
IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING 1

Online Adaptive Motion Generation for Humanoid
Locomotion on Non-Flat Terrain via Template

Behavior Extension
Xiang Meng , Zhangguo Yu , Xuechao Chen , Zelin Huang , Fei Meng , and Qiang Huang , Fellow, IEEE

Abstract— For humanoid robots, online motion generation
on non-flat terrain remains an ongoing research challenge.
Computational complexity is one of the primary restrictions that
preclude motion planners from generating adaptive behaviors
online. In this paper, we investigate this problem and decom-
pose it into two sequential components: an Efficient Behavior
Generator (EBG) and a Nonlinear Centroidal Model Predictive
Controller (NC-MPC). The EBG is responsible for optimizing
the physically feasible whole-body template behaviors, which
can provide reliable warm-starts for NC-MPC, thereby greatly
reducing the computational effort of online planning. With
tailored objective function and feet complementary constraints,
the EBG can search for a near-optimal solution after several
iterations within seconds for different behaviors including walk-
ing, running, and jumping, even with intuitive initial guesses.
To make the template behaviors extensible when the robot
encounters possible different scenarios, the NC-MPC is proposed
to regenerate the reactive motion online to adapt it to the
real local environment. Finally, we validate the effectiveness of
synthesizing EBG and NC-MPC for humanoid locomotion on
non-flat terrain in simulation and on the real humanoid robot
BHR7P.

Note to Practitioners— For current humanoid robots, dynam-
ically traversing non-flat terrain such as stairs, slopes, and gaps
in the real world presents a significant challenge. In this paper,
we propose an adaptive motion planner for humanoid robots
to traverse non-flat terrain, which is properly integrated into
the closed loop of online control. Considering computational
complexity and motion extensibility, the planner consists of two
parts: an efficient behavior generator performed offline and
a nonlinear model predictive controller performed online. The
behavior generator can efficiently generate template behaviors
for the humanoid robot, including various gaits such as walk-
ing, running, and jumping. To make these template behaviors
adaptable, a nonlinear model predictive controller based on
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the centroidal dynamics model is developed to plan reactive
motions online. It can extend template behaviors to fit potentially
different scenarios in practice. The proposed method is validated
in simulations and experiments with the humanoid robot BHR7P.
Furthermore, this method can be applied to legged robots or
systems that need to move dynamically on non-flat terrain, such
as quadruped and hexapod robots.

Index Terms— Humanoid locomotion, motion generation, tra-
jectory optimization, model predictive control.

I. INTRODUCTION

HUMANOID robots are widely recognized as the most
promising candidates to replace humans in complex or

hazardous work environments. Over the decades, humanoid
robots have developed the ability to move stably on flat
ground [1], [2], [3], [4], [5]. However, planning physically
feasible dynamic locomotion online on non-flat terrain remains
a significant challenge [6], [7], [8], [9], [10]. To achieve
the desired locomotion on non-flat terrain, it is tedious and
time-consuming (relative to the robot’s control period) to
simultaneously compute feasible whole-body behaviors and
contact forces in real-time while adhering to some restrictive
constraints, such as the unilateral contact forces and the Range
of Motion (RoM) of the robot joints.

There are some successful pattern generators using sim-
plified models such as the Linear Inverted Pendulum Model
(LIPM) and its extended variants [1], [3], [4]. The robot is
usually represented as an inverted pendulum, and the contact
force is substituted by the Zero Moment Point (ZMP) [11]
to control the Center of Mass (CoM). Due to the simplified
dynamic equations, these generators can rapidly compute
the CoM trajectory when provided desired ZMP trajectories,
rendering them suitable for online Model Predictive Control
(MPC) [12], [13]. However, taking ZMP as a stability criterion
of the humanoid robot is subject to two restrictive assumptions:
first, that both feet are on flat or coplanar planes, and second,
that the friction coefficient of contacts is infinite, i.e., the feet
do not slide. These assumptions make it challenging to adapt
these efficient planners to non-flat terrain.

To plan the desired behavior on non-flat terrain, some
methods have incorporated the full rigid body dynamics model
into motion planning. Despite the high computational com-
plexity, the behaviors optimized by these methods are dynamic
and graceful [14], [15], [16]. Unfortunately, such approaches
typically require solving high-dimensional nonconvex opti-
mization problems, which can take several minutes, or even
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hours, to obtain feasible solutions. This fundamentally restricts
their application for online adaptive motion generation.

In recent years, some studies [17], [18] have demonstrated
that under the mild assumption that the actuated joints of the
robot can provide sufficient torque, the centroidal dynamics
model [19] can be used to plan physically feasible movements
and contact forces. Using trajectory optimization (TO) [20],
the centroidal dynamics model and its variants have been
exploited to generate impressive behaviors for biped and
quadruped robots [21], [22], [23], [24], [25], [26], [27], [28],
[29], including validations on real hardware.

Using the centroidal dynamics model, these motion gen-
erators commonly split whole-body motion planning into
two iterative optimization problems: centroidal momentum
optimization and whole-body kinematics optimization, such
as kino-dynamic planning [27]. Carpentier et al. [22] used
dedicated multi-shooting method to tackle the bilinear terms
of the centroidal momentum dynamics to optimize the momen-
tum trajectory efficiently. Dai and Tedrake [26] resolved the
nonconvex momentum dynamics by minimizing an approx-
imated convex upper bound on the l1 centroidal angular
momentum norm with convex optimization. Ponton et al.
[27] proposed an efficient algorithm for behavior genera-
tion with sequential convex approximations of the centroidal
dynamics, which reveals the potential for efficient planning
with receding horizon control. Meduri et al. [28] proposed
a nonlinear model predictive control framework for motion
planning by exploiting the biconvex structure of the centroidal
dynamics. Compared to methods using the full rigid body
dynamics model, these approaches require less computational
effort due to fewer decision variables and constraints in the
suboptimizations. However, these approaches often rely on
first planning a relatively long-horizon motion offline and then
naively tracking it online, rather than properly incorporating
the motion planners into the closed loop of online control.

There are also some interesting attempts to plan online
adaptive motion by building an offline gait library [30], [31].
According to the online walking speed commands, these
methods select the appropriate gait online, or update it, from
a library of periodic gaits including different step lengths
and periods. It significantly reduces the complexity of online
trajectory optimization. While these methods allow the bipedal
robots to plan reactive motion online on non-flat terrain, the
elements in the gait library are dense and not sufficiently
extensible.

In this article, to tackle the above mentioned problems,
an online adaptive motion planner for humanoid robots
on non-flat terrain is proposed. Considering the computa-
tional expediency, we split the online motion generation into
two sequential optimization problems, which are an Effi-
cient Behavior Generator (EBG) and a Nonlinear Centroidal
MPC (NC-MPC), as illustrated in Fig. 1. The EBG is per-
formed offline and optimizes physically feasible whole-body
template behaviors by solving a large-scale nonlinear TO
problem. Instead of simply tracking the template behaviors,
the NC-MPC is proposed to improve the extensibility of
optimized behaviors when the robot encounters possible dif-
ferent scenarios. Given desired footholds from the high-level

contact planner (e.g. [32]), the NC-MPC takes the appropriate
template behavior as a warm-start and recomputes adaptive
centroidal motion and contact forces online to adapt to the
local environment.

The decomposition between EBG and NC-MPC is a good
compromise in terms of computational expediency and behav-
ior extensibility. On the one hand, the EBG greatly reduces the
online computational effort and the template behaviors enable
the NC-MPC to run fast and feasible. On the other hand,
the NC-MPC provides a proper way to extend the template
behaviors and to regenerate adaptive motion online for often
different scenarios.

The main contributions of this article are as follows:
1) We design a generic and efficient whole-body dynamic

template behavior generator with a unified objective
function and tailored feet complementary constraints.
Our generator can search for a near-optimal solution
after several iterations within seconds, even with intu-
itive initial guesses, when planning different behaviors
including walking, running, and jumping.

2) A nonlinear centroidal MPC is proposed to plan online
adaptive centroidal motion and contact forces on non-flat
terrain via template behavior extension. It can extend the
optimized template behaviors to directly adapt to possi-
ble different scenarios online rather than re-optimizing
behaviors before execution.

The rest of this article is organized as follows. Section II
describes the trajectory optimization formulation of the EBG
in detail. Section III presents the construction of the NC-MPC.
Section IV presents some simulation and experiment results
with the humanoid robot BHR7P, including walking, running,
and jumping behaviors on non-flat terrain. Section V discusses
the limitations of the current approach and potential solutions
for future work. Finally, Section VI concludes this article.

II. EFFICIENT BEHAVIOR GENERATOR

A. Overview

We transcribe the whole-body template behavior generation
as a nonlinear TO problem. The goal of TO is that when the
terrain information and the nominal footholds are provided,
it can automatically determine the CoM, centroidal linear and
angular momentum, contact forces, optimal footholds, step
timings, and whole-body motion consistent with the centroidal
solution. In addition, it is expected to have a versatile objective
function for generating different behaviors rather than every
new behavior requiring a specific hand-crafted objective func-
tion. In other words, only the constraints need to be changed
when planning different behaviors.

B. Centroidal Dynamics and Whole-Body Kinematics Model
According to the Newton-Euler equations, centroidal

dynamics can be represented as follows

ẋ =

 ċ
l̇
ḣ

=


l/m∑

i

∑
j

f j
i + m g∑

i

∑
j

( pi + Ri (φi + ϕ
j
i ) − c) × f j

i

 (1)
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Fig. 1. Algorithm framework. First, given the terrain information and nominal footholds, the physically feasible whole-body motion can be optimized by
the Efficient Behavior Generator with tailored feet complementary constraints and then listed in the template behavior library. Second, warmed up by the
optimized behavior instead of naively tracking it, a Nonlinear Centroidal MPC is developed to extend the template behavior and regenerate adaptive motions
according to the desired footholds from the high-level contact planner and estimated centroidal states. Finally, the whole-body control tracks the centroidal
solutions from the NC-MPC and computes the desired joint position for the humanoid robot. This article focuses on motion generation, including the EBG
(blue box) and the NC-MPC (red box).

Fig. 2. Centroidal dynamics model and footholds optimization.

where c ∈ R3 is the position of CoM, l ∈ R3 and h ∈ R3

are centroidal linear and angular momentum, respectively, m
is the total mass of the robot, g = [0, 0, −9.81]

T is the
gravity vector, (Ri , pi ) ∈ SE(3) is the desired orientation
and nominal ankle position of i-th contact foot, φi ∈ R3 is the
admissible foot contact region on contact surfaces, ϕ

j
i ∈ R3 is

the j-th contact point’s location of i-th foot, note that φi and
ϕ

j
i are both expressed in the local frame of the i-th foot,

as illustrated in Fig. 2.
In (1), it presents the relationship between the rate of

centroidal state and contact forces at each contact point. If we
directly optimize the centroidal states and contact forces in
TO, it will be troublesome in the following: 1) It is difficult to
intuitively evaluate the optimized centroidal solution. 2) When
the centroidal solution is mapped to the joint space, there is
a risk that the position and velocity of the joints potentially
exceed the RoM in order for motion consensus.

Some recent works use kino-dynamics optimization to
resolve these restrictions [25], [27]. However, they usually
require heuristics to select proper parameters for iterative
optimization between the centroidal momentum and the
whole-body kinematics. In this article, we integrate the
whole-body kinematics model into the centroidal momentum
optimization like [21]. Consequently, we explicitly impose the
constraints indicated below to enforce the whole-body motion
to be consistent with the centroidal motion

c = fCoM(q) (2a)[
l
h

]
= AG(q)q̇ (2b)

where q, q̇ ∈ R6+n are the generalized position and veloc-
ity of the robot, fCoM denotes the function that computes

the position of CoM according to the robot configuration,
AG(q) ∈ R6×(6+n) is the centroidal momentum matrix [19].

Note that, as the whole-body kinematics model is consid-
ered, it is possible to directly constrain the position and posture
of any link of the robot in TO, which is essential for the design
of feet complementary constraints described in Section II-C.

C. Tailored Feet Complementary Constraints

The feet are the main parts of the robot’s interaction with
the external environment. A key observation is that the repre-
sentation of the contact forces and the appropriate constraints
on the swing foot have a significant effect on the convergence
of the TO. We call this the feet complementary constraints
and it is similar to the Linear Complementary Problem (LCP)
[33], which compels that either the contact force is zero or the
velocity of the contact point is zero and can be written as

f j
i ṗ j

i = 0 (3)

where ṗ j
i denotes the velocity of the j-th contact point of the

i-th foot.
Different from the LCP, in this paper, we focus on the

representation of contact forces and the constraints on swing
foot to enhance the performance of TO.

There are some common approaches to represent the contact
forces, such as ZMP, Center of Pressure (CoP), and Contact
Wrench Cone (CWC) [34], [35]. As illustrated in Fig. 2, the
contact forces are exerted on the four corners of the rectangular
foot. Instead of constraining the forces to stay in the CWC
to ensure static equilibrium, for simplicity, the force at each
contact point is restrained in the friction cone to prevent
the foot from sliding on the contact surface. In practice, the
friction cone is often approximated by an inner linearized
friction pyramid to simplify the problem, just as shown on
the left of Fig. 3. The linearized friction cone constraint is
given by

9 f ≤ 0 ⇔


−1 0 −µ

1 0 −µ

0 −1 −µ

0 1 −µ


 f t1

f t2

f n

 ≤ 0 (4)

where f t1 , f t2 and f n are the forces in the tangential and
normal direction of the contact surface, respectively. Note that
µ = µreal/

√
2, and µreal is the real friction coefficient.
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Fig. 3. Left: The linearized friction cones at four vertices of the rectangular
foot. Right: The force is represented by the span form of the linearized friction
pyramid.

Instead of typically imposing the constraint (4) explicitly in
many works [21], [22], [23], we resort to the span form of
the linearized friction pyramid using the double description
method [36] to represent this constraint implicitly in our TO.
Note that the matrix 9 is the face form of the linearized fric-
tion polyhedral. Using the cdd library [36], the transformation
from the face form to the span form is given by

4 = span(9) =

 µ µ −µ −µ

µ −µ µ −µ

1 1 1 1

 (5)

where the matrix 4 is the span form of the linearized friction
polyhedral, the span() is the function in cdd library that
calculates the span form of the polyhedral given its face form.
Then the force can be indicated as a non-negative combination
of the spans of the polyhedral cone

f j
i = 4α

j
i =

4∑
s=1

αs
i, jλ

s
i, j , α

s
i, j ≥ 0 (6)

where the α
j
i is a bunch of non-negative factors αs

i, j , the λs
i, j

is the s-th column of the matrix 4. Equation (6) governs the
force that never violates the friction constraint, as illustrated
on the right of Fig. 3.

We take the non-negative factors αs
i, j as the decision vari-

ables in the optimization. Although the number of decision
variables increases by one compared with directly using the
force f j

i , the number of inequality constraints decreases from
four to zero (only the upper and lower bounds of αs

i, j need
to be constrained). Importantly, it can promote the solving
speed of the TO with fewer active set changes. Note that
the scope of inequality constraints primarily pertains to the
inequality relationship between decision variables, excluding
considerations for the upper and lower bound constraints of
decision variables.

To achieve different behaviors, the constraints on the swing
foot also play an important role in our TO. For the sake of
simplicity and generality, the constraints are presented with an
example of walking on non-flat terrain. Since the whole-body
kinematics model is incorporated into the optimization, it is
straightforward to compute the position and posture (Ri , pi )

of the swing foot with forward kinematics. Given the detailed
terrain information such as pz

= fterrain(px , py), we impose
clearance constraints on the points at the four corners of the
swing foot to avoid collisions with the external environment

pz
i, j − fterrain(px

i, j , py
i, j ) ≥ δ (7)

Fig. 4. Constraints on the swing foot.

where pi, j = (px
i, j , py

i, j , pz
i, j ) is the coordinate of j-th corner

of the swing foot, δ is the minimum clearance, in the TO,
δ = 0.01m.

As for the kinematics reachability, we restrict the swing
foot moving within a hemispherical space shown in Fig. 4(a).
The volume of the hemisphere relies on the deviation of the
adjacent nominal footholds. The constraints are as follows

pi ∈ Rp ⇔
∣∣ pi − pre f

∣∣ ≤ δr

pre f =
1
2
(c pi +

c pi+1)

δr =

∣∣∣∣1
2
(c pi+1 −

c pi )

∣∣∣∣ + ζ (8)

where pi is the ankle position of the swing foot, Rp denotes
the range of motion, i.e., the hemisphere, pre f is the center
of the hemisphere, δr is the radius of the hemisphere, c pi
and c pi+1 are the positions of the adjacent nominal footholds,
ζ ∈ (0.05 m, 0.25 m) is the slack margin that can be manually
adjustable.

When the robot is moving on non-flat terrain, the posture of
the swing foot should be aligned with the desired posture at the
end of the swing phase. The posture constraints are similar to
the motion constraints. A blend value is introduced to compute
a time-varying desired posture with the predefined adjacent
contacts. Then the attitude of the swing foot is enforced to
stay close to the desired posture, as presented in Fig. 4(b).
The posture constraints are given by

Ri ∈ Rθ ⇔ ξ T
i ξ d ∈ [cos θ, 1]

ξ i = T ξ
R (Ri ), ξ d = T ξ

R (γ c Ri + (1 − γ )c Ri+1) (9)

where Ri is the rotation matrix of the swing foot, Rθ denotes
the posture range, ξ i ∈ R4 is the quaternion of the swing foot,
T ξ

R is the transformation from rotation matrix to a quaternion,
ξ d is the quaternion of the desired posture which is a blend
posture related to the adjacent contacts c Ri and c Ri+1, γ ∈

(0, 1) is a blend value that decreases linearly from 1 to 0 during
swinging, θ ∈ (0, 0.15 rad) is the admissible tolerance of the
quaternion between the actual and the desired posture.

D. Direct Multi-Phase Trajectory Optimization

Once the above preparations are complete, the multi-phase
movement from the initial state to the desired state can be
written as the following Optimal Control Problem (OCP):

min
x,φ,α,

q,q̇

∫ T

0
(∥h∥

2
Qh

+
∥∥c̈

∥∥2
Qc̈

+

∑
i

∑
j

∥∥∥ f j
i

∥∥∥2

Q f

+
∥∥q̃

∥∥2
Qq

)dt (10a)

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: BEIJING INSTITUTE OF TECHNOLOGY. Downloaded on November 03,2023 at 01:30:52 UTC from IEEE Xplore.  Restrictions apply. 

IEEE Transactions on Automation Science and Engineering (T-ASE) paper, presented at ICRA 2024, Yokohama, Japan.

IEEE Transactions on Automation Science and Engineering (T-ASE) paper, presented at ICRA 2024, Yokohama, Japan.



MENG et al.: ONLINE ADAPTIVE MOTION GENERATION FOR HUMANOID LOCOMOTION 5

s.t. ẋ = f (t, x, f j
i ), ∀t (10b)

φi ∈ Si , t ∈ Ci (10c)
c = fCoM(q), ∀t (10d)[

l
h

]
= AG(q)q̇, ∀t (10e)

Ri = Rnom
i , pi = pnom

i , αs
i, j ≥ 0, t ∈ Ci (10f)

Ri ∈ Rθ , pi ∈ Rp, αs
i, j = 0, t /∈ Ci (10g)[

q
q̇

]
≤

[
q
q̇

]
≤

[
q
q̇

]
, ∀t (10h)

q(0) = qini t , q̇(0) = 06+n (10i)

q(T ) = qdes, q̇(T ) = 06+n (10j)

c̈(0) = c̈(T ) = ḣ(0) = ḣ(T ) = 03 (10k)

where the decision variables include the CoM, the centroidal
linear and angular momentum, footholds, non-negative factors
of the contact forces, and the generalized position and velocity
of the robot, T denotes the sum of the duration of all phases.
The objective function includes the penalty of centroidal
angular momentum, the acceleration of the CoM, the contact
forces, and the deviation of the generalized position from
the reference state. Qh ∈ R3×3, Q c̈ ∈ R3×3, Q f ∈ R3×3,

Qq ∈ R(6+n)×(6+n) are the semi-positive definite matrix. q̃ 1
=

q − qre f is the deviation of the generalized position and qre f
is the reference of the state which can be a simple linear
interpolation from the initial state qini t to the desired state
qdes . The constraints contain the centroidal dynamics (10b)
corresponding to (1), the admissible contact region of the feet
Si during contact phases Ci (10c), the consistency between
centroidal motion and whole-body motion (10d-10e), tailored
feet complementary constraints for contact phases and swing
phases (10f-10g), the bounds on the generalized position and
velocity (10h) of the robot, and the boundary constraints on
the robot state and the rate of centroidal momentum (10i-10k).

Note that although the initial and desired states of the
robot are constrained to be stationary, this does not affect the
generality of the OCP. It can also be implemented to optimize
periodic gaits by applying periodic constraints.

We use the direct collocation method to transcribe the
infinite-dimensional continuous-time OCP (10) into a Non-
linear Programming (NLP) problem with a finite number of
decision variables and constraints. The OCP is discretized into
N knots and the time intervals between two adjacent knots
1t (i) are integrated into the decision variables of the NLP to
optimize the step timings.

Considering the sparsity of the analytic gradients, we use the
trapezoid method [20] to approximate the dynamics constraints
and the generalized velocity:

x[i + 1] = x[i] +
1t[i]

2
(ẋ[i + 1] + ẋ[i]) (11)

q[i + 1] = q[i] +
1t[i]

2
(q̇[i + 1] + q̇[i]) (12)

III. NONLINEAR CENTROIDAL MPC TO EXTEND
TEMPLATE BEHAVIORS

The EBG can optimize a physically feasible whole-body tra-
jectory offline with provided terrain information and nominal

footholds. In practice, however, the robot often encounters
different scenarios. An intuitive approach is to use the EBG
to regenerate a new trajectory for adaptability. If we take the
example of climbing a slope, in this way, we have to prepare a
trajectory for every possible tilted angle and footholds before
online execution, which means the motion planner becomes
less useful at some point. In other words, it is hoped that the
optimized template behaviors are of good extensibility. To this
end, we propose a nonlinear centroidal MPC warmed up by
the proper template behavior to regenerate adaptive motions
online when the robot encounters possible different scenarios.

A. Centroidal Prediction Model

Considering online computational efficiency, we choose the
centroidal dynamics model as the prediction model. Since the
high-level contact planner can provide the desired footholds,
under the mild assumptions that the contact sequence and
step timings are given, it is easy to define an integer variable
3

j
i (t) ∈ {0, 1} for each contact point to indicate whether it

is in contact or not. For example, 3
j
i (t) = 1 indicates that

the j-th contact of the i-th foot is active at the time t , while
3

j
i (t) = 0 the contact is not active. The centroidal dynamics

model can be rewritten as

ẋ =

 ċ
l̇
ḣ

 =


l/m∑

i

∑
j

3
j
i f j

i + m g∑
i

∑
j

( pi + Riϕ
j
i − c) × 3

j
i f j

i

 (13)

Note that the contact force and the linearized friction con-
straints are still represented implicitly by (6). Different from
the Equation (1), the local allowable translation variable φi
is removed to keep a consistent number of variables in the
prediction horizon.

Thus, the decision variables of NC-MPC are the CoM c,
the centroidal linear and angular momentum l, h, and the
non-negative factors αs

i, j of the contact forces.

B. Objective Function and Constraints

The objective function takes advantage of the optimized
template behaviors from EBG, including the penalty of devi-
ation of the centroidal state and the regularization of contact
forces.

1) Penalty of the Deviation of Centroidal State: The
NC-MPC is expected to regenerate the feasible solution online
that is close to the template behavior. Thus, it is intuitive to
minimize the norm of the error between the predicted CoM
position and the reference trajectory:

0CoM =
∥∥c − cre f

∥∥2
WCoM

(14)

where cre f is the reference CoM trajectory, WCoM is a positive
definite diagonal weighted matrix.

We also penalize the error of the centroidal momentum,
and it is observed that the inclusion of this penalty term can
promote the rapid convergence of the NC-MPC. The penalty
for the error of the Centroidal Momentum (CM) is given by

0C M =
∥∥l − lre f

∥∥2
W l

+
∥∥h − hre f

∥∥2
W h

(15)
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where lre f and hre f are the reference centroidal linear and
angular momentum trajectory, respectively, W l and W h are
positive definite diagonal weighted matrix.

2) Contact Force Regularization: The rate of the centroidal
state is directly determined by the contact forces. Conse-
quently, the contact force regularization is incorporated into
the objective function to encourage the contact force to be
distributed as evenly as possible

0 f =

∑
i

∑
j

∥∥∥ f j
i

∥∥∥2

W f

(16)

where W f is a positive definite diagonal weighted matrix. The
weight of the contact force is usually at least three orders of
magnitude smaller than the weights of the centroidal state.

The constraints include equality constraints of the centroidal
dynamics that are similar to those of (11) and boundary
constraints of the non-negative factor of the contact forces:{

αs
i, j ≥ 0, 3

j
i (t) = 1

αs
i, j = 0, 3

j
i (t) = 0

(17)

which enforces only the lower bound of αs
i, j when the contact

is active and restricts it equal to 0 when it is not active.

C. Nonlinear Centroidal MPC Formulation

Based on the above objective function and constraints
(Section III-B), combined with the nonlinear centroidal pre-
diction model (Section III-A), the nonlinear MPC problem
is formulated and then transcribed into a NLP by the direct
collocation method. The sampling time of the NC-MPC is
predefined from the offline trajectory, and the prediction
horizon contains N samples. The NC-MPC formulation can
be written as

min
x[k],u[k]

N−1∑
k=0

(
0CoM + 0C M + 0 f

)
1T (k) (18a)

s.t. x[0] = xest , t[k] =

k∑
e=0

1T (e) (18b)

ẋ[k] = fCenDyn(t[k], x[k], u[k]) (18c)

x[k + 1] = x[k] +
ẋ[k + 1] + ẋ[k]

2
1T (k) (18d){

αs
i, j [k] ≥ 0, 3

j
i (t[k]) = 1

αs
i, j [k] = 0, 3

j
i (t[k]) = 0

(18e)

where x[k] and u[k] are the centroidal state and a bunch of
non-negative factors of the contact forces at the time instant
t[k], 1T (k) is the k-th sample interval, xest denotes the
estimated initial robot’s centroidal state of prediction horizon,
fCenDyn is the nonlinear centroidal dynamics, the trapezoid
method is used to approximate the dynamics constraints (18d).

The performance of nonlinear MPC is significantly deter-
mined by the initial guess. The optimized template behavior
is a nice initial guess and used to warm up the NC-MPC.
Compared to assigning the centroidal momentum trajectory
directly to zero in [29], our NC-MPC requires fewer iterations
to converge to a near local minimum.

IV. SIMULATION AND EXPERIMENT RESULTS

In this section, we present some simulation and experimen-
tal results about the optimized behaviors using the synthesis of
the EBG and the NC-MPC. We have built some challenging
non-flat scenarios both in simulation and the real world. With
the humanoid robot BHR7P [37], the optimized dynamic
motions are implemented to verify the effectiveness of the
proposed methods. These behaviors in this section are visible
in the accompanying video.

A. Robot Model and Experimental Setup

The humanoid robot BHR7P is a position-controlled robot
with a total weight of 55.9 kg and a height of 1.4 m. It has a
total of 14 actuated joints (6 for each leg, 1 for each arm).
There exists a nonlinear coupling between the knee joint
provided by a particular four-bar actuation mechanism and
ankle joints driven by a parallel mechanism. This is taken
into account as a nonlinear constraint in TO.

The EBG is performed offline on a laptop with an Intel (R)
Core (TM) i7-7700 CPU @ 3.60GHz. The transcribed NLP is
solved numerically by the open-source Interior Point Method
solver IPOPT [40]. The gradients of the objective function
and the Jacobian of the constraints are also provided to the
solver analytically, which drastically boosts the iteration speed
of the NLP. Moreover, since the trapezoid method is used for
transcription, the NLP problem is sparse despite its large scale.
The NC-MPC is performed online and solved in a similar
manner.

All simulation experiments are performed in the
CoppeliaSim software [41]. The control tick is 5 ms in
both simulation and hardware.

B. Template Behaviors Generated by EBG

To test the generality of the proposed behavior generator,
we construct four challenging scenarios and generate different
dynamic behaviors as shown in Figs. 5-8. The four behaviors
are described as follows:

• Stairs climbing: The robot must climb stairs dynamically
to the desired platform.

• Slope climbing: The robot must climb a slope to the
desired platform.

• Running: The robot must run over the discrete tilted
terrain.

• Gap jumping: The robot must jump over a gap.
1) The Configuration of TO: The terrain information of the

four scenarios are given. The nominal footholds and contact
sequence are also provided in advance. The goal of TO is
to optimize the physically feasible whole-body motion and
contact forces from the initial state to the desired state.

The constraints (10b)-(10k) described in OCP (10) are
discretized at each time knot and subsequently taken as the
constraints for the transcribed NLP. Note that when optimizing
different behaviors, we only change the allowable range of the
local footholds (10c) and the feet complementary constraints
(10f)-(10g) based on the terrain information, while the other
constraints remain unchanged.
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Fig. 5. Behavior 1 - Climbing stairs. (a) Snapshots of simulation. (b) NLP specifications. (c) TO performance.

Fig. 6. Behavior 2 - Climbing a slope. (a) Snapshots of simulation. (b) NLP specifications. (c) TO performance.

Fig. 7. Behavior 3 - Running pass tilted terrain. (a) Snapshots of simulation. (b) NLP specifications. (c) TO performance.

In nonlinear trajectory optimization, the penalty terms of
the objective function and their weights often require many
trials to arrive at a relatively appropriate result. Moreover,
it is common to trial different objective functions when the
optimizing behaviors differ. Sometimes it is frustrating to do
this work. As a consequence, in this paper, we exploit a generic
objective function (10a) for optimizing different behaviors,
including penalty terms and their weight scaling. Table I
presents the penalty terms of the proposed objective function,
their corresponding representation, and proper weight scaling
obtained by trial and error.

The following items explain why these penalty terms are
chosen as components of the proposed objective function and
how to set their weights:

• With reference to the variation of the centroidal angular
momentum and the acceleration of CoM during human
walking [39], we expect that these quantities do not
change drastically during robot moving, so we take them
as penalty terms and give them relatively large weights.

• We incorporate the contact forces into the objective
function as well, in order to allow the contact forces to be
distributed evenly and to avoid very large contact forces,
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Fig. 8. Behavior 4 - Jumping a gap. (a) Snapshots of simulation. (b) NLP specifications. (c) TO performance.

TABLE I
THE PENALTY TERMS OF OBJECTIVE FUNCTION AND

THEIR WEIGHT SCALING

which possibly damage the robot. Since the magnitude
of the contact forces is at least two orders of magni-
tude larger compared to the magnitude of the angular
momentum and CoM acceleration, we set a relatively
small weight for the contact force regularization.

• The penalty for the generalized position deviation is to
keep the robot’s generalized position as close as possible
to the given reference state. We do not expect the robot
to have undesired poses, which would be detrimental to a
robot with strict physical joint limits, so we set a relatively
large weight for it.

It can be observed from the simulation results (Figs. 5-8)
that, at present, the variations in centroidal angular momentum
of the current optimized behaviors are relatively gentle. If we
want to plan behaviors with significant changes in centroidal
angular momentum, such as backflips, it is required to adjust
the penalty terms and their weights of the current objec-
tive function. Additionally, if necessary, we possibly have to
incorporate new penalty terms into the objective function to
optimize such dynamic behaviors.

2) The Feasibility of Template Behaviors: Figs. 5(a)-8(a)
show the snapshots of four optimized behaviors in simulation.
Considering the cumulative error, such as modeling error
and sensor noise, which possibly leads to the robot’s fall,
we combine the NC-MPC as described in Section III with
the whole-body control proposed in our previous work [38]
to execute climbing stairs and the slope. As for the running
and jumping behaviors, unlike walking, we send the optimized

Fig. 9. The optimized vertical CoM position and normalized contact
force of running behavior. The different phases are represented by different
backgrounds: Double Support (DS, orange), Left Support (LS, green), Right
Support (RS, blue), and Flight (F, red).

joint position directly to the robot in the simulator at each
control tick. On the one hand, it is non-trivial to control the
dynamic movements with full-flight phases. On the other hand,
the optimized behaviors can be executed stably in simulation
even without online control, which highlights the feasibility
of the optimized behaviors.

Fig. 9 illustrates the optimized vertical CoM position and
normalized contact force of Behavior 3 as shown in Fig. 7. The
robot is expected to run from a platform with a height of 0.2 m
through two discrete inclined contact surfaces of incremental
height, with inclination angles of -10 degrees and 10 degrees,
and finally reach the target platform with a height of 0.3 m.
The markers on the vertical CoM curve indicate the optimized
CoM height at each time knot. The vertical contact force is
interpolated using the method proposed in [42].

Fig. 10 presents the variation of centroidal angular momen-
tum when jumping a gap. The robot is requested to jump a
gap to a platform located 0.6 m in front of it, and the desired
landing footholds are fixed in the optimization. It shows that
only the angular momentum in the sagittal plane changes,
while the ones in the lateral and transverse planes stay close
to 0, which is attributed to the inclusion of the penalty term
for the centroidal angular momentum in the objective function.
The arm swinging is automatically generated by TO.

3) The Performance of TO: One of the main concerns
of nonlinear optimization is the solution time. It is usually
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Fig. 10. The variation of the centroidal angular momentum when jumping
a gap. The overall jumping behavior includes four successive phases: Double
Support (DS), Toe Support (TS), Flight (F), and Double Support (DS).
Switching between adjacent phases is accompanied by events (red arrows)
in the following order: heel takeoff, toe takeoff, and touch down.

determined by several factors, such as the scale of the prob-
lem, the initial guesses, etc. We observe that the proposed
objective function and feet complementary constraints can
significantly contribute to the convergence of the NLP. Even
if the transcribed NLP has a large scale, i.e., thousands of
decision variables and constraints (Figs. 5(b)-8(b)), and the
provided initial guess is intuitive and very simple, e.g., linear
interpolation from the initial state to the desired state, the
NLP can still converge to a near-optimal solution after several
iterations within seconds.

Taking the walking behavior optimization as an example,
the detailed values for the initial guess of decision variables
are given by

• Time interval: 1t[i] = T/N , where T is the guessed total
duration of the behavior, and N is the number of discrete
knots.

• CoM: The initial guess is the linear interpolation from
the initial CoM to the desired CoM.

• Centroidal linear and angular momentum: The initial
guess is set to zeros.

• Footholds: The initial guess is set to zeros. Note that
it represents that the difference in distance between the
nominal contact and the optimized contact, expressed in
the local frame of the i-th foot, is equal to zeros. It means
that the initial guess of the footholds is the nominal
footholds.

• Non-negative factors of the contact forces: The initial
guess is equal to 1/32 of the robot’s total weight when
planning walking behaviors. Note that when planning
dynamic running or jumping behaviors, it can be set equal
to 1/16 of the robot’s total weight. Their magnitudes
are directly proportional to the magnitudes of the contact
forces.

• Generalized position and velocity of the robot: The initial
guess of the generalized position is the linear interpolation
from the initial state to the desired final state, and the
initial guess of the generalized velocity is set to zeros.

From the above detailed initial guess of decision variables,
it is observed that they are intuitive and simple. Figs. 5(c)-8(c)

depict the iterations of the NLP solver versus the maximal
constraints (abbr: csts) violation and the objective value when
optimizing the above behaviors.

It is worth noting that when optimizing the walking behav-
iors, i.e., climbing stairs and a slope, after only 5 iterations,
the maximal constraint violation drops rapidly to a very
small value close to 0. Interestingly, the objective value
simultaneously reaches its maximum at this time, and then
it goes through several more iterations with rapid decline and
eventually plateaus. Only a few more iterations are required
for the dynamic running and jumping behavior compared to
the optimization for walking. These results illustrate that our
proposed TO is close to the local feasible domain of attraction.

C. Online Adaptive Motion Generation With NC-MPC
1) The Configuration of the NC-MPC: We develop the

MPC controller by exploiting nonlinear centroidal dynamics.
The NC-MPC takes the proper optimized behavior as the
initial guess, i.e., the warm-start, and regenerates the adaptive
behavior online, where the local environment of the robot and
footholds are allowed to be different from that in the TO.

Assuming that the local terrain information and the desired
footholds are provided by the high-level contact planner, the
NC-MPC recomputes the centroidal motion including the CoM
position and momentum, and contact forces. The step timings
are kept consistent with the offline plans. The weight matrix
settings for the penalty terms in the objective function of the
NC-MPC are provided as follows:

• WCoM = diag([1.0, 1.0, 1.0])

• W l = diag([0.01, 0.01, 0.01])

• W h = diag([0.1, 0.5, 0.1])

• W f = diag([0.6e − 5, 0.6e − 5, 0.6e − 5])

2) Experiment 1 - Climbing Stairs: The consistent physical
environment as shown in Behavior 1 is constructed and the
online desired footholds are also consistent with those of the
behavior generator. Combined with the NC-MPC, the robot
continuously performs the stair-climbing task. Thanks to the
inclusion of whole-body kinematics in TO, the large range of
motion of the feet can be optimized within a relatively small
RoM of joints. Fig. 11 presents the snapshots of the humanoid
robot BHR7P continuously climbing 4 stairs.

Fig. 13 shows the variations of the robot’s CoM height (top)
and the vertical Ground Reaction Force (GRF) of the right
foot (bottom) during climbing stairs. The NC-MPC is warm-
started by the optimized trajectory and then the regenerated
centroidal trajectory is tracked by the low-level whole body
controller [38]. Since the real-built scenario is consistent with
the configuration in TO, the centroidal trajectory and contact
forces generated by the NC-MPC are close to the quantities
optimized by the EBG.

3) Experiment 2 - Climbing a Slope: In Experiment 1,
the synthesis of the offline optimized behavior and online
NC-MPC is effective when the actual scenario and desired
footholds are consistent with those in EBG. To further verify
the effectiveness of the proposed approach, we construct
several scenarios with different tilted angles slope in the
simulation, successively with 6 degrees, 8 degrees, 10 degrees,
12 degrees, and 14 degrees. It is expected that when the robot
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Fig. 11. Experiment 1 - Snapshots of climbing 4 stairs. Each stair has a height of 10 cm, a width of 1 m, and a length of 27 cm.

Fig. 12. Experiment 2 - Snapshots of climbing a slope of 12 degrees. The slope has a length of 1 m, and a width of 1 m.

Fig. 13. The offline optimized (blue solid line), MPC (orange solid line),
and the estimated (red dotted line) variations of the vertical CoM position
(top) and the vertical GRF of the right foot (bottom) during climbing stairs.

encounters different tilted angles and footholds, the NC-MPC
enables the robot to regenerate adaptive motions online via
extending a template behavior, e.g., the behavior of climbing
a slope with 10 degrees (Behavior 2).

The accompanying video shows how the robot implement
the NC-MPC to regenerate adaptive motion and contact forces
based on the initial guess and estimated centroidal state,
as well as the execution in the simulation. Fig. 12 depicts the
snapshots of the humanoid robot BHR7P climbing a slope of
12 degrees. Fig. 14 illustrates the CoM trajectories regenerated
by the NC-MPC when BHR7P climbs slopes with different
tilted angles in the simulation.

The solving speed of the NC-MPC is one of the main con-
cerns about online execution. In the two experiments shown
above, the length of the prediction horizon of the NC-MPC
is given as the sum of 12 time-intervals (1T ) which are
obtained by offline TO. The transcribed NLP of the NC-MPC
contains 492 decision variables and 108 equality constraints.

Fig. 14. The CoM trajectories of the robot BHR7P when climbing slopes
with different tilted angles in the simulation.

Fig. 15. The intervals (1T ) of the adjacent time knots and the computation
time (Tsolve) of the NC-MPC during climbing the slope of 12 degrees.

Warm-started by the nice initial guess, i.e., optimized template
behaviors, the NLP can converge to a near local minimum
within less than 5 iterations. The NC-MPC takes less than
85ms, also less than the interval (1T ), to evaluate the outputs
of each sampling in Experiment 2, as illustrated in Fig. 15.

V. DISCUSSION

As widely recognized, achieving stable motion for
humanoid robots on non-flat terrain is challenging. This
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depends not only on the robustness of the control algorithm but
also on the hardware and the desired behaviors to be imple-
mented. While the proposed method can generate adaptive
behaviors online for the humanoid robot, there are still some
limitations derived from the experimental results, which are
summarized as follows:

1) The current MPC lacks the capability to adjust the
footholds online, which potentially hinders the robot from
robustly reacting to intense external perturbations.

2) In the scenarios involving high dynamic behaviors, such
as running and jumping, the solving speed of the proposed
nonlinear centroidal MPC is not sufficient to generate online
adaptive behaviors.

As for the future work, some potential solutions to eliminate
the above limitations are considered:

1) A potential solution involves an extension of the proposed
MPC. This entails incorporating the footholds as decision
variables within the MPC formulation, which allows for the
online adjustment of the footholds without changing the pre-
determined contact sequences.

2) A viable approach centers on the structural refinement
of the MPC problem. This involves leveraging the optimized
template behavior trajectory to linearize the nonlinear MPC,
thereby enhancing its computational efficiency.

VI. CONCLUSION

In this paper, we present an online motion planner that
subtly composes offline optimized behaviors with online reac-
tive motion planning to generate adaptive motions online for
humanoid locomotion on non-flat terrain via template behavior
extension.

Firstly, we design a generic and efficient behavior gener-
ator. When provided with terrain information and nominal
footholds, together with the proposed tailored feet complemen-
tary constraints, it can efficiently generate physically feasible
whole-body template behaviors for humanoid robots, including
walking, running, and jumping. Moreover, it can converge
to a near-optimal solution in several iterations within a few
seconds, even with an intuitive initial guess.

Secondly, we propose an online nonlinear centroidal MPC
to enhance the extensibility of template behaviors. Warm-
started by the appropriate template trajectories, the NC-MPC
is capable of regenerating adaptive centroidal motions and
contact forces online according to the actual local terrain
information and desired footholds. It properly integrates the
motion planner into the closed loop of online control and
reveals the potential of the humanoid robot to dynamically
traverse non-flat terrain with a sparse template behavior
library.

Finally, combined with the proposed method, the humanoid
robot BHR7P can dynamically traverse non-flat terrain in
simulations and experiments, which demonstrates the validity
of the approach.
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