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Combining Tail and Reaction Wheel for
Underactuated Spatial Reorientation in Robot

Falling With Quadratic Programming
Xiangyu Chu, Shengzhi Wang, Raymond Ng, Chun Yin Fan, Jiajun An, and K. W. Samuel Au

Abstract—Inertial appendages (e.g., tails and reaction wheels)
have shown their reorientation capability to enhance robots’
mobility while airborne or improve robots’ safety in falling. The
tail, especially with two Degrees of Freedom (DoFs), is normally
subject to its limited Range of Motion (RoM). Although the
reaction wheel circumvents this limitation, its efficiency has been
shown lower than the tail in terms of inducing Moment of Inertia
(MoI). In literature, only one type of inertial appendages has
been used on terrestrial robots in the air, e.g., either using a
tail on the hexapedal robot RHex or using a reaction wheel
on the jumping quadruped robot SpaceBok. In this paper, to
benefit from both unlimited RoM and efficient MoI-inducing,
we propose combining a 1-DoF tail and a reaction wheel
together for spatial reorientation (regulating the robot body’s
3D orientation). Inspired by this, a hybrid tail-wheel robot is
built, i.e., the tail that creates roll motion is attached to a
wheel-equipped robot whose wheels act like a reaction wheel
and generate pitch rotation; however, the robot is underactuated
on the yaw rotation. To achieve its real-time spatial reorientation,
we propose a novel quadratic programming algorithm based
on a geometric metric for the underactuated hybrid tail-wheel
robot. Within the proposed algorithm, the physical limitations
on tail and wheel velocities are automatically accommodated.
Numerical comparisons among wheel-wheel, tail-wheel, and 2-
DoF tail robots showed the strength of the hybrid tail-wheel
appendage on reorientation convergence and free of collision.
Experimental results further demonstrated the capability of
real-time spatial reorientation with underactuation and velocity
constraints by using the combined tail-wheel inertial appendage.

Index Terms—Biologically-Inspired Robots, Motion Control,
Underactuated Robots, Quadratic Programming

I. INTRODUCTION

MAny terrestrial robots have shown incredible locomo-
tion capabilities such as walking [1] and jumping [2].

Recently, researchers started to focus on their mobility in
the air, aiming at achieving safe landing [3], [4] or demon-
strating high agility [6], [7]. Except for a few robots relying
on take-off angular momentum like Mini Cheetah’s backflip
[5], many robots’ mobility performance in the air is heavily
determined by reorientation capabilities. To enable such capa-
bilities, applying inertia appendages is an effective way. These
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appendages can be tails, limbs, and even (reaction) wheels.
Although various appendages exist, from a template–anchor
perspective, they can be normally classified into two typical
types: tail and reaction wheel (The limbs can be treated as mul-
tiple tails) [38]. So far, many existing terrestrial robots have
been equipped with planar reorientation or spatial reorientation
capability by using either the tail or wheel(s), as shown in
Table I. Planar reorientation, i.e., reorienting the robot along a
single Degree of Freedom (DoF), is relatively simple and has
been extensively studied [7]–[23]. Spatial reorientation is more
challenging because most of spatial reorientation tasks are
essentially underactuated control where the number of actuated
DoFs is less than the three DoFs to be controlled, e.g., the
robots [26]–[28] only have a 2-DoF actuated tail but need to
control 3D body orientation. In this paper, we aim at achieving
underactuated spatial reorientation (regulating body yaw, pitch,
and roll in falling) by using the tail and wheels together, which
exploits efficient Moment of Inertia (MoI) inducing capability
of the tail and unlimited Range of Motion (RoM) feature of the
wheel. Since this is the first time to have such a hybrid inertial
appendage for spatial reorientation in terrestrial robots, we
give a brief review on the history of using inertial appendages
in the following and elaborate the motivation at the same time.

A. Previous Work
TABLE I: Terrestrial Robots with Inertial Appendages

Robots App. Types Controlled DoFs App. DoFs Limited RoMa

[7]–[17] Tail 1 (Pitch) 1 Yes
[18]–[23] Tail 1 (Yaw or Roll) 1 No
[24], [25] Tail 1 (Roll) 2 Yes
[26]–[28] Tail 3 (Y., P., and R.) 2 Yes
[29]–[31] Tail 3 (Y., P., and R.) " 2 Yes
[32] Wheel 1 (P.) 1 No
[33] Wheel 2 (P. and R.) 2 No
[34] Wheel 2 (P. and R.) 3 No
[35] Wheel 3 (Y., P., and R.) 3 No

Ours Tail-Wheel 3 (Y., P., and R.) 2 No
aImplying the potential collision between the appendage and the body

An extensive literature review on the tail-inspired robotic
platforms has been conducted [7]–[31], see Table I. In terms
of the number of the actuated DoFs, they can be classified into
simple 1-DoF tails [7]–[23], 2-DoF actuated tails [24]–[28],
and high-DoF continuum tails [29]–[31]. From a functional
perspective, the robots [7]–[17] used their 1-DoF actuated tails
to create pitch motion for correcting their body orientation in
the sagittal plane; the legged robots [20]–[23] used the 1-DoF
tail to create yaw motion for rapid turning; the legged robots
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Fig. 1: Moment of Inertia (MoI) v.s. Range of Motion (RoM) for
three templates with spatial reorientation capability: the wheel-wheel,
tail-wheel, and two-DoF-tail robots. All templates have two DoFs of
control input and are able to regulate three DoFs of body orientation
in free falling with the principle of angular momentum conservation.
The MoI of the tail-wheel robot can be larger than that of the wheel-
wheel robot since the tail can induce a larger MoI than the wheel
given the same mass (or has more efficient MoI-inducing) according
to [38]. The RoM of the tail-wheel robot is greater than that of the
two-DoF-tail robot due to the potential collision with the body of the
two-DoF tail (see Fig. 5). Moreover, the rolling tail in the tail-wheel
robot also enjoys unlimited RoM in the air.

[24], [25] used the 2-DoF tail to stabilize the frontal plane (i.e.,
body roll) by swinging the tail in a cone; the robots [26]–[28]
used their 2-DoF actuated tails and the robots [29]–[31] used
their continuum tails to stabilize their 3D body orientation.
The tails were mostly subject to the limited RoM due to
collision with their bodies, except for the planar inertial tails
with reorientation capability along the yaw or roll DoF.

Unlike tails, (reaction) wheels have not been frequently
applied to terrestrial robots for reorientation, although they are
commonly-used in spacecraft [36]. [32] used a reaction wheel
to stabilize body pitch during the flight phase for a jumping
quadruped robot. [33] used two single-DoF wheel-type ap-
pendages to stabilize 2-DoF body attitude including pitch and
roll. [34] proposed the agile ground robot AGRO consisting
of four independently steerable wheels. [35] designed the
robot Cubli which can balance and jump up, with the help
of three flying wheels mounted on principal axes. Overall, the
(reaction) wheels in terrestrial robots can easily provide planar
reorientation capability, but it may not be an effective way
to achieve spatial reorientation capability. For example, the
improvement on the wheel architecture is necessary for AGRO
to have four independently steerable wheels and appending
three flying wheels as in Cubli requires extra design efforts.

Besides, a formal comparison between the tails and wheels
has been conducted [38]. Specifically, [38] developed a com-
parative framework for planar reorientation by using dif-
ferent actuated inertial appendages. A metric, effectiveness
of describing the planar inertia reorientation capability, was
proposed. It was concluded that the tail can provide high
values of effectiveness, while the reaction wheel can provide
unlimited RoM during a longer time period. Not surprisingly,
these results match the selection guideline while people use
tails and wheels in their terrestrial robots [26]. To enjoy the
wheel’s unlimited RoM and the tail’s efficient MoI-inducing,
we combine both into one platform for enabling spatial reori-
entation capability (Fig. 1). In this paper, we specifically focus
on a wheeled mobile robot appended by a simple tail, i.e., a
hybrid tail-wheel robot. Moreover, it is underactuated (miss
of yaw control capability) since the wheels serve as a virtual

reaction wheel with pitch control capability while the tail has
roll control capability. Although this type of robot has been
used in previous work [15]–[18], such as Tailbot and Dima,
they were only able to achieve planar reorientation and did not
enable spatial reorientation using the wheels and tail together.

Spatial reorientation control for an underactuated hybrid
tail-wheel robot is not a trivial problem. One of the chal-
lenges arises from online controller design for a dynamical
underactuated system evolving for a fraction of a second. First,
this challenge excludes open-loop methods. For example, [36]
solved spacecraft attitude control with articulated appendages
and reaction wheels by planning open-loop trajectories. It
works well for a space robot with a long time horizon, but
it is not suitable for rapid (a fraction of a second) spatial
reorientation. Therefore, feedback control solutions were in-
vestigated. In the past, only a few methods were proposed to
achieve spatial reorientation with a two-DoF tail. For example,
in [26], the body orientation error was converted to an angle-
axis representation and then the tail torque was commanded
such that the body angular velocity was parallel to the Euler
axis. However, the initial tail orientation required selection by
optimization, thus the method was sensitive to initial states.
[27] released the requirement on the initial orientation and
designed an augmented controller, but it was specific to the
two-DoF tailed robot. Another challenge is input limitation.
For underactuated systems, input constraints complicate online
controller design. In literature, such a constrained control
problem has been studied in a few specific systems like
nonholonomic mobile robots [40] and space robots [41], but
few results are related to rapid 3D orientation/attitude control.
Therefore, an online underactuated controller considering in-
put constraints is needed to enable spatial reorientation rapidly.

B. Contributions
In this paper, our contributions are summarized as follows:
1) To our best knowledge, it is the first time to propose

combining the tail and reaction wheel for underactuated
spatial reorientation. The resulting hybrid tail-wheel
robot enjoys benefits from the tail ( efficient MoI-
inducing ) and the wheel (unlimited RoM). Its 1-DoF
rolling tail also enjoys unlimited RoM in the air and its
wheels act as a reaction wheel without extra attachment.

2) A novel metric-based Quadratic Programming (QP) is
proposed, which enables online underactuated spatial
reorientation for the hybrid tail-wheel robot while si-
multaneously accommodating appendage velocity con-
straints. The proposed QP allows us to conduct per-
formance comparisons among three templates in Fig. 1
and emphasize the tail-wheel appendage’s advantages of
convergence performance and free of collision.

3) Experiments are conducted based on a newly-designed
tail-wheel robot in a fraction of a second to demonstrate
the effectiveness of the hybrid tail-wheel appendage and
control algorithm.

II. ROBOT OVERVIEW

To show the combination, a tail-wheel robot is built, consist-
ing of a rolling tail and four wheels (Fig. 2). The tail is directly
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Fig. 2: Prototype of the underactuated hybrid tail-wheel robot.

driven by a SunnySky M8 brushless motor with a peak torque
of 2 Nm. All four wheels are driven by a Traxxas’ velineon
540xl motor with a peak torque of 0.12 Nm. It is rated for
operation under a 4S LiPo battery of 16.8 V. The drive system
has two gear stages, including a spur-pinion gear between the
motor shaft and main shaft and a bevel gear system between
the main shaft and wheel shaft. The overall drive ratio is 8:1.
The motors are driven by a VESC motor controller (vesc-
project.com). The robot parameters are in Table II.

The robot body is made of aluminum plates for its
lightweight and durability. An LPMS-ME1 IMU provides the
orientation of the robot in a quaternion form. The measurement
of an accelerometer is used to detect a free fall. The angular
position and velocity of the motors are measured by the
magnetic encoder AS5047D. The software is implemented on
a host PC (Intel(R) Core(TM) i7-8750H CPU @ 2.20GHz and
32GB RAM) and the generated codes in Simulink 2020b are
uploaded to an onboard Raspberry Pi via a wireless network.

TABLE II: Robot Parameters

Body mass mB 2.51 [kg]
Body inertia IBB diag([5.08,11.27,12.19]) ˆ 10´3rkg ¨ m2s

Wheel mass mWi
108 [g]

Wheel inertia pIW qyy 1.63 ˆ 10´4rkg ¨ m2s

Wheel radius prW q 0.055 [m]
Tail mass mT 300 [g]
Tail length ℓT 0.25 [m]
Body dimensions 0.21 [m] (L)ˆ0.12 [m] (W)ˆ0.10 [m] (H)

III. MODELLING

The tail-wheel robot model consists of three parts: a rigid
body, a tail, and four wheels. In Fig. 3, the point B denotes
the Center of Mass (CoM) of the body and the frame tBu

is the body frame attached to it. The tail is assumed to be
a long massless rod with a small point mass. The point T
denotes the CoM of the tail and the frame tT u is the tail
frame. Four wheels are connected to the body and their CoMs
are represented by Wi where i “ 1, ..., 4. Moreover, they rotate
with the same velocity. The frame tOu denotes the inertial
frame and the whole system CoM is assumed to locate at the
origin of the inertial frame. All variables are given in Table
III or depicted in Fig. 3.

In this paper, we focus on free-falling of the tail-wheel
robot, thus the generalized coordinate can exclude the CoM
position variables and keep the Euler angle of the body,
wheel angle φ1, and tail angle φ2, i.e., q “ rθ,φsT , where
θ “ rθ1, θ2, θ3sT and φ “ rφ1, φ2sT . A reduced EoM
describing the relation between the body Euler angle rate 9θ and
appendage velocities 9φ is available due to angular momentum

TABLE III: Nomenclature

mB , mT , mWi
Mass of the body, tail and i-th wheel, respectively

HO , HB P R3 Total angular momentum expressed in the inertial
frame and the body frame, respectively.

HO
˚ P R3 Angular momentum expressed in the inertial frame.

˚ “ body, tail,wheel.
IO˚ , IB˚ P R3ˆ3 Moment of inertia of the body or the wheel ex-

pressed in the inertial frame and the body frame,
respectively. ˚ “ B,Wi.

I
Wi
Wi

P R3ˆ3 Moment of inertia of the wheel expressed in the
wheel frame. IWi

Wi
“ IW is assumed and IW “

diagprpIW qxx, pIW qyy , pIW qzzsq.
ωO˚ , ωB˚ P R3 Angular velocity of the body frame or the wheel

frame expressed in the inertial frame and the body
frame, respectively. ˚ “ B,Wi.

ρO˚ , ρB˚ P R3 Position of CoM expressed in the inertial frame and
the body frame, respectively. ˚ “ B, T,Wi.

πZXY P R3 Position vector from the point X to Y expressed
in the frame tZu.

θ1, θ2, θ3 Yaw, pitch, and roll, which are the rotation order.
φ1, φ2 Angular position of the wheel and tail, respectively

RY
X P SOp3q Rotation matrix from the frame tXu to tY u, e.g.,

ρB˚ “ RB
OρO˚ and RO

B “ pRB
OqT hold.
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Fig. 3: Sketch of the underactuated hybrid tail-wheel robot. (a) Side
view. (b) Top view.

conservation, assuming that the aerodynamics is ignored. To
facilitate the control design of the systems with appendage
velocity constraints, we will employ the reduced model.

To derive the reduced model, we start from an angular
momentum equation expressed in the inertial frame

HO
“ HO

Body `HO
Tail `HO

Wheel, (1)
where
HO

Body “ IOBω
O
B ` mBρ

O
B ˆ 9ρOB , H

O
Tail “ mTρ

O
T ˆ 9ρOT ,

HO
Wheel “ Σ4

i“1mWi
ρOWi

ˆ 9ρOWi
` Σ4

i“1I
O
Wi
ωOWi

.

It can be also expressed in the body frame
HB

“ IBBω
B
B ` Σ4

i“1I
B
Wi
ωBWi

` mBR
B
Oρ

O
B ˆ 9ρOB

` mTR
B
Oρ

O
T ˆ 9ρOT ` Σ4

i“1mWi
RB
Oρ

O
Wi

ˆ 9ρOWi
.

(2)

The different momentum components in (2) are computed. Let
us start from the third term in (2). With ρOB “ RO

Bρ
B
B ,

9ρOB “ 9R
O

Bρ
B
B `RO

B 9ρBB
holds. Thus, we have
mBR

B
Oρ

O
B ˆ 9ρOB “ ´mBrρBBˆsrρBBˆsωBB ` mBρ

B
B ˆ 9ρBB ,

(3)
where Rpxˆ yq “ pRxq ˆ pRyq and rωBBˆs “ RB

O
9R
O

B

are used. rp¨qˆs denotes a skew-symmetric matrix operator.
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Similarly, we calculate the last two terms on the right side of
(2). Then we can update (2) to

HB
“ AωBB `B 9φ, A P R3ˆ3, B P R3ˆ2, (4)

where
A “ IBB ´ mBrρBBˆsrρBBˆs ´ mT rρBT ˆsrρBT ˆs

´ Σ4
i“1mWi

rρBWi
ˆsrρBWi

ˆs,

B 9φ “ mBrρBBˆs 9ρBB ` mT rρBT ˆs 9ρBT

` Σ4
i“1mWi

rρBWi
ˆs 9ρBWi

` Σ4
i“1I

B
Wi
ωBWi

“

»

—

–

0 ℓTmT pℓTmB`4ℓTmW ´4dmW cosφ2q

mr

4pIW qyy ´
pℓBℓT sinφ2pmB`4mW q

mr

0 pℓBℓT cosφ2pmB`4mW q

mr

fi

ffi

fl

9φ,

and all wheels are assumed to be the same (IWi

Wi
“ IW ,

mWi
“ mW ). The derivation details can be found in [43].

Assuming that the robot starts from rest, the relation be-
tween the body angular velocity and the appendage velocity
can be derived as

ωBB “ ´A´1B 9φ. (5)

Therefore, with the relation ωBB “ Q 9θ, the reduced model
is given by

9θ “ J 9φ, J P R3ˆ2, (6)

where

J “ ´pAQq´1B, Q “

»

–

´ sin θ2 0 1
cos θ2 sin θ3 cos θ3 0
cos θ2 cos θ3 ´ sin θ3 0

fi

fl ,

J acts like a Jacobian matrix, and Q is invertible if θ2 ‰

˘p2k´1qπ2 , k P N0. For simplicity, we assume Q is invertible.
Note that the Jacobian-like matrix J is different from that in
redundant robotic systems in terms of dimension.

IV. UNDERACTUATED SPATIAL REORIENTATION METHOD

Mathematically, a Quadratic Programming (QP) problem
can be defined as

min
z

1

2
zTHz ` gTz ` c

s.t. Dinz ĺ bin

(7)

where z P Rn is a decision vector, H P Rnˆn, g P Rn, and
c P R. Din P Rpˆn, bin P Rp denote p inequality constraints.

A. Naive QP

From (6), we are able to achieve spatial reorientation on the
body by properly manipulating the wheels and the tail together.
A naive idea, often employed in redundant robotic systems,
is to construct an optimization problem that minimizes the
difference between the desired Euler angle rate 9θr P R3 and
the actual Euler angle rate J 9φ

min
9φ

|| 9θr ´ J 9φ||2

s.t. 9φmin ĺ 9φ ĺ 9φmax,
(8)

where 9φmin ă 0 and 9φmax ą 0 are lower and upper bounds,
respectively.

When not considering the velocity constraints on 9φ, we can
have an analytical solution. By converting the cost in (8) into
a quadratic function as in (7), we have
1

2
9φTH 9φ` gT 9φ` c “ 9φTJTJ 9φ´ 2 9θ

T

r J 9φ` 9θ
T

r
9θr, (9)

where H “ 2JTJ , g “ ´2JT 9θr, c “ 9θ
T

r
9θr. According to

Section 9.1.1, [42], the optimal solution is
9φ˚

“ ´H´1g “ pJTJq´1JT 9θr. (10)
For 9θr, a common controller is

9θr “ 9θd `Kpθd ´ θq “ Kpθd ´ θq, (11)
where θd is assumed to be a constant desired body orientation
and K ą 0. However, the resulting optimal control command
9φ˚ cannot achieve spatial reorientation (e.g., regulating the 3D
body orientation to zero) for any configuration since non-zero
9θr may be parallel to the null space of JT P R2ˆ3, see (10).
Once parallel, the control command 9φ˚ becomes zero, and
thus the control authority is lost. In other words, the spatial
reorientation task fails because the non-zero error exists.

B. Metric-based QP

It is natural to define a metric that measures how far
is the desired Euler angle rate from the null space. It is
easy to obtain the null space based on the Singular Value
Decomposition (SVD) of J or through J1ˆJ2

||J1ˆJ2||
, where the

matrix J “ rJ1 J2s in (6) and J1,J2 P R3. Specifically, its
basis could be the unit singular vector associated with the zero
singular value. For simplicity, such a unit vector is regarded
as the null space direction vector, denoted as n P R3.

There are many different definitions of the metric; here, we
select one geometric metric originated from [37]

β “ cos´1p
eθ

||eθ|| ` ϵ1
¨
n

||n||
q “ cos´1p

eTθ n

||eθ|| ` ϵ1
q,

(12)
where ϵ1 is a small positive value that ensures no division by
zero. eθ “ Kpθd´θq is an error vector, and is obtained from
(11) assuming θd to be constant.

Remark 1: β Ñ 0 means eθ (or 9θr) becomes parallel to n;
the control command will approach to zero (see (10)) and the
orientation error may exist, as mentioned in the naive QP.

Next, we will introduce how to use this metric to keep
the control authority until spatial reorientation is achieved.
With the metric β, we expect β Ñ π

2 since eθ becomes
perpendicular to the null space direction vector n and in other
words, 9θr is perpendicular to n assuming θd to be constant.
In this case, 9θr would not be undermined by the null space
and thus the control command can keep what it is, see (10).
Inspired by this, we propose a metric-based QP, and its optimal
control is given by

9φ1
P argmin

9φ

|| 9θr ´ J 9φ||2

s.t. 9φmin ĺ 9φ ĺ 9φmax,
(13)

where
9θr “ eθ ` kψψ,

ψ “ pβ ´
π

2
q

eθ ˆ n

||eθ ˆ n|| ` ϵ2
,

ϵ2 is a small positive value, kψ ‰ 0, and ψ is an augmented
desired Euler angle rate which is perpendicular to both eθ and
n. ψ would not compete with eθ and keep the authority of
reducing the error. The cross product operation has been used
like in [27]; however, the usage was heavily dependent on the
simplified model of the two-DoF-tail robot and thus cannot

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2024, Yokohama, Japan. Cite as RA-L paper.

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2024, Yokohama, Japan. Cite as RA-L paper.



CHU et al.: COMBINING TAIL AND REACTION WHEEL FOR UNDERACTUATED SPATIAL REORIENTATION 5

Algorithm 1 Metric-based QP
Result: The 3D body orientation converges to the desired state

θd. In other words, spatial reorientation is achieved.
Initialization: set the initial state θ0, desired constant state
θd, threshold σ, sampling time ∆t, and k “ 1
if e1θpθ0,θdq P nullrpJT q1s then

set 9φ1 as a constant vector
9θ
1

“ J1
9φ1, θ2 “ θ1 ` 9θ

1
¨ ∆t, k “ k ` 1

end
while ||θkd ´ θk|| ą σ do

9θ
k

r “ ekθ ` kψψ
k

9φk “ argmin
9φminĺ 9φkĺ 9φmax

p 9θ
k

r ´ Jk 9φkqT p 9θ
k

r ´ Jk 9φkq

9θ
k

“ Jk 9φk, θk`1
“ θk ` 9θ

k
¨ ∆t, k “ k ` 1

end

be used in our tail-wheel robot. What we want to emphasize
is, our design is more general since the null space direction
vector n is determined from a systematic and generic method,
SVD. With this advantage, the proposed QP is not system-
specific and applicable to the two-DoF-tail robot and wheel-
wheel robot, because their reduced models show the same
architecture (governed by a Jacobian-like matrix) as that of
our tail-wheel robot. Moreover, the proposed QP allows us to
have a comparative study on inertial appendages for spatial
reorientation, which has not been attained because of the lack
of a unified orientation control design for different templates.

C. Physical Implementation

The metric-based QP algorithm for the hybrid tail-wheel
robot is presented in Algorithm 1. Within it, p¨qk means the
variable at the k-th step. The first step is to check if eθ is
exactly in the null space. If so, the control command obtained
from the metric-based QP is zero, and a constant vector will
be assigned to the control command 9φ1 such that eθ is not
parallel to n. After the first-step check, the formulation (13)
is solved and the control command will be generated by
the off-the-shelf QP solver (e.g., MATLAB’s quadprog). The
algorithm stops until the error between the current state and
the desired state is less than the given threshold σ.

TABLE IV: Parameters in Simulation Section

Parameters Values Parameters Values Units
mB 2.50 mT 0.20 rkgs

mW,side 0.10 mW,back 0.20 rkgs

ℓT 0.20 ℓB 0.15 rms

a 0.15 b 0.15 rms

c 0.03 d 0.05 rms

pIBBqxx 6.80 pIBBqyy 10.40 ˆ10´3rkg ¨ m2s

pIBBqzz 130.00 pIW qyy 1.44 ˆ10´4rkg ¨ m2s

mW,side denotes the mass of the wheels in the tail-wheel robot or the
wheel mounted on the side in the wheel-wheel robot, while mW,back

denotes the wheel mounted on the back in the wheel-wheel robot.

V. SIMULATION

In this section, we will implement the proposed metric-
based QP to show its effectiveness in MATLAB. To further

(a) (b)

(e) (f)

(c) (d)

Fig. 4: Simulation results of spatial reorientation using the naive QP
(a-b) and the proposed metric-based QP (c-d). (a,c) Evolution of
body orientation. (b,d) Evolution of control velocities of both the
wheels and the tail. Black dashed lines denote velocity constraints.
(e) Reorientation error over time. (f) The geometric metric over time.

show the advantage of the hybrid tail-wheel robot on both MoI
and RoM, we will conduct a series of spatial reorientation
tasks on wheel-wheel, two-DoF-tail, and tail-wheel robots.
Their parameters in simulation are listed in Table IV.

A. Algorithm Verification

To validate the process of spatial reorientation, the tail-
wheel robot was dropped from a certain height. During this
process, only the wheels and tail can affect the change of body
orientation according to the angular momentum conservation
principle. Fig. 4 shows one simulation example where the body
orientation started from r´40˝ 60˝ 40˝sT and was expected to
reach the origin. The simulation parameters K “ kE3ˆ3 “

65E3ˆ3, kψ “ ´165, ∆t “ 0.005, and ϵ1 “ ϵ2 “ 10´6 were
used. From Figs. 4 (c) and (e), all Euler angles converged
to zero, and the reorientation error (||θd ´ θ||) fell down
to zero. In Fig. 4 (d), the control velocities of the wheel
and tail respected the limitation as follows: ´2400 ď 9φ1 ď

2400 rpm,´1500 ď 9φ2 ď 1500 rpm. Moreover, although
there was an adjustment at 0.27 s, the metric could converge
to 90˝, which demonstrates its effectiveness of keeping control
authority.

What we want to emphasize is that the proposed metric-
based QP overcomes the limitation of the naive QP. Under
the same simulation conditions, it is observed that the spatial
reorientation task failed with a large reorientation error (the
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dashed blue line in Fig. 4 (e)). Note that the metric fell down
to zero, i.e., β Ñ 0˝, which implies eθ has been parallel to
n. In other words, the control authority was lost when using
the naive QP, whereas the metric-based QP was able to keep
it pβ Ñ 90˝q, see Fig. 4 (f).

B. Performance Comparisons

Since the proposed QP is not specific to one system, we are
allowed to conduct performance comparisons among wheel-
wheel, two-DoF-tail, and tail-wheel robots (see sketches in
Fig. 1). The reduced models of the wheel-wheel and two-DoF-
tail robots can be derived as in Section III and are omitted in
this paper for brevity. For the wheel-wheel robot, a wheel
mounted on the back and aligned with the roll axis was used
to replace the tail of the tail-wheel robot with the same mass
(mW,back) and the diameter close to the body height (selected
as 0.12 m, thus its moment of inertia is 3.6 ˆ 10´4 kg ¨ m2 ).
For the two-DoF-tail robot, the tail parameters are the same
as those in the tail-wheel robot, but the tail has two DoFs.
While airborne, the full swinging of the tail was mechanically
forbidden [27]. Specifically, the tail pitch and yaw ranges were
r´90˝, 90˝s and r´180˝, 180˝s, respectively. The rest of robot
parameters and the appendage velocity limitation were the
same. To cover various initial configurations, we selected eight
initial states θ0 “ r˘60˝,˘60˝,˘60˝sT and the appendages
started from zero position. The simulation duration was set as
0.6 s, which means all robots were dropped from around 1.76
meters. For each type, the control gains were carefully tuned
for improving overall performance.
TABLE V: Performance Comparison Among Three Robots

Robot Types k kψ Erp˝q Tcpsq N

(a) Wheel-Wheel 70 -150 13.225 ˘ 9.802 1.279 ˘ 0.512 0/8

(b) Two-DoF-Tail 50 -30 0.000 ˘ 0.000 0.268 ˘ 0.008 8{8

(c) Tail-Wheel 50 -150 0.020 ˘ 0.017 0.589 ˘ 0.027 0/8

Fig. 5 shows the results of θ0 “ r60˝,´60˝, 60˝sT . At 0.6
s, the wheel-wheel robot failed to achieve spatial reorientation,
while both the two-DoF-tail and tail-wheel robots succeeded.
In terms of appendage evolution, we found the two-DoF-
tail robot violated the tail pitch and yaw limitation. Table V
collected the results of eight cases, where Er denotes the body
reorientation error at 0.6 s, Tc denotes the converging time
when the body reorientation error is less than 0.02˝, and N
denotes the number of violating the physical ranges of the
appendages. At 0.6 s, the wheel-wheel robot suffered from
a large stabilization error and required a twofold converging
time on average compared to the hybrid tail-wheel robot. This
was because MoI of a wheel is normally smaller than that
of a tail, given the same mass and wheel radius restriction
[38]. Although the two-DoF-tail robot achieved the tasks very
quickly and almost no error can be observed at 0.6 s, it
violated the physical appendage range every time (8{8), which
is infeasible in hardware. Once the appendage is subject to lim-
ited RoM, the collision between the body and the appendage
is potential if no specific collision constraints are imposed.
Overall, the results in the last row imply that the hybrid

(a) (b)

(c) (d)

Violating Tail Pitch Limitation

Violating Tail Yaw Limitation

Fig. 5: Performance comparison on conducting spatial reorientation
among three robots. (a-c) Body orientation evolution of the wheel-
wheel robot, two-DoF-tail robot, and tail-wheel robot, respectively.
(d) Appendage evolution of the two-DoF-tail robot.

tail-wheel appendage enjoys the tail’s efficient MoI-inducing
and the wheel’s unlimited RoM feature, thus its reorientation
capability is highly enhanced without any physical collision
in the air.

VI. EXPERIMENTAL VALIDATION

A. Experiment Setup

Experiments were designed to validate the spatial reorien-
tation capability of the underactuated hybird tail-wheel robot
in falling (see Fig. 9). In the dropping tests, the robot was
dropped from a height of around 1.7 meters and the dropping
duration was around 0.59 seconds. While dropping, the tail
was pointing upward at the initial moment.

B. Experimental Results

Fig. 6 shows the results of one spatial reorientation trial
using the proposed metric-based QP. The initial yaw, pitch, and
roll angles were ´21.97˝, ´23.55˝, and ´36.61˝, respectively.
The control parameters K “ diagpr275, 125, 125sq, kψ “

´400, and ϵ1 “ ϵ2 “ 10´6 were used. With our controller,
the robot orientation can be righted to the neighborhood of
the desired zero configuration before the impact. Specifically,
the impact configuration was r2.76˝ 1.24˝ ´ 0.77˝sT . The
drop was recorded by two cameras and the snapshots were
displayed in Fig. 9. As shown in Fig. 6 (b), the control
velocities were bounded by the saturation limitations, although
some overshoots on the wheel velocity were observed. Those
overshoots may be caused by the gear transmission mecha-
nism, but they were still in the range of physical limitation
if we set a relatively conserved saturation. As predicted, the
geometric metric was forced to approach 90˝. At the end of
the spatial reorientation, an adjustment in the metric starting
from 0.49 s can be observed. This was because the error was
still non-zero and the adjustment was required.
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(a) (b) (c)

Ground Impact Ground Impact Ground Impact

Fig. 6: Experimental results of spatial reorientation using the proposed metric-based QP. (a) Evolution of body orientation. (b) Evolution of
control velocities of both the wheels and the tail. Dashed lines denote velocity constraints. (c) Evolution of the metric.

10

Fig. 7: Experimental results of reorientation errors using the proposed
metric-based QP at 10 trials with different initial configurations.

Many trials have been conducted. The robot was dropped
from different initial configurations. Overall, with the proposed
algorithm, the robot achieved spatial reorientation, as shown
in Fig. 7 (10 trials). The reorientation errors were in the range
of 10˝ ˘ 5˝ by the moment of the ground impact, which is
acceptable in practice when considering body yaw, pitch, and
roll together.

To show the incapability of the naive QP on spatial reori-
entation, the robot was dropped from a configuration close
to the previous one in Fig. 6. The results were displayed in
Fig. 8. The controlled pitch and roll showed the tendency
of approaching to zero; however, the yaw DoF, which was
underactuated, showed a large error. This was because the
control authority was almost lost due to the use of the naive QP
and this can be demonstrated by the evolution of the geometric
metric, i.e., approaching to zero with fluctuations.

(a) (b)

Ground Impact Ground Impact

Fig. 8: Experimental results of the robot reorientation using the naive
QP. (a) Evolution of body orientation. (b) Evolution of the metric.

VII. DISCUSSIONS

Although the proposed algorithm in this paper starts from
a specific prototype, it can be applicable to many different

(a) (b)

𝒙𝒚

𝒛

Desired Orientation

𝒙 𝒚

𝒛

Desired Orientation

Initial Orientation

𝒚

𝒙𝒛
Initial Orientation

𝒚
𝒙 𝒛

Fig. 9: Snapshots of one trial using the metric-based QP. Initial
yaw, pitch, and roll angles were ´21.97˝, ´23.55˝, and ´36.61˝,
respectively. (a) In the side view, the stabilization of the pitch DoF
along the y-axis was observed. (b) In the back view, the stabilization
of the yaw DoF along z-axis and the roll DoF along x-axis was
observed.

robot structures. The inspiration is twofold. First, to achieve
spatial reorientation with underactuation, the usage of inertial
appendages can be various. For example, compliant legs in
RHex [38] can provide pitch authority, which is similar to the
wheels we used. Recently, more and more legged robots with
extra wheel(s) have been proposed, such as Ascento [6], Ollie
[7], and SpaceBok [32]. Making use of the existing wheels
while airborne can further reinforce robots’ control capability
on pitch, such as in Ascento and Ollie. Inspired by the success
of our prototype, attaching a simple extra tail along the roll
DoF to those legged robots has the potential of enabling
spatial reorientation. Of course, the special case of potentially
hitting the ground while landing needs to be further addressed.
Second, the proposed control algorithm is not limited by the
actuated DoF distribution studied in this paper (with pitch
and roll control capability). To enable spatial reorientation
with underactuation, the distribution of appendages can be
flexible. Any pair selected from yaw, pitch, and roll DoFs
is available for the proposed algorithm, e.g., pitch and yaw
control capability in the two-DoF-tail robot.
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VIII. CONCLUSION AND FUTURE WORK

In this paper, we proposed to enable underactuated spatial
reorientation with two classical types of inertial appendages,
the tail and reaction wheel, by using a novel metric-based
QP. Different from previous work mainly focusing on either
one of those appendages, the resulting hybrid tail-wheel robot
combines two core abilities, unlimited RoM and efficient MoI-
inducing. Besides, the proposed algorithm is crucial in un-
deractuated spatial reorientation, where the two-DoF velocity-
limited control input can regulate three-DoF states. In the
simulation, the proposed QP was verified, and the performance
comparison emphasized the advantages of the combined tail-
wheel appendage on spatial reorientation (small convergence
error, relatively fast convergence speed, and free of collision
in the air), which cannot be attained by either tails or reaction
wheels. In experiments, we further demonstrated the real-time
spatial reorientation capability of the hybrid appendage by
multiple dropping tests. In the future, we are interested in
applying the metric to other optimization frameworks, e.g.,
a Model Predictive Control (MPC) framework, and extending
the algorithm to the case of non-zero total angular momentum.
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