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Localized and Incremental Probabilistic Inference for
Large-Scale Networked Dynamical Systems
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Abstract—In this article, we present new algorithms for dis-
tributed factor graph optimization (DFGO) problems that arise in
the probabilistic inference of large-scale networked robotic systems
for both batch and real-time problems. First, for the batch DFGO
problem, we derive a type of the alternating direction method of
multipliers (ADMM) algorithm called the local consensus ADMM
(LC-ADMM). The LC-ADMM is fully localized; therefore, the
computational effort, communication bandwidth, and memory for
each agent scale like o(1) with respect to the network size. We
establish two new theoretical results for the LC-ADMM: 1) expo-
nential convergence when the objective is strongly convex and has
a Lipschitz continuous subdifferential and 2) o(1/k) convergence
when the objective is convex and has a unique solution. We also
show that the LC-ADMM allows the use of nonquadratic loss
functions, such as �1-norm and Huber loss. Second, we also develop
the incremental DFGO (iDFGO) algorithm for real-time problems
by combining the ideas from the LC-ADMM and the Bayes tree. To
derive a time-scalable algorithm, we exploit the temporal sparsity of
the real-time factor graph and the convergence of the augmented
factors of the LC-ADMM. The iDFGO algorithm incrementally
recomputes estimates when new factors are added to the graph
and is scalable with respect to both network size and time. We
validate the LC-ADMM and iDFGO in simulations with examples
from multiagent simultaneous localization and mapping and power
grids.

Index Terms—Distributed estimation, distributed optimization,
multiagent systems.

I. INTRODUCTION

LARGE-SCALE distributed estimation problems are com-
mon in a wide variety of engineering applications, such

as localization of wireless sensor networks [1], [2], tracking
of electrical power grids, swarm robotics [3], [4], [5], and
multiagent simultaneous localization and mapping (SLAM) [6],
[7]. Over the past few decades, multiple distributed algorithms
have been developed, and the results are well understood for
small-scale problems, in which the dimension of the problem
is small. However, there still exist challenges when solving
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large-scale problems [5], [8], [9], e.g., the number of variables
may grow proportionally with the size of the network when
a group of sensors is tasked with variables that are spatially
distributed. Since the problem dimension is large, any algorithm
that requires each agent to have an identical copy of the overall
state vector will suffer from the “Curse of Dimensionality” in
memory, communication, and computation.

One way to address such large-scale estimation problems is
to implement a localized algorithm where each agent is only
required to keep a small local subset of variables and uses
local communications to exchange information. However, most
small-scale distributed algorithms that are formulated as a recur-
sive estimator do not naturally extend to a localized algorithm.
One of the primary reasons is that the prior distribution is densely
correlated in the recursive formulation in general. Due to this
dense correlation, the network needs to collaboratively compute
the cross terms between the variables that are far from each
other. Therefore, as the network size increases, the necessary
computation and communication of recursive estimators become
intractable.

More recently, some papers in the robotics literature proposed
solving large-scale estimation problems in a localized fashion
using factor graphs [7], [10], [11]. Unlike recursive estimation
algorithms in which only the current state is estimated, the factor
graph optimization (FGO) approach computes the maximum
a posteriori (MAP) estimate of the state trajectory in a batch.
Factor graphs are a family of graphical models that represent
the joint probability distribution, and they effectively model the
spatial sparsity structure necessary for localized algorithms. We
refer to the FGO problem involving a network of distributed
agents as the distributed factor graph optimization (DFGO) prob-
lem. DFGO has the potential to be broadly applicable to various
types of distributed large-scale estimation problems. However,
the existing algorithms have some limitations. For example,
the approach may inherently assume Gaussian noise [10], be
specialized to pose graphs [7], [12], or be restricted to one agent
update per iteration or require prior network topology for parallel
implementation [7]. Moreover, in the process of pursuing a
localized and network-scalable algorithm, the batch optimiza-
tion approach reintroduced the issue of scalability with respect
to time that recursive algorithms did not have. Finally, while
incremental FGO algorithms exist for the single-agent case [13],
[14], similar work on the distributed setting is limited in the
literature, and integrating the incremental solver to distributed
settings is more involved. In this article, we develop a new
approach to the probabilistic inference problem for large-scale
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networked systems. First, we apply a type of alternating direction
method of multipliers (ADMM) algorithms [15], [16], [17]
called the local consensus ADMM (LC-ADMM) to DFGO. The
LC-ADMM extends the separable optimization variable ADMM
(SOVA) [18], [19], which is a distributed and localized algorithm
for large-scale optimization. In this article, we provide new
theoretical results for explicit convergence rates under certain
convex problems as well as provide useful interpretations of the
algorithm in terms of factor graphs.

The LC-ADMM has multiple properties that are useful to
DFGO. First, the LC-ADMM naturally allows the use of various
types of convex loss functions such as �1-norm and Huber
loss for sparse outlier rejection. Second, the LC-ADMM does
not require computing any global topology information (e.g.,
graph coloring), making it suitable for ad hoc or large networks.
Third, the LC-ADMM does not need to compute a summarized
graph or exchange probability distribution parameters such as
covariances [6]. Finally, all the agents run their algorithms in
parallel simultaneously rather than taking turns [7], improving
computational speed. Some of these properties can be seen in
previous approaches to DFGO in the literature [7], [10], [12],
but not simultaneously in a single framework. By applying the
ideas from the ADMM literature [18], [19], we provide a new
approach that has these properties.

In addition to the LC-ADMM, we also develop the incre-
mental DFGO (iDFGO) algorithm to solve real-time DFGO
problems. The iDFGO algorithm builds upon the LC-ADMM
and leverages the tools we have for the single-agent incremental
FGO (i.e., iSAM2 [14]). Simply applying iSAM2 to the local
FGO update step of DFGO algorithms does not actually lead
to a time-scalable algorithm. Instead, our iDFGO algorithm
makes some unique extensions to iSAM2 such that each local
FGO update step is computed in a way that is scalable in time.
In numerical simulations, we simulate LC-ADMM/iDFGO on
hundreds of agents and on multiagent pose graph optimization
(PGO) problems to validate their scalability, convergence, opti-
mality, and other properties.

A. Related Work

The work in this article is primarily related to three bodies
of literature: distributed optimal estimation, FGO motivated by
SLAM, and distributed optimization. In the following sections,
we review the literature on each of these topics.

1) Distributed Optimal Estimation: The early works in dis-
tributed optimal estimation address the problem of having a large
number of observers in a low-dimensional system [20], [21],
[22]. Some authors developed the distributed minimum variance
estimate for linear time-invariant (LTI) systems [23], and others
generalized the solution to nonlinear dynamical systems with
non-Gaussian distribution [24]. These approaches often use a
recursive formulation with a number of consensus iterations at
each time step. However, in general, they require each agent
in a system with n-dimensional state vector to: 1) have an
estimate vector of size n; 2) communicate an n× n matrix for
the covariance inverse (or sometimes more for non-Gaussian

distribution [24]); and 3) run a computation that scales with
O(n3) at each time step [8]. Therefore, these algorithms do not
extend well to large-scale problems in which n increases with
the number of agents in the network.

Some prior works in distributed optimal estimation addressed
the challenges of solving the optimal estimate for large-scale
problems in a distributed fashion. Some authors developed a
localized algorithm that exploits the L-banded structure of lo-
cally coupled information matrices [8]. However, their approach
is specialized to linear Gaussian systems and also requires
the global presorting of nodes to obtain the L-banded matrix.
Wang et al. [9] applied system-level synthesis [25] to the dis-
tributed estimation of LTI systems. They achieved a local de-
composition by estimating the trajectories in a batch, preserving
the sparsity of the network graph. However, it is unclear how
well the system-level synthesis approach [25] can be extended
to a more general class of problems beyond LTI systems. Also,
if the dimension of the local variables is ni, the communication
bandwidth for [8] and [9] scales like n2i .

Similar to [8] and [9], iDFGO can be classified as a type of
optimal estimation algorithm that is distributed and localized. In
contrast with the previous works, the LC-ADMM and iDFGO
are not limited to LTI systems, and their communication size
scales like ni. Unlike [9], iDFGO is also scalable with respect
to the length of the time horizon.

2) FGO and SLAM: SLAM is an important class of esti-
mation problems in which the state vector is large scale, even
for the single-agent case, and only gets larger for problems
that involve multiple robots. The curse of dimensionality has
motivated researchers to develop algorithms for SLAM that are
increasingly efficient and scalable.

Among other techniques, FGO is known to be a key mathe-
matical tool that efficiently solves SLAM problems by exploiting
the sparse structure inherent to the problem [14], [26]. There
has been recent work on multiple agents cooperatively building
and solving the FGO problem, which we refer to as DFGO.
DDF-SAM2 [6] is a distributed algorithm, where each agent
computes the “summarized graph” and communicates that graph
to its neighbors. However, computing the summarized graph is
relatively expensive and [6] uses conservative approximations
to make the problem tractable. The computation also requires
“antifactors” to negate the effect of factors from the previous
epoch. Another algorithm, DC2-PGO [7], is a certifiably correct
algorithm for solving the multiagent PGO problem, which is
a subset of FGO where all the decision variables are SE(d)
and the observations consist of relative poses. DC2-PGO has
the advantage of having a theoretical guarantee to converge to
the global minimum under mild conditions, but because the
algorithm derivation relies on the special structure of SE(d),
it cannot be used to solve more generic FGO problems in-
volving other variables (e.g., biases, velocities, and landmarks)
and/or observation models. Riemannian block coordinate de-
scent (RBCD) [7] is a distributed and localized optimization
algorithm, and it is one of the subroutines within DC2-PGO.
For optimization problems with manifold-constrained variables,
RBCD is shown to converge to a first-order optimal solution
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under some assumptions. However, RBCD’s baseline algorithm
only updates one agent at a time, making the algorithm slow
when the number of agents is large. Its extension allows a
subset of nonneighboring agents to run updates in parallel, but it
requires the whole agents to know the network coloring a priori,
posing additional restrictions for large-scale or ad hoc networks.

Aside from scalability with respect to the number of agents,
another important aspect of the FGO is the challenge of scala-
bility in time. There are many works in this area on single-agent
settings. Some proposed a sliding time-window approach to
solving single-agent SLAM [27]. Others proposed incremental
algorithms that maintain information on the whole trajectory
but only recompute a small subset of the problem most of the
time [13], [14], [28], [29]. In particular, iSAM2 [14] is a notable
work that reformulates the factor graphs into the Bayes trees of
conditional probability factors. While one can find many works
on incrementally solving the FGO in single-agent scenarios, a
similar approach in multiagent settings has been limited. The
authors of DDF-SAM2 [6] briefly mention that their local FGO
problems can be solved using iSAM2, which is true. However,
simply combining an incremental solver with a distributed al-
gorithm does not necessarily yield an overall algorithm that is
scalable in time. The algorithm may still involve a large number
of variables resulting in a computational complexity effectively
equivalent to solving the whole trajectory in a batch. The previ-
ous work [6] does not address these challenges associated with
scalability in time.

In the context of these previous works on FGO, the LC-
ADMM can be viewed as a new approach to solving the DFGO
in batch. Like [6] and [7], the LC-ADMM is fully localized and
scalable with network size, and all the agents run the algorithm in
parallel. We show that the LC-ADMM has explicit convergence
rate guarantees for convex problems. For nonconvex problems
such as PGO, the LC-ADMM algorithm can be still derived,
and we empirically show in simulation that the LC-ADMM
converges to the centralized optimal solution quickly for a
multiagent PGO problem. We also develop iDFGO, which is
the first distributed and incremental algorithm that is designed
to be scalable both in network size and in time. The iDFGO has a
local FGO update step that incrementally recomputes the factor
graphs. This step can be viewed as an extension of iSAM2 with
specialized modifications.

3) Distributed Optimization and ADMM: Once the multi-
agent MAP estimation problem is formulated as an FGO, a
distributed optimization algorithm is needed to solve it among
the network of agents. In a distributed optimization problem,
the agents collectively compute the solution to a coupled ob-
jective function in a distributed fashion [7], [30], [31], [32],
[33]. While various algorithms exist in the literature [34],
[35], [36], [37], the ADMM has become a popular tool as
it converges for a broad class of problems [38], [39], [40].
In particular, the decentralized-consensus-based ADMM (DC-
ADMM) [39] has been shown to be applicable to multiagent
systems [41]. However, the DC-ADMM assumes that all the
agents have copies of the same state vector and is, therefore,
not scalable.

Other works [18], [19], [42] extended DC-ADMM-like algo-
rithms to localized settings where each agent’s objective only
depends on a small subset of decision variables. These works
were scalable with network size but have some limitations. The
algorithm in [42] required the graph coloring to be known. The
SOVA algorithm [18], [19] removed the coloring requirement
of [42], making its application to multiagent robotics much more
suitable. However, the theoretical convergence rate guarantees
were limited to asymptotic convergence [15]. Because SOVA
is an ADMM of decentralized consensus type, many of the
existing results in the other ADMM literature do not apply
directly [39]. Therefore, the convergence rates and conditions
under which these algorithms converge remained unknown.
Some works applied the ADMM to solve real-time problems by
Shorinwa et al. [41].

Our work on LC-ADMM extends the results from DC-
ADMM [39] and SOVA [18], [19] in two ways. First, we
establish the new theoretical results on the convergence rate of
LC-ADMM under two different sets of assumptions. We show
that the LC-ADMM converges to the optimal solution at o(1/k)
rate when the objective function is convex and the problem
has a unique solution (see Theorem 2) and at an exponential
rate when the objective is strongly convex and has a Lipschitz
continuous subdifferential (see Theorem 3). In both the cases, the
objective may be nondifferentiable, and the same convergence
is given in the presence of local affine equality constraints.
Theorem 3 is a generalization of the result of [39] to localized,
nondifferentiable, and affine equality-constrained settings, and
Theorems 2 and 3 provide, with additional assumptions, faster
rates than the asymptotic convergence given in [18]. Second,
our work also provides new perspectives on the LC-ADMM in
the context of DFGO. During the LC-ADMM step in which
each agent solves its local optimization in parallel, the local
optimization problem has an intuitive interpretation as FGO.
This perspective enables the development of efficient algorithms
using tools from the FGO literature.

B. Summary of Contributions and Article Organization

The contributions of this article are as follows.
1) We propose a new approach toward solving DFGO using

the LC-ADMM. In addition to the scalability with respect
to the number of agents, the LC-ADMM has various ad-
vantages. The algorithm can naturally incorporate convex
robust loss functions, such as �1-norm and Huber losses;
agents do not need to know information about global graph
topology; and there is an intuitive interpretation of the
LC-ADMM algorithm steps in terms of factor graphs.

2) Using LC-ADMM as a backbone, we develop the iDFGO
algorithm for real-time problems. The iDFGO algorithm
can incrementally recompute a subset of the local problem
rather than solving the optimization over the whole trajec-
tory. The iDFGO algorithm is scalable both in network
size and time.

3) We show two new theoretical results on the conver-
gence rate of LC-ADMM. First, Theorem 2 shows o(1/k)
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convergence when the objective is convex and has a unique
solution. Second, Theorem 3 shows that the LC-ADMM
converges exponentially when the objective function is
strongly convex and has a Lipschitz continuous subgra-
dient. These convergence rates are shown to hold even in
the presence of additional local affine equality constraints.
Theorem 3 can be seen as a generalization of results
in [39].

4) We perform numerical validations of LC-ADMM and
iDFGO using examples from power grid monitoring and
multiagent PGO. To the best of the author’s knowledge,
a unified formulation of the distributed outlier rejection
problem for a networked dynamical system with more
than a hundred agents is demonstrated for the first time.
We also empirically validate LC-ADMM and iDFGO for
multiagent PGO problems using a benchmark dataset and
compare our results against the state-of-the-art distributed
PGO algorithm.

The rest of this article is organized as follows. Section II
considers the DFGO problem for one particular time horizon
and derives the LC-ADMM algorithm. Section III establishes
theoretical guarantees of convergence as well as some of the
other mathematical properties of LC-ADMM. Section IV ex-
tends the LC-ADMM to real-time problems and develops the
iDFGO algorithm. Section V gives the numerical validation
of the algorithms in practical examples. Finally, Section VI
concludes this article.

II. PROBLEM STATEMENT

We describe a locally coupled dynamical system as one of
the motivating examples in Section II-A. We define the locally
coupled FGO that arises from the probabilistic inference of
multiagent systems in Section II-B. We reformulate the locally
coupled FGO as local consensus optimization in Section II-C
and then introduce the LC-ADMM algorithm to solve that
problem in Section II-D. Finally, we discuss some properties
of LC-ADMM, such as algorithm complexity in Section II-E
and variable connectivity in Section II-F.

Prior to defining the problem statement, we first introduce
some of the notations that will be used throughout this article.
The norm notation ‖ · ‖ without any subscript denotes the �2-
norm.‖ · ‖F denotes the Frobenius norm. The weighted norm for
some square matrixQ ∈ R

n×n is defined as‖x‖Q = x�Qx. The
maximum singular value of the matrix Q ∈ R

m×n is denoted
as σmax(Q), and the minimum nonzero singular value is denoted
as σ̃min(Q). The identity matrix of dimensionN ×N is denoted
as IN . The set of positive integers is denoted asZ+. Given a setS ,
its index set is denoted by I(S), such that S = {si | i ∈ I(S)}.
The cardinality of a set S is denoted as |S|. A Cartesian product
of sets is denoted as S1 × S2 or

∏
i Si.

A network of agents is modeled as an undirected graph
G = (A, E), where A is the set of agents and E ⊆ A×A is
the set of edges. We say (i, j) is in the set of edges E iff the ith
and the jth agents are connected. The set of neighbors for the ith
agent is given by N i = {j ∈ A | (i, j) ∈ E}, and the closed set

of neighbors is defined as N̄ i � N i ∪ {i}. We refer to G as the
physical graph, in order to distinguish it from the other types of
graphs used in this article.

A. Motivating Example

A class of problems that motivates the development of
LC-ADMM and iDFGO is estimating the state of a network of
robots or locally coupled dynamical systems. Suppose that the
state of agent i at time τ is denoted as ri,τ , and agent i makes
observations yi,τ ∈ R

mi . The dynamical system of a group of
locally coupled robots is given by

ri,τ = ai,τ (rN̄ i,τ−1) + wi,τ , τ ∈ Z+, i ∈ A

yi,τ = ci,τ (rN̄ i,τ ) + vi,τ , τ ∈ Z+, i ∈ A (D1)

where rN̄ i,τ � {rj,τ | j ∈ N̄ i} denotes the set of states at time
τ in the closed neighborhood and the random noise wi,τ ∈ R

pi

and vi,τ ∈ R
qi are assumed to be independent. Each agent’s

dynamics and measurement (ai,τ and ci,τ , respectively) depend
on its states as well as those of its neighbors. The system in (D1)
models a variety of local interactions such as the downwash
interaction of quadcopters [43] or relative range and bearing
between robots.

The team of robots is tasked with collaboratively computing
the MAP estimate given the set of all the observations available
up to the current time t. In this example, the set of the state
to be estimated is Xt = {ri,τ | i ∈ A, τ = [0, t]}, and the set of
measurements available is Yt = {yi,τ | i ∈ A, τ = [0, t]}. The
MAP estimate at t is given by

Xt,∗ � arg maxXt
p(Xt|Yt) = arg maxXt

p(Yt|Xt)p(Xt) (1)

where p(Xt) is the prior distribution and p(Yt|Xt) is the likeli-
hood function. The prior distribution represents the probabilistic
relations according to the dynamics of the system, while the
likelihood function describes the observations made by the
network. The rest of Sections II and III focus on solving (1) for a
fixed time horizon T (t) using LC-ADMM. For readability, the
subscript t from Xt and Yt is dropped in these sections.

B. FGO of Multiagent Systems

The optimization in (1) can be viewed an FGO problem. Let
X = {xs} be the variables to be estimated and Y = ∪i∈AYi be
the set of measurements, where Yi is ith agent’s observations.
The definitions ofX andYi here can be more general than those
we considered in example (D1).1 Each element xs is referred to
as a variable node where the subscript s is used to index the
variable nodes in X throughout this article.

We assume that the joint probability distribution in (1) can be
factored as

p(X ,Y) =
∏
i∈A

∏
φf∈Fi

φf (X φf )

1For example, X may include nonrobot states such as landmarks or time-
varying target states and Y may include loop closure observations.
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Fig. 1. Our approach to solving the locally coupled multiagent FGO problem
of large-scale networks. The LC-ADMM algorithm solves the DFGO problem in
a localized fashion in batch. The iDFGO algorithm solves the real-time problem
in an incremental fashion.

Fig. 2. Multiagent pose graph optimization solved via iDFGO. Left: Simulated
trajectories of nine robots traversing the environment in a formation. Noisy
data contain odometry (gray), interagent observations at a given time (red), and
self/interagent loop closure constraints (blue). Center: Individual estimates with-
out any collaboration result in large errors. Right: Nine robots collaboratively
estimate the trajectories using iDFGO (colored). The filled dots represent poses
that are recomputed incrementally in this time frame and nonfilled dots represent
poses that were not modified. Updating only a subset of the trajectory facilitates
scalability with respect to time.

where each φf is an independent probability distribution de-
pending on a subset of variables X φf ⊂ X . The set Fi = {φf}
is the set of local factors corresponding to the ith agent. It
contains the probability distributions pertaining to the ith agent,
and we assume Fi ∩ Fj = ∅ for ∀i, j ∈ A, i �= j. The set of
all the factors in the network is defined as F � ∪i∈AFi. The
factor graph modeling the distribution p(X ,Y) is defined as the
bipartite graph GF = (X ,F , EF ) consisting of variable nodes
X , factor nodes F , and edges EF . The graph GF is said to
have an edge (φf , xs) ∈ EF iff φf ∈ F depends on xs ∈ X .
The factor graph for the example in (D1) is shown on the left
diagram in Fig. 3. As shown in Fig. 3, the factor graphs are often
characterized by both spatial and temporal sparsity.

The local factors for the ith agent, Fi, depend on the local
subset of variable nodes, which is defined as

X (i) � {xs ∈ X | (φf , xs) ∈ EF for some φf ∈ Fi} ⊆ X .

Using this definition, the MAP estimation problem in (1) can be
rewritten as

min
X

∑
i∈A

fi

(
X (i)

)
(P1)

where each fi(X (i)) � −
∑

f∈I(Fi)
log(φf (X φf )) is the ob-

jective. For large-scale estimation problems that involve many
agents, we often have |X (i)| � |X |, and |X (i)| is independent of
the network size. In other words, if the optimization problem in
(P1) could be decoupled, the problem that each agent solves will
be small. However, the objective in (P1) is still locally coupled
because X (i) ∩ X (j) is not empty for i �= j in general.

The local coupling of the factor graph for (P1) can be visual-
ized on the left diagram of Fig. 3. Variables are shown in circles
and factors relating to variables are shown in squares. Local
coupling is introduced by a subset of variables that are shared
by the factors of multiple robots. If one was to solve (P1) jointly
using standard FGO solvers (i.e., g2o [44] and GTSAM [14]), it
will not scale with respect to the number of robots in the network.

C. Local Consensus Reformulation

Instead of solving (P1) directly, we solve a closely related
local consensus optimization problem (P2) that allows us to par-
tially decouple (P1), which can be later solved by LC-ADMM.
As we shall see, (P1) and (P2) are equivalent under certain
conditions. To develop (P2), let us first denote the ith agent’s
estimate for a variable node xs as x(i)s and define the set of local
estimates2 with respect to agent i as

X̂ (i) � {x(i)s | s ∈ I(X (i))}. (2)

Then, the local consensus optimization problem is written as

min
X,Z

∑
i∈A

fi(X̂ (i))

subject to
x
(i)
s − z(ij)s = 0

x
(j)
s − z(ij)s = 0

∀s ∈ Iij , (i, j) ∈ E . (P2)

Each z
(ij)
s is shared between agents i and j only and its

role is to enforce the equality between x(i)s and x(j)s . The set
Iij � I(X̂ (i)) ∩ I(X̂ (j)) is the index set for all the variables
shared between agents i and j. In the new problem, the decision
variables are

X � ∪i∈AX̂ (i) = {x(i)s | ∀x(i)s ∈ X̂ (i), ∀i ∈ A}

Z � {z(ij)s | s ∈ Iij , (i, j) ∈ E}.
The visual representation of (P2) can be seen in the center

diagram of Fig. 3. Compared to the factor graph representation
of (P1) shown on the left, each agent now has copies of the shared
variables. For each shared variable, the consistency between the
multiple copies is enforced by the equality constraints as given
in (P2).

2Later in Section II-F, we discuss how the definition of X̂ (i) can be op-
tionally modified to include additional variables. However, unless mentioned
otherwise, we assume that the definition of X̂ (i) is as given in (2) (i.e.,
I(X̂ (i)) = I(X (i))).
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Fig. 3. Visual representation of factor graphs for estimation problem involving three robots: orange, green, and blue. Left: locally coupled multiagent FGO in
(P1). Center: local consensus optimization problem (P2) replaces local coupling with equality constraints. Right: the LC-ADMM solves (P2) by iterating: 1) all the
robots solving local augmented FGO in parallel and 2) neighboring robots exchange information and update the pseudo measurements of the augmented factors.

Problems (P1) and (P2) are equivalent when a condition called
variable connectivity [42] is satisfied. For each s ∈ I(X ), we
define the set of codependent agents as

As � {i ∈ A |x(i)s ∈ X̂ (i)}.

In other words, agent i ∈ A is part of As iff it has a local
estimate for xs. The induced subgraph of the physical graph
G with respect to the variable node xs is the undirected graph
Gs � (As, Es), where Es ⊆ E is given by

Es � {(i, j) ∈ E | i ∈ As and j ∈ As}.

To establish the equivalence of (P1) and (P2), we make the
following assumption on the connectivity of the network.

Assumption 1 (Variable Connectivity [42]): For all xs ∈ X ,
the corresponding undirected induced subgraphGs is connected.

Section II-F discusses the various implications of
Assumption 1. Equipped with Assumption 1, we have the
following lemma.

Lemma 1 (Equivalence of (P1) and (P2)): Suppose that
Assumption 1 holds. Suppose X∗ = ∪i∈AX̂ (i)

∗ , where X̂ (i)
∗ =

{x(i)s,∗ | s ∈ I(X̂ (i))}, and Z∗ = {z(ij)s,∗ | s ∈ Iij , (i, j) ∈ E} are
the feasible solutions of (P2). Then, there exists a feasible
solution X∗ = {xs,∗ | s ∈ I(X )} to (P1), such that

xs,∗ = x
(i)
s,∗ ∀s ∈ I(X̂ (i)), i ∈ A

xs,∗ = z
(ij)
s,∗ ∀s ∈ Iij , (i, j) ∈ E .

Proof: Consider xs ∈ X for which multiple agents are code-
pendent agents (|As| ≥ 2). The feasible solution to (P2) satisfies
the equality constraints in (P2); we have x(i)s,∗ = x

(j)
s,∗ = z

(ij)
s,∗

for each (i, j) ∈ E , i, j ∈ As. We also have that the induced
subgraph Gs = (As, Es) is connected for variable xs by As-
sumption 1, so all the local estimates for xs have identical
values. This holds true for an arbitrary xs ∈ X with |As| ≥ 2.
By renaming x(i)s → xs for ∀i ∈ As for each xs ∈ X , we have
that (P2) is equivalent to (P1). �

Lemma 1 shows that if we solve (P2), then each solution
X̂ (i)
∗ is a subset of the solution to the original centralized MAP

estimation problem (P1). The next section discusses how to solve
(P2) in a distributed fashion using LC-ADMM.

D. LC-ADMM Algorithm

We now introduce the LC-ADMM algorithm, which is shown
to converge to the global optimal solution (P2) in convex settings.
We consider a generalized version of (P2) that additionally
includes local affine equality constraints on each X̂ (i)

min
X,Z

∑
i∈A

fi(X̂ (i))

subject to DiX̂ (i) = Ei ∀i ∈ A

x
(i)
s − z(ij)s = 0

x
(j)
s − z(ij)s = 0

∀s ∈ Iij , (i, j) ∈ E . (P2a)

This can be written more succinctly as an ADMM form [15]

min
X,Z

F (X)

subject to AX +BZ = C (P2b)

whereF (X) �
∑

i∈A fi(X̂ (i)). MatricesA,B, andC are given
by A � [A1;A2;A3], B � [−I;−I; 0], and C � [0; 0;C3], re-
spectively. The matrix A1 (respectively, A2) is defined such
that the equality constraintA1X − Z = 0 (respectively,A2X −
Z = 0) is a collection of consensus constraints where each block
row corresponds to x(i)s = z

(ij)
s (respectively, x(j)s = z

(ij)
s ) for

some s ∈ Iij and (i, j) ∈ E .A3X = C3 is defined such that the
ith block row corresponds to DiX (i) = Ei for agent i.

The augmented Lagrangian function for (P2b) is defined as

Lβ(X,Z,W )

= F (X) + 〈W,AX +BZ − C〉+ β

2
‖AX +BZ − C‖2

where W is the Lagrange multiplier and β > 0 is the scalar
coefficient of the augmented terms [15]. Then, the ADMM
attempts to solve (P2b) using the following iterative algorithm:

Xk+1 = arg min
X

Lβ(X,Zk,Wk)

Zk+1 = arg min
Z

Lβ(Xk+1, Z,Wk)

Wk+1 =Wk + β(AXk+1 +BZk+1 − C). (3)
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The Lagrange multiplierW can be split into three blocks:W =

[Y ;Y ′;V ]. Ifw(ij,i)
s (respectively,w(ij,j)

s ) is the Lagrange multi-
plier corresponding to x(i)s = z

(ij)
s (respectively, x(j)s = z

(ij)
s ),

then Y consists of all w(ij,i)
s (respectively, Y ′ consists of all

w
(ij,j)
s ) ∀s ∈ Iij , ∀(i, j) ∈ E . Similarly, if V(i) is the Lagrange

multiplier corresponding to DiX̂ (i) = Ei, V consists of V(i)

∀i ∈ A. The iterations (3) can be rewritten in terms of their
block components

X̂ (i)
k+1 = arg min

X̂ (i)

fi(X̂ (i)) +
β

2
‖DiX̂ (i) − Ei +

1

β
V(i)
k ‖2

+
∑
j∈N i

∑
s∈Iij

β

2
‖x(i)s − z

(ij)
s,k +

1

β
w

(ij,i)
s,k ‖2 (4)

z
(ij)
s,k+1 =

1

2

(
x
(i)
s,k+1 +

1

β
w

(ij,i)
s,k + x

(j)
s,k+1 +

1

β
w

(ij,j)
s,k

)
(5)

w
(ij,i)
s,k+1 = w

(ij,i)
s,k + β(x

(i)
s,k+1 − z

(ij)
s,k+1) (6)

V(i)
k+1 = V(i)

k + β(DiX̂ (i)
k+1 − Ei). (7)

Similar to other consensus ADMM algorithms, such as in [15]
and [39], it is easy to show that z(ij)s,k = x̄

(ij)
s,k = 1

2 (x
(i)
s,k + x

(j)
s,k)

∀k if we select the initial value of w(ij,i)
s and w

(ij,j)
s to be

w
(ij,i)
s,0 = −w(ij,j)

s,0 [15]. Using this, the iterations (4)–(7) can be
further simplified to the following form for implementation:

X̂ (i)
k+1 = arg min

X̂ (i)

fi(X̂ (i)) +
β

2
‖DiX̂ (i) − Ei +

1

β
V(i)
k ‖2

+
∑
j∈N i

∑
s∈Iij

β

2
‖x(i)s − x̄

(ij)
s,k +

1

β
w

(ij,i)
s,k ‖2 (8)

w
(ij,i)
s,k+1 = w

(ij,i)
s,k + β(x

(i)
s,k+1 − x̄

(ij)
s,k+1) (9)

V(i)
k+1 = V(i)

k + β(DiX̂ (i)
k+1 − Ei). (10)

Remark: These LC-ADMM iterations have a natural in-
terpretation in terms of factor graphs. Recall that each term
within fi(X̂ (i)) corresponds to a factor in the local factor graph
GFi = (X̂ (i),Fi, EFi). Similarly, one can view the other terms in
(8) as the augmented factors that softly penalize the constraints.
The terms, such as Ei − 1

βV
(i)
k and x̄(ij)s,k − 1

βw
(ij,i)
s,k , represent

the pseudo measurement of the augmented factors, and the
values of the pseudo measurements are modified by (9) and (10)
at each k.

With this perspective, the first part of LC-ADMM iteration
(8) is referred to as the local FGO update. This update can be
implemented as a standard FGO using single-agent solvers such
as g2o or GTSAM. The second part of LC-ADMM iteration
(9), (10) is referred to as the augmented factor update. This
step only involves information exchange and summation, which
can be implemented easily. We can visualize these LC-ADMM
iterations in terms of the factor graph in the right diagram in
Fig. 3.

Algorithm 1: Localized Consensus ADMM.

One can execute the LC-ADMM iterations in a fully localized
fashion, as summarized in Algorithm 1. First, each agent inde-
pendently solves the local FGO update in parallel as (8). Next,
each agent broadcasts the shared variables x(i)s,k+1 to the neigh-
bors who need that information. Once the neighbors’ estimates
are received, the average x̄(ij)s,k+1 is computed and the augmented
factor update (9) and (10) modify the pseudo measurements. The
augmented factor update also takes place locally on each agent.

E. Algorithmic Complexity of LC-ADMM

The LC-ADMM algorithm has several properties that make
it suitable for a broad class of problems involving networked
systems. First, the computational effort, communication band-
width, and memory requirements of LC-ADMM have constant
complexity with respect to the size of the network, so long as the
|X (i)| ∼ O(1) assumption holds. Taking (D1) as an example,
the communication bandwidth scales like O(nT |N̄ i|), where
n � dim(xs) and T � |T (t)|, and is independent of |A|. Sec-
ond, the agents do not need to share the probability distribution
parameters (e.g., covariance matrix); therefore, the communica-
tion bandwidth scales only linearly with nT , not n2 T 2. This is
an advantage compared to other distributed optimal estimation
algorithms that require sharing the full probability distributions
such as [23] and [24].
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Fig. 4. Illustration of the definitions of X , X (i), X̂ (i), and X . Colored
circles represent the robot poses and the gray circles represent the landmarks. In
this example, we have I(X (i)) = I(X̂ (i)) for i = “orange,” while I(X (i)) ⊂
I(X̂ (i)) for i = “green.” Section II-F describes what variables may be included
in each X̂ (i).

F. Variable Connectivity and Augmenting Set X̂ (i)

In some instances, the variable connectivity assumption in
Assumption 1 may not be satisfied (i.e., the agents that have
the local estimate for some xs are not connected). Consider
the SLAM-like example in Fig. 4. The two landmarks (shown
as black circles) at the top are shared between the orange and
blue robots but are not directly visible to the green robot.
Since X (i) for the green robot does not include these two
landmarks and there is no direct communication link between the
orange and blue robots, the variable connectivity assumption in
Assumption 1 does not hold for those two landmarks.

One way to address this type of scenario is to augment the local
estimate set X̂ (i) with additional variables. While minimizing
the number of variables in X̂ (i) is desirable, the only requirement
on the membership of the set X̂ (i) is that it satisfies I(X (i)) ⊆
I(X̂ (i)) ⊆ I(X ). In this example, the variable connectivity is
satisfied by adding the two landmarks as part of X̂ (i) for the
green robot, as shown at the bottom of Fig. 4.

Another approach is to accept that Assumption 1 is not fully
satisfied. The equality constraints for the multiple local estimates
for a variable xs are only enforced among the connected com-
ponents of the induced subgraph Gs. While (P1) and (P2) may
not be strictly equivalent, the solutions for (P2) partially agree
with the solution for (P1) and may still be acceptable depending
on the application.

Finally, one may consider augmenting X̂ (i) for reasons other
than ensuring that the variable connectivity assumption holds.
Consider an example where a distributed sensor network is
tasked to track a common target. In this case, all the agents
may include the local estimate of the target state in X̂ (i), even
if not all the agents make a direct observation of the target
so that all agents have a copy of the target state estimate.
Therefore, choosing what variables to be included X̂ (i) gives
users additional choices of how to constrain the problem.

III. MATHEMATICAL PROPERTIES OF LC-ADMM

This section details some theoretical guarantees on the con-
vergence rate of LC-ADMM and some properties when applied
to example systems. Before discussing our results, we note that
it is well known that the ADMM has (relatively slow) asymptotic
convergence guarantee for a general class of convex problems
without additional assumptions [15]. Since LC-ADMM is a type
of ADMM, this result applies to LC-ADMM as well.

Theorem 1 (Asymptotic Convergence of ADMM [15]): Con-
sider (P2) where the objective F is a closed, proper, convex
function (not necessarily strongly convex) and the constraint
S(i) is a convex set. Assume that the unaugmented Lagrangian
has a saddle point. Then, we have the following.

1) Residual convergence: AXk +BZk → 0 as k →∞.
2) Objective convergence: F (Xk)→ F (X∗) as k →∞.
3) Dual variable convergence: Wk →W∗ as k →∞.
Proof: The proof is given in [15]. �
In Section III-A, we establish two stronger results under

additional assumptions, as follows: 1) the LC-ADMM converges
at the rate of o(1/k) when the problem has a unique solution
(see Theorem 2) and 2) the LC-ADMM converges exponen-
tially when the overall objective is strongly convex and has a
Lipschitz continuous subgradient (see Theorem 3). Theorem 3
can be viewed as a generalization of the previous result in the
literature [39] to problems that are localized, nondifferentiable,
and have local equality constraints. In Section III-B, we apply
Theorem 3 to a locally coupled dynamical system given in
(D1) and show the relationship between observability of sys-
tem and convergence. Finally, Section III-C discusses applying
LC-ADMM to problems that involve inequality constraints and
pose graphs optimization problems.

First, we introduce some definitions needed for establishing
the convergence results.

Definition 1 (Subdifferential): The subdifferential of F at X
is a closed convex set defined as

∂F (X) �
⋂

X ′∈domF

{g |F (X ′) ≥ F (x) + g�(X ′ −X)}.

(11)
Definition 2 (Lipschitz Continuous Subdifferential): The sub-

differential of a convex function F is Lipschitz continuous
with parameter LF > 0 iff for all X,X ′ ∈ domF and for all
g ∈ ∂F (X) and g′ ∈ ∂F (X ′), we have

LF ‖X −X ′‖ ≥ ‖g − g′‖. (12)

Authorized licensed use limited to: CALIFORNIA INSTITUTE OF TECHNOLOGY. Downloaded on March 08,2024 at 16:35:59 UTC from IEEE Xplore.  Restrictions apply. 

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2024, Yokohama, Japan. Cite as T-RO paper.

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2024, Yokohama, Japan. Cite as T-RO paper.



3524 IEEE TRANSACTIONS ON ROBOTICS, VOL. 39, NO. 5, OCTOBER 2023

Definition 3 (Strong Convexity): A convex function F is
strongly convex with parameter mF > 0 if for all X,X ′ ∈
domF and g ∈ ∂F (X) and g′ ∈ ∂F (X ′), we have

mF ‖X −X ′‖2 ≤ 〈X −X ′, g − g′〉. (13)

A. Convergence Guarantees of LC-ADMM

To prove the convergence rates of LC-ADMM, we first rewrite
the algorithm in a series of equivalent forms. Using the subgra-
dient optimality condition, x-update (4) can be written as

0 ∈ ∂Xk+1

(
F (Xk+1) +

β

2
‖AXk+1 +BZk − C +

1

β
Wk‖2

)

⇐⇒ −A� [Wk + β(AXk+1 +BZk − C)] ∈ ∂F (Xk+1).

If we define gk+1 � −A�[Wk + β(AXk+1 +BZk − C)], the
ADMM iteration in (4)–(7) can be written as

gk+1 ∈ ∂F (Xk+1) (14)

B� [Wk + β(AXk+1 +BZk+1 − C)] = 0 (15)

Wk+1 −Wk − β(AXk+1 +BZk+1 − C) = 0. (16)

By left-multiplying (16) by A� (respectively, with B�) and
subtracting from the definition of gk+1 [respectively, from (15)],
we have

gk+1 +A� [Wk+1 + βB(Zk − Zk+1)] = 0 (17)

B�Wk+1 = 0. (18)

Since Wk = [Yk;Y
′
k;Vk] and B = [−I;−I; 0], (18) implies

Yk+1 = −Y ′k+1. Recall A � [A1;A2;A3]. If we define M �
A1 +A2 and M � A1 −A2, then (17) can be written as

gk+1 +M�Yk+1 +A�3 Vk+1

− βM�
(Zk − Zk+1) = 0. (19)

Equation (16) can be split into three blocks of equations by using
Wk = [Yk;Y

′
k;Vk] again. Adding and subtracting the first and

second blocks of (16) from each other, we get

1

2
MXk+1 − Zk+1 = 0 (20)

Yk+1 − Yk −
β

2
MXk+1 = 0 (21)

Vk+1 − Vk − β(A3Xk+1 − C3) = 0. (22)

Assume that there existX∗ andZ∗ that are the unique solution3

to (P2b). Since (P2b) is convex, closed, and proper, we also have
that (Yk, Vk)→ (Y∗, V∗) as k →∞ and (Y∗, V∗) is a stationary
point [15], i.e. ∂Lβ(X∗, Z∗, Y∗, V∗) � 0. Then, (17) and (20)–
(22) evaluated at this point are

g∗ = −M�Y∗ +A�3 V∗, g∗ ∈ ∂F (X∗) (23)

1

2
MX∗ − Z∗ = 0 (24)

3This is automatically satisfied if F is strongly convex as is the case for
Theorem 3.

β

2
MX∗ = 0 (25)

A3X∗ − C3 = 0. (26)

Subtracting (23)–(26) from (19)–(22), the ADMM iteration in
terms of (Xk, Zk, Yk, Vk) can be written as

gk+1 − g∗ +M�(Yk+1 − Y∗)

+A�3 (Vk+1 − V∗)− βM
�
(Zk − Zk+1) = 0

gk+1 ∈ ∂F (Xk+1), g∗ ∈ ∂F (X∗) (27)

1

2
M(Xk+1 −X∗)− (Zk+1 − Z∗) = 0 (28)

Yk+1 − Yk −
β

2
M(Xk+1 −X∗) = 0 (29)

Vk+1 − Vk − βA3(Xk+1 −X∗) = 0. (30)

We use these equations to prove the convergence rate of LC-
ADMM. For convenience, we define the subset of the variables
as Uk � [Zk;Yk;Vk]. Two lemmas that establish the main the-
orem are the following.

Lemma 2 (Contractive SequenceUk): Suppose thatF is con-
vex, closed, and proper and that the sequence (Xk, Zk, Yk, Vk) is
generated by the ADMM algorithm in (3). If there exists a unique
solution X∗ and Z∗ to (P2b), then Uk = [Zk;Yk;Vk] satisfies

‖Uk − Uk+1‖2G ≤ ‖Uk − U∗‖2G − ‖Uk+1 − U∗‖2G (31)

where the matrix G � 0 is given by

G �

⎡
⎣βI 0 0
0 1

β I 0

0 0 1
2β I

⎤
⎦. (32)

In addition, if F is strongly convex, then we have

mF ‖Xk+1 −X∗‖2 + ‖Uk − Uk+1‖2G
≤ ‖Uk − U∗‖2G − ‖Uk+1 − U∗‖2G (33)

where mF > 0 was defined in Definition 3.
Proof: The proof outline is similar to [39] with some notable

differences: we generalize the result to the localized consensus
case I(X̂ (i)) ⊂ I(X ); we include local equality constraints;
and we allow nondifferentiable objective functions. See the
Appendix for the detailed steps. �

Equation (31) in Lemma 2 shows that the sequence ‖Uk −
U∗‖2G is monotonically nonincreasing and converging because it
is lower bounded by 0. This implies ‖Uk+1 − Uk‖2G → 0 ask →
∞. Then, Uk → U∗ follows the standard analysis of contraction
methods.

We show the o(1/k) convergence by making a summable,
nonnegative, monotonic sequence argument. The proof for the
following lemma is readily available in other ADMM literature
such as [38] and [45], so it is omitted for brevity.

Lemma 3: If a sequence {ak} ⊆ R satisfies: 1) ak ≥ 0; 2)∑∞
k=1 ak < +∞; and 3) ak is monotonically nonincreasing,

then we have ak = o(1/k).
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The next theorem establishes the o(1/k) convergence for the
LC-ADMM.

Theorem 2 (o(1/k) Convergence of LC-ADMM): Assume
that F is convex, closed, and proper, and that F has a unique
solution. The sequence generated by (3) converges (Xk, Uk)→
(X∗, U∗) and its convergence rate is given by ‖Uk − Uk+1‖2G =
o(1/k).

Proof: Using the first-order optimality conditions (19)–(22)
for k and k + 1, one can follow the same manipulations as in
the proof for Lemma 2 to show that

〈Xk+1 −Xk, gk+1 − gk〉

= −2(Uk+1 − Uk)
�G(Uk+1 − Uk−1).

Given F is convex, it follows that

‖Uk − Uk−1‖2G − ‖Uk+1 − Uk‖2G ≥ ‖Uk+1 − Uk−1‖2G ≥ 0.

Therefore ‖Uk+1 − Uk‖2G is monotonically nonincreasing.
Next, we have that ‖Uk+1 − Uk‖2G is summable by (31) of

Lemma 2. Indeed, summing both the left- and right-hand sides
of (31), we have

∞∑
k=0

‖Uk − Uk+1‖2G ≤ ‖U0 − U∗‖2G < +∞. (34)

Because ‖Uk − Uk+1‖2G is nonnegative, monotonically nonin-
creasing, and summable, we have ‖Uk − Uk+1‖2G = o(1/k) by
Lemma 3. BecauseZ∗ satisfies the equality constraint andF has
a unique solution, we also have Xk → X∗. �

Theorem 2 states thatUk → U∗ at the rate of o(1/k) when the
objective is convex and has a unique solution. Next, we show
that the LC-ADMM converges exponentially if we additionally
assume that F is strongly convex and has Lipschitz continuous
subdifferential. Before we present the result in Theorem 3, we
show Lemma 4.

Lemma 4: Suppose that F is strongly convex and its sub-
differential is Lipschitz continuous. For any μ > 1, define a
constant c such that

c � min

{
(μ− 1)σ̃2

min(M)

μσ2
max(M)

,

mF

β
4σ

2
max(M) + μ

βL
2
F σ̃
−2
min(M)

}
> 0. (35)

where LF > 0 and mF > 0 are defined in Definitions 2 and 3,
respectively. Then, we have

c‖Uk+1 − U∗‖2G ≤ mF ‖Xk+1 −X∗‖2 + ‖Uk − Uk+1‖2G.
(36)

Proof: The proof is similar to [39] with a few notable dif-
ferences: we generalize the result to the localized consensus
case I(X̂ (i)) ⊂ I(X ); we include local equality constraints;
and we allow nondifferentiable objective functions. See the
Appendix for the proof details. �

The proof of Lemma 4 uses the optimality of the ADMM
update equations and the additional assumptions introduced.

By using Lemmas 2 and 4, it is straightforward to prove the
exponential stability of U∗.

Theorem 3 (Exponential Convergence of LC-ADMM): Con-
sider the LC-ADMM that solves (P2a). Assume thatF is convex,
closed, and proper. IfF is strongly convex and its subdifferential
is Lipschitz continuous,Uk → U∗ andXk → X∗ exponentially.
In addition, if Assumption 1 is satisfied, the obtained solutions
X̂ (i)
∗ for each i ∈ A are the subset of X∗ which is the solution to

(P1).
Proof: Define c > 0 as (35) for any μ > 1. After combining

(33) in Lemma 2 and (36) in Lemma 4, we can write

‖Uk+1 − U∗‖2G ≤ c2‖Uk − U∗‖2G (37)

where c2 � 1
1+c . Since 0 < c2 < 1,Uk converges exponentially

to U∗. Next, we observe from (33) that

‖Xk+1 −X∗‖2 ≤
1

mF
‖Uk − U∗‖2G. (38)

Since ‖Uk − U∗‖2G exponentially converges to zero, Xk+1 ex-
ponentially converges to X∗. �

Theorem 3 is a generalization of the convergence rate of
DC-ADMM in [39]. The result is extended to problems that may
involve localized consensus, local affine equality constraints,
and nondifferentiable objective functions. DC-ADMM is a spe-
cial case of LC-ADMM, where X̂ (i) = {x(i)s | s ∈ I(X )}. The
exponential convergence of DC-ADMM assumes that all the
agents in the network are connected. This connectivity assump-
tion in the DC-ADMM is replaced with the variable connectiv-
ity assumption (see Assumption 1) in the LC-ADMM, which
required that variable connectivity is satisfied per variable.

Finally, we remark on some properties of LC-ADMM. First,
the LC-ADMM converges to the optimal solution even when
considering other convex loss functions such as the Huber norm.
This is a contrast to other distributed algorithm [6] whose deriva-
tion explicitly assumes specific noise distributions. Moreover,
in the LC-ADMM, all the agents can update in parallel and the
agents do not need global network topology information such as
graph coloring. This is an especially desirable property for ad
hoc networks. The LC-ADMM preserves privacy in the sense
that each agent only needs to share the coupled variables with
the neighbors who need that information. Agents only need to
reveal the augmented factor information to their neighbors.

B. Large-Scale Networked Dynamical System

We revisit the estimation problem of large-scale networked
dynamical systems (D1) and consider the convergence guaran-
tees that are further specialized for these systems. To facilitate
the discussion pertaining to observability, let us assume that the
noise distribution is given by independent zero-mean Gaussian
distributions and that at and ct are twice differentiable and their
gradients are Lipschitz continuous. Let rτ � [r1,τ ; . . . , r|A|,τ ]
be the state vector of the network at τ and X = [r0; . . . ; rt] be
the trajectory of the network state up to time t. The linearized
observability of (D1) at some reference trajectory X can be
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analyzed using the following linearized observability matrix:

O(X ) =

⎡
⎢⎢⎢⎣

∂c0(r0)
∂c1(r1)∂a1(r0)

...
∂ct(rt)∂at(rt−1) · · · ∂a1(r0)

⎤
⎥⎥⎥⎦. (39)

For this example, we have the following corollary.
Corollary 1: Suppose that the dynamics model ai and the

measurement model ci of (D1) are twice differentiable and their
gradients are Lipschitz continuous. Also, suppose that the noise
models are given by wi,t ∼ N (0,W−1

i ) and vi ∼ N (0, V −1i ),
where Wi, Vi � 0. Suppose that an optimal solution to (P2a)
is given by X∗ = [r0∗; . . . ; rT ∗] and the matrix O(X∗) has a
full column rank for at X∗. Then, the objective F (X) is locally
strongly convex ∀X ∈ Bρ(X∗)with some ρ > 0. Moreover, any
trajectories starting within Bρ(X∗) exponentially converge to
X∗.

Proof: The proof is given in the Appendix. �
An important implication of Corollary 1 is that the LC-

ADMM only requires that the network as a whole is observable.
Each agent, when considered in isolation from the other agents,
need not be observable for the LC-ADMM to work. We validate
this point later in an experiment in Section V-A. In addition, if
(D1) is a linear time-varying (LTV) system with Gaussian noise,
the exponential convergence is guaranteed globally.

Corollary 2 (Convergence for LTV Systems): In addition to
the assumptions in Corollary 1, further assume that the dynam-
ical system in (D1) is LTV. Then, the LC-ADMM is globally
exponentially convergent to the unique solution. Moreover, each
subproblem in (8) simplifies to an unconstrained quadratic pro-
gram (QP), for which the analytical solution is given by the
matrix multiplication of form X̂ (i)

k+1 = (H(i)�H(i))−1H(i)�bk.
The matrix (H(i)�H(i))−1H(i)� is only computed once at the
beginning of LC-ADMM on agent i, and bk is an affine function
of Zk and Wk.

Proof: The proof is similar to that of Corollary 1. The ob-
servability implies that F (X) is strongly convexity and F (X)
is Lipschitz continuous subgradient. By Theorem 3, we have that
the LC-ADMM globally converges exponentially to the global
minimum. �

Corollary 2 shows that each computation of LC-ADMM is
quite inexpensive for linear systems once (H(i)�H(i))−1H(i)�

is computed for each agent i.

C. LC-ADMM for Problems With Weaker Assumptions

We consider the application of LC-ADMM with weaker as-
sumptions. First, consider a case where the original problem (P2)
additionally involves local inequality constraints X̂ (i) ∈ S(i),
where S(i) is a convex set. In this case, one can modify the
objective function (P2) to also include the indicator function

fi(X̂ (i))← fi(X̂ (i)) + IS(i)(X̂ (i)).

Then, the LC-ADMM iterations in (8) and (9) can be written as

X̂ (i)
k+1 = arg min

X̂ (i)∈S(i)

fi(X̂ (i))

+
∑
j∈N i

∑
s∈Iij

β

2
‖x(i)s − x̄

(ij)
s,k+1 +

1

β
w

(ij,i)
s,k ‖2 (40)

w
(ij,i)
s,k+1 = w

(ij,i)
s,k + β

(
x
(i)
s,k+1 − x̄

(ij)
s,k+1

)
. (41)

Even though the additional inequality constraints can model a
broader class of problems, the exponential convergence proof
for Theorem 3 would not work anymore, so it was not included
in the problem definition (P2a).

Next, we consider nonconvex optimization problems such as
PGO for which Theorems 2 and 3 do not hold. While prior
works in the literature showed that the ADMM converges for a
certain class of nonconvex problems [38], (P2) does not satisfy
all the assumptions of [38]. Therefore, it remains a future work to
determine whether the LC-ADMM converges for a certain class
of nonconvex problems. Instead, in this article, we demonstrate
that the LC-ADMM can still be derived for nonconvex problems
and empirically show that the LC-ADMM converges in some
simulation examples.

We consider the problems involving manifold-constrained
variables such as PGO. Suppose that a pose state in the d-
dimensional space is given by T = [R, t] ∈ SE(d), where R ∈
SO(d) is the rotation component and t ∈ R

d is the translation
component of T . If Tp, Tq ∈ X are the variables involving some
factor φ ∈ F with noisy relative pose observation T̃pq , we can
write the local consensus reformulation of the PGO problem as

min
X,Z

∑
i∈A

∑
φ∈Fi

L(T (i)
p , T (i)

q , T̃pq)

subject to
T

(i)
s = T

(ij)
s

T
(j)
s = T

(ij)
s

∀s ∈ I(X̂ ij), (i, j) ∈ E

T (i)
s ∈ SE(d) ∀s ∈ I(X (i)), i ∈ A (42)

whereL(Tp, Tq, T̃pq) represents some loss function on a relative
pose. Like we did in (40), one can simply incorporate the mani-
fold constraint in the local FGO update equation. The manifold
constraint Ts ∈ SE(d) introduces the nonconvex constraints.

In practice, there are some heuristic strategies to mitigate
the risks of being stuck at a local minimum. First, the local
FGO update step of LC-ADMM does not preclude the use
of optimization techniques that guarantee convergence to the
global minimum for PGO (i.e., SE-Sync [11]). Therefore, loop-
closure constraints within the agent itself are remedied. Second,
we develop iDFGO, an incremental version of LC-ADMM,
in Section IV where agents build the map incrementally. This
incremental approach, combined with the ability to resolve the
loop closures with self, makes the algorithm more robust against
local minima. We also demonstrate empirically in simulations
that LC-ADMM and iDFGO converge quickly to the optimal
solution in Section V-D.

IV. INCREMENTAL DFGO

In the previous sections, we applied LC-ADMM to the multia-
gent MAP problem (1) over some fixed time horizon. If we take
the system in (D1) as an example, the LC-ADMM estimates
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Xt = {ri,τ | i ∈ A, τ ∈ T (t)}, where T (t) � [0, t] is the time
horizon at t. In real-time applications, however, the distributed
optimization problem needs to be recomputed at each time step
t as new factors are added to the graph. As the length of the time
horizon increases, the size of the problem in LC-ADMM also
grows.

To address this challenge, we further extend LC-ADMM and
derive the iDFGO algorithm that is scalable with respect to
the increasing time horizon. The main idea is to combine a
single-agent incremental probabilistic inference algorithm (i.e.,
iSAM2 [14]) with the local FGO update step of LC-ADMM
such that only a recent subset of the factor graph needs to be
recomputed. It turns out that simply applying an incremental
algorithm to solve the local FGO problem does not result in
an algorithm that is scalable with respect to time. To derive a
time-scalable algorithm, we exploit the temporal sparsity of the
real-time factor graph and the convergence of the augmented
factors of LC-ADMM. The computation and communication
bandwidth of the overall algorithm is both scalable in size of the
network and in time.

For this section, we also additionally assume Gaussian dis-
tributions as they do in the derivation of iSAM2 [6], [14]. For
problems with non-Gaussian distributions, one may consider
using the moving time horizon approach where the width of the
time horizon is kept constant.

A. Fluid Augmented Factor Update in Bayes Tree

One of the most prominent works for incremental probabilis-
tic inference for a single robot is iSAM2 [14] which reformulates
factor graphs as Bayes trees. The primary benefit of reformulat-
ing the original factor graphs as Bayes trees is that it permits an
incremental update of the FGO solution. In the Bayes tree, the
joint probability of the original factor graph is refactored as the
product of conditional probabilities

∏
p(δF |δS) that is modeled

as a chordal tree [14]. Each node is a conditional probability
p(δF |δS) for a clique of the original factor graph, and one can
obtain this set of conditional probabilities by eliminating one
variable at a time. Suppose that the factor fjoint depends on δF
and δS , where δS is the separator variables and δF is the frontal
variables

fjoint(δF , δS) ∝ exp

(
−1

2
‖AF δF +ASδS − b‖2

)
. (43)

The separator variables are those shared with its parent node,
and they are eliminated from the node [14]. The probability dis-
tribution can be written as fjoint(δF , δS) = P (δF |δS)fnew(δS),
where

P (δF |δS) ∝ exp

(
−1

2
‖δF +RδS − d‖2

)
(44)

fnew(δS) ∝ exp

(
−1

2
‖A′δS − b′‖2

)
. (45)

Here, we have R = A†FAS , d = A†F b, A
′ = AS −AFR, and

b′ = b−AF d, and A†F = (A�FAF )
−1A�F is the pseudoinverse

of AF . Finally, after the elimination, we have parent factor

fnew(δS) and child factor P (δF |δS). This elimination process
is repeatedly applied to the top portion of the Bayes tree until
only one parent factor remains as the root of the tree.

In iSAM2, the A′ and b′ terms for the parent are recom-
puted only when the linearization point changes sufficiently.
Therefore, so long as the linearization point does not change
too much, only the root of the tree needs to be modified in an
incremental fashion when new factors are added. One of the
assumptions that iSAM2 has is that the measurement values of
the nonlinear factors (i.e., b term) are fixed in their lifetime.
While this assumption holds true in the nominal single-agent
FGO scenario, in which each measurement is observed once and
does not change, we need to revisit the assumption for iDFGO.

Since iSAM2 scales well with respect to time, we extend it
to distributed estimation problems. One naive attempt would be
to simply solve the local FGO update step of LC-ADMM using
iSAM2; however, this does not immediately result in a scalable
algorithm. Because each augmented factor modifies its pseudo
measurement at each LC-ADMM iteration, the assumption that
the measurement term is fixed does not hold anymore. To com-
pute the correct optimal MAP solution using the Bayes tree,
every time b changes in a clique, the value of b′ term in its parent
node must be modified. This recursively affects the ancestors of
the node, all the way up to the root of the tree. If there is an
augmented factor near the bottom of the tree and it modifies its
pseudo measurement, a large number of variables are affected in
each update. Therefore, simply applying iSAM2 to the update
step of LC-ADMM does not result in an algorithm that scales
well with time.

We exploit the temporal structure of the real-time problem to
address this issue. To this end, we make an important observa-
tion on the convergence of consensus errors. Recall that in the
LC-ADMM, the role of the augmented factors is to enforce the
consistency between a pair of variable estimates x(i)s and x(j)s

for a variable xs and agents i and j. In real-time applications,
the effects of newer factors on older variables x(i)s and x

(j)
s

diminish in comparison to those of augmented factors, and the
two estimates converge over time. Fig. 5 shows some sample
trajectories of the consensus error ‖x(i)s − x(j)s ‖ as a function of
time from an electrical power grid example in Section V-A. At
each time step, new factors are added to the graph and K = 30
LC-ADMM iterations are applied in a batch. Even though new
factors are added to the graph, the error between each pair of
estimates converges to zero around t = 30 after the augmented
factor was created in this example.

We exploit this convergence of consensus error and propose
the fluid augmented factor update where each augmented factor
pair terminates its update once the consensus is achieved to some
threshold. The fluid augmented factor update is summarized
in Algorithm 2. If older augmented factors that reached con-
sensus do not modify their pseudo measurements, the Bayes
tree update only needs to recompute the more recent subset of
the augmented factors. Fig. 6 shows the number of variables
recomputed in a multiagent PGO example described later in
Section V-D. Even though the number of factors in the graph
grows over time, the number of affected variables remains
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Fig. 5. Consensus error ‖x(i)
s − x

(j)
s ‖ for five sample variables converges

over time in the real-time electrical grid example (see Section V-A). New
factors are added per time step (indicated by black dotted lines) and K = 30
LC-ADMM iterations are applied in batch at each time step. The consensus
errors converge to zero over time.

Fig. 6. Number of variables updated at each time step of iDFGO for the
simulation example in Section V-D. As the size of the factor graph grows, the
computational complexity of iDFGO remains bounded.

bounded in iDFGO. In addition to reducing the computational
effort, fluid augmented factor update also improves the com-
munication bandwidth. While the pair of augmented factors is
converged, the neighboring robots do not need to continuously
exchange the pseudo measurements for those factors. Therefore,
fluid augmented factor update improves computation and com-
munication simultaneously.

For the augmented factors that have not converged yet, the
change in the value of pseudo measurements must be reflected
recursively up to the root of the Bayes tree. We implement this
similarly to the fluid relinearization step of iSAM2. We mark
all the affected cliques and their ancestors in the tree and redo
their variable elimination. Compared to the single-agent iSAM2
case, the number of affected variables during redoing the top
of the Bayes tree is typically larger because some augmented

Fig. 7. Top of the Bayes trees (left) and the bottom (right) for the nine agents
running iDFGO for real-time PGO example in Section V-D. The blue nodes
show the variables whose nodes are modified by the incremental update.

Algorithm 2: Fluid Augmented Factor Update for Agent i,
Neighbor j, Variable xs, Time t, and Iteration k.

factors from the past have not yet converged. However, because
these factors are involved in the cliques near the top of the Bayes
tree, the number of variables involved in the update step is still
reduced compared to optimizing the whole factor graph in a
batch.

B. Variable Ordering

An important aspect to consider in developing the Bayes tree is
the order of variable elimination. The iSAM2 algorithm uses the
constrained column approximate minimum degree (constrained
COLAMD) algorithm to compute the order of elimination such
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that it reduces the sparsity fill-ins in the presence of loop clo-
sures. This heuristic algorithm works well in improving com-
putational efficiency for single-agent mapping problems in the
presence of loop closures. However, it actually leads to a large
number of recomputed variables when used in conjunction with
the augmented factor updates of iDFGO. Instead, we choose
a temporal ordering for variable elimination, where the newer
variables are placed closer to the root of the tree. This approach
preserves the temporal structure in the Bayes tree, and therefore,
the fluid augmented factor update only affects the top part of the
tree. Fig. 7 shows a set of example Bayes trees obtained by this
variable ordering scheme in a multiagent PGO example where
the highlighted nodes are the cliques that are affected during the
particular update.

C. iDFGO Algorithm

The overall algorithm for iDFGO is summarized in
Algorithm 3. The local FGO update part of iDFGO can be seen as
an extension of iSAM2, and some of its subroutines are reused.
First, at each time step, new factors and variables are added
to the local factors. Second, the fluid augmented factor update
step modifies some of the pseudo measurement of augmented
factors, as described in Algorithm 2. All the variables related
to the updated augmented factors are marked and stored in a
set M in this step. Next, if there are new augmented factors at
any k, they are also added to the factor graph and the involved
variables are also added to the set M . The fluid relinearization
step of iSAM2 (see [14, Algorithm 5]) may relinearize some
of the nonlinear factors and returns its own set of marked keys.
These marked keys are also added to the set M . Afterward,
we redo the top of the Bayes tree in a similar way as [14,
Algorithm 6] with exception of two modifications. The first
modification is that we use the modified marked key M , which
contains the variables affected by both fluid relinearization and
fluid augmented factor update. We use this set to mark all the
affected cliques in the Bayes tree and their ancestors. The second
modification is the variable elimination order that we described
in Section IV-B. After redoing the Bayes tree, neighboring
agents locally exchange the new estimate. The iDFGO iterates
this for K steps per each time step t. To promote an efficient
implementation, the iDFGO algorithm is implemented in C++
using iSAM2 in the GTSAM library. We refer readers to [14]
for details of the iSAM2 algorithm.

D. Scalability With Time

We discuss the complexity of the iDFGO algorithm with
respect to the size of the trajectory. First, for an estimation of
a dynamical system [e.g., system considered in (D1)], only the
recent subset of nodes in the Bayes tree is updated instead of
solving the optimization problem over the whole trajectory in
a batch (see Fig. 7). The number of variables involved in the
update has the complexity of o(1) with respect to time.

In the presence of loop closures, the computational effort
of the iDFGO algorithm adapts as necessary. Suppose that a
newly added loop closure constraint affects variables from τ ′

time steps ago in the past. The variables directly involved in the

Algorithm 3: Incremental DFGO.

loop closure (up to t− τ ′) as well as variables in its proximity
are affected by the loop closure. If the change in the estimate
is sufficiently large, the variables may have a large consensus
error compared to the neighbors and may be required to apply the
augmented factor update. The estimates of the distributed agents
will converge again sometime after the loop closure is added, but
the augmented factor continues to update until the consensus
error converges sufficiently. In terms of algorithm complexity,
suppose that there is an upper bound T ′ > 0 to the time lag
on loop closure (e.g., τ ′ ≤ T ′ for all loop closure). Then, the
most general bound on the number of variables involved in each
iDFGO update scales like o(T ′3), and it is constant complexity
with respect to the length of the whole trajectory.

V. NUMERICAL EVALUATION

We evaluate various aspects of LC-ADMM and iDFGO on
multiple networked-system models using numerical simula-
tions. We validate scalability, optimality, and convergence (see
Section V-A) as well as distributed outlier rejection (see Sec-
tion V-B). Finally, we compare the performance of LC-ADMM
and iDFGO against other PGO algorithms (see Sections V-C
and V-D). We use the Levenberg–Marquardt algorithm to solve
each agent’s individual FGO update step of the LC-ADMM,
and we implement this using the GTSAM library in C++. The
iDFGO algorithm is implemented using a modified version of
iSAM2 [14], as described in Algorithm 3. The ground truth
simulation and iDFGO are run on a single computer, and the
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Fig. 8. Electrical power grid example. Dynamics is given by (46). (a) Network
size N is varied by changing the number of columns in the grid. (b) Average
computation time per node per iteration as a function of time. Each color shows
one simulation with a different network size. As the network size increases, the
local computational effort remains the same. (c) Optimality gap of iDFGO at
steady state versus the number of LC-ADMM iterations K.

interagent communication is simulated by providing each agent
with only its neighbors’ information. All the timing results are
obtained on a laptop with Intel 2.5-GHz i9-11900H processor.

A. Scalability, Convergence, and Optimality

Consider an example of a large-scale networked dynamical
system (D1) given as a network of electrical power grids [9]
involving hundreds of agents. Each plant is tasked to monitor
its own state given the local measurement and the information
exchanged with the neighboring plants. The dynamics and mea-
surement models for each agent i ∈ A are given by

ri,t+1 =
∑
j∈N̄ i

Aijrj,t + wi,t, yi,t = Ciri,t + vi,t (46)

Aii =

[
1 Δt

− ki

mi
Δt 1− di

mi
Δt

]
, Aij =

[
0 0

kij

mi
Δt 0

]
,

Ci =
[
1 0

]
.

The dynamics are locally coupled by Aij terms, and the noise
terms wi,t and vi,t are sampled from their respective indepen-
dent identically distributed zero-mean Gaussian distributions.
The system parameters kij , di,m

−1
i and Δt are set to 0.2,

and ki =
∑

(i,j)∈E kij . The grid network has R rows and C
columns withN = R× C agents in total, as shown in Fig. 8(a).
The static network topology is defined such that each pair of
adjacent agents has a 70% chance of having an edge between
them. Because this system is linear, time-invariant, and observ-
able, the convergence of LC-ADMM is globally exponential by
Theorem 3 and Corollary 2.

We study the convergence of the consensus errors of LC-
ADMM in Fig. 5. To isolate the effect of variablewise consensus,
for Fig. 5 and this paragraph only, we apply the LC-ADMM
in batch at each time step instead of iDFGO. Five samples of
agent state ri,τ are randomly selected, and the consensus error

between r(i)i,τ,k and r(j)i,τ,k for a pair of neighbors i and j is tracked
over each consensus iteration k = [0, . . . ,K − 1] and each time

step since τ (i.e., t = [τ, τ + 1, τ + 2, . . .]). Each time step is
indicated by the black vertical lines in Fig. 5, while there are
K = 30 consensus iterations in between each time step. The
new factors are added to the local factor graph at every time
step. The figure shows that the consensus error converges over
k between each time update, but the error increases each time
the new factors are added to the graph. This is because the
local estimate (i.e., r(i)i,τ,k) changes based on the new information
obtained from the augmented factor. Fig. 5 also shows that the
magnitude of the error jumps at each time step decays over time.
This is because t− τ is increasing and the effects of new factors
on variable ri,τ diminish over time. For all the variables sampled,

neighbors reach a steady agreement (i.e., r(i)i,τ,k = r
(j)
i,τ,k) within

30 time steps since τ .
Next, we verify the scalability of iDFGO in network size and

in time. The size of the grid network is varied from N = 25
to N = 150 agents, as shown in Fig. 8(a). For each simulation,
K = 30 iterations are applied per time step. Fig. 8(b) shows the
network-averaged computation time per LC-ADMM update as
a function of time in a real-time scenario. The sharp drop in
computation time near t ≈ 30 is due to the internal mechanism
within the Bayes tree update of the iSAM2 where it switches
from calling a batch update to an incremental update. This switch
happens because the ratio between the number of variables
affected and the total number of variables in the problem goes
under a threshold value. After t ≈ 30, the computation time
remains mostly constant even as the network size increases
due to the locality property of LC-ADMM. We observe that
the average computation time is similar among various network
sizes. These plots confirm the scalability of iDFGO in both the
size of the network and time.

Finally, we study the tradeoff between the convergence error
and communication bandwidth for iDFGO. We run iDFGO for
various numbers of ADMM iterations per time step K, where
larger K means higher bandwidth. Suppose that a ground truth
state of agent i time step t is denoted as ri,t, and the real-time

estimate by agent i is denoted as r
(i)
i,τ,K , where τ = t and

K is the total number of consensus iteration per time step.
Then, the tracking error is defined as

∑
i∈A ‖r

(i)
i,τ,K − ri,t‖.

For comparison, we also compute the centralized optimal es-
timation solution using a batch optimization method at each
time horizon. This solution serves as the best possible error
that the iDFGO algorithm could get. The results are shown
in Fig. 8(c). The figure shows that the iDFGO tracks the true
trajectory K = 2, 5, 10, 30, while the algorithm diverges for
K = 1 because not enough consensus is applied at each time
step. The more frequent the communication is, the faster the
algorithm converges to the centralized optimal solution. Over
time, however, the iDFGO approximates the centralized optimal
solution even with a relatively small number of communication
per time step.

B. Distributed Outlier Rejection on Locally Coupled System

Next, we demonstrate that non-Gaussian noise models can be
used with the LC-ADMM to solve distributed outlier rejection
problems. Continuing with the power grid example, suppose
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now that the observation model in (46) is further corrupted by
some sparse outlier noise

yi,t = Ciri,t + vi,t + ψi,t

where ψi,t is a sparse but large noise. This type of outlier is par-
ticularly relevant for large-scale networks that are low-cost but
have a higher risk of failure and makes accurate estimation more
challenging. Unfortunately, algorithms that explicitly assume
Gaussian distribution perform poorly under spurious outliers.

Our approach is to alternatively use convex loss functions
that correspond to probability distributions with fatter tails. This
modification can be incorporated naturally in iDFGO since the
derivation of LC-ADMM does not assume a specific type of
noise model. One example of an alternative loss function that
models a fatter tail is the Huber loss function [46], which is
defined as

Lα(x) �
{
x2, for |x| ≤ α
α(2|x| − α), otherwise

(47)

for someα > 0. The individual agent’s objective using the Huber
loss function can be written as

fi(X̂ (i))

=
∑
t

Lα(‖ri,t −AirN̄ i,t−1‖W t
i
) + Lα(‖yi,t − CirN̄ i,t‖V t

i
).

The resulting subproblem can be written in QP form for which
efficient algorithms exist. Because the Huber loss is convex,
o(1/k) convergence by Theorem 2 holds.

The simulation considers 400 agents in a connected 20× 20
grid. If the nominal observation noise has standard deviation
σ, the sparse outlier noise is simulated by setting ψt

i = ±20σ
with 2.5% probability of occurrence, and otherwise, ψt

i = 0.
Even though the chance of having each outlier is small, there are
several outliers somewhere in the network at each time step. We
compare the results of applying LC-ADMM with two different
loss functions: a 2-norm loss function (baseline) and a Huber
loss function (robust estimation). Since the iDFGO assumes
Gaussian noise (like iSAM2 does), we apply the LC-ADMM
over a sliding time horizon of width T = 30 for this simulation
example only.

Fig. 9 shows the measurement errors with respect to the first
state variable as well as the estimation errors for the baseline
and robust estimation algorithms. The figure shows the tracking
errors for nine randomly selected agents out of 400. The base-
line algorithm is significantly impacted by the outlier-corrupted
signal, while the robust estimation algorithm rejects the outlier
well, maintaining low estimation error. To the best of the authors’
knowledge, this is the first demonstration of the distributed and
localized estimation algorithm that can explicitly reject sparse
outliers in a unified framework.

C. Multiagent PGO via LC-ADMM

Next, we apply LC-ADMM and iDFGO to the multiagent
PGO problems (42). This section evaluates LC-ADMM on a
batch multiagent PGO, while the next section evaluates iDFGO
on a real-time problem. We note that the LC-ADMM does

Fig. 9. Distributed outlier rejection in an power grid example using
α = 1.35 [46], β = 1, and K=10. The raw observation error (blue), robust
estimate (yellow), and quadratic estimate (green) are shown for nine randomly
selected agents out of 400. Errors are defined with respect to the ground truth
from the simulation. The robust algorithm successfully rejects the spurious
noises that otherwise affect the quadratic estimate.

not show a theoretical guarantee for convergence in noncon-
vex problems such as PGO. However, instead, we empirically
show that the LC-ADMM locally converges to the centralized
optimal solution in these examples. The batch PGO problem was
validated on numerical simulations using a benchmark SLAM
dataset Manhattan 3500 [47], split into five segments to emulate
multiagent scenarios.

We compare the estimates computed by the LC-ADMM with
two state-of-the-art PGO algorithms SE-Sync [11] and DC2-
PGO [7]. SE-Sync is a centralized algorithm that is known to
converge globally under mild conditions. We solve the central-
ized PGO problem using SE-Sync and refer to this solution
as the centralized optimal solution. The DC2-PGO algorithm
is a certifiably correct distributed PGO algorithm (for batch
problems). The DC2-PGO algorithm is implemented for com-
parison against the LC-ADMM. We use the accelerated version
of DC2-PGO, and the rank is initialized as r = 2. Note that
DC2-PGO optimizes a loss function defined asL(Tq , Tp, T̃pq) =

κpq‖Rq −RpR̃pq‖2F + τpq‖tp − tq −Rpt̃pq‖2 (48)

for some κpq > 0, τpq > 0, while the loss function for LC-
ADMM is defined as L(Tq, Tp, T̃pq) =

κpq‖ log (R−1q RpR̃pq)
∧‖2 + τpq‖tp − tq −Rpt̃pq‖2. (49)

We denote log : SE(d)→ se(d) as the logarithm map and (·)∧ :
R

d×d → R
d is the inverse of the skew-symmetric matrix opera-

tor.
Once both estimates are computed using their respective loss

functions, we use (48) to quantify the estimation error for evalu-
ation purposes only. Both the algorithms are initialized with the
optimal solution to the single-agent PGO using the observations
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Fig. 10. Five agents cooperatively solve the distributed PGO problem. The
pose estimates are shown for the LC-ADMM only after k = 10 iterations
(colored) and for the optimal solution (gray) computed by a centralized method
(SE-Sync [11]).

Fig. 11. Normalized cost versus number of iterations for LC-ADMM and
DC2-PGO [7] on the M3500 dataset.

available only to itself (computed using a certifiably correct
single-agent PGO algorithm [11]).

First, the colored trajectories in Fig. 10 show the LC-ADMM
estimate by the five agents after k = 10 iterations. Only after a
small number of iterations, the LC-ADMM converges to the cen-
tralized optimal solution (gray, computed by SE-Sync). The fig-
ure also qualitatively confirms that the LC-ADMM is not stuck
at some local minima. Next, Fig. 11 shows the convergence rates
of LC-ADMM and DC2-PGO.4 Each agent only contributes its
own poses and not a copy of the other agents’ poses. The cost
is defined as the centralized PGO objective function with (48)

4In a general multiagent PGO, the outer loop of DC2-PGO iterates on possible
ranks of the low-rank semidefinite programming. In this example, DC2-PGO
only iterates this outer loop once before convergence. Therefore, the convergence
of DC2-PGO in Fig. 11 equivalently represents the convergence of its inner loop,
the RBCD algorithm [7].

as the loss function and evaluated at X̃ . The optimal cost f ∗ is
evaluated at the globally optimal solution to the centralized PGO
computed by [11], and the normalized cost is defined as f/f ∗.
The normalized cost for both algorithms is shown as a function
of iterations in Fig. 11. While the LC-ADMM does not have any
guarantees to converge to the correct global optimal solution for
a general nonconvex problem, Fig. 11 shows that the LC-ADMM
converged to the optimal solution in this specific example. The
LC-ADMM also converged faster than DC2-PGO even though
both the algorithms start from the same initial trajectories. This
result empirically suggests the applicability of LC-ADMM when
provided with an initial guess that is good enough to avoid the
local minimum.

D. Multiagent PGO via iDFGO

Next, we evaluate iDFGO in a real-time multiagent PGO
example. In this example, nine robots traverse an environment
in a formation. The trajectories of the nine agents are shown on
the left in Fig. 2. The task is to maintain both a good global
map as well as good relative estimates. The dataset contains
noisy observations for: 1) odometry; 2) relative pose between
neighbor robots at a given time (shown in red); and 3) loop
closures with some nearby poses (shown in blue). Without any
interagent cooperation, the estimate that each agent computes
will have a large drift as well as a large relative pose estimation
error (shown in the center of Fig. 2). We set the number of
consensus iterations applied at each time step to be K = 5.

A snapshot of the trajectory estimates computed by the iD-
FGO algorithm at time t = 320, k = 0 is shown on the right in
Fig. 2. Each color corresponds to a different agent’s trajectory es-
timate, and the gray plot shows the centralized optimal solution
computed SE-Sync [11]. It shows that the trajectories estimated
by iDFGO match the optimal solution. The darker color in each
agent’s trajectory denotes variables that were affected by the
iDFGO update at step, while the lighter color denotes variables
that were unaffected. The figure shows that iDFGO successfully
updates the recent subset of the factor graph in an incremental
fashion. Some of the agents have a larger number of affected
variables than others. This is explained by the loop closure
constraints on those agents affecting more variables from the
past.

More details of the number of affected variables over the tra-
jectory are shown in Fig. 6. The solid lines show the time history
of the number of affected variables at the given time, while the
dotted line shows the total number of variables updated if the
whole trajectory of each agent is estimated in a batch. While
the problem size increases for the batch case time increases, the
size remains bounded for the iDFGO algorithm.

This simulation demonstrated that the iDFGO algorithm
solves the multiagent PGO for a team of robots traversing an en-
vironment in a formation. The estimate matches the centralized
optimal solution well. The algorithm is efficient as it involves
a small number of consensus iterations per time step and the
factor graphs are updated in an incremental fashion, leading to
a more time-scalable algorithm.
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VI. CONCLUSION

This article presented new algorithms to solve certain classes
of the DFGO problems. The MAP estimation problem was
formulated as a spatially decomposable FGO problem by ex-
ploiting the sparsity structure of locally coupled systems. First,
we showed that the LC-ADMM algorithm has various advan-
tages when solving DFGO in a batch over a fixed time hori-
zon. The LC-ADMM scales well with the number of agents,
incorporates robust convex loss objectives, solves problems fully
in parallel, and does not need information about global graph
topology. We have two new theoretical convergence results on
the LC-ADMM: 1) it converges at o(1/k) rate if the objective
function is convex and has a unique solution and 2) it con-
verges exponentially if the objective is strongly convex and its
subdifferential is Lipschitz continuous. Next, using LC-ADMM
as a backbone, we derived the iDFGO algorithm for real-time
problems. The iDFGO algorithm integrates LC-ADMM with
an extended version of iSAM2 to incrementally recompute the
local FGO problem. The iDFGO is scalable both in the number
of agents and in time.

Finally, the performance of LC-ADMM and iDFGO was
evaluated in numerical simulations with examples from the
electrical power grid and multiagent PGO. The simulation re-
sults verified scalability properties and illustrated the tradeoffs
between optimality and communication. The multiagent PGO
examples showed that the algorithm converged to the correct
optimal solution despite problems being nonconvex, indicating
the possible applicability to a broad class of problems.

APPENDIX A

Proof of Lemma 2: If F is convex, we have 〈Xk+1 −
X∗, gk+1 − g∗〉 ≥ 0. Using (27)–(30), we may rewrite the left-
hand side as . Substituting (27) into 〈Xk+1 −X∗, gk+1 − g∗〉,
we get

〈Xk+1 −X∗, gk+1 − g∗〉

= 〈Xk+1 −X∗,−M�(Yk+1 − Y∗)−A�3 (Vk+1 − V∗)〉

+ β〈Xk+1 −X∗,M
�
(Zk − Zk+1)〉

=
2

β
〈Yk − Yk+1, Yk+1 − Y∗〉+

1

β
〈Vk − Vk+1, Vk+1 − V∗〉

+ 2β〈Zk+1 − Z∗, Zk − Zk+1〉

= 2(Uk+1 − U∗)�G(Uk − Uk+1)

= ‖Uk − U∗‖2G − ‖Uk+1 − U∗‖2G − ‖Uk − Uk+1‖2G.

This proves (31). Because F is convex, we have 〈Xk+1 −
X∗, gk+1 − g∗〉 ≥ 0, and therefore, (31) holds. When F is
strongly convex, we automatically have X∗ (and thus Z∗) are
unique. In addition, by Definition 3, we have

mF ‖Xk+1 −X∗‖2 ≤ 〈Xk+1 −X∗, gk+1 − g∗〉.

Therefore, (33) holds. �
Proof of Lemma 4: We start by considering the following

inequality, which holds true ∀μ > 0 [39]:

‖a1 + a2‖2 + (μ− 1)‖a1‖2 ≥ (1− 1/μ)‖a2‖2. (50)

We select μ > 1 so that all the terms are positive, and it
results in a meaningful bound. If we let a1 = gk+1 − g∗,
a2 =M�(Yk+1 − Y∗) +A�3 (Vk+1 − V∗), we have a1 + a2 =

βM
�
(Zk − Zk+1) by (27). The left-hand side of (50) is upper-

bounded by

‖βM(Zk+1 − Zk)‖2 + (μ− 1)‖gk+1 − g∗‖2

≤ β2σ2
max(M)‖Zk+1 − Zk‖2 + (μ− 1)L2

F ‖Xk+1 −X∗‖2
(51)

where we used (12) from Lipschitz continuous subdifferential
assumption. Next, we have that Yk ∈ Im(M) and Vk ∈ Im(A3)
∀k > 0 by (22) and (21). Therefore, the right-hand side of (50)
can be lower bound by

‖M�(Yk+1 − Y∗) +A�3 (Vk+1 − V∗)‖2

=

∥∥∥∥∥
[
M
A3

]� [
Yk+1 − Y∗
Vk+1 − V∗

]∥∥∥∥∥
2

≥ σ̃2
min(M)

∥∥∥∥
[
Yk+1 − Y∗
Vk+1 − V∗

]∥∥∥∥
2

= σ̃2
min(M)(‖Yk+1 − Y∗‖2 + ‖Vk+1 − V∗‖2) (52)

where M � [M ;A3]
� and σ̃min(M) is the minimum nonzero

singular value of M . Therefore, we have

β2σ2
max(M)‖Zk+1 − Zk‖2 + (μ− 1)L2

F ‖Xk+1 −X∗‖2

≥
(
1− 1

μ

)
σ̃2

min(M)(‖Yk+1 − Y∗‖2 + ‖Vk+1 − V∗‖2).

This is further rearranged to

βC1‖Zk+1 − Zk‖2 +
C2

β
‖Xk+1 −X∗‖2

≥ 1

β
‖Yk+1 − Y∗‖2 +

1

β
‖Vk+1 − V∗‖2

where

C1 =
μσ2

max(M)

(μ− 1)σ̃2
min(M)

, C2 =
μL2

F

σ̃2
min(M)

.

Using ‖Zk+1 − Z∗‖ ≤ 1
2σmax(M)‖Xk+1 −X∗‖, we get

βC1‖Zk+1 − Zk‖2 +
(
C2

β
+
β

4
σ2

max(M)

)
‖Xk+1 −X∗‖2

≥ β‖Zk+1 − Z∗‖2 +
1

β
‖Yk+1 − Y∗‖2 +

1

β
‖Vk+1 − V∗‖2.

Then, c > 0 as defined in (35) satisfies

β‖Zk+1 − Zk‖2 +mF ‖Xk+1 −X∗‖2

≥ cβ‖Zk+1 − Z∗‖2 +
c

β
‖Yk+1 − Y∗‖2 +

c

β
‖Vk+1 − V∗‖2.
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This further satisfies (36). �
Proof of Corollary 1: The objective function in (P1) is given

by

F (X) =

T∑
t=1

‖rt − at(rt−1)‖2Wt
+

T∑
t=0

‖yt − ct(rt)‖2Vt

= R�(X)ΣR(X)

where Σ = diag(W1, . . . ,WT , V0, . . . , VT ) and R(X) = [r1 −
a1(r0); . . . ; rT − aT (rT−1), y0 − c0(r0), . . . , yT − cT (rT )].
Since Σ is a positive-definite matrix, the Hessian of F (X) is
strictly positive definite at each X ∈ Bρ(X∗) if and only if
∂R(X) has a full column rank at X .

The residual Jacobian can be written as ∂R(X) equals to

−

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂a1(r0) I 0 · · · 0

0 ∂a2(r1) I
...

...
. . .

. . . 0
0 · · · 0 ∂aT (rT−1) I

∂c0(r0) 0 · · · 0

0
. . .

...
...

. . . 0
0 · · · 0 ∂cT (rT )

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Applying block Gauss eliminations, one can write the first
column as [0; . . . ; 0; ∂c0; ∂c1∂a1; . . . ; ∂cT ∂aT · · · ∂a1]. Since
X∗ is a feasible solution to (P2a), there exists a solution X∗ for
(P1) such that x(i)s,∗ = xs,∗ for ∀s ∈ I(X ), ∀i ∈ A by Lemma 1.
Since the system is observable atX∗, i.e.,O(X∗), the first column
of ∂R(X∗) after the Gauss elimination has a full column rank.
One can see that other block columns of∂R(X∗) are also linearly
independent by noting their identity block elements. Therefore,
∂R(X∗) has a full column rank, and the Hessian of F (X∗)
is positive definite. Since at and ct are twice differentiable,
there exists a local neighborhoodBρ(X∗)with sufficiently small
ρ > 0 in whichF (X) is strongly convex for ∀X ∈ Bρ(X∗)with
the local coefficient of strong convexity mF > 0 is given by

mF = min
X∈Bρ(X∗)

σmin(HF (X)) (53)

whereσmin(·) is the smallest eigenvalue of the matrix. Therefore,
Assumption 3 is satisfied locally.

The objectiveF (X) is also Lipschitz continuous subgradient,
given that at(rt−1) and ct(rt) are Lipschitz continuous. This
satisfies Assumption 2. Finally, we have that the LC-ADMM is
locally exponentially stable at X∗ by Theorem 3. �
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