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Abstract— This work presents a camera model for refractive
media such as water and its application in underwater visual-
inertial odometry. The model is self-calibrating in real-time and
is free of known correspondences or calibration targets. It is
separable as a distortion model (dependent on refractive index
n and radial pixel coordinate) and a virtual pinhole model
(as a function of n). We derive the self-calibration formulation
leveraging epipolar constraints to estimate the refractive index
and subsequently correct for distortion. Through experimental
studies using an underwater robot integrating cameras and
inertial sensing, the model is validated regarding the accurate
estimation of the refractive index and its benefits for robust
odometry estimation in an extended envelope of conditions.
Lastly, we show the transition between media and the estimation
of the varying refractive index online, thus allowing computer
vision tasks across refractive media.

I. INTRODUCTION

Underwater robots have found application across a grow-
ing range of application domains including environmental
monitoring [1, 2], search and rescue [3] and industrial inspec-
tion [4]. When operating autonomously, underwater systems
tend to employ a diverse set of specialized sensors [5]
including (3D) sonars, acoustic sensors, doppler velocity
log (DVL) devices and Inertial Measurement Units (IMUs),
while vision cameras are typically further assisting the task of
the robot without, however, being the prime sensor to support
key autonomy tasks such as localization [6–9]. Although
exceptions exist, the above reality is driven by the fact
that when navigating through open-ended waters without
structures in close proximity, visual data informativeness
is bound to degrade significantly. However, the increasing
need to inspect underwater structures and other cluttered
environments (e.g., submerged oil & gas facilities, fish farms,
kelp forests, underwater caves) stimulates an increasing focus
on vision-driven underwater systems [4, 10–14]. The low-
cost of vision-based solutions further strengthens this trend.

Motivated by the above, research has focused on applying
visual- and Visual-Inertial Odometry (VIO) methods in the
underwater domain [10, 11, 15]. A common practice among
such efforts is the calibration of the camera/IMU system
directly underwater [10, 11, 14], a decision driven by the
effect of key phenomena such as the refraction of light in
water with the refractive index itself depending on factors
such as water salinity, pressure and more. Driven by this ob-
servation and aiming to enable the more seamless utilization
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Fig. 1. Instance of one of the experiments involving the proposed
self-calibrating refractive camera model, alongside assessing its effect in
enabling robust visual-inertial odometry estimation underwater. The method
enables the use of cameras and camera-IMU systems in refractive media,
while being calibrated conventionally in the air.

of underwater vision, this work first contributes a new self-
calibrating camera model for refractive media that allows
cameras to be calibrated through conventional methods in
air and then have an updated camera model that accounts
for refraction to be estimated online in the refractive media.
The approach not only allows the use of cameras calibrated
outside of water, but it also allows adjustment to variations
in the refractive index due to physical and environmental
conditions during a robot deployment. Second, provided this
adaptive camera model, its integration with a state-of-the-
art VIO method allows it to demonstrate superior perfor-
mance as compared to approaches that employ underwater-
calibrated conventional camera models that do not encode
the key effects of refractive geometry. Third, the proposed
contributions are thoroughly verified in experimental studies
where the refractive index is accurately estimated online thus
updating the camera model used in VIO and consequently
leading to accurate pose estimation. An extensive dataset is
collected to support this study and involves an ROV with a
time-synced 5-camera/IMU set-up swimming in a laboratory
pool as in Figure 1. The data are openly released.

In the remaining paper, Section II presents related work,
followed by the proposed camera in Section III and its
integration with underwater visual-inertial odometry in Sec-
tion IV. Evaluation studies are detailed in Section V, while
conclusions are drawn in Section VI.

II. RELATED WORK

This work relates to the domain of adaptive camera model-
ing for underwater operations, alongside the area of underwa-
ter VIO. Considering the common case that a conventional
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pinhole camera is observing through a flat window under-
water, the work in [16] introduced a plate refractive camera
model that includes a pixel-wise variable viewpoint pinhole
camera model, the caustic surface for detailing the spatial
distribution and viewing directions of various viewpoints, a
calibration process that does not require plate removal, and
further detailed refraction-based triangulation. The authors
in [17] focus on non-single viewpoint (non-SVP) camera
systems and introduce a physics-based model to improve
accuracy. The contribution in [18] considers perspective and
non-perspective camera models for underwater vision and
outlines the limitations of applying the conventional per-
spective pinhole camera model in such operations. Focusing
on estimation, the effort in [19] addresses the absolute
pose estimation problem for a camera observing through a
known refractive plane, while highlighting the complexities
introduced by Snell’s law ambiguities. The works in [20, 21]
further build formulations for pose estimation in refractive
media. Aiming for robust underwater VIO, the work in [11]
utilizes a new underwater image rectification method that
separately eliminates water-air refraction distortion and lens
distortion using an approximate SVP model. The model is
calibrated using underwater camera data, while the presented
VIO method demonstrates good performance. Focusing on
self-calibration, the work in [22] offers a camera-IMU cali-
bration model allowing intrinsic and extrinsic parameters of
a monocular set-up to be estimated inside the water with the
camera facing a calibration target. Focusing on fiducial-based
localization underwater, the authors in [23] explicitly con-
sider a refractive camera model to improve accuracy. Most
commonly, state-of-the-art works in underwater VIO employ
the practice of calibrating their sensor set-ups underwater,
either on shallow water and then used elsewhere or even
directly in the area of interest [10, 11, 14, 15, 24]. Retaining
vision as the sole exteroceptive modality, the authors in [25]
further fuse pressure data in a tightly-coupled manner thus
assisting VIO consistency. Compared to this body of works,
this paper first contributes a new self-calibrating camera
model that allows to depart from the conventional resource-
heavy process of calibrating a camera (included in its water-
proof casing and typically flat protective window) underwater
in the area of a particular deployment (as the refractive
index depends on factors such as salinity and pressure) and
instead seamlessly calibrate a stereo camera pair above water
(outside of its protective case) and then estimate online –
during deployment– the refractive index of the medium to
self-adjust the camera model appropriately. This contribution
is then combined with further work on tailored underwater
VIO and depth estimation.

III. SELF-CALIBRATING REFRACTIVE CAMERA MODEL

The proposed Refractive Camera Model (RCM) is tailored
to vision-based robot operations in refractive media such as
water as visualized in Figure 2. The model applies to stereo
vision systems using thin and flat transparent plate windows
as part of the proofing case of the cameras with small dis-
tances between the camera lenses and the refractive interface.

These assumptions can be ensured by sensor construction.
The contribution involves two components. First, the pro-

posed refractive camera model is formulated by incorporating
the refractive index n of a medium as a parameter. Second,
given the RCM we outline a method that allows the online
estimation of n and thus the self-calibration and adaptation
of the model through feature association on stereo pairs.

Fig. 2. Visualization of how a ray from an object at a 3D location in the
refractive medium intersects the flat interface and proceeds through the air
chamber to reach the camera lens and be captured by the sensor.

We assume that the pinhole camera model and the refrac-
tive interface have negligible separation (δw and δlw shown
in Figure 2 are small). This allows us to relate the incident
ray (from a 3D point P(X,Y, Z)) in a refractive medium
with index n which relates θµ from the optical axis, and the
corresponding refracted ray with θα from the optical axis in
the camera enclosure using Snell’s law as following:

sin θα = n sin θµ (1)

Given this, an observed point x on camera coordinates can be
related to an ideal undistorted point x/m where m = g(n, x)
a function that accounts for the distortion due to refraction as
the radial distortion factor. Further, for a given focal length
f of a pinhole camera it holds:

x/f = tan θα, x/(mf) = tan θµ (2)

Therefore, it holds that

m = tan θα/ tan θµ (3)

Let us re-write Eq. (3) using Eq. (1):

m =

√
n2 − sin2 θα

1− sin2 θα
(4)

Given, sin(θα) =
√

x̄2

1+x̄2 where x̄ = x/f . Hence

m =
√
n2x̄2 + n2 − x̄2 (5)

for a 1D camera on the plane lR. We extend this result to a
2D camera in the following subsection.
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A. Refractive Camera Model

Let K be an ideal camera matrix for a pinhole model:

K =

 fx 0 cx
0 fy cy
0 0 1

 (6)

where fx and fy are the focal length and cx, cy are the image
center coordinates. Without loss of generality, we assume the
pixel coordinate frame is shifted to the origin, hence cx = 0,
cy = 0. For the following we assume 3 coordinate frames
for the camera model, p = [p, q, 1]> an ideal pinhole camera
model for air, u = [u, v, 1]> an ideal pinhole camera model
for the refractive media, x = [x, y, 1]> the observed pixel
coordinates. We use the (̄.) notation for normalized variables,
where capital letters are normalized by Z in 3D coordinates,
while small letter variables are normalized by focal length f
in image coordinates. Considering a stereo pair, we assume
that the camera parameters, namely intrinsics and extrinsics
are known and the images are rectified in for lens distortion.
Thus, in an ideal case of no refraction, it holds p = u = x.
Then using Eq. (2),(3) the camera projection can be written
for a 3D point in the camera frame P(X,Y, Z) as: x

y
1

 =

 mfx 0 0
0 mfy 0
0 0 1

 X/Z
Y/Z

1

 (7)

Note that although this equation resembles the general
pinhole model projection, it is a nonlinear mapping due to m.
Thus, we must decouple a linear pinhole model for refractive
media and corresponding distortion model. We rewrite:

 x
y
1

 =

 1 0 0
0 1 0
0 0 n

m

 nfx 0 0
0 nfy 0
0 0 1

 X̄
Ȳ
1

 (8)

where the last two matrices represent an ideal pinhole model
in the refractive medium with index n. Therefore: u

v
1

 =

 nfx 0 0
0 nfy 0
0 0 1

 X̄
Ȳ
1

 (9)

Using the above equations we can write: x
y
1

 =

 1 0 0
0 1 0
0 0 n

m

 u
v
1

 =

 u
v
n
m

 (10)

Lastly, rearranging gives: [u, v, 1]> = [x, y, mn]> where
mn = m/n. Note that this equivalence holds in the homoge-
neous coordinates. Therefore, for a given refractive index n
the image can be un-distorted for computer vision tasks. The
following subsections describe the estimation for refractive
index for a stereo camera setup.

B. Derivation of Refractive Index for Stereo Camera Pair

Let Kl = diag(nfx,l, nfy,l, 1) and Kr =
diag(nfx,r, nfy,r, 1) be the new pinhole model for a
left camera and right camera of a stereo pair, respectively,
and R, t is the known relative pose among the two cameras.
Then the fundamental matrix for the new system can be
written as:

F = K−Tr [t]×RK−1
l (11)

Hence, the epipolar constraint can be written as
uTr Ful = 0 (where subscripts r, l represent right and
left camera respectively). Using Eq. (10) we can write
[xr, yr,mn,r]F [xl, yl,mn,l]

T
= 0.

For an ideal stereo pair the translation is t = [tx, 0, 0]T

and the rotation R = I3×3, Thus, without loss of generality,
Eq. (11) can be simplified to obtain:

[xr, yr,mn,r]

 0 0 0
0 0 −tx

nfy,r

0 tx
nfy,l

0

 [xl, yl,mn,l]
T = 0 (12)

Therefore:
ylmn,r

fy,l
=
yrmn,l

fy,r
(13)

Substituting m =
√
n2r̄2 + n2 − r̄2 (Eq. (5 but in 2D) where

r̄ =
√
x̄2 + ȳ2 we get:

n =

√
ȳ2l r̄

2
r − r̄2l ȳ2r

ȳ2l r̄
2
r + ȳ2l − r̄2l ȳ2r − ȳ2r

(14)

which in turn gives rise to the online estimation of the
refractive index n using a stereo camera.

C. Locus of a Point Correspondence

Given an observed point (xl, yl) in the left image the
locus of the corresponding point (xr, yr) can be written as
following by re-arranging Eq. (13):

yl
mn,lfy,l

=
yr

mn,rfy,r
= S = v̄l = v̄r (15)

where S is a constant. We further expand the terms using
Eq. (5) and rearrange to obtain the locus of (xr, yr) as:

h(m) = (n2 − 1)x̄2r + (n2 − 1− 1

S2
)ȳ2r + n2 = 0 (16)

which is the equation of a hyperbola, essentially, this is the
epipolar line warpped by the refractive distortion (Figure 2).

D. Refractive Index Observability

The estimation of n from Eq. 14 using (xl, yl), (xr, yr)
is affected by the uncertainty in correspondence. It will
be perfect when the matched (xr, yr) lies on h(m) corre-
sponding to the true refractive index n0. If the estimated
n is to lie in n0 ± δn (δn a small finite deviation), the
matched (xr, yr) must lie within the two h(m) passing
through (xl, yl), [h(m)−δn , h(m)δn ], and corresponding to
the refractive indices (n0 ± δn). The smaller the angle β
between the tangents to the [h(m)−δn , h(m)δn ] at (xl, yl),
the smaller the separation between them. This makes the
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n estimation more susceptible to uncertainty in correspon-
dences. For points close to the x axis, the two hyperbolae are
flat and for those close to the y axis, they are tangential to
each other resulting in large errors en = |n−n0| in estimated
n. The trend of β and en can be seen in Figure 3.i and ii
respectively. This analysis motivates for a mask to exclude
the refractive index estimation form pixels near x and y axis.

E. Online Refractive Index Estimation

Given the above background, we now detail the pipeline
of online refractive index estimation. The overall pipeline of
the proposed approach for self-calibrating refractive camera
model derivation is outlined in Figure 3. Given the stereo
image pair at a time instant t, the method first rectifies them
for lens distortion and orientation offset. Note that due to
the low-light conditions often encountered underwater the
images are first processed through Contrast Limited Adaptive
Histogram Equalization (CLAHE) [26]. Next, we extract
and match SIFT [27] feature correspondences S between
the stereo pair. Motivated by the observability analysis in
Section III-D, we employ a masking function to remove
feature from areas having low observability of n to generate
the filtered set Sf ⊂ S. In our implementation, the mask M
takes the form

√
|u|

√
|v| > ηthr (where 0 < ηthr < 1 is a

constant which was set to 0.3 in the experiments).
Next, n is estimated for all feature correspondences in

Sf using Eq. (14) and added to a buffer B containing n
values estimated from all selected features upto time t. The
final output n is calculated through a radially-weighted mean
with the weights ri being the distance of the feature from
the optical axis in the left image plane as:

n =

∑
rini∑
ri

, ∀ni ∈ B (17)

This estimated n is then used to rectify the images online
for VIO and can also be used for further vision tasks.

Fig. 3. Signal flow of the proposed approach for self-calibrating refractive
camera model estimation. The plot for the angle between the tangents of
the intersecting hyperbolae representing the observability of refractive index
and the error plot over the image allow to improve the accuracy of online
estimation (obtained from data) discussed in Sub-Section(III-D).

IV. UNDERWATER VISUAL-INERTIAL ODOMETRY

The proposed refractive camera model was combined with
a state-of-the-art visual-inertial odometry method thus lead-
ing to a solution tailored to resilient underwater localization.
Specifically, ROVIO [28] was selected to be used motivated
by its good low-light performance as evaluated in [29–31].

ROVIO combines multi-level image patch tracking with
an Extended Kalman Filter (EKF) and employs QR-
decomposition to reduce error dimensionality, ensuring com-
putational efficiency in the Kalman filter update. Although
originally ROVIO uses direct image intensity errors to de-
rive the filter innovation term, in this work the traditional
formulation of the innovation term including reprojection
calculations was utilized. ROVIO’s approach is robocentric,
estimating landmarks relative to the camera pose. This study
utilizes a stereo system and leverages cross-correlation be-
tween keypoints in both cameras. Estimated landmarks are
decomposed into a bearing vector and a depth parametriza-
tion using an inverse depth formula. The method considers
the IMU-fixed coordinate frame B, the camera-fixed frame
V , and the inertial frame W , resulting in a state vector s of
dimension l and associated covariance Σ:

s = [r q v bf bω cL cR zL zR|µ0, ....,µJ ρ0, ..., ρJ ] (18)

where r,v are the robocentric position and velocity of the
IMU expressed in B, q is the IMU attitude represented
as a map from B → W , bf ,bω are the accelerometer
and gyroscope bias expressed in B, cL, cR, zL, zR are the
translational and rotational components of the left and right
camera extrinsics against the IMU represented as maps from
B → V , µj is the bearing vector to the j-th feature expressed
in V and ρj is the associated depth parameter such that
the feature distance dj takes the form d(ρj) = 1/ρj . Note
that in this work, the extrinsics cL, cR, zL, zR are identified
offline and set to these fixed values throughout the tests. As
necessary implementation difference, ROVIO is interfaced
with the undistorted images from the RCM which is updated
online as described in Section III.

V. EVALUATION STUDIES

A set of experimental studies were conducted to evaluate
the proposed RCM and the overall approach.

A. Robot Experimental Set-up

To verify the proposed contributions, an underwater robot
was developed integrating a tightly-synchronized multi-
camera/IMU system. Specifically, the BlueROV platform was
employed onboard which a) an Alphasense Core Research
Development Kit, and b) an NVIDIA Orin compute board
were integrated. Alphasense integrates on a rigid frame with
five monochrome Sony IMX-287 global-shutter cameras with
0.4MP resolution. Each camera has a Field of View (FOV)
setting with opening angle D ×H × V = 165.4◦ × 126◦ ×
92.4◦ and a focal length of 2.4mm. The cameras are tightly-
synchronized with a Bosch BMI085 IMU using a mid-frame,
exposure-compensated approach ensuring synchronization
accuracy no worse than 100µs. The system further offers
time sync with the NVIDIA Orin via PTP. Data is transmitted
through a Gigabit Ethernet interface. Both Alphasense and
the NVIDIA board are separately waterproofed through
specialized casing and mounted onboard the BlueROV. The
Alphasense is mounted on the robot’s top with a down pitch
inclination angle of 16◦. The robot is shown in Figure 1.
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Fig. 4. Detailed results of one of the trajectories in Trajectory Group 1. The ambient lighting was set to the lowest level whereas the onboard lighting
was at the highest level. Sub-figure (a) shows a qualitative comparison between the odometry solution estimated using the proposed RCM and the baseline
ROVIO solution. The colored circles show the locations of the detected AprilTag sets. The locations of the tag-sets are shown each time that set is detected
and the error in these locations is used to measure the quality of the odometry. This and the visible skewing of the path clearly show that odometry estimated
using the proposed model is more accurate than the common approach of calibrating an otherwise conventional camera model directly underwater (which
is also more laborious). Sub-figure (b) shows pixels in the input image the features from which were used to calculate the refractive index (n) colorized
based on the error in the calculated n versus the true value for water (1.33). Finally, sub-figure (c) shows the estimated n over the duration of the mission.

B. The MC-lab Underwater Dataset

Using the described robotic system, a set of experi-
ments were conducted in the Marine Cybernetics laboratory
(MC-lab) of NTNU. MC-lab offers a water tank with dimen-
sions L×B×D = 40m×6.45m×1.5m. A set of experiments
were conducted with the robot performing different trajecto-
ries presenting varying difficulty and recording stereo camera
frames (from the front-facing cameras) and IMU.

In further detail, a total of 24 missions were collected.
These missions were classified into 4 groups with each group
having a different motion pattern as shown in Figure 5. All
missions begin with the robot being in the center of the tank
(along the length) and consist of two laps of approximately
the same motion pattern. In the trajectories in the first group,
the robot is piloted along a rectangular shape along the
walls of the tank with the camera pointing along the path.
Some visual features on the walls are always visible to the
camera. In the second group, the robot is moved in a figure-8
fashion with the camera pointing along the path. As the robot
passes through the center point of the figure-8, the number
of visual features seen by the camera reduces significantly.
The third group consists of trajectories in which the robot
predominantly stays in the center of the tank (width-wise)
as it moves along the length of the tank. The camera is
pointed along the path and only sees features on the ground
for the majority of the trajectory. Finally, in the last group,
the robot is moved along a similar path as in Group 3
but the camera orientation is perpendicular to the motion.
Three different onboard illumination levels combined with
two ambient lighting levels were tested resulting in each

trajectory in the group having a different lighting condition.
In a few selected spots, sets of AprilTags were added

such that partial “groundtruth” can be acquired to access
the robot’s motion. These tag-sets are placed such that the
robot is not observing them in the majority of any of its
missions. A total of 6 sets were placed, three were placed
at the center of the tank facing downwards and the other
three were distributed at the two ends of the tank. Figure 4
shows the location of the tag-sets as reported by the onboard
odometry solution. As each tag-set is seen at least twice,
the difference in the position between the two (or more)
detections is used as a metric to evaluate the performance
of the odometry solutions.

To enable research reproducibility and verifiability, the
derived dataset is openly released at https://github.
com/ntnu-arl/underwater-datasets.

C. Detailed Trajectory Evaluation

A trajectory belonging to the first group among the above-
mentioned categories is considered to detail the results of
estimating the refractive camera model and its beneficial
effects for robust odometry estimation. Figure 4 presents the
estimation of the refractive index as the robot navigates in
the MC-lab, the odometry results of ROVIO when equipped
with the image corrected by RCM and the “Baseline” results
of ROVIO with a conventional pinhole equidistant model
calibrated underwater. The extrinsics of camera-IMU are
identical between the two results and so holds for all other
ROVIO parameters. As shown in Figure 4, the proposed
approach rapidly converges to an accurate estimate of the re-
fractive index of water, estimated at n = 1.332082 (nominal

10009



value n = 1.33) which in turn allows for accurate estimation
of odometry. This is significantly better than the baseline
ROVIO result when the conventional camera model and cal-
ibration approach are employed. The accuracy can be verified
both a) qualitatively by observing the shape of the path (and
the developing drift in the baseline ROVIO solution) as well
as the point cloud of the MC-lab pool, reconstructed using
RAFT-Stereo [32] for disparity calculation and the odometry
estimates of our solution, and b) quantitatively based on the
odometry errors developed when the deployed AprilTags are
re-observed in the mission.

D. Collective Validation Results

The complete set of 24 experiments were processed in
a manner analogous to the one detailed above. Figure 5
presents the results of one trajectory from each of the
outlined groups, while Table I provides the mean estimate
of the refractive index for each of the trajectory groups
and the mean metric error versus the tracked AprilTags for
our solution using the self-calibrating RCM, a fixed RCM
incorporating a priori knowledge of the refractive index
n, and the baseline ROVIO solution with the conventional
camera model. As presented our approach leads to accurate
estimation of the refractive index and significantly more
accurate odometry estimation.

Fig. 5. Indicative refractive index n estimation and odometry results from
one of the trajectories of each of the groups of experiments conducted in the
MC-lab. In the first case, the odometry result using the proposed camera
model and fixed a priori information for the n is also given. As shown
the proposed approach offers significantly better results than ROVIO with
a conventional camera model, while being on par with results assuming
knowledge of the refractive index.

TABLE I
COLLECTIVE REFRACTIVE INDEX & ODOMETRY ESTIMATION RESULTS

Trajectory Group n (Estimated) Trajectory Error (m)
1.33 for water Online Fixed Baseline

1 1.3326 0.2306 0.2585 0.7751
2 1.3305 0.3798 0.3880 0.5618
3 1.3320 0.3834 0.3570 0.8248
4 1.3157 0.3668 0.3781 2.9946

E. Adaptation to Altering Media

For the case of non-smoothly varying media, the refractive
index estimation process is adjusted to utilize a sliding
window buffer Bt,t−ws

over a short horizon of length ws that
allows to obtain a quick estimation of the refractive index
when this is varying rapidly including in drastic changes
such as the cameras exiting from the water. A relevant test
was conducted where the camera system started outside the
water, was moved inside and continued in such cycles. As
shown in Figure 6 the method enabled the accurate tracking
of the refractive index changes (from n ≈ 1.0 to n =
1.33 for air and water respectively) during this challenging
experiment. Note that during medium switch, the past buffer
of correspondences and n is dropped and the buffer is then
accumulating the estimation in the new media.

Fig. 6. Refractive index estimation while switching media (from air to water
and back). The method presents robustness to this switching behavior.

VI. CONCLUSIONS

This work presented a new refractive camera model and
an approach for online estimation of the refractive index of a
medium using stereo vision. The method was applied to the
task of underwater visual-inertial odometry and demonstrated
significant benefits compared to the common practice of
laboriously calibrating cameras directly underwater. Using
underwater visual-inertial data from a robot conducting 24
trajectories, we demonstrate accurate estimation of refractive
index and robust odometry. The method further demonstrates
its performance in an experiment where the cameras are
transitioning between air and water. The contribution allows
underwater robots to be calibrated with less laborious pro-
cesses and deployed reliably across different environments
including in missions where due to change in pressure,
temperature or other factors the refractive index is varying.
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