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Abstract—In this paper, a novel planned trajectory classifica-
tion method (PTCM) is proposed to evaluate the safety of the
car-like four-wheeled mobile robots (4-WMRs) with Ackermann
steering and high-stiffness suspensions. To classify a planned tra-
jectory to be safe or unsafe before the 4-WMR actually follows it,
the conditions of the wheel forces (WFs: longitudinal, lateral, and
normal forces for each wheel) necessary to execute the planned
trajectory without rollover and slip are calculated using the
passive decomposition of the WMR dynamics with the Pfaffian
constraints of the no-rollover and no-slip conditions. Similar to
the case of Navier’s table problem, only nine-dimensional WFs
projected onto the constrained space are identifiable among the
twelve-dimensional WFs. This indeterminacy turns out not to
affect the rollover prediction, yet does so for the slip prediction.
For this, we propose novel optimistic and pessimistic methods,
together upper and lower bounding the exact slip prediction.
The proposed PTCM classifies the planned trajectory as safe if
rollover and slip are not predicted and unsafe otherwise. The
proposed PTCM is demonstrated and validated by simulations
and outdoor experiments.

I. INTRODUCTION
Wheeled mobile robots (WMRs) are getting popular due

to their high payload, energy efficiency, and ease of control
and design. Especially, the market of the robotic logistics,
delivery, and smart/intelligent transportation using the WMRs
are growing exponentially [1] with the planning, control, and
sensing technologies of WMRs quickly being matured [2]–
[4]. Arguably, the most important issue for these applications
with driverless WMRs, which may be catastrophic particularly
during high-speed driving on inclined roads [5]–[8].

Most of existing results for this adopt the real-time detection
and control approach [5]–[7], that is, right after the rollover or
slip is detected, the trajectory is modified, and the controller
activated to mitigate the rollover and slip (e.g., loss of traction)
while driving. During this process, the trajectory modification
may cause time delay and preventing the rollover and slip of
the WMRs by the controllers may not be possible due to the
limit (or lack) of the actuation (e.g., friction cone constraint),
all possibly compromising the safety of the WMRs. Therefore,
a means to predict rollover and slip of the WMRs even
before executing the planned trajectory can minimize the risk
of the rollover and slip, thereby, substantially enhancing the
operation safety of the WMRs.

Research supported in part by the Industrial Convergence Core Technology
Development Program (10063172) funded by MOTIE, Korea, and Korea
Institute for Advancement of Technology (KIAT) grant funded by the Korea
Government (MOTIE) (P0020536, HRD Program for Industrial Innovation).

The authors are with the Department of Mechanical & Aerospace Engineer-
ing, Seoul National University and IAMD, Seoul, 08826, Republic of Korea.
R. Chung is currently with Robot Center, Samsung Research, Seoul, 06765,
Republic of Korea. Corresponding author: D. J. Lee (djlee@snu.ac.kr).

In this paper, a novel planned trajectory classification
method (PTCM) is proposed to classify the planned trajec-
tories to be safe or unsafe before executing the trajectory by
predicting rollover and slip for the car-like 4-WMRs with Ack-
ermann steering and high-stiffness suspensions that are widely
used in Robotics. For this, we first compute the desired state
and its derivatives from the given planned trajectory. We then
apply the passive decomposition [9], [10] to decompose the
dynamics of the 4-WMR into the unconstrained (e.g., locked)
and constrained (e.g., shape) dynamics under the Pfaffian con-
straints of the no-rollover and no-slip conditions. By utilizing
the unconstrained dynamics, we can extract the input torques
(e.g., controls) for the WMR to track the planned trajectory,
whereas, by utilizing the constrained dynamics along with the
input torques, we can obtain nine-dimensional wheel forces
(WFs: longitudinal, lateral, and normal forces for each wheel)
projected onto the constrained space to uphold the no-rollover
and no-slip constraints during the planned trajectory tracking.
Similar to the case of Navier’s table problem or Painleve
paradox, these WFs projected onto the constrained space only
specify nine-dimensional information, yet, the unknowns are
the twelve-dimensional WFs. This indeterminacy turns out
not to affect the rollover prediction, yet, does so for the slip
prediction.

To address this issue of indeterminacy, novel algorithms
are proposed to predict the rollover and slip using the WFs
projected onto the constrained space and their relations with
the WFs instead of the twelve-dimensional WFs. The ZMP
(zero-moment point) and friction cone model are, respectively,
employed to propose the rollover and slip prediction algo-
rithms as follows. First, as stated above, the ZMP can be
calculated only with the WFs projected onto the constrained
space, and the rollover can be predicted when the calculated
ZMP is at the outside of the supporting polygon. Second,
using the friction cone model, the slip is predicted if the
required friction coefficient to prevent the slip is larger than
the friction coefficient of the road. However, all the twelve-
dimensional WFs are required to calculate the required friction
coefficient of each wheel. Therefore, we propose two slip
prediction algorithms using the relations between the WFs and
the WFs projected onto the constrained space, one optimistic
and the other pessimistic, which respectively predict the slip
if a sufficient condition for the slip is satisfied and a sufficient
condition for the no-slip is not satisfied (e.g., a necessary
condition for the slip), together upper and lower bounding the
exact slip prediction. For the slip prediction algorithms, high
stiffness vertical suspensions are assumed to use the solution
of the Navier’s table problem [11] for the distribution of the
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vertical WFs.
The main contributions of this paper are as follows: (1)

a novel planned trajectory classification method (PTCM) for
4-WMRs with Ackermann steering is proposed to predict
the rollover and slip before the 4-WMRs actually follow
the planned trajectories; (2) a novel way of calculating the
conditions of the WFs required to prevent the rollover and
slip is proposed, which is greatly facilitated by applying
passive decomposition [9], [10]; and (3) the proposed PTCM is
extensively validated by simulations and outdoor experiments,
showing the promise of the proposed PTCM in practice.

The rest of this paper is organized as the follows. Re-
lated works are summarized in Section II. In Section III,
the d’Alembert dynamics of the 4-WMR is formulated and
decomposed into the constrained and unconstrained dynamics
with the no-rollover and no-slip constraints. Using the desired
state and decomposed dynamics, the input torques to follow
the planned trajectory, the WFs projected onto the constrained
space, and the relations between the WFs and the WFs pro-
jected onto the constrained space are calculated in Section IV.
Section V provides the proposed rollover and slip prediction
algorithms using the ZMP and friction cone model, and the
PTCM is proposed using the rollover and slip prediction
results. The proposed PTCM is verified by simulations and
outdoor experiments in Section VI, and the conclusion of this
paper is drawn in Section VII.

II. RELATED WORKS

Preventing rollover and slip before executing trajectories is
an important and essential function for autonomous robots
such as WMRs, humanoids, and quadruped robots. For the
humanoids and quadruped robots, the trajectory planning
with safety constraints (e.g., ZMP [12]–[14], friction cone
constraints [12], and contact force constraints [15]) are widely
used, yet few trajectory planning for WMRs and vehicles (e.g.,
[16]) consider the safety constraints. In [12], a spring-loaded
inverted pendulum (SLIP) model is used for a two-legged
robot to predict the vertical forces at the contact points, and the
ZMP and friction cone constraints are founded as functions of
the control inputs and the vertical forces, respectively. The
ZMP for the legged and wheeled-legged quadruped robots
can be, respectively, calculated using simplified models such
as the cart-table [13], [17] and mass-less legs [14] models
without using contact forces for the trajectory optimization.
In [15], constrained forces to prevent the slip are predicted
using the inverse dynamics of quadruped robots and orthog-
onal decomposition, and the control inputs are optimized to
minimize the predicted constrained forces with contact force
and bounded input constraints. However, the safety constraints
used in [12]–[16] increase computational complexities of the
trajectory planning.

For the computationally efficient rollover and slip preven-
tion, we propose a novel PTCM for 4-WMRs with the Ack-
ermann steering using the ZMP and friction cone model, and
the major challenge of the proposed PTCM is identifying the
twelve-dimensional WFs to calculate the ZMP and required
friction coefficient. Unfortunately, it is turned out that we

Figure 1: Wheel configuration and supporting polygon of the 4-
WMR.

cannot identify all twelve-dimensional WFs for the 4-WMRs
in SE(3), and the ZMP and required friction coefficient cannot
be calculated using the twelve-dimensional WFs. The existing
methods for humanoids and quadruped robots [12]–[15], [17]
cannot be directly applied for the 4-WMRs, because less
than four contacts points, which do not cause the indeter-
minacy of the WFs for the 4-WMRs, are considered, and
the simplified models for WMRs (e.g., planar [5], roll plane
[6], [7], and double-track [16] models) are not proper for
modeling 4-WMR motions in SE(3). Therefore, we propose
novel rollover and slip prediction algorithms that calculate the
ZMP and required friction coefficient using the identifiable
nine-dimensional WFs projected onto the constrained space to
uphold the no-rollover and no-slip constraints instead of the
twelve-dimensional WFs.

To our best knowledge, this is the first time that a calculation
method for the conditions of the WFs to prevent both rollover
and slip is proposed using the 4-WMR dynamics in SE(3)
and the indeterminacy of the calculation of the WFs required
to follow a planned trajectory without both rollover and slip
is theoretically analysed for the 4-WMRs. Moreover, the
calculation of the conditions of the WFs is simplified by using
the passive decomposition [9], [10] in this paper. The proposed
PTCM can predict the rollover and slip without using sensor
measurements or offline calibration, required in [5]–[8], and
also can be used for computationally efficient double-checks
with existing real-time rollover and slip detection methods or
safety checks of sampled trajectories for the model predictive
controls (MPCs).

III. DECOMPOSED DYNAMICS FOR 4-WMR

In this section, the d’Alembert dynamics with the no-
rollover and no-slip constraints is formulated to express the
movement of the 4-WMR. The no-rollover and no-slip con-
straints are formulated as the Pfaffian constraints, and the
Pfaffian constraints are used to decompose the d’Alembert
dynamics to simplify the calculation of the WFs and input
torques which are used for the proposed rollover and slip
prediction algorithms. The d’Alembert dynamics of the 4-
WMR is derived in Section III-A, and the Pfaffian constraints
are founded in Section III-B. In Section III-C, the d’Alembert
dynamics is decomposed into the constrained and uncon-
strained dynamics using the passive decomposition [9], [10].
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Figure 2: Ackermann steering geometry and global, body, and wheel
frames.

A. D’Alembert dynamics for 4-WMR

The configuration of the 4-WMR in Fig. 1 is defined
as q = {gGB, δ, ϕ1, ϕ2, ϕ3, ϕ4} where gGB ∈ <4×4 is the
homogeneous transformation matrix from the global frame
{G} to the body frame {B}, δ is the steering angle represented
in the body frame {B}, ϕi is the rotated angle of the i-
th wheel represented in the i-th wheel frame {Wi}, and the
wheel index i ∈W = {1, 2, 3, 4}. The quantities T(•), W(◦),
and H are, respectively, the displacements between the sprung
mass center O and each wheel center Ci along the x, y, and
z-axes of {B} as shown in Fig. 1 where (•) ∈ {f, r} and
(◦)∈{l, r}. The front wheel steering angles δ1 and δ2 satisfy
the Ackermann geometry cot(δ1)=cot(δ)−Wl/(Tf+Tr) and
cot(δ2)=cot(δ) +Wr/(Tf+Tr) where tan(δ)=(Tf+Tr)/Lin,
Lin =

(
Tr · vx+(H+rw) · vz

)
/
(
ωz ·Tr−ωx ·(H+rw)

)
is the

distance between A (e.g., rear shaft center) and B (e.g., in-
stantaneous center of rotation) in Fig. 2, rw is the wheel radius,
and the body linear and angular velocities represented in {B}
are, respectively, VB = [vx vy vz]

T and ΩB = [ωx ωy ωz]
T. It

is assumed that the rear wheel steering angles δ3 = δ4 = 0 as
typical 4-WMRs. The d’Alembert dynamics of the 4-WMR is
then written by

M(q)q̈+C(q, q̇)q̇+G(q)−JT
f ·f=τ (1)

where the velocity vector q̇=[V T
B ΩT

B δ̇ ϕ̇1 ϕ̇2 ϕ̇3 ϕ̇4]T∈<11,
the acceleration vector q̈ is the time derivative of q̇ (e.g., q̈=
dq̇/dt), M(q)∈<11×11 is called the inertial matrix, C(q, q̇)∈
<11×11 is the Coriolis matrix, and G(q)∈<11×1 is the gravity
matrix, the Jacobian matrix Jf is defined as

Jf = [Jf,1 Jf,2 O12×1 Jf,3] (2)

Jf,1 = [RBW1 RBW2 I3×3 I3×3]
T

Jf,2 = [lOD1
×RBW1

lOD2
×RBW2

[lOD3
×] [lOD4

×]]
T

Jf,3 =


−rw 0 0 0 0 0 0 0 0 0 0 0

0 0 0 −rw 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −rw 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −rw 0 0


T

the quantity f is a vector constructed with the twelve-
dimensional WFs shown in Fig. 3, i.e., fi=[fxi f

y
i f

z
i ]T∈<3,

R]\ is the rotation matrix defined to transform a vector in a
frame {\} to another frame {]}, and lαβ is a vector from α to
β represented in {B} where α and β are the points illustrated

Figure 3: Wheel forces (WFs) in SE(3) for each wheel.

in Fig. 2 and Fig. 3. For the 4-WMR shown in Fig. 1, the input
can be defined as τ = [O1×6 τδ 0 0 τϕ τϕ]T ∈ <11 where τδ
is the steering torque applied to the steering wheel, τϕ is the
rear wheel drive torque which is distributed by the differential
gear, and Ia×b and Oa×b are, respectively, the identity and zero
matrices of size [a×b].

B. Pfaffian constraints
The no-rollover and no-slip constraints for the 4-WMR can

be described as the following.
1) Each wheel does not slip in its longitudinal direction:

ϕ̇i=[1 0 0]·RT
BWi
·(VB+ΩB×lODi

)/rw for ∀i∈W .
2) Each wheel does not slip in its lateral direction:

tan(δ)=
(
Tf+Tr

)
/Lin and V By =ωz ·Tr−ωx · (H+rw).

3) The 4-WMR does not move to the z-axis of {B}:∑
i∈W [0 0 1]·(VB+ΩB×lOCi

)=0.
4) The angular velocities of the 4-WMR along the x and

y-axes of {B} are zeros: ωx=0 and ωy=0.
The above no-rollover and no-slip constraints can be formu-
lated as Ã(q)q̇ = O9×1 where the matrix Ã(q) ∈ <9×11 is the
Pfaffian constraint matrix with rank(Ã(q))=9.

C. Decomposed dynamics using passive decomposition
To calculate the WFs that prevent the rollover and slip, the

desired state and its derivatives (e.g., q, q̇, and q̈) and the
input torques τ to follow the planned trajectory are required
as expressed in (1), and the desired state and its derivatives
can be obtained from the planned trajectory. This section
provides the decomposed dynamics of the 4-WMR into the
constrained and unconstrained dynamics which is used to
calculate τ and f in Section IV-A and IV-B, respectively. The
unconstrained dynamics, which is the projected dynamics onto
the unconstrained space (e.g., null space of Ã(q)), simplifies
the calculation of τ , because there is no WFs related term in
the unconstrained dynamics, and τ can be directly calculated
using the unconstrained dynamics as described in Section
IV-A. In addition, the constrained dynamics, which is the
projected dynamics onto the constrained space (e.g., row space
of Ã(q)), can be used to calculate f by substituting the
calculated τ as described in Section IV-B. To decompose the 4-
WMR dynamics in (1) into the constrained and unconstrained
dynamics, the row and null space basis matrices of Ã(q) (e.g.,
∆⊥ and ∆>, respectively) are defined as [9], [10]

∆⊥ = M−1(q)ÃT(q)
(
Ã(q)M−1(q)ÃT(q)

)−1
∈<11×9
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∆> = null(Ã(q))∈<11×2

and thanks to the properties of the above ∆⊥ and ∆> from
the passive decomposition, i.e., Ã(q)∆⊥ = I9×9, Ã(q)∆> =
O9×1, and ∆T

⊥M(q)∆> = O9×2, the decomposed dynamics
has advantage of simplicity [9], [10]. The notation null(K)
represents the null space basis matrix of a matrix K, and we
select

∆> =
1

κ0
·
[

0 0 0 0 0 0 κ0 0 0 0 0
κ1 κ2 0 0 0 κ3 0 κ4 κ5 κ6 κ7

]T

(3)

where

κ0 = κ6+κ7, κ1 = rw ·(Tf+Tr), κ2 = rw ·Tr ·tan(δ)

κ3 = rw ·tan(δ), κ4 = (Tf+Tr)·tan(δ)/sin(δ1)

κ5 = (Tf+Tr)·tan(δ)/sin(δ2), κ6 = (Tf+Tr)−Wl ·tan(δ)

κ7 = (Tf+Tr)+Wr ·tan(δ)

to simplify the projected input torque onto the unconstrained
space as ∆T

>τ = [τδ τϕ]T. The first column of ∆> is the
basis vector related to the steering for the z-axis rotational
movement in {B}, and the last column of ∆> is the basis
vector related to the wheel rotations for the x-axis translational
movement in {B}. The velocity vector q̇ can be represented
as [9], [10]

q̇ = Sν (4)

where S =
[
∆> ∆⊥

]
, ν =

[
νT

L νT
E

]T
, and the vector

νL ∈ <2 and νE ∈ <9 are the velocity vectors projected onto
the unconstrained and constrained spaces, respectively. The
acceleration vector q̈ is then written as [9], [10]

q̈= Ṡν+Sν̇ (5)

by differentiating q̇ in (4). By multiplying ∆T
> and ∆T

⊥,
respectively, to (1) and substituting q̇, i.e., (4), and q̈, i.e.,
(5) into the multiplication results, the decomposed dynamics
is derived as

∆T
>M(q)∆>ν̇L+∆T

>(M(q)Ṡ+C(q, q̇)S)ν+∆T
>G(q)

−∆T
> ·JT

f ·f=∆T
>τ (6)

∆T
⊥M(q)∆⊥ν̇E+∆T

⊥(M(q)Ṡ+C(q, q̇)S)ν+∆T
⊥G(q)

−∆T
⊥ ·JT

f ·f=∆T
⊥τ. (7)

The equations (6) and (7) can be simplified by using the fact
that νE = ν̇E =O9×1 if the Pfaffian constraints are satisfied, and
∆T
> ·JT

f = O2×12 by the definitions of Jf and ∆> in (2) and
(3). Then, we have

∆T
>M(q)∆>ν̇L+∆T

>(M(q)∆̇>+C(q, q̇)∆>)νL

+∆T
>G(q)=∆T

>τ (8)
∆T
⊥(M(q)∆̇>+C(q, q̇)∆>)νL+∆T

⊥G(q)−∆T
⊥ ·JT

f ·f
= ∆T

⊥τ. (9)

The equations (8) and (9) express the unconstrained and
constrained dynamics, respectively. The physical meaning of
the decomposed dynamics is that the WFs projected onto the
constrained space ∆T

⊥ ·JT
f ·f should satisfy the constrained

dynamics in (9) to prevent the rollover and slip, and the

input projected onto the unconstrained space ∆T
>τ rotates the

steering and wheel angles to generate the movement of the
4-WMR.

IV. CALCULATION OF FORCES AND TORQUES

Using the decomposed dynamics in (8) and (9), τ and f
are calculated in this section. The quantities τ , νL, and ν̇L are
the only unknowns in the unconstrained dynamics in (8), and
νL and ν̇L can be, respectively, calculated using the equation
(4) and (5) with q̇ and q̈ from the planned trajectory where
νE = ν̇E = O9×1. The details for the calculation of τ , νL,
and ν̇L are provided in Section IV-A. In Section IV-B, the
indeterminacy of the WFs f is discussed, and the projected
WFs onto the constrained space λ, which are identifiable using
the constrained dynamics in (9), are defined for the proposed
rollover and slip prediction algorithms in Section V. The
relations between f and λ to satisfy the no-rollover and no-
slip constraints are also provided in Section IV-B, and these
relations are used for the proposed slip prediction algorithms
in Section V-B to resolve the indeterminacy of the WFs.

A. Calculation of input torques

When νE =O9×1 is substituted into (4), the relation between
q̇ and νL is expressed as

q̇=∆> ·νL. (10)

The matrix ∆> has the full-rank, because the columns in ∆>
are the independent null space basis vectors of Ã(q), and νL
is calculated as νL =(∆T

>∆>)−1∆T
>q̇ using the equation (10).

Similarly, ν̇L can be obtained using (5) and νE =O9×1 as ν̇L =
(∆T
>∆>)−1∆T

>(q̈− ∆̇>νL). The input torques projected onto
the unconstrained space ∆T

>τ = [τδ τϕ]T can be calculated
using (8) with the known variables, i.e., q, q̇, νL, and ν̇L. The
calculated input torques in this section are used in Section
IV-B.

B. Calculation of wheel forces and indeterminacy

According to the constrained dynamics in (9), the WFs
should satisfy the following equation to prevent the rollover
and slip.

∆T
⊥ ·JT

f ·f = ∆T
⊥(M(q)∆̇>+C(q, q̇)∆>)νL+∆T

⊥G(q)−∆T
⊥τ

(11)

where the input τ=JT
τ ·[τδ τϕ]T and

Jτ =

[
O1×6 1 O1×2 0 0
O1×6 0 O1×2 1 1

]
.

Similar to the case of Navier’s table problem or Painleve para-
dox, the twelve-dimensional f cannot be identified by the nine
equations in (11). Therefore, we define projected WFs onto
the constrained space λ= [λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8 λ9]T =
∆T
⊥(M(q)∆̇>+C(q, q̇)∆>)νL +∆T

⊥G(q)−∆T
⊥τ ∈<9 which

can be calculated with the known variables, and the proposed
rollover prediction algorithm in Section V-A checks the feasi-
bility of the WFs required to uphold the no-rollover constraints
using the zero moment point (ZMP) [17] calculated with λ
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instead of f . To predict the slip of each wheel using the friction
cone model, the twelve-dimensional f is required to calculate
the required friction coefficient, and we propose optimistic and
pessimistic slip prediction algorithms in Section V-B using the
relations ∆T

⊥ ·JT
f ·f = λ which calculate the upper and lower

bounds of the exact required friction coefficient calculated with
f .

V. PROPOSED PLANNED TRAJECTORY
CLASSIFICATION METHOD

The rollover and slip prediction algorithms are proposed to
check the feasibility of the rollover and slip prevention in this
section. In practice, the rollover occurs if the ZMP [17] is
at the outside of the supporting polygon (e.g., yzmp >Wl or
yzmp<−Wr), and the wheel slips if the friction coefficient of
the road µreal is less than the required friction coefficient (e.g.,
µreal<

√
(fxi )2+(fyi )2/fzi for the i-th wheel) according to the

friction cone model. In Section V-A, the rollover prediction
algorithm is proposed by calculating the ZMP using λ. For
the slip prediction, we propose optimistic and pessimistic slip
prediction algorithms using the relations ∆T

⊥·JT
f ·f=λ and the

solution of the Navier’s table problem [11] in Section V-B,
and the PTCM is proposed in Section V-C using the results
of the rollover and slip prediction algorithms.

A. Rollover prediction algorithm

When all the twelve-dimensional WFs are known, the x-
axis moment in {B} at the zero moment point Ozmp =
[xzmp yzmp zzmp]T is formulated as Mx = (fx1 sin(δ1) +
fy1 cos(δ1)+fx2 sin(δ2)+fy2 cos(δ2)+fy3 +fy4 )· (H+rw)+(fz1 +
fz3 )·(Wl−yzmp)−(fz2 +fz4 )·(Wr+yzmp)=0, and yzmp can be
obtained as yzmp ={(λ1sin(δ1)+λ2sin(δ2)+λ6)·(H+rw)+(Tf+
Tr)·(H+rw)·λ5cos(δ)+λ8}/{(H+rw)·λ5sin(δ)+λ7} using
the relations ∆T

⊥ ·JT
f ·f =λ. The proposed rollover prediction

algorithm predicts the rollover if yzmp>Wl or yzmp<−Wr.

B. Slip prediction algorithms

According to the friction cone model, the slip occurs when
the horizontal force is larger than the maximum friction force,
and the function of the maximum friction force with respect
to the vertical force has a cone shape. The slope of the cone is
called the friction coefficient, and the necessary and sufficient
condition to prevent the slip of the i-th wheel can be expressed
as µreal ≥ µi where µi = fhor,i/fver,i. The quantity µreal is
the friction coefficient of the road which can be estimated
by the friction coefficient estimation algorithms [18], µi is
the required friction coefficient to prevent the slip of the i-th
wheel, and fhor,i and fver,i are, respectively, the horizontal and
vertical WFs of the i-th wheel, i.e., fhor,i =

√
(fxi )2+(fyi )2

and fver,i=fzi . Therefore, more than one wheel slips if

µreal < max
i∈W

µi(f) = µmax

and the quantity µmax cannot be exactly calculated for the 4-
WMR, because the twelve-dimensional WFs are required to
calculate µmax. Therefore, we propose the optimistic and pes-
simistic slip prediction algorithms using the relations between

f and λ that, respectively, predict the slip if the sufficient
condition for the slip is satisfied and the sufficient condition
for the no-slip is not satisfied, and we adopt the solution of
the Navier’s table problem [11] that distributes the vertical
forces of the 4-leg tables. Under the high stiffness vertical
suspension assumption εi≈0 where εi is the displacement of
the i-th suspension, the vertical forces should satisfy

fz1 +fz4 =fz2 +fz3 (12)

if the distortion of the sprung mass is impossible as typical 4-
WMRs according to the solution of the Navier’s table problem
in [11]. The proposed optimistic slip prediction algorithm
defines the minimum required friction coefficient µo

c, and µo
c

is the required friction coefficient when the largest required
friction coefficient of the wheels is minimized. To calculate
µo
c, an optimization problem is formulated as

µo
c = min

f
max
i∈W

µi(f)

subject to

sgn (fyi ) = sgn (ωz) for ∀i∈W (13)

the relations ∆T
⊥ ·JT

f ·f = λ, and the equation in (12) where
µj(fmin) ≥ µi(fmin) for ∀i ∈W , j = arg maxi∈W µi(f), and
fmin = arg minf µj(f) should be satisfied to avoid the change
of the index j during the minimization. The function sgn(♣) is
the sign function where (♣) is a scalar quantity. The constraint
for the direction of the lateral force in (13) is derived by
assuming that Lin>Wl or Lin<−Wr where this assumption
should be satisfied for car-like 4-WMRs with steering angle
limits (e.g., |δ1|<π/2 and |δ2|<π/2) according to the Ack-
ermann steering geometry. If the minimum required friction
coefficient µo

c is larger than µreal, the proposed optimistic slip
prediction algorithm predicts the slip. The proposed optimistic
slip prediction algorithm is non-conservative, because the slip
may occurs even though the sufficient condition of the slip
µo
c > µreal is not satisfied, and a prediction algorithm using

the sufficient condition of the no-slip (e.g., a pessimistic slip
prediction algorithm) is required for the conservative no-slip
prediction. The maximum required friction coefficient µp

c for
the proposed pessimistic slip prediction algorithm can be
calculated as

µp
c = max

f
max
i∈W

µi(f)

subject to ∆T
⊥·JT

f ·f=λ and the equations in (12) and (13), and
the proposed pessimistic slip prediction algorithm predicts the
no-slip if the sufficient condition for the no-slip µp

c≤µreal is
satisfied and the slip otherwise.

C. Planned trajectory classification

In this subsection, the planned trajectory is classified by
using the proposed PTCM. Using the proposed rollover and
slip prediction algorithms, the feasibility of the rollover and
slip prevention can be checked, and the planned trajectory
should be changed when the feasibility of the rollover and
slip prevention are infeasible. The proposed PTCM classifies
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the planned trajectory into safe (e.g., no-rollover and no-slip)
and unsafe trajectory using the following conditional equation.unsafe, if yzmp > Wl, yzmp < −Wr,

µo
c > µreal, or µp

c > µreal,
safe, otherwise.

(14)

If the planned trajectory is classified as the unsafe trajectory,
the trajectory should be modified for the safety, i.e., reducing
the velocities of the 4-WMR near the infeasible part(s) of the
planned trajectory.

VI. SIMULATION AND EXPERIMENT

For the repeatability and the knowledge of the ground truth,
the proposed PTCM is verified by simulations before out-
door experiments. For the simulations, a commercial software
CarSim is used to evaluate the performance of the proposed
PTCM, and more than thousand trajectories generated by
CarSim are classified using the proposed PTCM. The CarSim
provides the vertical tire forces, friction coefficient, slip ratio,
and slip angle that can be used to calculate the ground truth
of the rollover and slip times, and the prediction times of the
rollover and slip are compared to the ground truth in Section
VI-A. The true-positive probability, true-negative probability,
and prediction accuracy are also provided in Section VI-A to
evaluate the prediction performances of the proposed rollover
and slip prediction algorithms. A 4-WMR is implemented
for the outdoor experiments, and the trajectories of the im-
plemented 4-WMR and friction coefficient of the road are,
respectively, estimated using one of the recent visual inertial
state estimation algorithm VINS-MONO [19] and the TFF-
CKF [18]. The estimated trajectories are classified by the
proposed PTCM, and the classification performances of the
proposed PTCM is discussed in Section VI-B.

A. Simulation results

To generate the trajectories using the CarSim, input torques,
i.e., τd, are injected to the drive shaft of the differential gear,
and all the gear ratios of the differential gear are set to
one (e.g., τd = 2τϕ). Each simulation is performed for eight
seconds (e.g., 0≤ n≤ 8), and the input torque for the drive
shaft τd is modeled as

τd=

{
τd,1 ·sin(2π ·τd,2 ·n) + τd,3 ·n, if n≤1,
τd,1 ·sin(2π ·τd,2 ·n) + τd,3, otherwise,

where τd,1, τd,2, and τd,3 are parameters to generate various
trajectories. The steering angles of the front wheels are steered
to follow the given trajectories which are generated for the
practical double lane change scenario. The stiffnesses and
damping coefficients of the suspensions are set as high as
possible (e.g., 550N/mm and 50Ns/mm, respectively) to reduce
the effect of the suspensions, and roads inclined in zero and
five degrees are used for the simulations. For the rollover (or
slip) prediction simulations, the trajectories are ignored if the
slip (or rollover) is occurred before the rollover (or slip). The
ground truth of the rollover and slip times (e.g., nroll and nslip)
are defined as the minimum times that one of the vertical tire
forces becomes less than or equal to zero and normalized slip

Figure 4: Trajectory examples for the rollover prediction (red:
rollover, blue: no-rollover).

Figure 5: CarSim simulation results of the proposed rollover pre-
diction algorithm.

σi is greater than one, respectively. The normalized slip is de-
fined as σi =

√
(σr,i/σrm,i)2+(tan(σa,i)/tan(σam,i))2/µreal

where σr,i, σa,i, σrm,i, and σam,i are, respectively, the slip
ratio, slip angle, maximum slip ratio point, and maximum
slip angle point of the i-th wheel, and the prediction times
of the rollover and slip using the proposed rollover and slip
prediction algorithms are notated as n̂roll and n̂slip, respectively.

For the rollover prediction performance evaluation, τd,1,
τd,2, and τd,3 are selected as τd,1∈{−500,−250, 0, 250, 500},
τd,2 ∈ {0.05, 0.075, 0.1, 0.125, 0.15}, and τd,3 ∈ {1450, 1500,
1550, · · · , 2450}.

See Fig. 4 for trajectory examples for the rollover prediction.
Fig. 5 shows the prediction time errors of the proposed rollover
prediction algorithm (e.g., n̂roll−nroll) for 1050 trajectories,
and the true-positive and true-negative probabilities for the
rollover prediction are, respectively, 89.9% and 97.7%. Among
the 1050 trajectories, the 4-WMR drives on the zero degree
inclined road for 525 trajectories and the five degree inclined
road for another 525 trajectories as shown in Fig. 5. The
number of the true-positive and true-negative simulations are
added and then divided by the total number of simulations
1050 to calculate the prediction accuracy, and the prediction
accuracy of the rollover is calculated as 95.7%. For the true-
positive simulations, the mean of |n̂roll−nroll| is 0.0236s.

The parameters τd,1, τd,2, and τd,3 are selected as
τd,1 ∈ {−500,−250, 0, 250, 500}, τd,2 ∈ {0.05, 0.075, 0.1,
0.125, 0.15}, and τd,3∈{750, 800, 850, · · · , 1750} to generate
trajectories for the slip prediction performance evaluation, and
Fig. 6 shows trajectory examples for the slip prediction. Totally
1050 trajectories are simulated, yet only 829 trajectories are

Figure 6: Trajectory examples for the slip prediction (red: slip, blue:
no-slip).
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(a) Optimistic slip prediction results

(b) Pessimistic slip prediction results

Figure 7: CarSim simulation results of the proposed slip prediction
algorithms.

Figure 8: An implemented 4-WMR with an onboard PC and sensors.

used for the slip prediction. The other 221 trajectories are
ignored, because the rollover is occurred before the slip.
The 829 trajectories include 480 trajectories driving on the
zero degree and 349 trajectories driving on the five degree
inclined roads. The slip prediction time errors of the proposed
optimistic and pessimistic slip prediction algorithms (e.g.,
n̂o

slip−nslip and n̂p
slip−nslip) are, respectively, shown in Fig. 7a and

7b. The true-positive probability, true-negative probability, and
the accuracy of the optimistic slip prediction are, respectively,
83.2%, 91.5%, and 87.1%. The mean of |n̂o

slip−nslip| is 0.5754s
for the true-positive simulations. The true-positive probability,
true-negative probability, and the accuracy of the pessimistic
slip prediction are, respectively, 98.6%, 79.0%, and 89.8%.
The mean of |n̂p

slip − nslip| is 0.1063s for the true-positive
simulations.

B. Experiment results

A rearwheel driven 4-WMR with the Ackermann steering
is implemented with an onboard PC and sensors as shown
in Fig. 8. A traxxas Rally 1/10 RC car is modified to a
rearwheel driven 4-WMR without the suspension, and an Intel

Figure 9: An example of the rollover prediction results using the
proposed rollover detection algorithm.

Figure 10: An example of the slip prediction results using the
proposed slip detection algorithms.

NUC7i7BNH is used as the onboard PC. To measure the accel-
eration and angular velocity of the body, IMU (an accelerom-
eter and a gyroscope) included in the Advanced Navigation
Spatial INS is placed at the CoG of the implemented 4-WMR,
and a camera is installed above the IMU. Four RLS RM08
encoders are used to measure the wheel angular velocities, and
a Piher PT-10 potentiometer is implemented to measure the
steering angles of the front wheels. To obtain σrm,i and σam,i
in the normalized slip σi, the magic formula tire model [20] is
generated by using a tire model measuring equipment which is
proposed in [18], and the estimated state and onboard sensor
measurements are used to calculate σr,i and σa,i in σi. The
VINS-MONO [19] is employed to estimate the trajectory using
the measurements from the IMU and camera in 400Hz, and
the estimated trajectory is down-sampled to 100Hz to be used
as the planned trajectory for the proposed PTCM. Benchmark
test results of the VINS-MONO can be found in [21].

To collect the estimated trajectories, the implemented WMR
drives on a zero or ten degree inclined asphalt road. The aver-
age friction coefficient of the asphalt road is estimated as 0.92
using the TFF-CKF in [18]. Note that the friction coefficient
of the typical asphalt roads is 0.8-1.0 [18]. The reference time
of the rollover ñroll and slip ñslip are, respectively, defined
as the minimum time that the magnitude of the estimated roll
becomes greater than 11.46 degree (= 0.2 rad) and normalized
slip σi becomes greater than one. Fig. 9 and 10 show rollover
and slip prediction examples using the proposed rollover and
slip prediction algorithms. With ñroll and ñslip, the reference
time ñ is defined as ñ = min(ñroll, ñslip) for each estimated
trajectory, and the prediction time n̂(?)(∗) where (∗)∈{roll, slip}

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2024, Yokohama, Japan. Cite as RA-L paper.

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2024, Yokohama, Japan. Cite as RA-L paper.



(a) w/ the proposed rollover and optimistic slip prediction algorithms

(b) w/ the proposed rollover and pessimistic slip prediction algorithms

Figure 11: Experiment results of the proposed PTCM.

and (?)∈{o, p} is compared to ñ to evaluate the classification
performances of the proposed PTCM as shown in Fig. 11.
For the thirty experiments in Fig. 11a, the true-positive and
the true-negative probabilities are, respectively, calculated as
95% and 70% using the proposed rollover and optimistic
slip prediction algorithms. Using the proposed rollover and
pessimistic slip prediction algorithms, the true-positive and
the true-negative probabilities are, respectively, calculated as
100% and 80% for the thirty experiments as shown in Fig.
11b. In Fig. 11, the prediction results that abs

(
n̂
(?)
(∗)−ñ

)
>5 is

marked as the false-positive where abs(�) returns the absolute
value of (�), because the rollover or slip is detected at the safe
region of the trajectories.

VII. CONCLUSION
In this paper, a novel planned trajectory classification

method (PTCM) is proposed to avoid the rollover and slip
before executing the planned trajectory. The proposed PTCM
calculates the WFs projected onto the constrained space and
their relations with the WFs to prevent the rollover and
slip using the decomposed dynamics of the 4-WMR, and
the feasibility of the rollover and slip prevention is checked
using the proposed rollover and slip prediction algorithms. The
performance of the proposed PTCM is verified by simulations
and outdoor experiments, and the proposed PTCM can be used
to enhance the safety of the 4-WMRs with Ackermann steering
and high-stiffness suspensions such as delivery and personal
mobility WMRs.
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