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On the Convergence of a Closed-Loop Inverse
Kinematics Solver with Time-Varying Task

Functions
Mario D. Fiore1, Ciro Natale1

Abstract—Many control algorithms devised to allow redundant
robots to execute complex multiple tasks with priorities require
a numerical inverse kinematics (IK) solver. The present letter
investigates the conditions that, if satisfied, guarantee that a
specific module of closed-loop numerical IK solvers, which is at
the kernel of some of the aforementioned algorithms, converges
to a feasible solution. The investigation has the objective to prove
the convergence in those cases when the task function is time-
varying. The conditions found to ensure convergence include not
only the initial task error and the loop gain - as it happens for
stationary task functions - but also the maximum sampling time
to be used in the computation of the solution.

Index Terms—Inverse kinematics, Redundant Robots, Conver-
gence Analysis.

I. INTRODUCTION

EXPLOITING the redundant Degrees of Freedom (DOFs)
of a robotic system is one of the most addressed chal-

lenges in robot motion generation. Several methods in the
field of local optimization have been proposed over the last
decades that instantaneously solve redundancy according to
various costs and constraints. They are based on the defi-
nition of a so-called task function [1], which allows for the
mathematical specification of the task objectives in the form
of a regulation problem characterized by a vector function
of the joint positions and, possibly,f time. Building on this
approach, several constraint-based programming frameworks
[2], [3], [4], [5], [6] have been developed for the specification
of tasks as minimal set of constraints, and the generation of
constrained-optimization problems for motion control. Such
problems, are solved by numerical methods based on the
pseudoinverse of the task Jacobian matrix and null space
projections [7]. An essential element in these methods is the
presence of a feedback term in the task reference [8], [9],
which allows to recover from initial errors and cope with
unavoidable drift of the solution due to numerical integration,
whatever method is used. Closed-loop methods have been
continuously extended, focusing on several aspects including
singularity handling [10], joint limit avoidance [11], [12], the
ability of (dynamically) achieving prioritized goals [13], and
arbitrary inequality constraints handling [14], [15], [16].

Although in practice all the corresponding algorithms run
on digital controllers, almost all the solid results consolidated
over the years have been found in the continuous-time domain.
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pania ”Luigi Vanvitelli”, Via Roma 29, 81031 Aversa, Italy.
mariodaniele.fiore@unicampania.it, ciro.natale@unicampania.it

Indeed, not so many papers address the study of redundancy
resolution considering the discrete-time nature of the dynamic
system at hand. In fact, this aspect is often overlooked in
real applications. Yet, specific choices in the selection of the
closed-loop gains or the integration method, can significantly
affect the behavior of the redundancy resolution algorithm
in terms of performance and/or stability [17]. For the basic
inverse kinematics problem, some stability aspects have been
addressed in [18], [19] proposing Lyapunov-based arguments
or in [20] based on standard nonlinear solvers. Sufficient
conditions for the convergence of an inverse kinematics solver
based on Jacobian pseudo-inverse for the (sensor-based) con-
trol of redundant robots are instead proposed in [21], [22],
leading to useful guidelines for gain selection in relation to
the sampling time and initial task error as well as in relation
to the bandwidth of inner motion control loops in the joint
space.

Building on the methodology in [21], this paper proposes
a convergence analysis for generic time-varying task function,
as this aspect has not yet been investigated in the literature.
As a matter of fact, the task function is often depending on
time not only due to the time-varying reference trajectory of
the task variables, but also due to the intrinsic time-varying
characteristics [6] (see also Sect. IV). It is therefore reasonable
to study this case, to see if and how the sufficient conditions
found in [21] can be extended, with the aim to aid the design
of such closed-loop solvers in any of the modern sophisticated
algorithms dealing with redundancy resolution.

The paper is organized as follows: Sect. II recalls the task
function approach and states the problem formulation; Sect. III
streamlines the results of the presented convergence analysis;
Sect. IV supports the theoretical findings with simulations
carried out on a 7-DOFs manipulator; conclusion and possible
future works are found in Sect. V.

II. MATHEMATICAL BACKGROUND

A. Task function approach

Let e ∈ E be the vector of task error variables for a given
robot, with E being a domain of Rm. Moreover, let q ∈ Q ⊆
Rn, with m ≤ n, be the vector of the variables describing the
robot joint configuration, and t ∈ T ⊂ R+

0 indicate the time in
an interval limited by the task execution time. The task error
function is then expressed as

e : (q, t) ∈ Q× T → e(q, t) ∈ E . (1)
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As an example, in a positioning task, e might represent the
position error of the end effector. The function e(q, t) is
assumed of class C1, and the corresponding task is considered
executed if e = 0. Closed-loop Inverse Kinematics (CLIK)
algorithms rely on the inversion of this constraint equation at
the first-order differential level

ė(q, t) = 0, (2)

where ė can be expressed as

ė(q, t) = J(q, t)q̇ + j(q, t),

with

J(q, t) =
∂e

∂q
∈ Rm×n, j(q, t) =

∂e

∂t
∈ Rm.

In particular, the solution to (2) is computed in a closed-loop
fashion as [9]

q̇ = −J#(q, t)(j(q, t) + γe(q, t)), (3)

where # denotes the generic right pseudo-inverse operator and
γ is a positive scalar gain. The feedback term in (3) ensures an
exponential convergence of e to zero, with a convergence rate
depending on the value of γ. Starting from (3), the evolution
of the joint positions q can be obtained by integration as

q(t) = q(0)−
∫ t

0

J#(q(τ), τ)(j(q(τ), τ) + γe(q(τ), τ))dτ.

(4)

B. Assumptions

The convergence analysis presented in this paper is based
on the following assumptions:

1) ∃ δ ∈ R+ : ∥J#(q, t)∥ ≤ δ, ∀ q ∈ Q, t ∈ T
2) ∃µ∈ R+:∥H(ei(θ))∥ ≤ µ,∀θ ∈ Q× T , i = 1, . . . ,m.
3) ∃ω ∈ R+

0 : ∥j(q, t)∥ ≤ ω, ∀ q ∈ Q, t ∈ T
Here, the spectral norm, i.e., the largest singular value of a
matrix, is assumed as matrix norm. Moreover, ei denotes the
ith component of e(·), whereas θ groups the joint coordinates
and the time variable in a single vector, namely θ =

[
qT t

]T
.

Assumption 1) aims at quantifying the remoteness from singu-
larity of J ; assumption 2) imposes a smoothness constraint on
the task function, as it assumes a bounded norm on Q×T of
all the Hessian matrices H(ei(θ)) of the components of e(θ).
This smoothness assumption holds for the direct kinematics
of revolute-joint manipulators, and for some typical spatial
relations employed in constraint-based programming (see also
Sect. IV). Finally, assumption 3) imposes a bound to the rate
of variation of the task function, e.g., to the rate of variation
of the task reference trajectory, which appears in the error
function (1). For example, if the task consists in following a
certain end-effector position with a given velocity profile, ω
is an upper bound to the end-effector velocity norm.

The derivation of the task error dynamics uses Taylor’s
theorem with explicit second-order Lagrange remainders. The
Taylor expansion of e(q + q̃, t + t̃) around (q, t) for some
(q̃, t̃) ∈ Rn+1 is given by

e(q+q̃, t+t̃) = e(q, t)+J(q, t)q̃+j(q, t)t̃+r(q, t, q̃, t̃), (5)

with the Lagrange remainder r being

r(q, t, q̃, t̃) =
1

2


θ̃
T
H(e1(ξ))θ̃

...

θ̃
T
H(em(ξ))θ̃

 ,

having denoted with θ̃ the vector (q̃, t̃) ∈ Rn+1 and being
ξ a point of the line connecting θ and θ + θ̃. As shown in
Lemma 1 of [21], assumption 2) implies that r is bounded. In
particular, it is

∥r∥ ≤
√
m

2
µ∥θ̃∥2 ≜ ν

(
∥q̃∥2 + t̃2

)
. (6)

C. Problem statement

When implementing the CLIK algorithm in discrete time,
e.g., by resorting to the (forward) Euler integration method
with sampling time T , (4) takes the form

qk+1 = qk − TJ#
k (jk + γek), (7)

being k ∈ Z+
0 the discrete time variable, i.e., qk = q(kT ).

Moreover, it is Jk = J(qk, kT ), jk = j(qk, kT ), and ek =
e(qk, kT ). Here, the closed-loop action additionally aims at
avoiding the drift of the error function that comes as a result
of the numerical integration. Different integration methods can
be used as well, and preliminary results on the comparison
between forward Euler and Runge-Kutta 4 can be found in
[17]. This work instead aims at finding sufficient conditions
for the convergence of the algorithm (7), i.e., at determining if
there exist a positive feedback gain γ and an admissible initial
condition q0 such that

lim
k→∞

∥ek∥ = 0

III. CONVERGENCE ANALYSIS

This section introduces the convergence of the discrete-
time CLIK algorithm for time varying task error functions.
Resorting again to the Euler integration method, eqs. (5) and
(7) can be used to derive an expression of the dynamics of the
task error function

ek+1 = ek − TJkJ
#
k (jk + γek) + Tjk + rk

= ek − Tjk − γTek + Tjk + rk

= (1− γT )ek + rk

(8)

with rk = r(qk, kT, ζ). To prove the convergence of the error,
consider the following inequalities:

∥ek+1∥ ≤ |1− γT |∥ek∥+ ∥rk∥
≤ |1− γT |∥ek∥+ ν∥TJ#

k (jk + γek)∥2 + νT 2

≤ |1− γT |∥ek∥+ T 2νδ2∥jk + γek∥2 + νT 2

≤ |1− γT |∥ek∥+
T 2νδ2(ω2 + γ2∥ek∥2 + 2γω∥ek∥) + νT 2

= (|1− γT |+ 2γT 2νδ2ω + γ2T 2νδ2∥ek∥)∥ek∥
+ T 2νδ2ω2 + νT 2

(9)
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where the bounds in assumptions 1) and 3), and in (6) have
been exploited, together with standard norm properties.

Before presenting the main result showing that the error
is bounded by an exponential sequence, a short note on the
relation to the case of time-invariant task error functions is
opportune. In (9), the case of a time-invariant task error
function is easily recovered by letting not only ω = 0 but also
removing the last term νT 2 deriving from the Taylor series
remainder in (6). Therefore, to better highlight how the time-
invariant case is a special case of the more general dissertation
here, let denote the last two terms in (9) with T 2νµ2

t , having
defined

µ2
t = 1 + δ2ω2, (10)

which should be set to zero in the time-invariant case.
Finally, the following lemma is conveniently introduced to

streamline the proof of the main theorem.

Lemma 1. Let γ, T , ν, δ, and ω be positive real numbers,
with γT < 1. Moreover, let α be the unknown variable of the
second order equation

α2 + bα+ c = 0, (11)

where b = γT − 2− 2γT 2νδ2ω, c = 1− γT + 2γT 2νδ2ω +
γ2T 4ν2δ2µ2

t , and µ2
t = δ2ω2 + 1. Equation (11) admits two

real positive solutions smaller than 1 iff

γ < min

(
1

T
,
1− 2Tνδ2ω

T 3ν2δ2µ2
t

)
and T ≤ 1

2νδ(δω + µt)
.

Proof. Since γT < 1 and ω > 0, it is c > 0 and b < 0, hence
eq. (11) always admits two positive solutions if they are real,
i.e., iff

b2 ≥ 4c ⇔ γ2T 2(1− 2Tνδ2ω)2 ≥ 4γ2T 4ν2δ2µ2
t

1− 2Tνδ2ω ≥ 2Tνδµt ⇔ T ≤ 1

2νδ(δω + µt)
,

that is ensured by the Lemma hypothesis. These solutions α
are smaller than one iff (Jury stability criterion)

0 < c < 1 (12a)
(c+ 1− b)(c+ 1 + b) > 0. (12b)

Since it is already c > 0, the condition (12a) is satisfied by
imposing c < 1. This yields

1− γT + 2γT 2νδ2ω + γ2T 4ν2δ2µ2
t < 1

γT (−1 + 2Tνδ2ω + γT 3ν2δ2µ2
t ) < 0

⇔ γ <
1− 2Tνδ2ω

T 3ν2δ2µ2
t

.

Moreover, the condition (12b) is always verified since b < 0,
and thus c+ 1− b > 0, and c+ 1+ b is also positive, in fact

c+ 1 + b = 1− γT + 2γT 2νδ2ω + γ2T 4ν2δ2µ2
t

+ 1 + γT − 2− 2γT 2νδ2ω = γ2T 4ν2δ2µ2
t > 0.

0 2 4 6 8 10

0

1

2

Fig. 1. Expected task error qualitative trends depending on the initial error.

Theorem 1. Under the assumptions 1), 2), and 3), if the gain
γ, the sampling time T and the initial task space error e0 are
such that

0 < γ < min

(
1

T
,
1− 2Tνδ2ω

T 3ν2δ2µ2
t

)
and

∥e0∥ < ẽ0,l and

T ≤ 1

2νδ(δω + µt)
,

(13)

or

0 < γ < min

(
1

T
,
1− 2Tνδ2ω

Tνδ2∥e0∥

)
and

ẽ0,l < ∥e0∥ < ẽ0,u and

T ≤ 1

2νδ(δω + µt)
,

(14)

where ẽ0,l and ẽ0,u are the initial lower and upper error
bounds, respectively expressed as

(1− 2Tνδ2ω)∓
√

(1− 2Tνδ2ω)2 − 4T 2ν2δ2µ2
t

2γTνδ2
, (15)

then the CLIK algorithm in (7) ensures the exponential con-
vergence of the task space error dynamics, i.e.,

∃α ∈ (0, 1), ẽs > 0, ẽt ∈ R : ∥ek∥ ≤ ẽtα
k + ẽs ∀k ≥ 0.

(16)
Eventually, the configuration variables qk are such that their
increment remains bounded, i.e.,

∥qk+1 − qk∥ ≤ Tδ(ω + γẽtα
k + γẽs), ∀k ≥ 0. (17)

Proof. In view of (9), assume that the task error norm is
bounded, i.e.,

∥ek∥ ≤ ϕ ∀k ≥ 0, (18)

and consider the case γT < 1. Then, eq. (9) can be rewritten
as

∥ek+1∥ ≤ α∥ek∥+ β ∀k ≥ 0,

with

α = 1− γT + 2γT 2νδ2ω + γ2T 2νδ2ϕ,

β = T 2νµ2
t .

(19)

It will soon be shown that the condition (18) is guaranteed
by the hypothesis (13) and (14). To this purpose, consider the
scalar linear system

ẽk+1 = αẽk + β,
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which asymptotically converges to a constant for any α < 1,
and its response with initial condition ẽ0 = ∥e0∥ is given by

ẽk = ẽ0α
k + β

1− αk

1− α

=

(
ẽ0 −

β

1− α

)
αk +

β

1− α
≜ ẽtα

k + ẽs

.

Two cases may happen, both illustrated in Fig. 1. In the case

ẽ0 <
β

1− α
, (20)

the choice ϕ = β/(1−α) can be considered. This leads to an
implicitly defined α, namely

α = 1− γT + 2γT 2νδ2ω + γ2T 2νδ2
β

1− α

that is equation (11) in Lemma 1. Under the conditions (13),
such equation admits in view of the result of Lemma 1 two
positive solutions α′ and α′′, with α′ < α′′ < 1. Thus, two
different bounds are possible for ẽ0 according to (20). The
most restrictive limit is obtained as

β

1− α′ =
Tνµ2

t/γ

1− 2Tνδ2ω +
√
(1− 2Tνδ2ω)2 − 4T 2ν2δ2µ2

t

=
1− 2Tνδ2ω −

√
(1− 2Tνδ2ω)2 − 4T 2ν2δ2µ2

t

2γTνδ2
,

which is ẽ0,l from (15). Then, from Lemma 2 in [21], it results

∥ek∥ ≤ ẽtα
h + ẽs ∀k ≥ 0,

which proves (16) and ensures that (18) is verified.
In the case ẽ0 ≥ β/(1−α), ϕ can be taken from the system

initial value, i.e., ϕ = ẽ0. To have α < 1, the following
inequality must hold

1− α = γT − 2γT 2νδ2ω − γ2T 2νδ2ẽ0 > 0,

which is ensured by the condition on γ from (14). Then,
Lemma 2 in [21] ensures that the result (16) is obtained.
The proof is completed by noting that the condition on
ẽ0 ≥ β/(1− α) generates the following inequality

ẽ0 ≥ β

γT − 2γT 2νδ2ω − γ2T 2νδ2ẽ0

that, in view of (19), is

(γ2Tνδ2)ẽ20 − γ(1− 2Tνδ2ω)ẽ0 + νTµ2
t ≤ 0, (21)

which, under the condition on T from (14) is equivalent to
ẽ0,l ≤ ẽ0 ≤ ẽ0,u, with ẽ0,l and ẽ0,u defined in (15). The
last statement (17) immediately follows from (7) in view of
assumptions 1 and 3 and of (16).

Remark 1. The main theorem considers only the case γ <
1/T , while convergence may be obtained with higher values of
the gain. In fact, with an analogous procedure, it is possible to
derive conditions on the sampling step and the initial error for
gains γ up to 2/T , as for the case of stationary task functions
[21]. Nevertheless, these conditions are left out of this paper as
they do not add any interesting insight. Indeed, the conclusion
is always that convergence is facilitated by low sampling times,
low initial errors and low gains.

Remark 2. It is important to underline that the main theorem
ensures that the task error remains always bounded under
the considered assumptions and conditions on the gain, the
sampling time, and the initial error. Nevertheless, in a real
application, the task reference usually becomes constant after
a given execution time, and thus the result of [21] can be used
to ensure that the task error goes to zero and the configuration
variables achieve a constant value. It is not surprising how
that result is a special case of Theorem 1. This can be easily
recognized by imposing ω = 0 and µt = 0 (hence β = 0)
in the conditions (14) of Theorem 1. In such a case there is
no upperbound on the sampling time, and all the convergence
conditions refer to the product γT only. Whereas, in case of a
time-varying error function, there is a limit on the maximum
sampling time, independently from the gain γ. Such a limit
depends on the three parameters δ, ω and ν characterizing the
distance from singularities, the rate of variability in time of
the error function and its degree of nonlinearity, respectively.
This result might be of great help in those cases where the
convergence of the inverse kinematics algorithm is problematic
with the minimum sampling time achievable with the available
hardware. Indeed, the theorem suggests to stay further from
the singularities, if possible, or, in case the task requirements
are strict, to slow down the task itself. If the task cannot be
scaled down, there is no other way than reducing the sampling
time by using a more performant hardware.

Remark 3. Even though the conditions of Theorem 1 are
actually quantitative, the three key parameters δ, ω and ν
might be difficult to estimate or might lead to very conservative
conditions. The latter aspect is especially critical for the
ν parameter, even if this is not surprising, because eq. (6)
summarizes the nonlinear character of the error function into
a single number, that is a really sharp description of a generic,
even though smooth, nonlinear function.

IV. SIMULATIONS

This sections presents two simulations carried out on a
KUKA LBR iiwa 7-DOFs manipulator (Fig. 2) to numerically
support the theoretical findings of this paper. Simulations are
executed in MATLAB® environment.

A. Distance constraint

In the first simulation, the task consists in keeping the tip
of the robot tool (the orange cone attached to the flange)
at a certain time-varying distance from a moving reference
point (Fig. 2). The tool tip is indicated by P (x, y, z), whereas
Pd(xd, yd, zd) indicates the reference point. Moreover, dd ∈
R+ is the desired Euclidean distance between the two points.
Thus, the task can be expressed using the error function

e(q, t) = ∥P (q)− Pd(t)∥2 − dd(t),

which needs to be regulated to zero as illustrated in Sect. II-A.
The position of the reference point Pd varies on a circular path
(center Pd,0(0.4, 0.25, 0.3)m, radius 0.15m) with sinusoidal
velocity profile having time period 1.5 s. The desired distance
dd ranges between 0.06m and 0.1m, following a sinusoidal
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Fig. 2. Distance constraint: initial setup and motion sequence. The blue sphere
allows to visually evaluate the position of the reference point Pd and the
evolution of the desired distance dd.

0
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0.01
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Fig. 3. Distance constraint: norm of the task function under variation of
the gain γ (top), for e0 and T fulfilling the conditions (13); norm of the
task function under variation of the sampling time T (bottom), for e0 and γ
fulfilling the conditions (13).

curve of time period 1.5 s. The total simulation time is 5 s.
In order to perform the simulation, a subset of Q has been
considered, in which the Jacobian matrix J is full rank. In
this subset, it was possible to estimate the constants δ = 5.09,
ω = 0.71, and µ = 4.1 from the assumptions 1), 2), and 3),
respectively. In detail, parameters µ, δ and ω are estimated
by sampling the configuration space Q as well as the time
interval T , and by numerically computing the second order
derivatives of the error task function, singular values of the
task Jacobian, and the partial time derivative of the error
task function, respectively. Then, from Theorem 1 it must be
T < 0.0065 s. Setting T = 0.005 s, Theorem 1 additionally
returns ẽ0,l = 0.013m, ẽ0,u = 0.10m, and γ < 1/T for
both (13) and (14). For an initial error e0 = 0.008m (thus
fulfilling conditions (13)), Fig. 3 presents the trend of the task
function norm under variation of the gain γ (top plot), showing
that it is possible to obtain convergence also for higher values
than 1/T , as highlighted in Remark 1. In particular, Fig. 3
shows that convergence is lost only for γ > 2/T , which is
the practical limit also found in [21], [17]. The trend of the
task function norm under variation of the sampling time T
is also reported in Fig. 3 for γ = 0.5/T (bottom plot). Al-
though the resulting error might be considered unsatisfactory
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0 1 2 3 4 5

0

0.02

0.04

0.06

Fig. 4. Distance constraint: norm of the task function under variation of
the gain γ (top), for e0 and T fulfilling the conditions (14); norm of the
task function under variation of the sampling time T (bottom), for e0 and γ
fulfilling the conditions (14).

in practical applications due to large oscillations, it does not
present a divergent behavior for sampling times greater than
0.0065 s, indicating that the bound on T in (13)-(14) might be
conservative. A similar outcome is obtained in Fig. 4 for an
initial error e0 = 0.05 fulfilling the conditions (14).

B. Laser tracing

The second simulation showcases a laser tracing application
in which the robot has to trace two moving reference points
with two different laser devices (Fig. 5). Indicating the refer-
ence points as Pd,1 and Pd,2, the task can be expressed by the
following error function

e(q, t) =

[
null(dT

1 (q)) · (P1(q)− Pd,1)

null(dT
2 (q)) · (P2(q)− Pd,2)

]
, (22)

where Pi and di represent the point and the direction vector
describing the line passing through the ith laser beam. Both
reference points move on linear segments with trapezoidal
velocity profiles, and reach their final positions at t = 1.2 s.
Thus, from this time on, the task function is time invariant.
For the considered subset of Q, it is δ = 5.09, ω = 0.45,
and µ = 4.20. Thus, from Theorem 1 it is T ≤ 0.0049 s,
ẽ0,l = 0.00029 and ẽ0,u = 0.082. Figure 6 reports the trend
of the task error norm for two different values of ∥e0∥, one
smaller than ẽ0,l and one in the range [ẽ0,l, ẽ0,u], respectively.
The plots are generated for T = 0.001 s and γ = 0.1/T . In
the initial phase, it is possible to recognize the two possible
behaviors analyzed in Theorem 1, with the norm of the error
function decreasing or increasing depending on the value of
the initial error with respect to β/(1 − α). Furthermore, it is
also possible to notice how the norm of the error decreases
in the parts of the trajectory where a constant velocity is
imposed to the reference points, as opposed to the parts with
constant accelerations. The simulation is intentionally stopped
at 3.2 s to study the convergence properties also after all time-
varying terms in the task function have become stationary. It
is possible to observe that at t = 1.2 s the error norm starts
to exponentially converge to zero. As highlighted in Remark
2, the conditions (13)-(14) fall into the ones from [21], which
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Fig. 5. Initial setup and motion sequence of the laser tracing application.
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Fig. 6. Laser tracing: the vertical dashed line indicates the time from which the
task function is time invariant. Top: norm of the task function for ∥e0∥ < ẽ0,l
and ∥e0∥ in the range [ẽ0,l, ẽ0,u]. Bottom: path parameter time derivative,
ṡ, for the trajectory planning of the two reference points Pd,1 and Pd,2.

guarantees convergence to zero imposing only a limitation to
the product γT , and a larger upper bound for ∥e0∥.

V. CONCLUSION

Many methods for motion generation of robots executing
multiple tasks rely on closed-loop inverse kinematics solvers.
The convergence properties of such solvers are almost always
studied for continuous-time algorithms. However, it is obvious
that such algorithms are always implemented in discrete time.
Moreover, modern motion generation algorithms based on
constraint-based programming offer time-varying task func-
tions to execute complex tasks, which often involve multiple
robots that need to be synchronized. Therefore, this letter
tackled the relevant problem of finding sufficient conditions
that ensure convergence of the closed-loop solver depending
on not only the initial error and the loop gain but also on
the minimum sampling time required to achieve convergence.
The letter presented a couple of case studies to highlight
the relevance of the investigation, which also explains some
typical situations of critical convergence of such algorithms.
Possible ways to obtain less conservative conditions might be
including higher order terms of the Taylor expansion in the
error dynamics in (8), or, by sacrificing generality, searching
for conditions valid for specific error functions only.
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