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Martin Bensch, Tim-David Job, Tim-Lukas Habich, Thomas Seel and Moritz Schappler

Abstract— Sophisticated models can accurately describe de-
formations of continuum robots while being computationally
demanding, which limits their application. Especially when
considering sampling-based path planning, the model has to be
evaluated frequently, which can lead to substantially increased
computation times. We present a new approach to compute the
entire shape of a tendon-driven continuum robot by a physics-
informed neural network (PINN). The underlying physics is
modelled with the Cosserat rod theory and incorporated into
the PINN’s loss function. The boundary values for the training
are obtained from a reference model, solved by the shooting
method. Our approach allows for a computation of the learned
Cosserat rod model multiple orders of magnitude faster than
a publicly available reference model. The median position
deviation from the reference model lies below 1 mm (0.5% of
the simulated robot length) for each of the robot’s 20 disks.

I. INTRODUCTION

Due to their slender and compliant design, continuum
robots (CRs) are well-suited for inspection tasks in confined
spaces [1]. Therefore, path planning is needed, and since
the robot has to perform relatively slow motion, quasi-
static models are sufficient to describe the robot’s shape.
The most general approach for modelling slender tendon-
driven continuum robots (TDCRs) is the Cosserat rod the-
ory [2]. Rucker and Webster proposed such a model for
statics and dynamics, assuming friction-less tendon-routing
[3]. Unfortunately, these models are computationally de-
manding and, to the best of our knowledge, path-planning
algorithms in continuum robotics therefore do not make use
of them. Instead, only simple kinematic models are used
[4], [5], [6], since they are fast to compute. Especially in
a sampling-based approach (e.g., RRT [4]), the model has
to be computed frequently and might become a bottleneck.
The authors of [6] based their path-planning on the robot’s
Jacobian, which can also be computationally demanding if
it has to be obtained numerically due to a non-existing
analytical formulation. One disadvantage of using purely
kinematic models for path planning in confined spaces is
that the planner may output a path that is not feasible
for the robot in a real scenario. For instance, due to the
robot’s self-weight, it might differ in its shape significantly
from the constant-curvature (CC) assumption [7], leading
to collisions, or the necessary actuation might exceed the
allowed maximum forces for following the CC path. Hence,
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Fig. 1. Scheme of the proposed PINN approach and evaluation

computationally efficient models that can account for the non-
linear and non-CC shapes are needed.

Although data-driven models can make accurate predic-
tions and are fast to compute, they lack the ability to
represent the full shape so far, which is needed for collision
detection. Physics-Informed Neural Networks [8], on the
other hand, offer the ability of incorporating physics into
the training, which allows for predicting the entire robot’s
shape, given the actuation, instead of just learning actuator
to end-effector mappings. Data-driven methods can account
for effects that cannot be modelled properly by classical
methods given suitable measurement data of the considered
system [9]. PINNs can learn from two sources: prior knowl-
edge of the underlying physics and measurement data (e.g.,
unmodeled effects like hysteresis).

A. Related Work

Till et al. [10] proposed a fast static and dynamic Cosserat
rod formulation, which allows real-time control, but does
not offer the possibility to incorporate data to account for
unmodeled effects. Another approach was proposed by [11]
using a non-linear observer as a solver which shows a
7-fold speed-up compared to common solvers utilized to
solve the Cosserat rod dynamics. However, models with the
lowest possible computation time are necessary for sampling-
based path planning. Otherwise, the model might become the
bottleneck during the planning since it has to be evaluated
frequently. Approximations to the Cosserat rod statics by
employing classical model-order reduction methods where
proposed by [12] using the Galerkin-Ritz method and [13]
using the collocation method. Although they can reduce
computation time, they must trade accuracy for computation
speed.
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In addition to classical methods, multiple approaches were
proposed for learning CR’s forward and inverse kinematics.
Schemes for learning the inverse kinematic mapping for a
three-segment CR were proposed by [14] and [9]. They
sampled from a Cosserat rod model that did not account
for the influence of tendon forces on the backbone. The
learned forward and inverse kinematics of a concentric
tube CR from measurement data in [15] already achieved
sufficient accuracy for position and orientation. In [16] an
artificial neural network (ANN) learned the in-plane forward
kinematics of a TDCR. Their ANN only predicted discrete
positions in one bending plane, which were connected by
cubic spline interpolation after the prediction. Two outputs
for each predicted position were necessary. Hence, its output
size scaled with the amount of predicted points per shape.
Recurrent neural networks (RNNs) were used in [17] for
in-plane tip force estimation, while in [18] discrete points
along the robot shape were predicted for given measurement
input from multiple distributed bending sensors. Both works
are unsuitable for the path planning problem, because one
would need already known points along the shape as inputs.
The inverse CC model was learned for a TDCR in [19] and
[20], where for the latter, the approximator was combined
with an ANN control strategy and state observer to account
for external forces despite the utilised CC model. In contrast
to the aforementioned works, in [21] the dynamics model
of a CR was employed by an RNN-based parallel predictive
scheme, where the CR was discretised into a chain of RNN
models that had to be trained for each trajectory individually
with the dynamics model.

None of the previously mentioned authors focused on
learning the continuous shape of a CR for given actuation
forces, nor were the physics of the considered system itself
introduced into the learning scheme. Models were used for
sampling purposes only. A novel approach was published
by [22], wherein Gaussian process regression was used to
estimate the full robot’s shape given some measurement data
of the robot’s tip pose. However, they, too, relied on a simple
constant-curvature model. A more sophisticated approach
was taken by [23] where they modelled the TDCR using
Cosserat rod theory and formulated the Gaussian process by
exploiting Lie theory. Although these methods are able to
predict the robot’s shape continuously and incorporate the
underlying kinematics/physics, they are not meant to be used
in a sampling scheme but for estimation only, given (some)
external measurements along the robot’s shape.

To target the approximation of hard-to-compute physics,
Raissi et al. recently introduced PINNs [24], [8], which
incorporate the considered physics into the learning process.
PINNs were successfully applied to physical systems defined
by ordinary and partial differential equations, and since they
have been proposed, much progress has been made [25],
[26]. For instance, [27] utilised PINNs in order to learn
the dynamics of a rigid manipulator with two degrees of
freedom, which was then used for model-predictive control.
To the best of our knowledge, the only work employing
physics-informed learning in the field of continuum robotics

is [28], where the piecewise-constant-curvature (PCC) dy-
namics of a two-segment TDCR was learned. To do so, they
applied Hamiltonian and Lagrangian neural networks, but
PCC dynamics model the real physics less accurate than the
Cosserat rod theory [2].

B. Contribution

The few existing works that use purely data-driven meth-
ods for the modelling of continuum robots only consider
actuator-to-tip mappings or discretise the manipulator [16],
[15], [14], [9], but cannot efficiently predict the complete
shape of a continuum robot with high accuracy. Therefore,
these approaches cannot be used for path planning since an
efficient shape representation is needed to perform collision
detection when operating in confined spaces. Furthermore,
they only used measurement data, kinematics-only models,
or more sophisticated static models solely to generate train-
ing data. Hence, they did not incorporate prior knowledge of
the underlying physics into the learning process.

Our work contributes to this field with the main goal of
realising fast-to-evaluate CR models with high accuracy: For
the first time, we (1) apply physics-informed neural networks
to learn the Cosserat rod statics of a continuum robot. To
show the advantage of our method, (2) we compare our
PINN against a benchmark reference model provided by
[2] and (3) achieve an improvement of computation time
by a factor of 641 at comparable accuracy. In addition,
(4) we publish our implementation open source' increasing
the accessibility of the method and reproducibility of the
shown results. Unlike all prior works, the proposed hybrid
model predicts the complete shape of the TDCR, making it
a promising approach for employing accurate and computa-
tionally efficient models for sampling-based path planning.
The methodology is not limited to tendon actuation but can
be applied to other types of CRs such as pneumatic soft
robots.

C. Outline

The remainder of this publication is structured as follows.
In Section II the Cosserat rod model and PINNs are intro-
duced. Section III presents the definition of our learning
method and the training. In Section IV we describe our
evaluation and results. Section V concludes the paper and
outlines future work.

II. FUNDAMENTALS

The utilised Cosserat rod statics and physics-informed
neural networks are presented in the following subsections.

A. Cosserat Rod Statics

We adopt the model and notation from [3] except for
the & (“hat”) operator, where we relate to the cross-product
mapping by the bracket notation & X y = [x]xy. Vectors
are denoted by bold symbols and matrices are written in
non-bold capital letters. Fig. 2 shows the free-body diagram
on which the following formulation is based. Considering

Ihttps://github.com/Martin-Bensch/tdcr-pinn.git
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Fig. 2. Free-body diagram of one section of a rod to illustrate the Cosserat
rod statics. The vectors m and n represent inner couple and inner force in
the base coordinate system, c indicates a constant location and TQ represents
the coordinate system at s w.r.t. the base coordinate system.

a rod of length [ that is subject to a force distribution f
per unit of s € [0,l], where s is considered to be the
reference parameter. Each cross-section is characterised by
its position vector p(s) € R? and orientation R(s) € SO(3).
The linear and angular rates of change are expressed by the
kinematic variables v(s) and u(s) defined in the local frame.
They indicate the change in orientation and position through
the relation R(s) = R(s)[u(s)]x and p(s) = R(s)v(s),
where the dor symbol indicates a derivative w.r.t. s. From
a Lie-group perspective, the kinematic variable [u(s)], is
an element of the tangent space Tr(5)SO(3) at R(s) and the
adjoint R(s) maps it on the Lie algebra so(3) of SO(3). The
isomorphism [-]x acts as a mapping from R? to the gener-
ators of the Lie algebra so(3) [29]. Mechanical equilibrium
is present for a rod with force and moment distributions
f(s),l(s) and internal force and moment vectors n(s),
m(s), if the resultant forces and moments acting on each
material segment [c, s] are zero, where c¢ indicates a constant
location on the rod. This lead

s to s
n(s) —n(c) +/ f(3)ds=0 (1)
m(s) —m(c) + p(s) x n(s) — p(c) x n(c)+
/‘@@)xf®)+l@ﬂd§:0, ()

where moments and forces at the ends must be incorporated
by initial and/or boundary values. After differentiating the
system (1)—(2) w.r.t. s one obtains the differential equations
for the special Cosserat rod [30]:
n(s) + f(s) =0, 3)
m(s)+ p(s) x n(s) +1(s) =0. 4)
Material properties are introduced by the shear-extension
K (s) and bending-torsion K (s) stiffness matrices by

n(s) = R(s)Ke(s)(v(s) —v"(s)) (5)
m(s) = R(s)Ku(s)(u(s) — u*(s)), (6)

where ¢* denotes the undeformed reference configuration.
The matrices K. (s) and Ky (s) are defined by

K (s) =diag (GA(s), GA(s), FEA(s)),
K (s) = diag (El,4(s), Elyy(s), G(lua(s) + Lyy(s))),

with A(s) denoting the area of cross-section, £ Young’s
modulus, G shear modulus, and I, (s) and I, (s) the second
moments of area of the cross-section about the principal axis.
We consider a TDCR, with fully constrained tendon routing.
Hence, the i-th tendon terminating at a disk at p;(s = s1)
applies a tendon force F';, with tension 7;, and associated
moment M ; on the CR with

Fi(s1) = —Ti||§i(isll))||2 @)
M ;(s1) = (p;(s1) — p(s51)) X Fi(s1)- (8)

The resulting tendon force F'((s1) and moment M,(s1) at
a location s; are calculated by the summation of the n
individual tendon forces/moments. For a better readability,
we drop the dependency on s, whenever its apparent. In
addition, the tendons lead to distributed forces f; on the
CR’s backbone, which can be calculated by
% .
Y

and f,=Y fi )
=1

where f, is the collective distributed tendon load due to
tendon tension. It follows from (3) for the assumptions of
frictionless contact (between tendon and disks) and the ten-
don being an inextensible, ideal string (that can only support
tension) [3]. After several substitutions and rearrangements,
[3] presented the complete model of a TDCR with general
tendon routing and external loading, summarized by

p = Rv, R:R[u}x,

b\ (Ke+C G \ ' (d
w) B Ky +H c/’
The intermediate matrix and vector quantities are defined as

n T 12
a =) Cullul. R, B Bilx

(10)

Ci=m 5
TAE
A=>"¢,
i=1
B = Z["'i]xciv
i=1

G = — i Ci["'i}x
i=1

b= [rilxCi([ulxRp,),

H=- Z[Ti}xci[ri]x,
i=1
c = Kptt" — [u]x Ky (u — u*)
— W]x Ke(v —v*) — RTl, — b,
d= K" — [u]x Ke(v —v")
~R'f,—a
with f. and I, being external distributed loads, such that
f=Ff+f.andl =1 + 1., while r; specifies the tendon
routing on a disk in its body frame, and we already accounted
for parallel tendon routing along the rod.

B. Physics-Informed Neural Networks

PINNs were proposed by [8] in order to solve non-linear
partial differential equations. However, they can also be used
for solving (non-linear) ordinary differential equations. They
include physics into the training, which guides the training by
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penalising inconsistencies with the governing equations [31].
PINNSs can be used to learn physics expressed like

N(y(x);v) = f(x),
B(y(z)) = g(=), (11)

where N is a non-linear differential operator, y the unknown
solution, « physics parameters and f a function identifying
the data of the problem. The underlying initial or boundary
conditions of the partial/ordinary differential equation are
specified by B while g is the boundary function [25]. The
goal is to learn an approximation ¥ to the solution y of the
system (11) (the & indicates the approximation by the PINN).
In addition, labelled data can also be incorporated into the
total loss function if available, resulting in the optimisation
problem, w.r.t. the weights w of the ANN,

with x € Q,
with x € 99,

Wt = arg‘glin()\NEN + A8LB + AdaaLldata)- (12)
The first two terms in (12) penalise violations of the gov-
erning equation and their initial/boundary conditions, while
the last term accounts for additional data (e.g., measurement
data from a test bench), which leads to the loss function

Liotal = )\NL./\/' + ABLB + AdataLdata

1 W
= /\NNT[ ;HN(@(%);’Y) — f(x:)|?
1 s
+ ABZ\TB > 1B (i) — g(:)|)?
=1
Nata

1 N 2
+ /\dataNdata ;”y(mz) yill*. (13)
The derivatives of the ANN which are needed to form
the physics loss £ and — depending on the problem at
hand — Lg, are obtained by automatic differentiation (AD)
by traversing through its computational graph. Since all
inverse operations in the computational graph are analytic,
derivatives are computed by the chain rule of differentiation,
instead of difference quotients.

III. METHODS

Systems defined by (11) normally describe dynamic sys-
tems, which among other factors, depend on time (e.g., the
time evolution of a pendulum, flow in fluid mechanics). In the
present work, however, we consider the statics of a TDCR,
which are defined by (10). Since this presents a system of
ordinary differential equations depending on the reference
variable s, we treat s equivalently to time in a dynamic
system (similar to the approach proposed by [23]). Fig. 1
shows the proposed scheme. Starting with a physics model,
we formulate the loss function and train the PINN.

A. Model and Network Architecture

In the present work, we employ the open-source TDCR
model from [2]. The model is implemented in MATLAB and
C++. We prepared binding code using [32] to incorporate
the provided C++ implementation of the TDCR model into

Disk

(b)

Fig. 3. (a) Shape of the robot with one disk at its tip and distributed tendon
load f,, due to collective tendon force FY. (b) Disk at the tip of the robot
viewed in negative z direction, when the robot is not bent. Tendons are
attached to the holes indicated by 1 and 2. The bending plane is rotated
around base axis zg by ¢.

our ANN based on the Python interface of the PyTorch
library. Although the model provided by [2] assumes w and
v both to be dependent on s, we assume v (associated to
stretch and shear) to be constant w.r.t. s, which is a valid
assumption for TDCRs with steel backbones. Furthermore,
for the sake of simplicity, we don’t consider external forces
acting on the robot’s tip to maintain the simplicity of the
example. A fully-connected ANN with three hidden linear
layers and a width of 100 neurons was employed. We used
the SiLU activation function for the input layer and otherwise
hyperbolic tangent. The inputs to the ANN are the reference
parameter s and two tendon tensions 7 = (71, 72)T. Because
of restrictions we set regarding the ANN’s predictions of the
bending plane angle ¢ on the interval [0°,60°], we were
able to reduce training time. One can always transform an
actuation for a bending angle ¢ ¢ [0°,60°] into this interval,
predict the shape and afterwards rotate it accordingly. We did
not consider pretension due to the numerical instabilities of
the reference model. Therefore, we chose to limit the input to
two tendon tensions. All inputs to the ANN were normalised
w.r.t. their maximum values.

B. Boundary and Loss Formulation

Modeling the CR represents a boundary value problem
(BVP), where in general p(0), R(0), n(l) and m(l) are
known and «(0) and v(0) are optimised for. In our scenario,
we are interested in learning position p(s, 7), isomorphism
of Lie algebra 6(s, T), and angular rate of change u(s, 7). In
contrast to the standard CR model, our boundary becomes a
set (instead of points p(0), R(0), n(!) and m(l)). The PINN
should learn not only one solution (robot’s shape) to a CR
BVP but a range of solutions for tendon tensions satisfying
(IM (1, 7)|l2 < 7 Tmax. The term 7 - Tyayx denotes an upper
boundary for the magnitude of the applied tendon couple,
where Ty,.x 1S the maximum tendon tension in case only one
tendon is actuated, and r is the radius on which the tendon
attachment points are located (Fig. 3 b). In addition, the
bending plane angle range ¢ € [0°,60°] leads to an increase
of solution domain as well, which is a direct consequence
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of the two-dimensional actuation vector 7. Therefore, we
defined the set of (possible) inputs as

D= {(s,7) € R x R?|

s€10,0, 7 € R? |M(L,7)||2 <7 Trnax} (14

to define the initial value (IV) and BV sets. However, for
the training, we only used a discrete subset Dy, C D. The
index “Ref” in the following BV definition indicates that the
elements are obtained from the reference model M, which
gives the solutions to (10). The IV/BV definitions are:

0T pet = {(p, 0,u) € R® x R x R3|(p, 0, u) = M(0,7)]

(0,7) € Doy | IM(L,T)l2 < 7+ T |
(15)
OBy Ret = {(p,@,u) € R? x R x R¥|(p, 8,u) = M(l,7)|

(1,7) € Dowpy | ||IML(1,7)]|2 <7 - Tmax}
(16)
aBIn‘ccrior,Rcf = {(p, 0, ’LL) € Rg X ]RB X R3|
(p,0,u) = M(s,T) | (s,7) € Dgup|

€ (Oal)v ||Mt(la7-)||2 <r- Tmax}

(17)
OB:ret = {(p,0,u) € R® x R® x R?|
(p,0,u) = M(s,7) | (s,7) € Dgyp|
HMI(Z7T)||2 :r'Tmax} (18)

0Zo,ret and OB rer describe reference values for varying T
at s = 0 and s = [, respectively. The computation of these
sets lead also to data associated to the interval of s € (0,1),
meaning at the disks between base and tip, which we also
included into the training denoted by OBinterior,Ref- The last
set of BVs generated by the reference model is the set of
maximal actuation OB res. For each maximal actuation, we
obtained 21 elements (p,0,u), corresponding to 20 disks
plus the robot’s base. In addition to the sets (15)—(18), which
are made up of sampled data from the reference model, we
can also formulate IVs, where 13 is the identity matrix,
p(s=0,7)=0
R(S = O, T ) = ]13

with (s,7) € C (19)

for all collocation points C, which are also sampled from D.

Based on the specified sets of IV and BV and (19) we
define several loss functions. For p and u we use the mean
squared error (MSE) between prediction and reference per
dimension and afterwards the mean of the obtained MSE
vector. A different metric is needed for € and the mean is
subsequently evaluated for all samples. Since @ represents
an orientation, and the reference data was given as rotation
matrices we use

d(R, Rret) = [llog(RRf)| (20)

where d(-, -) denotes distance function and log(-) is the ma-
trix logarithm [33]. Hence, (20) is the magnitude of the angle
axis rotation that is needed to align the PINNs prediction
R (after employing the Rodrigues formula to 0) with the

reference orientation Rger. The loss functions regarding the
IVs and BVs (15)—(18), obtained by the reference model, do
not deviate from standard learning approaches using labelled
data. What distinguishes PINNs from the standard approach,
however, is the inclusion of the physics equations into the
loss function. The system at hand is given by (10), so we
defined the physics loss to be made of the differences

Ap = p — R, AR = R — Rla],

~ A~ —1 ~
Ab) (0 Ke+A G d
(30)- () - (%" wla) (D) e

With a slight abuse of notation, we indicate the matrix
elements as dependencies on the PINN’s outputs. The deriva-
tives of i and p of the PINN’s output were directly computed

and

by PyTorch’s AD engine w.r.t. the input s. R on the other
hand was obtained by first applying the Rodrigues formula
on 6 and then taking the derivative using AD. The O in
the difference of Av originates from our assumption of
v(s) = (0 0 1)T being constant. Therefore, the physics
loss was made of the MSE per dimension of (21) and
taking the mean per entity. We do not employ the metric
for rotations for AR, since it is apparent that R is not an
element of SO(3) but of so(3). Therefore, first we square
the entries of AR, then take the mean while keeping its
dimension, and afterwards take the mean of the sum of all
entries. The remaining loss functions are formed by

2
Am(l) = R()Kwa(l) + R(1) Y " r; x 770
=1

2
Au(0) = @(0) + Ky 'R(1) Y (r: x 7iv)
i=1
Finally, we compute the arc length for each collocation
point (each actuation), which had to be equal to the robot’s
length [. All aforementioned loss functions were heuristically
weighted and summed and formed the term L in (13).

C. Training

The sampling space is parameterised by the bending plane
angle ¢ (Fig 3, a) and an equivalent force F',. in a distance
of r (Fig. 3, b) to the the disk’s origin and parallel to the
zg-axis. Fig. 3 (b) shows a disk with two attachment points
on a circle with radius r and angle « apart, where tendon
tensions 7; and 7o are being applied. The position vector
r'(p), with ||7'(¢)||2 = r indicates the location where an
equivalent force F',. has to act for the robot to bend in a
bending plane rotated by ¢. The tendon tensions 7; and 7o
can be calculated by considering the equilibrium

T‘/(QD)XFT:T‘1XF1—|—T‘2XF2 (22)

of the tendon forces F'1, F'5 at locations 1 and 2 with position
vectors 71,7y w.rt. the disk’s frame. The magnitudes of
F1, F5 were obtained by

b = STH(SD) F, and F;| = <cos<p —
sin(a)

sin(y)
tan(oz)) Fr. 23
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The number of samples is summarised in Table I. Reference
data and collocation points were uniformly distributed in
the ranges ¢ € [0°,60°] and F, € [0, Tmax|. However,
with a probability of 10% collocation points were randomly
sampled after each epoch depending on the outcome of that
epoch.

Therefore, the ten worst actuations regarding the maximal
deviations to the reference model were considered. For
these, multiple actuations were sampled according to a two-
dimensional Gaussian distribution, centred on these ten worst
actuations with a variance of 03 = 0.01 - 7ypax. For each
drawn location ten locations s; were sampled along the rod
with variance 02 = 0.01 - [. The exact amount of samples
was calculated to lie in the same order of magnitude as the
collocation points obtained in the deterministic case (grid).
PyTorch’s “AdamW” optimiser was utilised for the training,
together with a one-cycle learning rate scheduler [34] to
reach the learning rate 1.5 - 104, starting at a 100th of it.
The final learning rate was reached after 150 epochs, then
switched to a “reduce on plateau scheme”. It was reduced by
10% with regard to the current learning rate if the mean of
the ten last epoch’s losses did not decrease over the last 20
epochs. However, after the learning rate was reduced, at least
ten epochs were trained with the new learning rate, before
another reduction could occur.

TABLE I
AMOUNT OF TRAINING DATA FOR EACH SOURCE.
Source Number | Source | Number | Source | Number
0Ly Ref 120 OB, Ref 120 C 65,536
8BInterior,Ref 2,286 887‘,Ref 1,344

IV. EVALUATION

The PINN and reference model were compared concerning
their computation-time. Therefore, we ran the reference
model in different configurations for (fixed) step sizes of
the Runge-Kutta-45 integration and the first-order optimality
(FOO) criterion of the Levenberg-Marquardt algorithm, part
of the GNU Scientific Library. All parameters of the FOO
were set to the same value for one configuration. Fig. 4 shows
the results of our tests. Each model (PINN and reference with
shooting method) was run three times for 108 actuations
each, and the time was measured for calling the PINN’s
prediction function. For the reference model, the time was
measured starting with the call to the bound forward statics
function, which couldn’t prevent including the overhead of
passing from Python to C++. To reduce this overhead, the
actuation vector, which consisted of all 108 actuations, was
passed with a single call for each run of the 108 actuations.
A MacbookPro 2021 with M1-Chip and 32GB of RAM
was employed for all experiments. The actuations used for
the evaluation were not present in the PINN’s training set.
If both entries of a generated tension vector were closer
than 0.01 N to any tension vector in the training set, it was
removed from the test set. Table II shows the values per
configuration, from left to right w.r.t. blue markers in Fig. 4.
The accuracy for each model is calculated w.r.t. the reference
model configured with an FOO of 10~!! and step size

Reference

—  Median

= = 1 9% Deviation L+ —F

YT R TTTIT BRI BEETR T BECRTRETTTT EECERTTIT |

T LR | LR | LR |
1072 107 10 10!
Computation time in s
Fig. 4. Accuracy and computation time for the PINN (left, red) and different
configurations of the reference model (right, blue). Deviation of 1% w.r.t.
the robot’s length of 20 cm. Red/blue markers show the accuracy per run for
each configuration compared to the baseline configuration (FOO of 1011
and h = 10~%). The PINN computes the test configurations 641 times
faster at comparable accuracy.

TABLE 11
CONFIGURATIONS FOR THE COMPUTATION-TIME (CT) COMPARISON.
Step size 10-3 0.005 0.01 0.01 0.01 0.01
FOO 104 107% 10=* 103 0.005 0.01
CT ref
% 12,352 2,556 1,297 921 731 641

h = 10~%. The position error was measured by the Euclidean
distance for all disks (10 mm apart from each other) along
the TDCR. It is apparent that the PINN’s median stays
below the 1% accuracy boundary, besides some outliers. The
shooting method led to more accurate computations but also
showed outliers above the 1% boundary, while its median lies
three to five orders of magnitude below the PINN. This raises
the question of whether this higher accuracy in simulation
also translates to higher accuracy in a real-world scenario, as
the CR model itself is limited by the assumptions it is based
on. The PINN, however, can potentially represent effects
not modelled by the CR by incorporating data from a test-
bench. Regarding computation time, the PINN is two orders
of magnitude faster than the fastest configuration of the CR
model. An additional speedup of the PINN would be possible
by PyTorch’s compile (.) function.

V. CONCLUSION

We propose the application of physics-informed neural
networks for modelling tendon-driven continuum robots
based on the Cosserat rod model with parallel tendon routing.
Therefore, the definition of the boundary value problem and
the corresponding loss functions are presented in order to
learn a range of solutions to the Cosserat rod model. Our
evaluation shows that a PINN can predict the robot’s shape
with a 1% error relative to the total arc length compared to
the reference model, with a notable 641-fold improvement in
computation time. This work demonstrates the feasibility of
the utilisation of PINNs in the field of continuum robotics.
Future research will focus on increasing the number of seg-
ments, considering external forces, gravity, and incorporating
measurement data from a test-bench.
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