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Abstract— With the rapid development of autonomous driv-
ing systems, 3D object detection based on Bird’s Eye View
(BEV) in road scenes has witnessed great progress over the
past few years. As a road scene exhibits a part-whole hier-
archy between the within objects and the scene itself, simple
parts (e.g., roads, lane lines, vehicles and pedestrians) can be
assembled into progressively more complex shapes to form
a BEV representation of the whole road scene. Therefore,
a BEV often has multiple levels of freedom on motion, i.e.,
the rotation and the moving shift of the whole BEV, and the
random movements of objects (e.g., pedestrians and vehicles)
inside the BEV. However, most of the current single-sensor or
multi-sensor fusion-based BEV object detection methods have
not yet taken into account capturing such multi-level motion
in a BEV. To address this problem, we propose a product
group equivariant object detection network framework that
is equivariant with respect to multiple levels of symmetry
groups based on multi-sensor fusion. The proposed framework
extracts local equivariant features of objects in point clouds,
while global equivariant features are extracted in both point
clouds and images. Furthermore, the network learns diverse
rotation-equivariant features and mitigates a significant amount
of detection errors caused by rotations of BEV and objects
inside a BEV, thereby further enhancing the performance of
object detection. The experiment results show that the network
architecture significantly improves object detection on mAP
and NDS, respectively. In addition, in order to demonstrate
the effectiveness of the proposed local-multi-global equivariant
components, we conduct sufficient ablation experiments. The
results show that the individual components are indispensable
for the object detection performance improvement of the overall
network architecture.

I. INTRODUCTION
3D object detection [1] is an essential task performed by

perception systems of autonomous driving vehicles, which
have witnessed continuous advancements in recent years,
particularly in terms of network architecture and detection
precision [2], [3]. Notably, Bird’s Eye View (BEV)-based 3D
object detection has further achieved even better performance
[4]. The perception system utilizes on-board vehicle sensors
to capture information about the surrounding environment,
and multi-sensors [5] can significantly improve the efficiency
of environmental perception tasks compared to relying solely
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on a single sensor. Recently, Liu et al. [6] and Liang et al.
[7] unify the multi-modal information into a consistent form
for feature fusion. In their approach, the BEV features are
generated from the point cloud encoded by Voxel Feature
Encoding(VFE) [8], which effectively preserves the geomet-
ric information. Furthermore, they utilize the images and
projecting them as BEV through explicit depth estimation [9]
and then fuse them directly with the point cloud BEV repre-
sentation, thereby retaining both geometric priors and dense
semantic information. Consequently, multi-sensor network
architectures based on BEV fusion have gained popularity.

However, in real-world road scenarios, the freedom of
BEV representations has a significant impact on environ-
mental perception, where the freedom of the whole BEV is
influenced by factors like the camera and LiDAR, while the
freedom of objects inside the BEV encompasses rotation and
translation. Therefore, the BEV tends to have multiple levels
of freedom on the motion, i.e., the rotation and translation of
the whole BEV, and the random movements of the objects
inside the BEV (e.g., pedestrians and vehicles). Based on this
concept, the whole BEV and the BEV interior constitute a
local-global hierarchy and exhibit an inherent compositional
nature. Most of the current multi-sensor fusion-based BEV
object detection methods have not yet considered capturing
the local-global hierarchy of BEV, i.e., the multiple motion
freedom levels in BEV.

To solve the above problem, in this paper, we con-
struct a multi-sensor fusion-based product group equivariant
network, which decouples the freedom within BEV and
the global BEV representations and realizes the rotation-
equivariance of the network itself. Specifically, we con-
struct a network to realize the extraction of product group
equivariant features based on the fusion of camera and
LiDAR, namely, Product group Equivariant BEV object
detection Network (ProEqBEVNet). Specifically, we first
perform rotation-equivariant processing on the local object
of the point cloud to realize the local equivariant of the
global scene, and design the voxel distance coding to further
extract the local geometric features. Furthermore, we sepa-
rately extract the global rotation-equivariant feature of the
point cloud and image to construct the product-equivariant
relationship. By constructing a local-multi-global equivariant
BEV object detection network through multi-sensor fusion,
we successfully extract rich rotation-equivariant features.
This enhancement significantly improves the object detection
performance of the network. The experiment results show
that the performance of object detection is improved by
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Fig. 1. The overall framework of ProEqBEVNet. The product group equivariance consists of the image BEV global rotation-equivariance, a voxel local
rotation-equivariance, and a voxel BEV global rotation-equivariance.

capturing equivariant features in multiple motion freedom
levels.

Moreover, our experimental results on the challenging au-
tonomous driving public dataset nuScenes [10] demonstrate
the effectiveness of ProEqBEVNet. It achieves an impressive
average precision of 69.4% and a nuScenes detection score
of 72.0. These results underscore the network’s ability to
maintain rotation-equivariance and its superior object de-
tection performance compared to current mainstream object
detection methods and architectures.

Our main contributions are listed below:
• Leveraging the inherent local-global equivariant hierar-

chy within the BEV representations of real road scenes
and drawing upon equivariance theory, we introduce
a novel product-equivariant network. This network not
only achieves rotation-equivariance within its architec-
ture but also comprehensively considers the multi-level
motion relationships within BEV.

• We extract the local rotation-equivariant features of
point cloud by encoding voxels and the voxel dis-
tance features among them, which helps to enhence the
lcoal geometric features of surrounding objects in road
scenes.

• In order to demonstrate the effectiveness of the pro-
posed network architecture, we conduct comprehensive
experiments on the nuScenes validation dataset. ProE-
qBEVNet achieves excellent performance compared to
other mainstream network architectures.

II. RELATED WORK
A. BEV-based 3D Object Detection

The point cloud provided by LiDAR is a natural 3D space
with accurate geometric information, and the accurate BEV
can be obtained by utilizing the natural properties of the
point cloud [11], [12]. However, the irregularity, sparsity
and disorder of the raw point cloud render it difficult to
be utilized directly. To facilitate the further processing of
point cloud information, Zhou et al. [13] processed the raw
point cloud into regular voxels, which can be directly used

for 3D convolution and can be directly encoded into BEV.
Unlike voxels, which are divided into three dimensions, Lang
et al. [14] proposed PointPillars, which divides the point
cloud into point pillars, which can be converted into BEV,
and the method greatly improves the speed of the point
cloud processing. However, it loses part of the information
compared to the voxels.

Different from point clouds, 2D images can not provide
3D spatial information directly, which makes it difficult
to generate accurate BEV. However, converting images to
the BEV can greatly facilitate 3D object detection and can
greatly alleviate the occlusion problem of object detection
in the front view perspective [4]. The performance of object
detection depends on the quality of BEV generation. Mallot
et al. [15] proposed IPM, which directly uses internal and
external parameters to convert BEV, provided all objects are
on the plane. However, bumps can seriously affect the quality
of BEV generation and cause distortion. LSS [9] avoided
the weakness of IPM and generated BEV by depth predic-
tion with powerful prior knowledge and obtained relatively
accurate BEV. Huang et al. [16] proposed BEVDet, which
follows the BEV generation paradigm of LSS and designs
a camera-only BEV framework for 3D object detection. Li
et al. [17] proposed BEVDepth, which introduces LiDAR’s
depth information to supervise the camera’s depth prediction
in the training stage, and the obtained depth information has
higher accuracy. Different from BEVDepth, Huang et al. [18]
introduced time as an information complement to connect the
BEV of the previous moment with the current moment.

In addition, there are still other methods to generate the
BEV without depth prediction, Lu et al. [19] utilized the
MLP strategy to generate the BEV, which utilized a fixed
matrix to transform the front view, which is only suitable
for converting a single image. The BEV generated based on
MLP strategy relies only on the fixed matrix and cannot rely
on the input image for inference. In contrast, the following
methods are different in that they utilize the input image
for inference and are more suited for BEV generation.
BEVFormer [20] considered the relationship between the
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historical BEV and the current BEV using temporal self-
attention and spatial self-attention to generate BEV features.

B. Group Equivariant Network

The convolution operation in the traditional Convolutional
Neural Network (CNN) has translation-equivariance but not
rotation-equivariance. Incorporating rotation-equivariance
can improve the expressive ability of the model.

Group equivariant network is an equivariant network that
uses group equivariant convolution to extract features with
specific group properties. Cohen et al. [21] first proposed
the group equivariant CNN, which lifted the traditional
convolution to group with group properties. It was experi-
mentally demonstrated that the group equivariant CNN has
a higher degree of weight sharing and improves the network’s
performance without significantly increasing the number of
network parameters.

Thomas and Smidt et al. [22] proposed Tensor Field
Network (TFN) to realize the rotation and translation equiv-
ariance in 3D format. Esteves et al. [23] utilized the spherical
function to model 3D data and introduced the equivariant
convolutional network to process the spherical function out-
put data. Compared to TFN, B. Fuchs et al. [24] introduced
attention mechanism [25] instead of convolution to construct
SE(3)-transformer equivariant attention network.

Despite the rapid progress in the study of group equivariant
networks, their application in 3D object detection and object
recognition remains relatively rare, and substantial chal-
lenges persist. Wang et al. [26] have taken a noteworthy step
by incorporating equivariance as additional prior knowledge
into networks during continuous learning [27]. This approach
helps mitigate the sharp increase in task complexity that can
result from point cloud augmentation. However, leveraging
rotation-equivariance [28] to address the complexities of 3D
object detection within multi-sensor fusion networks, espe-
cially when dealing with diverse data modalities, continues
to pose a significant challenge.

III. THE PROPOSED METHOD

A. Preliminary

Traditional CNN generally has only translational equiv-
ariant property, which means that it does not perform well
in processing rotational orientation information. To realize
the convolution operation to process rotational orientation
information, Cohen et al. [21] introduced the concept of
symmetric group p4. It realizes the rotation-equivariance of
the convolution by lifting the input image to the symmetric
group p4 to have the group property. The process can be
represented by the following equation:

[f ? ψ](g) =
∑
x∈Z2

∑
k

fk(x)ψk
(
g−1x

)
(1)

where f is the image feature, ? represents the convolution
operation, ψ is the convolution kernel, which exists on the
plane Z2. g represents the p4 transform, x is the image
feature point, and k is the number of channels. The obtained
image has specific properties of the symmetry group p4 and

the convolution operation is performed on the symmetry
group p4. This process can be defined as:

[f ? ψ](g) =
∑
h∈G

∑
k

fk(h)ψk
(
g−1h

)
(2)

where h is the image feature point on the group. Then, the
output image features obtain both the translational equivari-
ance and rotational equivariance.

Similarly, 3D data is subject to rotation transformations
using the 3D rotation group SO(3). This transformation is
based on the work [22],[23],[24]. Hence, there are specific
equivariant condition as follows[22]:

F ◦ Pσ = Pσ ◦ F (3)

where F is a function, ◦ denotes the composite operation of
the function, and Pσ (~ra, xa) :=

(
~rσ(a), xσ(a)

)
, and σ(a) is

the indexed point.
Furthermore, the rotational equivariant condition is:

F ◦
[
R(g)⊕DX (g)

]
=
[
R(g)⊕DY(g)

]
◦ F (4)

where Dx represents the SO(3) representation in the vector
space X , and Dy is its counterpart in vector space Y . ⊕
denotes the concatenate, R(g) represents g ∈ SO(3) acting
on ~ra ∈ R3.

B. Product Group Equivariance

Taking into account the complexity of real road scenes,
characterized by varying hierarchical equivariant relation-
ships, each hierarchy requiring its unique equivariant feature
extraction method, we have developed the ProEqBEVNet
model. Its formal representation can be articulated as follows:

[[(PL × PG) ⊆ P]× (IG ⊆ P)] ⊆ NEq (5)

where PL denotes voxel local equivariance, × represents
the product, PG signifies voxel global equivariance and is
a subset of point cloud equivariance P , while IG represents
image global equivariance and is a part of image equivari-
ance P . By combining these equivariance components, we
establish product group equivariance. The network architec-
ture exhibits local-multi-global equivariance, as illustrated in
Figure 1 (Fig. 1).

C. Voxel Local Equivariance

Traditional voxel encoding and its variants have only
translation-equivariance and lack rotation-equivariance [29].
To address this issue, we modify the voxel encoder and
achieve the equivariance of the local point cloud, thereby
extending local object-level equivariance within a BEV to
the global scene.

To realize the local equivariant encoding of the point
cloud, inspired by the work [29], [30], we utilize the rotation
group SO(3) to act on the voxels, which captures the local
information of the point cloud.

V
′
(p) = [V(p)⊕DX (p)] (6)

Hence, pair-wise relationships are constructed to capture
the Euclidean distances between points within the voxel.
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Then, the pair-wise point distances are added as symmetric
geometry feature information to the voxel encoding channels.
Based on this process, the point-to-point relationship inside
the voxel is strictly kept relative to each other, and we
consider that it satisfies the local rotation-equivariant con-
dition. The mathematical proof is shown as follows. Given
that the original point cloud: P = p1, p2, . . . , pN , where
pi = (xi, yi, zi, ri, ni), (xi, yi, zi) is the 3D coordinate of the
point, (ri, ni) is the feature information of the point. After
voxel encoding the voxel feature representation is obtained as
V = v1, v2, . . . , vM , where vi is the i voxel feature represen-
tation, the relative Euclidean distance feature of each point
inside the voxel is fdis(p) = ‖pi − pj‖ , i = 1, 2, . . . , N ; j =
1, 2, . . . , N . Next, there exists R for the rotation transforma-
tion operator, and the local rotation-equivariant R(p) acts
on the original point cloud to obtain the voxel V ′

(p). We
have f

′

dis(p) =
∥∥∥p′

i − p
′

j

∥∥∥ , i = 1, 2, . . . , N ; j = 1, 2, . . . , N .
Since the distance between the points is strictly invariant,
rotation-transformation is performed on the points inside the
voxel, which satisfy the local rotation-equivariant condition,
i.e: fdis(p) = f

′

dis(p).

Fig. 2. Voxel Global Rotation-Equivariant Lifting. Where ? represent the
convolution operation.

D. Voxel Global Equivariance

Further, to extract the global rotation-equivariant features
in the point cloud global scene, we combine the equivariance
concept to improve SECOND [8] and FPN [31] to construct
the voxel global rotation-equivariant.

To realize global rotation-equivariant, the output features
of sparse coding are lifted to group and shown in Fig. 2.
According to eq. (1), where lifting can be expressed in
mathematical form as:

[fvoxel ? ψ](gc2) =
∑
xp∈Z2

∑
k

fvoxelk(xp)ψk
(
g−1c2 xp

)
(7)

where fvoxel represents the result of voxel encoding after
the local otation-equivariant and xp is the BEV feature point.
we utilize the cyclic group c2 as a rotation-transformation
operator in the voxel global equivariance. Then, to extract
multi-scale features, we perform multiple convolutions on
the group, namely, multi-scale group convolution, as shown

Fig. 3. Voxel Multi-scale Global Rotation-Equivariance

in Fig. 3. According to Eq. (2), the group convolution at this
time can be expressed mathematically as:

[fgroup ? ψ](gc2) =
∑
h∈G

∑
k

fgroupk(h)ψk
(
g−1c2 h

)
(8)

where fgroup represents the multi-scale features on the cyclic
group c2.

To process multi-scale feature information with multiple
directions, we combine the concept of equivariance to im-
prove the FPN network, and thus perform the deconvolution
operation on multi-scale information with multiple direc-
tions, as shown in Fig. 3. The above strategy further improves
the ability of the network to learn features with different
directions and scales.

E. Image Global Equivariance

Since the nuScenes dataset [10] is captured by six cameras
at a fixed angle, rotation-equivariant at arbitrary angles
cannot be realized in the similar way as point clouds.
Therefore, we introduce the cyclic group c2 to capture
global rotation-equivariant information for scenes with large
angles. The strategy allows us to synthesize the information
from multiple cameras and process the global information
of the whole scene more comprehensively and efficiently,
thus extracting the global rotation-equivariant features of the
camera BEV.
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TABLE I
COMPARISON WITH OTHER METHODS (MAP(%) AND NDS) ON NUSCENES VALIDATION SET.

Per-class Metric
Method Modality Car Truck Bus Trailer C.V. Ped. Motor. Bicycle T.C. Barrier mAP↑ NDS↑

SECOND[8] L 81.6 51.9 68.5 38.2 18.0 77.4 40.1 18.2 56.9 57.8 50.9 62.0
HotSpotNet[32] L 84.0 56.2 67.4 38.0 20.7 82.6 66.2 49.7 65.8 64.3 59.5 66.0

UVTR-L[33] L 85.2 52.8 68.8 41.3 24.4 83.5 69.7 53.6 67.3 62.0 60.9 67.7
ProEqBEVNet-L(our) L 86.6 61.6 74.5 42.9 21.8 87.1 71.0 55.8 76.4 69.1 64.7 69.7

3D CVF[34] L+C 83.0 45.0 48.8 49.6 15.9 74.2 51.2 30.4 62.9 65.9 52.7 62.3
FUTR3D[35] L+C 86.3 61.5 71.9 42.1 26.0 82.6 73.6 63.3 70.1 64.4 64.2 68.0
UVTR-M[33] L+C 87.2 60.7 71.3 41.1 27.7 85.1 74.1 66.6 73.4 66.4 65.4 70.2

MVP[36] L+C 86.8 58.5 67.4 57.3 26.1 89.1 70.0 49.3 85.0 74.8 66.4 70.2
PointAugmenting[37] L+C 87.5 57.3 65.2 60.7 28.0 87.9 74.3 50.9 83.6 72.6 66.8 71.0
ProEqBEVNet-M(our) L+C 89.0 66.7 78.1 45.6 27.7 88.8 78.5 65.8 81.9 71.5 69.4 72.0
Class name abbreviations: Construction Vehicle (C.V.), Pedestrian (Ped.), Motorcycle(Motor.), Traffic Cone (T.C.), Camera (C), LiDAR (L).

Fig. 4. Image Global Rotation-Equivariance

To realize the fusion of images and point clouds on BEV,
we follow the classical work on BEV-based fusion [6], [7].
Specifically, we chose to use DB-Swin-Transformer [38] as
the backbone network for the images and FPN [31] as the
neck network to extract multi-scale features. Meanwhile, the
LLS network [9] is utilized to encode the original multi-
views into BEV. To introduce global rotation-equivariant
into the BEV encoding and provide richer global rotation-
equivariant information of the image to the network, we
try to use the multi-scale rotation-equivariant convolution
operation, and this process is shown in Fig. 4. According to
(1), the multi-scale image feature maps are lifted into groups
and the process can be expressed as:

[fcambev ? ψ](gc2) =
∑
xc∈Z2

∑
k

fcambevk(xc)ψk
(
g−1c2 xc

)
(9)

where fcambev represents image BEV feature and xc is image
feature point. In order to alignment with the point cloud
BEV features, the BEV features with multiple orientations
are fused in the channel dimension.

F. Object Detection Head

To adequately capture multi-level degree-of-freedom ob-
ject information in autonomous driving scenes, efficient

object detection head is required to detect fused feature infor-
mation with rotation-equivariant. meanwhile, following the
classical work on BEVFusion [6],[7], we utilize transfusion
head [39] as the final object detection head.

IV. EXPERIMENT AND RESULT ANALYSIS

Most of datasets cannot directly provide BEV information
of the real road scenes, while BEV generation requires full
around-vehicle view. The public dataset nuScenes [10] pro-
vides the complete scene information around the vehicle with
6 cameras, which becomes one of the popular public datasets
for BEV generation. Moreover, the dataset collects vehicles
equipped with one 32-line LiDAR and five millimeter-wave
radars as well as IMU. In object detection, it supports
the object detection of 10 classes, e.g., cars, trucks, and
bicycles. And there are the following types of evaluation
metrics: Average Precision (AP), Average Translation Error
(ATE), Average Scale Error (ASE), Average Orientation
Error (AOE), Average Velocity Error (AVE), and Average
Attribute Error (AAE). In addition, the nuScenes dataset
presents the nuScenes Detection Score (NDS), which is
calculated using the above six categories.

A. Experiment Setup

Our proposed method is trained and evaluated on the
nuScenes validation set and focuses on two metrics: mAP
and NDS.

In order to obtain more stable fusion performance, we
perform rotation-equivariant pre-training on the camera BEV
and the LiDAR BEV, where the camera BEV is trained 20
epochs, select the AdamW optimizer [40], the learning rate is
set to 0.00001, the weight decay is set to 0.05. And the lidar
BEV is pre-trained using the AdamW optimizer with 0.0001
learning rate, the weight decay is set to 0.01, and the range of
the point cloud is set to [−54.0,−54.0,−5.0, 54.0, 54.0, 3.0]
and the voxel size is set to [0.075, 0.075, 0.2]. Further-
more, CBGS [41] is utilized for class-balanced grouping
and sampling augmentation, and fade strategy [37] is used
for point cloud training. Then, we train the fused global
rotation-equivariant network of images and point clouds for
10 epochs, using the AdamW optimizer with learning rate
set to 0.0001 and decay weight of 0.05. Furthermore, utilize
Global-RotScaleTransBEV [6] and RandomFlip3DBEV [6]
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for data augmentation, and finally inherit the pretrained
weights with rotation-equivariance.

B. Experiment Results and Analysis

We will show the experiment results of our network
framework on the nuScenes validation set and compare it
with mainstream object detection frameworks. The results
are shown in Table I. Compared with other mainstream
methods, ProEqBEVNet has better results. Furthermore, we
show the detection result using local-multi-global equivariant
in Fig. 5, and ProEqBEVNet significantly reduces object
leakage compared to the detection results without multi-level
equivariant.

From the table, it can be found that ProEqBEVNet
achieves 69.4% on mAP and 72.0 on NDS. The ProE-
qBEVNet achieves better results on Car, Truck, Bus and
Motorcycle class compared to other mainstream methods.
While in other classes besides Trailer, AP is close to other
advanced methods, and we believe it benefits from local and
global rotation-equivariant feature extraction to extract multi-
level degree-of-freedom information, which improves the
overall performance. Meanwhile, the product group equiv-
ariant network with only LiDAR as input has improved its
whole performance due to the local-global equivariant feature
extraction from the point cloud and has obtained the best AP
in most class.

TABLE II
ABLATION EXPERIMENTS ON THE NUSCENES VALIDATION SET

Experiments LoEq GloEq mAP NDS
1 % % 68.3 70.9
2 ! % 69.0 71.3
3 % ! 68.9 71.7
4 ! ! 69.4 72.0

Local-equivariance(LoEq), Global-Equivariance(GloEq)

C. Ablation Experiments

To demonstrate the effectiveness of the local equivariant
and multi-global equivariant components of our proposed
network architecture, we conducted several ablation exper-
iments on the nuScenes validation set, and the experiment
results are shown in Table II.

We perform ablation experiments based on a local-global
hierarchy to validate the effectiveness of local and global
equivariance on the network, respectively. Specifically, ProE-
qBEVNet achieves a significant improvement of 1.1% and
1.1 in both mAP and NDS compared to the baselines. In
Experiments 2 and 3, the performance improvement of local
and global equivariance on the overall network is verified,
respectively. Particularly, the global equivariance has more
significant NDS compared to the local equivariance. In addi-
tion, the product group equivariance consisting of local and
global equivariance has a better performance enhancement
for the network compared to the single equivariance.

(a) Road scene 1: Objects with lateral occlusion.

(b) Road scene 2: Objects with sequential occlusion.

(c) Road scene 3: Objects with dispersed distribution.

Fig. 5. Comparisons of object detection results w/o ProEqBEVNet in
sample road scenes. The left figure shows the results of using local-multi-
global equivariant, and the right figure shows the results without using the
proposed method.

V. CONCLUSIONS

In this paper, leveraging insights from the hierarchical
structure of local-global relationships in BEV representations
for real-world road scenarios, and the multiple levels of
freedom inherent in BEV, we propose a product group equiv-
ariant 3D object detection network architecture. The network
extracts rich point cloud local rotation-equivariant features by
constructing local rotation-equivariant, and further realizes
the fusion of point cloud and image global equivariant on
BEV. We realize the rotation-equivariant of the network
architecture itself in the above way and achieve excellent
experiment results on the nuScenes dataset. In addition, we
further demonstrate the effectiveness of the local and multi-
global equivariant components through ablation experiments.

Although our network architecture initially realizes multi-
sensor based local-multi-global equivariant, there are still
many factors that we have not taken into account. In the
future, we will continue to explore the problems and consider
more complex rotation scenes to develop a more efficient
equivariant object detection network.
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