to path-following, facilitates local path planning
strategies that can avoid, explore, or target particular regions
in the robot’s environment [20], [21].

Using an ensemble of GPs, Nagy et al. [22] simulated
high-speed race car driving over surfaces with varying fric-
tion properties. Inspired by their approach, we extend the
versatility of our motion model to previously unseen terrains.
The resultant GPR estimates are propagated forward using
Sigma-Point Transforms, hence providing us with a Gaussian
distributed estimate of the next robot state. Metrics computed
on a real-world SSWMR dataset show the efficacy of our

approach.

III. PROBABILISTIC MOTION MODELING

Fig. 1 shows the forces and torques acting on an SSWMR.
Throughout the text, we use bold-face to represent vectors
and matrices. The X , Y positions in the global frame
constitute the kinematic sub state-space, q = [X, Y, θ]⊺ ∈
R3. The linear velocity, v, and angular velocity, ω, in
the local frame express the dynamic sub state-space, η =
[v, ω]⊺ ∈ R2. The overall state-space representation is thus
x = [X, Y, θ, v, ω]⊺ ∈ R5. The control space, u =
[vref , ωref ]

⊺ ∈ R2, represents the desired linear and angular
velocities.

At each time instant, k, the proposed probabilistic motion
model takes in the current state x(k) and commanded
velocities u(k) as inputs, and then predicts the distribution
of the next robot state x(k+1) ∼ N (µ(k+1), Σ(k+1))).
In the remainder of this section, we outline the background
and steps necessary to realize the motion model. The block-
diagram of our holistic approach is outlined in Fig. 2.

A. Dynamic Unicycle Model
In the following, we briefly describe the dynamic unicycle

model for SSWMRs presented in Fig. 1. As shown in [23],
the differential equations of motion are:

q̇ =

ẊẎ
θ̇

 =

v cosθ − aω sinθ
v sinθ + aω cosθ

ω

 , (3)

η̇ =

[
v̇
ω̇

]
=

[
c3
c1

ω2 − c4
c1

v

− c5
c2

v ω − c6
c2

ω

]
+

[
1
c1

vref
1
c2

ωref

]
+

[
δv

δω

]
. (4)

Here, a is the distance between the robot’s COM and
rear axle. c1, . . . , c6, are constants which are functions of
physical robot parameters, such as motor gear ratio, moment
of inertia, electric resistance, etc. These are independent of
the terrain and can thus be computed once offline. As in prior
work [5], we ignore the effects of lateral velocity error on
the dynamic state sub-space. This error is generally small,
noisy, and difficult to estimate reliably. We did not find any
noticeable change in our evaluation metrics upon ignoring
it. While the focus of this work is on planar robot motion
modeling, Eqn. 4 can be extended to account for velocities
in the z-axis similar to [24].

Quantities, δv and δω in Eqn. 4, capture the cumulative
effects of tire skid and slip on the velocities. In the next
section, we show how these non-linear effects can be esti-
mated using GPR. Disregarding these effects for now and
rearranging Eqn. 4, we obtain the following motion model,
which is linear in its parameters, c = [c1, . . . , c6]

⊺∈R6:[
v̇ 0 −ω2 v 0 0

0 ω̇ 0 0 v ω 0

]
c =

[
vref

ωref

]
. (5)

Applying a first order low-pass filter to both sides of
Eqn. 5 removes the dependency on noisy acceleration mea-
surements, v̇ and ω̇. We can then estimate c1, . . . , c6 by
solving the resultant least squares problem [25], [26].
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Fig. 2: Overview of our GPR approach to probabilistic motion modeling for SSWMRs navigating multiple terrains.

B. Estimating Effects of Tire Skid and Slip

In this section, we begin by introducing the equations
associated with a GPR problem. We then demonstrate how
GPR can be used to estimate the effects of δv and δω on
robot velocities.

1) Gaussian Process Regression (GPR) Equations
We consider a vector-valued input feature vector, z ∈

Rn, and a scalar output, y ∈ R. A GPR problem can be
completely specified by a kernel function, κ(·, ·), and its
associated hyperparameters. We chose the Squared Expo-
nential (SE) kernel function due to its property of being
infinitely differentiable [27]. This enables optimal control
solvers, such as [28], [29], to compute gradients of robot
dynamics relatively easily. The SE kernel is defined as:

κ(z, z′) = σ2
f exp

(
−1

2
r⊺ L−1 r

)
+ σ2

n, (6)

where r = z−z′, L is the diagonal length scale matrix, and
σf , σn represent the signal variance and signal noise, respec-
tively. Given p training input features, Z = [z1, . . . ,zp]

⊺ ∈
Rp×n, and corresponding outputs, y = [y1, . . . , yp]∈Rp×1,
the hyperparameters, L, σf , and σn can be derived using
maximum likelihood estimation.

For a new query point, ztest ∈ Rn, we define: ktest =
κ(ztest, ztest), and k∈R1×p as the row vector obtained by
applying the kernel function between the test input and all
training inputs. The matrix, K ∈Rp×p, is then obtained by
applying the kernel function between all the training inputs.
Therefore, the output mean and covariance estimates for ztest
can be estimated as follows [3]:

µ(ztest) = ktest

(
K + Iσ2

n

)−1
y,

Σ(ztest) = ktest − k
(
K + Iσ2

n

)−1
k⊺,

(7)

where I is the p× p identity matrix.
2) GPR for SSWMR Modeling
The discretized form of Eqns. 3 & 4 can be expressed as:

x(k + 1) = f(x(k),u(k)) + g(x(k),u(k)), (8)

where, for time instant k, f = [fX , fY , fθ, fv, fω]
⊺

represents the nominal motion equations, while g =
[gX , gY , gθ, gv, gω]

⊺ = [0, 0, 0, gv, gω]
⊺ represents the dis-

turbance motion equations due to unmodeled effects, δv and
δω . Hence:

gv(k) = v(k + 1)− fv(z(k)),

gω(k) = ω(k + 1)− fω(z(k)),
(9)

with the augmented vector, z(k), defined as
[v(k), ω(k), vref (k), ωref (k)]

⊺, and v(k + 1), ω(k + 1) as
the next state ground velocities.

Using the mean and covariance estimates from Eqn. 7,
we can train two independent GPR models with in-
put vector, z(k), and respective output vectors, as de-
fined in Eqn. 9. Given robot velocities and commands,
z̄ = [v̄(k), ω̄(k), v̄ref (k), ω̄ref (k)]

⊺ yields a Gaussian dis-
tributed approximation of the effects of tire skid and slip
from the two GPs at time-step k as:

gv(k) = gv(z̄(k)) ∼ N (µv(k),Σv(k)),

gω(k) = gω(z̄(k)) ∼ N (µω(k),Σω(k)).
(10)

We show in Section III-D how the mean and covariance
values from Eqn. 10 can be propagated to the remainder of
the state-space using Sigma-Point Transforms, allowing us
to fully realize our probabilistic motion model.

C. Weighted Ensemble GPR

Since the effects of δv and δω are terrain-dependent, GP
hyperparameters trained under a single operating condition
will lead to sub-optimal performance in a multi-terrain set-
ting. Similar to [22], we utilize the history of robot motions
to compute a weighted sum of the distributions in Eqn. 10.
Therefore, approximations of skid and slip at time instant
k are produced for an ensemble of GPs trained over M
different terrains using:

[gv(k), gω(k)]
⊺ ∼ N

(
M∑
i=1

wiµi(k),

M∑
i=1

w2
iΣi(k)

)
. (11)
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Here, µi(k) ∈ R2 and Σi(k) ∈ R2×2 represent the output
mean and covariance estimates of a GP for terrain i, and
wi∈ R is the weight associated with that output.

In order to compute the optimal set of weights w∗ =
[w∗

1 , . . . , w
∗
M ]⊺ ∈ RM at each iteration k, we compare the

predicted means with measured ground truth velocities from
all GPs over a trajectory history of length K. The resultant
optimization problem has the following form:

argmin
w

||Yv − Fvw||22 + ||Yω − Fωw||22 + α||w −w∗
k−1||1

s.t. 0 ≤ wi ≤ 1,

M∑
i=1

wi = 1, (12)

where Yv ∈ RK and Yω ∈ RK represent ground truth
velocities at each past time step, while Fv∈RK×M and Fω∈
RK×M represent the corresponding GP mean predictions.
The L1 term in Eqn. 12 penalizes deviations in the optimal
weight estimates, w∗, from the previous solutions, w∗

k−1.
Using these optimal weights, w∗, a convex combination of
the outputs from all M GPs best represents the terrain that
the robot is currently navigating.

D. Uncertainty Propagation

The kinematic sub state-space, q, is estimated based on
Eqn. 3 from the robot velocities. Since these velocities are
estimated probabilistically using GPR, the predicted future
states also have a stochastic distribution [30], [31].

To efficiently compute the propagated state distribution,
we make a simplifying assumption that the overall state-
space of the robot is jointly Gaussian distributed, i.e., x ∼
N (µ, Σ). Under such an assumption, Hewing et al. [27]
successfully demonstrated a miniature race car performing
high-speed autonomous loops in a realistic simulator. In this
work, we utilize Sigma-Point Transforms as a means to
estimate the predictive distribution [6]. Given the robot state
dimension, n = 5, and a scalar tuning parameter, λ, the mean
and covariance of the predictive distribution is obtained via
a weighted sum of Sigma-Point Transforms. As in [4], we
chose 4n+ 1 Sigma Points with the corresponding weights:

W0 =
λ

2n+ λ
, W1−4n+1 =

0.5

2n+ λ
(13)

In Algorithm 1, we outline the steps necessary to apply this
uncertainty propagation procedure for probabilistic motion
modeling.

IV. EXPERIMENTS AND RESULTS

In this section, we compare the performance of the proposed
GPR model against recent state-of-the-art kinematic motion
models on a real-world dataset. A video showing the model’s
performance on an SSWMR navigating a lab floor and an
artificial grass turf can also be found here: https://www.
youtube.com/watch?v=_rVy2aBp42c.

A. Benchmarking Dataset Description

As shown in Fig. 4, Rabiee et al. [16] released a bench-
mark dataset of SSWMR motion on three different terrains:

Algorithm 1 Uncertainty State Propagation
Input: Prediction horizon, N

Control sequence, u = [u(0), . . . ,u(N − 1) ]⊺

Initial state mean and covariance, µ(0) and Σ(0)

Scalar tuning parameter, λ
Sigma-Point weights, W = [W0, . . . ,W4n+1]

Output: µ = [µ(0), . . . ,µ(N)]⊺, Σ = [Σ(0), . . . ,Σ(N)]

1: for i = 0 to N − 1 do
2: µgp(i) = [0, 0, 0, µv(i), µw(i)]

⊺

3: Σgp = diag[0, 0, 0,Σv(i),Σw(i)]

4: a(i) = [µ(i), µgp(i)]
T

5: P (i) = diag(Σ(i), Σgp(i))

6: S(i) =
√
P (i)

7: for j = 0 to 4n do ▷ Sigma Points
8: cols = jth column of S(i)
9: if j = 0 then

10: Aj = a(i)

11: else if j < 2n then
12: Aj = a(i) +

√
2n+ λ cols

13: else
14: Aj = a(i)−

√
2n+ λ cols

15: end if
16: Aj = (Xj ,Mj)

17: Xnext,j = f(Xj ,u(i)) +Mj

18: end for
19: µ(i+ 1) =

∑4n+1
j=1 Wj Xnext,j

20: Σ(i+ 1) =
∑4n+1

j=1 Wj([Xnext,j − µ(i+ 1)]⊺

21: · [Xnext,j − µ(i+ 1)])

22: end for

Tile, Asphalt, and Grass for the SSWMR Clearpath Jackal.
The data comprised of commanded velocities and ground

truth robot positions generated via ORB-SLAM2 [8]. We
generated ground truth robot velocities by passing the ORB-
SLAM2 trajectories through a first-order low-pass-filter and
subsequently applying finite backward differences. As dis-
cussed in the sections above, commanded and ground truth
velocities form the basis of the GPR used in our motion
model.

B. Model Training Process

All the code for our proposed motion modeling approach
was implemented in Python. Parameters, [c1, . . . , c6]⊺ were
estimated as in Eqn. 5 using the SciPy [32] library. GP model
training and inference was performed using GPyTorch [17],
since it allows for fast variance predictions and kernel
operations [33], [34]. Based on the GP input features, we find
500 unique cluster centers using a Gaussian Mixture Model
(GMM). Data points with the shortest Euclidean distance to
each of the cluster centers are chosen as the training points
for the optimal GP hyperparameter estimation process [35].
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Fig. 3: Illustration of the optimal weight estimates for each terrain condition using ensemble Gaussian Process regression.

Fig. 4: Terrain snapshots: Asphalt, Grass, and Tile [16].

TABLE I: Mean % error in predicted position

Angular Linear

Asphalt Grass Tile Asphalt Grass Tile

EDD5 17.6 18.9 21.1 14.2 6.2 11.6
GP 5.7 5.6 10.9 5.8 5.7 5.0

C. Model Generalization

As shown in Section III-C, by combining the outputs of
different GP models in a weighted sum fashion, we are able
to apply our motion model to diverse and unseen terrain
conditions. We solve Eqn. 12 with the configuration values
of K = 10, M = 3, and a discretization of 0.1 seconds
between time-steps. The resultant optimization problem was
solved using the OSQP solver [36] with the CVXPY [37]
interface. The ensemble GP results are provided in Fig. 3.

When the robot begins its motion at time t = 0, we
warmstart the optimization problem by assigning uniform
probability to all three terrains. As the robot motion history
builds up, we see the optimizer converge to the correct terrain
in less than 100ms. It should be noted that we never converge
to the truly ideal solution of a weight of 1 for the terrain of
traversal and 0 for the rest. We attribute this to the inherently
noisy nature of a real-world dataset.

D. Benchmarking Model Accuracy

Baril et al. [12] described five popular parameterizations of
the Jacobian matrix in Eqn. 2, thereby yielding five kinematic
models: the ideal differential drive (IDD), the extended dif-

TABLE II: Mean Absolute Errors in predicted Velocity

Angular (rad/s) Linear (m/s)

Asphalt Grass Tile Asphalt Grass Tile

EDD5 0.19 0.16 0.30 0.23 0.07 0.22
GP 0.02 0.03 0.06 0.12 0.09 0.13

ferential drive with two (EDD2) and five parameters (EDD5),
the radius of curvature (ROC), and the fully linear (FL)
model. In this section, we compare the prediction accuracy of
our GP approach against these kinematic models and report
only on the best performing model (EDD5) in Tables I & II.

In order to generate the mean error results shown in
Tables I & II, we elect a 1-second prediction horizon and
discretize it into N time-steps. We predict the state of
the robot, x(k + N)pred, for a sequence of commands,
u = [u(0), . . . ,u(N − 1)]⊺, using both the GP-based and
EED5 motion models. Given the ground truth robot state,
x(k+N)gt, estimated via ORB-SLAM2, the prediction error
is defined as:

e(k +N) = x(k +N)pred − x(k +N)gt.

For each terrain, we compute errors over thousands of
1-second trajectories obtained by performing a moving hori-
zon sweep across their respective datasets. Furthermore, in
Table I, the positional errors are normalized based on the
displacement at the end of the horizon.

We observe that the GP-based motion model performs
significantly better than the EDD5 model in terms of both
rotational and translational errors. Kinematic models being
inherently linear are unable to accurately capture the non-
linear effects of tire slip and skid. The GP dynamic model
in contrast, reasons over wheel-ground contact interactions
explicitly by learning the effects of unmodeled tire forces,
δv and δω . The dynamic effects of robot accelerations
are thus better captured by the proposed model leading to
improvements in predictive performance.

E. Probabilistic State Estimation

As shown in Section III, we predict the effects of tire
skid and slip on the robot velocities using GPR. Under the
assumption of the robot state-space x being jointly Gaussian,

12603



0 2 4 6

x (m)

0

1

2

3

4

y
(m

)

Monte Carlo

± 3-σ of Prediction

Mean-Sigma

(a) Sigma-Point Transform

−0.6 −0.4 −0.2 0.0
x (m)

0.0

0.5

1.0

1.5

y
(m

)

Monte Carlo

± 3-σ of Prediction

Mean-Taylor

(b) Taylor Series Expansion

Fig. 5: Uncertainty state propagation for two robot trajecto-
ries via linear (bottom) and non-linear (top) methods.

we approximated the distribution of robot kinematics q from
GP variance in Algorithm 1. In this section, we validate the
accuracy of that assumption.

Fig. 5 shows the evolution of the distribution of robot po-
sitions for two random trajectories using non-linear (Sigma-
Point Transforms) and linear (Taylor Series Expansion)
methods. At each time step, predictions of next state ve-
locities are made using the GP-based motion model. The
resultant Gaussian distributed robot positions are obtained
via Algorithm 1 in Section III-D. The true distribution is
approximated via 250 Monte-Carlo samples, indicated in red.
As the prediction horizon becomes larger, we observe an
increase in the uncertainty surrounding position estimates, as
evidenced by the 3−σ ellipse size. Despite this uncertainty,
the Monte-Carlo trajectories are completely contained within
the ellipses. In turn, we conclude that for relatively small
prediction horizons, the Gaussian distribution obtained from
the Sigma-Point Transforms closely approximates the true
distribution of the robot’s position trajectory.

F. Evaluating Tire Slip Estimation

In Eqn. 1, the tire slip ratio and slip angle are described
as a nonlinear function of wheel velocities. Baril et al. [12]
analyzed motion prediction errors for different kinematic
models. Their key observation was that when turning at high
linear velocities, kinematic motion models see a spike in
angular motion prediction errors. Brach et al. [7] attributed
this effect to increased tire slip at high operational velocities.
We investigate this in Fig. 6 for the Asphalt terrain. It must
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Fig. 6: Prediction error based on commanded velocities.

be noted that similar trends were observed for the Grass and
Tile terrain.

Our findings demonstrate that the GP-based model is
generally more accurate in its prediction of angular velocity
profiles. The dark yellow patches in Fig. 6(b) are more
evident for the kinematic model, suggesting the difference
between commanded wheel velocities is higher. Side-slip is
a measure of the misalignment between vehicle orientation
and trajectory. As shown in [38], extreme turning motions
are prone to higher magnitudes of side-slip. In contrast to the
GP-based model, the kinematic models in [12] were unable
to accurately capture these effects leading to higher angular
prediction error. This reinforces our choice of using GPR as
an effective tool for robot system identification.

V. CONCLUSION

In this paper, we introduced a probabilistic motion model
for SSWMRs to estimate the effects of tire-slip and skid
on predicted robot poses. Experimental results on a real-
world dataset provided insight into our model’s significant
improvements in performance over conventional kinematic
motion models for both linear and angular velocity predic-
tion. Additionally, we presented an approach involving an
ensemble of GPs to generalize our motion model’s applica-
bility to previously unseen terrain conditions.

A limitation of the presented work is that the compu-
tational complexity of the GPR inference step scales with
the number of terrains. To mitigate this, we plan to explore
additional acceleration methods for GP kernel operations on
a GPU. Furthermore, we intend to incorporate our probabilis-
tic motion model into the sampling-based Stochastic MPC
framework introduced in our prior work [39].
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