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Distributed Matching-By-Clone Hungarian-Based
Algorithm for Task Allocation of Multiagent Systems

Arezoo Samiei

Abstract—In this article, we present a novel approach, namely
distributed matching-by-clone hungarian-based algorithm (DM-
CHBA), to multiagent task-allocation problems, in which the num-
ber of agents is smaller than the number of tasks. The proposed
DMCHBA assumes that agents employ an implicit coordination
mechanism and consists of two iterative phases, i.e., the commu-
nication phase and the assignment phase. In the communication
phase, agents communicate with their connected neighbors and
exchange their local knowledge base until they converge on the
global knowledge base. In the assignment phase, each agent builds
a squared cost matrix by cloning agents and adding pseudotasks
when necessary, and applying the Hungarian method for task
allocation. A local planning algorithm is then applied to identify
the order of task execution for an agent. The proposed DM-
CHBA is proven to produce conflict-free assignments among agents
in finite time. We compare the performance of DMCHBA with
the consensus-based bundle algorithm, the distributed recursive
Hungarian-based algorithms, and the cluster-based Hungarian
algorithm (CBHA) in Monte-Carlo simulations with different num-
bers of agents and tasks. The numerical results reveal the superior
convergence and optimality of DMCHBA over all other selected
algorithms.

Index Terms—Autonomous robots, autonomous systems,
distributed task allocation, multiagent systems, uncrewed systems.

1. INTRODUCTION

ULTIAGENT systems, e.g., cooperative robots, have

demonstrated their capabilities in critical real-world ap-
plications, such as emergency response [1], [2], [3], data collec-
tion [4], [5], and mobile target search and tracking [6]. To accom-
plish those complicated missions, different tasks are usually gen-
erated for multiagent systems. Therefore, an effective and effi-
cient task-allocation strategy is critical to guarantee mission suc-
cess. Task-allocation techniques have been developed for differ-
ent problems, such as resource allocation/scheduling [7], work-
load partition in distributed systems [8], workforce schedul-
ing and routing problems [9], target tracking by networked
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robots [ 10], multirobot path planning [11], [12], [13], and multi-
agent consensus [3], [14]. In this article, we consider the problem
of allocating independent tasks among distributed agents.

One way of categorizing task-allocation approaches depends
on where the decision is made, resulting in centralized and
decentralized methods. In centralized methods, an optimal result
is determined by a central agent who carries the information
of all agents and tasks and performs task assignments for all
agents [15]. In distributed methods, agents cooperatively work
together to achieve a global goal by optimizing their local ob-
jective via reciprocity with their neighbors [16]. Another way of
categorizing task-allocation methods depends on the number of
agents and tasks. Single-task allocation refers to scenarios where
the number of tasks is equal to the number of agents, and each
agent is responsible for a single task. Multitask allocation refers
to scenarios, where the number of tasks exceeds the number of
available agents, necessitating that some agents perform multi-
ple tasks. In this article, we consider the distributed multitask
allocation problem for multiagent systems, which is an NP-hard
problem that has been investigated in coalition formation, task
scheduling, and routing [17], [18], [19].

Two popular centralized task-allocation methods are the Auc-
tion and Hungarian algorithms, both of which produce an op-
timal solution in finite time. On the one hand, the Auction
algorithm relies on a central auctioneer who receives bids from
agents for a set of tasks. When all bids are received or a
prespecified deadline for bidding has passed, the auctioneer
will start to determine the winner for each task by adjusting
task prices to resolve conflicts if any [19]. The Auction al-
gorithm has been applied to applications, such as multirobot
coordination [15], [16] and assignment problems [20], and was
extended to relaxation methods [21], [22]. On the other hand,
the Hungarian algorithm [23] generates an optimal assignment
through a linear-programming process based on a cost matrix.
Kuhn [23] presented the Hungarian method as a single-task
assignment problem to find a minimal-cost assignment [24],
[25]. The Hungarian algorithm has been applied to applications,
such as target detection [26], moving-target assignment [27],
online multiobject tracking [28], fault-tolerant for a cooperative
unmanned vehicle team Kamel et al. [29], and formation gen-
eration [30]. Recent research also has been done based on the
Hungarian algorithm to address multitask allocation [18], [31],
[32], [33].

While centralized task-allocation algorithms, such as the
Auction and Hungarian algorithms, generate global optimal
solutions, their limitations in robustness and scalability call for
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decentralized/distributed approaches to large-scale and com-
plicated task-allocation problems [18], [34], [35], [36], [37],
[38], [39]. For distributed single-task allocation problems, Patel
et al. [39] presented a decentralized genetic algorithm (GA)
that exploits the parallelism inherent in a GA and continues the
search for better solutions while agents complete tasks. Kamel
et al. [29] presented a decentralized auction-based method for
resource allocations. Choi et al. [38] presented two decentralized
auction-based task-allocation algorithms to coordinate multi-
ple autonomous vehicles, namely the consensus-based auction
algorithm (CBAA) and the consensus-based bundle algorithm
(CBBA). CBAA is a single-task allocation algorithm, while
CBBA is a multitask allocation algorithm so that bundles of
tasks are generated for task allocation. Due to onboard resource
constraints, Lusk et al. [40] trade optimality for computational
efficiency by using CBAA for the assignment problem that
is formulated as a linear sum assignment problem. Although
CBBA has been a benchmark of distributed multitask allocation
algorithms, its relatively slow convergence and low optimality
have been the motivations for developing new multitask alloca-
tion algorithms.

The decentralized type of the Hungarian method has also
drawn researchers’ attention. Giordani et al. [41] presented a
distributed single-task allocation algorithm for multirobot sys-
tems, where the robots interactively execute certain steps of the
Hungarian algorithm using their local information and implic-
itly communicate with their neighboring robots for information
exchange. This algorithm produces a globally optimal solution in
O(n?) with O(n?) neighboring communication messages when
no shared memory nor a common coordinator is available. The
decentralized Hungarian-based algorithm (DHBA), a single-
task allocation algorithm developed by Ismail and Sun [18], uses
an implicit communication scheme for agents to update their
local cost matrices such that every agent can apply the Hungarian
algorithm to generate assignments for the entire agent team.
The comparison study in [18] showed that DHBA outperforms
CBAA on the basis of computational time and optimality. Turpin
et al. [13] proposed both a centralized and a decentralized
algorithms for the namely concurrent assignment and planning
of trajectories (CAPT) problem. The centralized CAPT solution
uses the Hungarian algorithm for single-task allocation problems
and applies the Hungarian algorithm recursively for multitask
allocation problems, which was also explored in our previous
work [32]. In the proposed decentralized CAPT algorithm, only
the single-task allocation problem was considered and a heuris-
tic local task-swapping mechanism was proposed to resolve
local conflicts between two communicated robots. However,
the performance of the decentralized CAPT algorithm was not
compared with benchmark algorithms, e.g., CBBA [38]. Smith
and Bullo [42] and Yu et al. [10] proposed heuristic decen-
tralized algorithms for single-task allocation problems while
these proposed algorithms were not compared with benchmark
algorithms.

In our previous work [31], we presented the cluster-based
Hungarian algorithm (CBHA) for multitask allocation, which
uses a clustering algorithm to generate the same number of task
groups as the number of agents so that the Hungarian algorithm

can be applied. A local planning algorithm is then applied
to determine the order of task execution for each individual
agent. Using the state-of-the-art local planning and clustering
algorithms, CBHA converges faster compared to other multi-
task allocation methods. In [32], we developed the distributed
recursive Hungarian-based algorithm (DRHBA) for multitask
allocation, which introduces dummy agents and tasks to obtain
a squared cost matrix. Although DRHBA does not rely on any
clustering algorithms, the recursive application of the Hungarian
algorithm demands a fast-increasing computation time when
the task-agent ratio is large. In this article, we consider two
variations of DRHBA, namely, DRHBA-I and DRHBA-II. In
DRHBA-I, agents maintain their locations throughout the entire
task-allocation process, whereas, in DRHBA-II, an agent is
assumed to “move” to the position of its previously assigned
task in each iteration before proceeding to the next iteration. The
comparison-study results in [32] show that DRHBA outperforms
CBBA but is outperformed by CBHA on the basis of both the
overall cost and the computational time. CBBA suffers a lengthy
process of bundle building and the scalability of DRHBA dete-
riorated rapidly when the task-to-agent ratio increases. CBHA
relies on the clustering process, which is not applicable when
the “similarity” of tasks cannot be identified [43].

The contributions of this article include 1) a novel algorithm,
namely the Distributed Matching-by-Clone Hungarian-Based
Algorithm (DMCHBA), for distributed agents to allocate inde-
pendent tasks with a fast converging speed and an improved over-
all cost compared to benchmark algorithms, 2) the analysis of
the convergence and complexity of the proposed DMCHBA, and
3) comparison studies of DMCHBA versus CBBA, DRHBA,
and CBHA. CBBA has been widely selected as a benchmark
to compare with new multitask allocation algorithms. DRHBA
and CBHA are selected due to their similarity with the proposed
DMCHBA. DMCHBA starts with the creation of a squared
cost matrix by cloning agents and by adding pseudotasks when
needed. Then, the Hungarian algorithm is applied only once for
task assignment. A local planning algorithm [e.g., traveling—
salesman—problem (TSP) algorithms] is applied for each indi-
vidual agent to determine the order of task execution. A key
difference between DRHBA and DMCHBA is the way of build-
ing the square cost matrix such that the Hungarian algorithm
can be applied. DRHBA uses dummy agents while DMCHBA
uses cloned agents. In DRHBA, the cost matrix is rebuilt after
each iteration, and tasks are assigned by recursively applying
the Hungarian algorithm, which dominates the total run-time
of executing DRHBA. DMCHBA only applies the Hungarian
algorithm once and its run-time is much smaller than DRHBA.
DMCHBA neither needs a lengthy bundle creation process as
CBBA does, nor relies on a clustering algorithm as CBHA
does, nor needs to recursively apply the Hungarian algorithm
as DRHBA does. The numerical studies show that the proposed
DMCHBA outperforms all other selected algorithms on the basis
of both computational complexity and overall cost.

The rest of this article is organized as follows. In Section II, we
present the problem statement and introduce key concepts and
techniques for the presentation of DMCHBA. In Section III, the
proposed DMCHBA is presented, followed by the discussions
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on conflict-free resolution in Section IV and convergence in
Section V. The numerical and comparison-study results are
presented in Section VI. Finally, Section VII concludes this
article.

II. PRELIMINARIES
A. Task Allocation Problems

The task-allocation problem, we consider in this article is
to find a conflict-free assignment of Ny independent tasks to
N, distributed agents, where N, < NNy, such that a predefined
cost function is minimized. We define conflict-free as a situation
where no task is assigned to more than one agent in the final
assignment. The assignment is said to be complete once all tasks
have been assigned. The global cost is assumed to be the sum
of the local cost. This assumption has been commonly used in
literature for distributed task allocation [13], [21], [38], [44] such
that the problem can be formulated as a linear sum assignment
problem and solved using high-performance algorithms, such as
the CBAA and the Hungarian method. This assumption ignores
the interaction among agents and tasks and the state change of
agents and tasks, both of which would result in the difference
between the sum of local costs and the global cost. In this
work, it is assumed that the tasks are independent and agents
do not impact each other during the execution of tasks. The
task assignment problem can be formulated as a linear sum
assignment problem

Na Nt
nﬂrﬂun Z Zc(pi (z45)) (1
Yoi=1 =t
Ny
subjectto 1 < Z‘L” < Ly, Vi € Sayn, @)
J=1
Nq
Zmij = 1, VJ € St,Nt (3)
i=1

where binary variable z,; € {0,1}, Vi € Sq n,, Vj € St n,,
denotes whether or not task j is assigned to agent i, i.e., x;; = 1,
if task 7 is assigned to agent ¢ and O otherwise. The index sets
for N, agents and NN, tasks are defined as S, v, = {1,..., N, },
Se.n, = {1,..., N}, respectively. Vector p;(z;;) represents a
sequence of ordered indices of the tasks assigned to agent i,
according to z;;. The local cost function ¢(p;(z;;)) computes
the cost for agent ¢ to execute tasks in p;, which can be calculated
using the attributes of tasks (e.g., position, velocity, types, etc.)
and agents (e.g., position, fuel/battery level, payload limit, avail-
able functions, etc.). For example, in a robot routing problem,
the cost can be represented as the distance between an agent and
a task. Inequality (2) represents that every agent is assigned at
least one task, but no more than L; (I; > 1) tasks. Equation (3)
reveals that task j, Vj € S; n,, can only be signed to a single
agent. This formulation assumes that every agent is expected to
complete a task or a series of tasks independently such that no
task has more than one agent assigned to it.

The proposed formulation in (1)—(3) may be extended to ac-

Algorithm 1: Hungarian Algorithm [23].

1: Procedure (X, C'ost)=HUNGARIAN(C) % Matrix C'
is an n X m cost matrix that can be computed using the
attributes of agents and tasks; matrix X is the
assignment matrix, and Cost is the overall cost induced
by using the assignment matrix X.

2: Given the cost matrix, C"

3: Subtract the smallest entry in each row from all the
entries of its row.

4: Subtract the smallest entry in each column from all
the entries of its column.

5: Draw lines through appropriate rows and columns so

that all the zero entries of C' are covered and the
minimum number of such lines is used.
6: Procedure: (T)est for optimality :

7: If the minimum number of covering lines is n,
8: An optimal assignment of zeros is possible
and the assignment is finished.
9: End If
10: If the minimum number of covering lines is
less than n,
11: An optimal assignment is not yet possible.
Proceed to line 14.
12: End If
13: End Procedure
14: Determine the smallest entry not covered by any line.

Subtract this entry from each uncovered row, and
then add it to each covered column. Return to line 5.
15: End Procedure
16: Return X and Cost.
17: End Procedure

execute a task. In this case, (3) will become an inequality and
the evaluation of the cost for executing a task by multiple agents
needs to be newly derived as it should not be the sum of the local
costs of each agent to execute the same tasks. The discussion of
this situation is out of the scope of this article.

B. Diameter of a Network

Define d¢(7) as the diameter of the network whose adja-
cency matrix at time 7 is denoted by G(7) £ [g;;(7)], where
9ij(7) =1 if agents 4 and j are neighbors, and g;;(7) =0
otherwise. Index d¢ () measures the topological length or extent
of a graph by counting the number of edges in the shortest path
between the most distant vertices, which is given by dg(7) =
max{sq(i,7,7)}, where s (i, j,7) is the number of edges in

iJ

the shortest path from vertices ¢ to j for the network at time 7. In
other words, d¢(7) describes the longest shortest path between
any two vertices of a graph [45], [46].

C. Hungarian Method

Kuhn [23] presented the Hungarian method to find a minimal
cost assignment with N, = N; and L; = 1, as summarized
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assignment by using a cost matrix, C' £ [ci;], and the assign-
ment process can be interpreted as a procedure for solving a
maximum-weight matching problem, where the cost matrix,
C, is manipulated iteratively to obtain an assignment with the
minimal global cost. To achieve this, the smallest entry in each
row and each column of the cost matrix is subtracted from the
other entries of each row and column, respectively. When a
conflict takes place, i.e., two or more agents select the same
task, line 14 in Algorithm 1 is applied to find the smallest entry
of each row to resolve the conflict. This process is repeated until
a conflict-free assignment is obtained. Note that Algorithm 1 is
a deterministic process in the sense that given the same cost
matrix, C, it always produces the same assignment X and
resulting C'ost.

There are various ways to implement the Hungarian
method [47], [48]. Kuhn—Munkres transforms the problem from
an optimization problem of finding a max-weight matching
into a combinatorial optimization problem of finding a perfect
matching. It should be noted that the Hungarian method always
produces an optimal assignment [49].

D. Implicit and Explicit Coordination

In this article, we assume that agents have shared mental
models for coordination, which can be defined as individually
held knowledge structures that help team members function
collaboratively in their environments [50], [S1]. It has been
established in teamwork studies that shared mental models
improve team ability to communicate and coordinate and serve
as an aid to cognition, reasoning, and decision-making. In multi-
agent systems, agents coordinate effectively by using a number
of implicit and explicit mechanisms and processes [52]. The
explicit coordination mechanism refers to the processes (e.g.,
communication and data sharing) that agents purposely employ
for coordination. For example, CBBA [38] only works under an
explicit coordination mechanism because specific messages for
task allocation need to be exchanged among agents to complete
the task-allocation process. The implicit coordination relies on
an agent’s anticipation of information and resources needed by
other agents in the network. For example, agents in DHBA [18]
work under an implicit coordination mechanism because every
agent does not need to exchange information, particularly for
task allocation, and conflict-free task allocation can be achieved
if agents have a shared knowledge base about the task and other
agents (e.g., the numbers of tasks and agents, the cost for an
agent to perform a task).

III. DISTRIBUTED MATCHING-BY-CLONE HUNGARIAN-BASED
ALGORITHM

As the problem described in (1)—(3) is NP hard, we present
a suboptimal solution to the problem and summarize it in the
proposed DMCHBA. We are targeting at solving the follow-
ing optimization problem subject to the same constraints in
(2) and (3)

a

N,
min E

Ny
Zcijxij 4)

where c;; demotes the cost for agent ¢ to perform task j. DM-
CHBA assigns tasks to an agent using (4) and then applies a local
planning algorithm to determine the order of task execution.

DMCHBA is designed by adopting an implicit coordination
mechanism and contains two iterative phases. In phase I, the
communication phase, each agent communicates with its neigh-
boring agents to exchange information that is used to build
its own cost matrix. In phase II, the assignment phase, each
individual agent applies the Hungarian method (see Algorithm 1)
to complete the assignment. As the Hungarian algorithm only
accepts a squared cost matrix, we propose a novel procedure
to establish a squared cost matrix for a multitask allocation
problem. Before presenting the details of DMCHBA, we first
introduce several key definitions and assumptions.

A. Definitions

Definition 1 (Cloned agent set): A cloned agent set is a copy
of all given agents whose attributes (e.g., capabilities, position,
velocity, etc.) are the same as the given agents.

Definition 2 (Pseudotask): A pseudotask is a task whose cost
to be executed by any agent is infinite.

B. Assumptions

The assumptions of the proposed DMCHBA are as follows:

1) Throughout the allocation process, the real attributes (e.g.,
positions, indices, capabilities, etc.) of all agents and tasks
are unchanged, whereas the attributes of tasks that an
agent possesses would change after every iteration of
communication.

2) Each agent knows its own and other agents’ attributes and
the number of tasks, /V;.

3) An undirected and connected communication net-
work [53], [54] exists among all agents throughout the
process of the algorithm. An agent is able to communicate
with another agent if their relative distance is within
a predefined communication range limit, and these two
agents are called neighbors of each other.

4) Due to the limited communication range, an agent may
not be able to directly exchange information with another
agent that is not a neighbor of its own in the network.
Therefore, it may take a number of steps for all agents to
converge to the same knowledge base about the attributes
of all tasks.

5) Consider a series of discrete time steps for communica-
tion among agents. In every time step, each agent only
exchanges messages with its neighbors. Also, communi-
cation can be synchronous or asynchronous.

6) Every agent employs the same deterministic function to
generate cost using the agent and task attributes.

7) The tasks assigned to an agent do not change over the task
execution period.

Remark 1: Assumption 1) is made to discuss the convergence
of the proposed DMCHBA in a baseline setting, where the agents
and tasks do not move before the task allocation process is
complete. When Assumption 1) does not hold, the convergence
of DMCHBA would still be achievable, which is out of the scope
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Algorithm 2: DMCHBA Phase I: Communication.

Algorithm 3: DMCHBA Phase II: Assignment.

For agent k at time 7,

1: If 7 = 0, % beginning of the process

2: Procedure: (I)nitialization:

3: Define the task-attribute vector that agent & has at
time 7 as qi(7) = [qx,; (7)], Vj € 0, where g, ;(7)
is the attribute of the j*" task that agent k has at
time 7.

4. If agent k& knows jth task’s attribute,

gr,; () is evaluated by the corresponding
knowledge.

Else

ar,j(T) = 00

End If

Considering the agent-attributes vector that agent

k has as a = [a;], Vi € S, n,, where a; is the

attribute of agent :.

10: Define an adjacency matrix at time 7 as

G(7) £ [g:(7)] to represent the connected
communication network among agents, where
gik(7) = 1 if agent ¢ and agent k are neighbors.

11: End Procedure

12: End If

13: Procedure: (C)ommunication:

14:  Receive q(7) from agent ¢ with gg(7) = 1, where

¢ € N'* and A'* stands for the neighboring agents of

)1

LoD

agent k.
15: Fori=1to N;
16: If qp i (7) # o0,V € N*
17: Ak,i(7) = qei(7)
18: End If
19: End For

20: End Procedure

C. Phase I: Communication

The first phase of DMCHBA is the communication process, as
described in Algorithm 2. At the beginning of the task-allocation
process,i.e., 7 = 0,agent k, Vk € S, ,, initializes its task- and
agent-attribute vectors, g (7) and a, respectively, using the task
and agent attributes that agent £ knows at time 7 (lines 2—11).
The jth term in qx(7), i ;(7), is evaluated by the knowledge
that agent k£ has for the jth tasks in the way that if agent k
knows task j’s attribute it will be evaluated by the corresponding
knowledge and otherwise g, ; (7) will be given the infinite value
(lines 3-7). According to Assumption 2), every agent has the
same agent-attribute vector a. Then, agent k starts to communi-
cate with its neighbors A’ by exchanging task-attribute vectors,
where /¥ is the list of agent k’s neighbors. Then every agent
compares the received task-attribute vectors and adjusts their
own available task-attribute by replacing the infinite value for
each of the the unknown jth task that has been evaluated by a
neighbor. After a certain number of time steps (which depends on
the network formation), none of the agent’s task attributes have
infinite values and all task attributes have been shared among

For agent k at time T,

1: Procedure: (A)ssign_task(Ny, N, qi(7), @)

2. IfN, < N,

3: r= [%1 . % Operation [x| rounds * to the

nearest integer greater than or equal to *.
n=r-N,.
Add (r — 1) cloned agent sets.
Add (n — Ny) pseudo tasks.
Else If N, = N,
n=N,.
End If
Create the new agent- and task-index sets as
Sa,n = St,n £ {1, . ,n}.
Build the n x n cost matrix for agent k at time 7
as C*(1) £ [cf;(1)] € R™", Vi € Sqn,
Vj € St.n, using qx(7) and a.

12: [X*(7), Cost*(7)]=HUNGARIAN (C*(7)). %
XF%(7) is the binary assignment matrix; C'ost* (1)
is the overall cost generated using X% (7).

13: Update assigned list of tasks of agent k by
removing any pseudo tasks therein.

14: Agent k collects the task(s) assigned to it using
XF(7).

15: Determine the order of task execution for agent k
using a local planning algorithm (e.g., a TSP
algorithm).

16: End Procedure

SRk

[a—

—_—
—_

agents (lines 13—18). Note that this communication phase can
be done asynchronously.

D. Phase II: Assignment

The assignment phase of DMCHBA, as summarized in
Algorithm 3 and illustrated in Fig. 1, addresses an optimal way
of assigning tasks to agents in which the overall cost of the
assignment is minimized. According to Assumption 2), each
agent is assumed to know the number of the tasks (/V;) and the
attributes of all agents (a). To generate a square cost matrix
for the Hungarian algorithm, an agent compares the number
of the agent (NV,) and the number of tasks (INV;). If N, < Ny,
then to make a square cost matrix, a set of clone agents are
added, which may also need to add pseudotasks. We only need
to find the minimum number of cloned-agent sets so that a
square cost matrix can be built. To achieve this, the nearest
integer greater than or equal to the ratio, ]JX—: is calculated and
denoted as r. Then, the smallest square cost matrix that can be
built using the proposed approach is n x n, where n = r - N,.
Therefore, (r — 1) sets of cloned agents should be added (lines
3-5). To build a square cost matrix, (n — N;) pseudotasks will
be needed as well (line 6). When N, = Ny, no cloned agents
set nor pseudotasks are needed to build a square cost matrix
(lines 7 and 8). New index sets S, ,, = Sy, £11,...,n} are
then built for the cost matrix construction (line 10). In line
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o — T~ No .
(start )~/ Input [ if N, = No>><if N < N>
Ry Na = NP>

vesT Yes,
n=Ng =N, r= [ﬂ]
Na

Add (r — 1) Cloned Agent sets
Add (n — N;) Pseudo tasks

Il>

»|Create the new sets

Sa,n = St,n {lv ""n}
.

Vi€Sy,Vje€Syusing qx and ai

-

Build Cost matrix :
c*() = [ck] € R

‘
‘ [X¥(t), cos t* (t)]= HUNGARIAN(C¥ (1)) ’
I
‘Removing any pseudo tasks therein Update assigned list of agent k ‘

¥
’ Agent k collects the task(s) assigned to it using X k(1) ‘
3
‘ Use a local planning algorithm to determine the order of task execution for agent k ‘

.
Cend D
Fig. 1. Flowchart for the assignment phase of DMCHBA for agent k, k €
a,Ng *

11, each element in the cost matrix (cfj (7)) that agent k has
at time 7 is computed by using q; and a. The identification of a
cost-generation function is out of the scope of this article. After
the square matrix, Ck(T), is built, the Hungarian algorithm is
applied to generate the assignment. Lines 13 and 14 are to sort
out the assigned tasks for each agent (by removing pseudotasks
if any) and to figure out the order of task execution for each
agent by using a local path planning algorithm, such as a TSP
algorithm [48], [55], [56], respectively. We assume that such a
local path planning algorithm guarantees to generate the shortest
paths with bounded distances in finite time (line 15).

IV. CONFLICT-FREE RESOLUTION OF DMCHBA

We define “conflict-free” as the situation, where a task is
assigned to no more than one agent in the converged assignment
and the assignment matrix that each agent obtains convergence
to the same common conflict-free assignment matrix. As every
agent completes their own task-assignment process using DM-
CHBA that takes the squared cost matrix builtin Algorithm 3, we
will explain how the conflict-free assignment is generated among
agents in the following two aspects. First, we will prove that each
agent will obtain the same assignment matrix using DMCHBA
when given the same cost matrix that is built with the same
configuration. Second, we will prove that the cost matrix built
by each agent converges to the same cost matrix in a finite time.
As DMCHBA uses the Hungarian algorithm (see Algorithm 1)
to generate the assignment matrix, DMCHBA will generate a
conflict-free assignment matrix if and only if the Hungarian
algorithm generates a conflict-free assignment matrix.

A. Conflict-Free Assignment by Hungarian Algorithm
Theorem 1: For agents 14,j €S,n,, if C'(t)=

Ci(t), te[0,00), then X'(t)= X7(t), where X'(t)=

HUNGARIAN(C?(t)) and X7 (t) = HUNGARIAN(C’ (t)).

Proof: The Hungarian algorithm in Algorithm 1 uses a de-
terministic procedure, in the sense that, Algorithm 1 does
not contain any random process that generates different out-
puts given the same input, and it also implies that running
Algorithm 1 with the same input cost matrix any number of
times, the same assignment will be produced [23]. This is to say
that if C*(t) = CY(t), Vi,j € Sa.n, and t € [0,00), then we
have X%(t) = X/ (t), which are obtained using Algorithm 1. To
ensure C*(t) = CI(t),Vi,j € Sa.n,,as t — 0o, agents i and j
are required to use the same index system (i.e., the same order
of agent and task indices in the cost matrix) to build their cost
matrices C*(¢) and C”(t). According to Assumption 1), each
agent has a unique ID that is known by all other agents, a unique
ordering method (e.g., an ascending order of numerical indices)
of the index system for building the cost matrix is required to be
adopted by every agent. |

B. Convergence of Cost Matrix

Theorem 2: Following the communication protocol as de-
scribed in Algorithm 2, C*(t) — CY(t), Vi, j € S,,n,, in finite
time.

Proof: According to Assumptions 2) and 6), each agent has
the same agent-attribute vector, a, and each agent will have
the same cost when they are using the same deterministic cost-
generation function. Since the cost matrix, C*(t), i € S, n,, is
built using the agent- and task-attribute vectors, a and q;(t),
we can obtain that C(t) — CY(t), Vi,j € San,, as t — o0,
if q;(t) — q;(t). Following the communication protocol in
Algorithm 2, it guarantees q;(t) — q;(t), Vi,j € Sq n,, in
finite time, according to Assumptions 1) and 3). In other words,
it takes a finite number of steps for a piece of information to
be transmitted from one agent to another agent for a static-and-
connected network (see Theorem 3) or for a dynamic network
that meets the requirements in Theorem 4. So, the task-attribute
vectors owned by all agents converge to the same vector in finite
time. |

V. CONVERGENCE

In this section, we discuss the convergence property of the
proposed DMCHBA algorithm.

Definition 3 (Convergence): In this article, the convergence
of DMCHBA implies (i) given the same cost matrix, DMCHBA
produces the same assignment matrix, (i)) DMCBHA produces
the conflict-free assignment matrix for all agents in finite time,
and (iii) all constraints in (2)—(3) are satisfied.

A. Static Network and Convergence of DMCHBA
immplementation

We first discuss the convergence of DMCHBA for multiagent
systems with a static and connected communication network,
whose network diameter is given by dgr. In this case, the com-
munication phase of DMCHBA (as described in Algorithm 2)
needs no more than dst hops for a message to be transmitted from
one agent to another in the connected network, in the sense that
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it takes no more than dgt hops for all agents to converge to a
common knowledge base, which is defined as follows.

Definition 4 (Knowledge base): The knowledge base refers
to the following four factors:

1) The method of indexing agents and tasks.

2) The way of establishing the cost matrix,

3) The implementation of the Hungarian algorithm.

4) The attributes of agents and tasks.

Theorem 3 (Convergence of DMCHBA): Consider the DM-
CHA process over a static-and-connected network of agents with
network diameter dst. Then, the following items hold:

1) Inthe DMCHBA algorithm, the numbers of cloned agents

and pseudotasks that need to be added are bounded.

2) The size of the list of the assigned tasks to an agent
obtained after applying DMCHBA is bounded.

3) By applying DMCHBA, every agent will converge to
the same conflict-free assignment matrix up to dst < 00
iterations.

4) The time complexity of DMCHBA is O(n?).

Proof: To prove the first item, note that N, and NNV, are finite
numbers, therefore, the operations in Algorithm 3 that compute
the numbers of cloned agents and pseudotasks to be added
generate finite numbers.

For the second item, the numbers of added cloned agents and
pseudotasks are bounded by n — N, and n — Ny, respectively.
Since /V; is finite, the number of tasks assigned to an agent is
also finite and bounded by r.

To prove the third item, note that after every agent converges
to the same knowledge base using no more than dgr < oo
hops, in the assignment phase of DMCHBA (as described in
Algorithm 3), the same cloned agents and pseudotasks will be
added to the list of each agent, which results in the same cost ma-
trix for each agent to be given to the Hungarian algorithm for task
assignment. Because the Hungarian algorithm (see Algorithm 1)
always produces the same assignment matrix given the same cost
matrix (see discussions in Section II-C), the entire DMCHBA is
adeterministic process, in other words, no random process exists
in DMCHBA that produces different assignment matrices given
the same attributes of agents and tasks. Also, since the Hungarian
algorithm produces a conflict-free assignment matrix in finite
time [23], DMCHBA produces the conflict-free assignment for
all agents in finite time.

To prove the fourth item, we divide the time to complete
the entire DMCHBA process, 1o, into several time periods:
1) T,qq 1s the time for adding clone agents and pseudo tasks,
2) Teomm 18 the time for communication, 3) 7, is the time for
the task assignment, i.e., the time for Algorithm 1 to complete,
and 4) Tpjanning 18 the time for an agent to determine the order
of task execution using a local planning algorithm (e.g., a TSP
algorithm). Then, we have

Ttotal = Tadd + Tcomm + TTA + Tplanning~ (5)

According to Algorithm 3, the complexities of T,qq and T are
O(1) and O(n?) [48], respectively. According to Algorithm 2,
Teomm depends on the network diameter dgr, i.e., connectivity
of the communication network among agents. If the network
is fully connected, which is the strongest connection, dst = 2.

If the weakest connection (i.e., a chain-topology), dst = n
Therefore, the complexity of Teomm is O(dst) < O(n).

The complexity of Tpjanning depends on the actual planning
algorithm thatis applied to determine the order of task execution.
Let us assume that TSP algorithms are applied in this situation.
For algorithms (e.g., the Nearest-Neighbor algorithm, GA, and
Greedy Heuristic algorithm) to solve TSP, the Held-Karp lower
bound [55] is used to evaluate the performance of a given
algorithm, since finding the optimum solution might not always
be feasible. If the Greedy algorithm is selected, which terminates
in a reasonable number of steps and keeps the solution within
15%—-20% of the Held-Karp lower bound [57], its computational
complexity is O(N?log, N), where N is the number of tasks
assigned to an agent and N < n. Therefore, the complexity of
Tiota 18

O(1) +O(n) + O (n*) + O (N?logy N) = O (n*). (6)
[

B. Dynamic Network and Convergence of DMCHBA

Definition 5 (Maximum network diameter): Consider a multi-
agent system with a time-varying communication network G(7),
whose matrix G(7) varies with time 7. The maximum network
diameter of the system within the p-iteration time interval,
(€], 7[¢ + p — 1]) is defined as

51 (p) £ max {3 (v [£]) 06 (T[€+1]),. ..
5 (r[0+p— 1)}

where 7[{] is the time at which an agent’s £’s iteration occurs
and 0 < p < oo is a positive integer [38].

Theorem 4 (Convergence of DMCHBA in dynamic network):
Consider the DMCHA process over a dynamic and connected
network G(7) with maximum network diameter 652 (p) within
p-iteration time interval, (7[¢], 7[¢ + p — 1]). If 68 (p) < p,
then it takes up to d5™(p) (0 < p < o0) iterations for DM-
CHBA to converge in the sense of Definition 3 for agents
communicating synchronously or asynchronously. If G(7) is
not necessarily always connected for 7 € (7[¢], 7[¢ + p — 1]),
the convergence of DMCHBA is guaranteed within 633 (p)
iterations, if 672 (p) < p and if

W) £Gr)UG(Tl+1)uU---UG(T[l+p—1])
(N

is fully connected, where W(7[¢]) is the graph generated by

merging graphs G(7[¢]) through G(7[¢ + p — 1]) [38].

Proof: According to Theorem 3, it takes up to §&**(p) itera-
tions for all agents, with a synchronous communication phase,
to converge to the same knowledge base if G(7) is connected for
T € (7[f], 7[¢ + p — 1]), which implies that it takes DMCHBA
a finite time, i.e., 6" (p) iterations, to converge, if 05 (p) < p.

If G(7) is not necessarily always connected for 7 €
(t[€], 7[¢ + p — 1]), a message sent by any agent is also guar-
anteed to be delivered to any other agent within up to 652 (p)
iterations, if network W (7 [¢]) is fully connected [58]. Even if an
agent is disconnected from any other agents at a particular time,
it will receive the information transmitted by any other agents
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TABLE I
SIMULATION CONFIGURATION

Area

Size
40 x 40 10] 15/ 20 | 25| 30 | 35| 40 | 45 | 50
7 56 X 56 14 21| 28 | 35| 42| 49| 56 | 63 | 70
10 80 x 80 20| 30| 40 | 50 | 60 | 70 | 80 | 90 | 100
15| 120 x 120 | 30| 45| 60 | 75 | 90 | 105| 120 135 150
20 | 160 x 160 | 40[ 60| 80 | 100| 120/ 140 160| 180| 200
30 | 240 x 240 | 60| 90| 120 150 180 210| 240 270[ 300

# Tasks

o w| & W[ 9| =| Group

at any time within the time interval, (7[¢], 7[¢ 4+ p — 1]), once it
connects to an agent at another time, such that W(7[¢]) is fully
connected.

Asynchronous communication can be treated as a dynamic
network with synchronized communication, in the sense that
the situation, where an agent is not communicating with its
neighbors can be regarded as the network being disconnected for
that period. If graph W(7[¢]) is fully connected, it is guaranteed
that this agent will converge to the global knowledge base within
8™ (p) (0 < p < 00) steps [58]. Then, the DMCHBA process
converges in finite time, even in the case when asynchronous
communication is allowed [38]. [ |

VI. NUMERICAL RESULTS AND DISCUSSION

In order to investigate the performance of the proposed DM-
CHBA, we conducted Monte Carlo simulations under situations
with various numbers of agents and tasks. We select a scenario
where the task is to visit a location such that all selected existing
algorithms (e.g., CBHA) are applicable. It should be noted that
the proposed DMCHBA is applicable to other types of tasks as
long as the cost can be computed.

A. Simulation Environment

Consider a scenario, where N; targeting locations need to be
visited by NV, unmanned aerial vehicle (UAVs), where N, < N;.
The objective of the task allocation function is to minimize the
overall travel distance of all UAVs to visit all locations. The
coordinates of the UAVs and targeting locations are randomly
selected in a 2-D space of size m X m units, where m is selected
by a predefined equation that depends on the number of UAVs.
The simulation was implemented under the assumption that
the targeting locations are static and UAVs move at a constant
speed. Table I summarizes six groups of simulation scenarios.
In each scenario, the locations of the UAVs and areas to be
visited are selected randomly with a uniform distribution. The
simulations were performed on a desktop computer with Intel
Core i7 CPU@3.40 GHz and 8 GB RAM. 1000 simulation runs
were conducted for each scenario.

To evaluate the performance of the proposed DMCHBA,
we compare DMCHBA with three state-of-the-art decentralized
multitask-allocation algorithms, i.e., CBBA [38], CBHA [31],
and DRHBA [32]. As explained in the introduction section,
two variations of DRHBA, i.e., DRHBA-I and DRHBA-II, are
considered for the comparison study. In DRHBA-I, agents main-
tain their locations throughout the entire task-allocation process,

whereas, in DRHBA-II, an agent is “moved” to the position of
its last assigned task in each iteration. A key difference between
DRHBA and DMCHBA is the way of building the square cost
matrix so that the Hungarian algorithm can be applied. DRHBA
uses dummy agents while DMCHBA uses cloned agents. In
DRHBA, assigned tasks are obtained after recursively applying
the Hungarian algorithm and the cost matrix is recalculated after
each iteration which dominates the total run-time of executing
DRHBA. In DMCHBA, the assignment is obtained by applying
the Hungarian algorithm only once.

B. Local Planning Algorithms

After each individual agent obtains the list of assigned tasks
to execute, a local planning algorithm is applied to determine
the order of task execution (line 15 of Algorithm 3). In the
simulation scenario presented in this article, the local planning
algorithm is expected to minimize the travel distance for each
agent to visit all assigned tasks, which can be modeled as the
TSP. Different strategies have been reported in the literature to
address TSP and seven state-of-the-art TSP algorithms and their
computational complexity are listed in Table II. It can be seen
that the lowest complexity of the seven selected algorithms for
TSP is O(w?), which is dominated by the Hungarian Algorithm
with O(n?). To let the proposed DMCHBA be further dominated
by the Hungarian algorithm, we proposed two approximation
algorithms, i.e., the heuristic local path planning algorithm
(HLPPA) and the naive local path planning algorithm (NLPPA),
whose complexities are, respectively, O(wlogw) and O(r),

wherer — 1 <w <r,andr = [%—‘ . HLPPA and NLPPA are

with the lowest computational complexity among the algorithms
listed in Table II. The details of the two new algorithms are as
follows.

As summarized in Algorithm 4, HLPPA orders the tasks
(assigned to an agent) using their orientation angles with respect
to their centroid in the clockwise direction. The agent then goes
to the closest task and continues with the remaining tasks in
the ordered list. The time complexity of HLPPA is O(w log w),
which is proved by the following lemma.

Lemma 1: The computational complexity of HLPPA is
O(wlogw).

Proof: According to Algorithm 4, the entire time to complete
HLPPA, THLPPA is

Thrpea = Teentroid + TAngles + Tsort- 3)

where Tienuoid 18 the time to find the centroid of tasks, Tapngles
is the time to find the four-quadrant inverse tangent for each
task with respect to the centroid, and T is the time to sort the
tasks according to their orientation angles. The “sort” function
is implemented using the “Quick Sort” algorithm in MATLAB,
whose complexity is O(w log w). Then, the time complexity of
THippa 1s

O(1)+0(1) 4+ O (wlogw) = O (wlogw). )
]

We also designed another algorithm, NLPPA, to let an agent
to execute its assigned tasks by just following the order in the
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TABLE II
TIME COMPLEXITY OF STATE-OF-THE-ART TSP ALGORITHMS

Greedy Gengtic Dijkstra Bellman- Dynamic i . Nqarest—
Algorithm Algorithm | Algorithm For'd Programming A" Algorithm Nelghbor Proposed Proposed
58] [58, 60— [60, 63, Algorithm 68, 69] [60] Algorithm | HLPPA NLPPA
62] 64] [65-67] ’ [70-72]
O (w”log, w) O (gwm) O (w?) O (wE) Ow”-2") [02w-1)%] O? O (wlogw O(r)
Varable w, r — 1 < w < r, is the number of cities in TSP, i.e., the number of tasks assigned to an agent; r = :,f—; ; g and m are, respectively, the number of
generations and the population size for the Genetic Algorithm; F is the number of edges among cities. '

Algorithm 4: Heuristic Local Path Planning Algorithm
(HLPPA).

Algorithm 5: Naive Local Path Planning Algorithm
(NLPPA).

For agent ¢,
1: Procedure [List, Cost]= HLPPA(P;, ..., Pyyents
PP o P os) % List is the ordered list of tasks for

agent ¢ to execute, Cost is the total cost (i.e., the total
traveling distance in this algorithm) that agent ¢ pays to
execute the assigned tasks ordered in List, and

Yy Yy
szgent? ‘Pagent7 Ptmasks’ Ptasks are the 2- and
y-coordinates of agent ¢ and its assigned tasks,
respectively.

2: [P'rgrczean? szean] = mean(Pt:flsks’ Ptlizsks)' % Find

the centroid of task locations.

3: Pw:PzﬁZzsks_szean

4: Py = Pt.asks - P;rlzean ]

5: Angles = atan2(PY, P*). % Find the

four-quadrant inverse tangent for each task with
respect to the centroid.

6: Listy,. = sort(Angles, ascend’). % Sort the
tasks using the values of Angles in an ascending
order.

7 I¢losest—the index of the task closest to agent 4.

8: List=the reordered task list starting with the
I¢tosesth task in Listpye.

9: Cost=the total travel distance of agent ¢ visiting

all tasks in List.
10: End Procedure

assignment matrix (e.g., X* for agent k), as summarized in
Algorithm 5. In each cloned group of agents, a task is assigned

to each agent. For r = [% groups of agents with (r — 1) sets

of cloned agents, there are total  tasks (including pseudotasks)
assigned to each agent, which is specified by the assignment
matrix. NLPPA commands an agent to execute the tasks in each
of r sets of agent groups following a top—down order in the
assignment matrix. The time complexity of NLPPA is O(r).

C. Comparison-Study Results

Fig. 2 shows the average total cost of the results generated by
the proposed DMCHBA-HLPPA and DMCHBA-NLPPA versus
the selected algorithms, i.e., CBBA, CBHA, DRHBA-I, and
DRHBA-IL. It can be seen that the two versions of DMCHBA
(i.e., DMCHBA-HLPPA and DMCHBA -NLPPA) outperform
all other algorithms. Only CBHA generates acomparable overall

For agent £,
1: Procedure [ List, Cost] = NLPPA(X*). %X* is the
assignment matrix generated by line 15 of Algorithm 3.

2: List = []; %initialize List to be an empty vector.

3 Forj=1:r%r=|3

4: Ti(j - k) =index(X (j - k,Zx(4)) = 1). %
Store the index of task that is assigned to task
konrow j - k.

5: List=[List, T;;(j - k)1;

6: End For

7 Cost=the total travel distance of agent ¢ visiting

all tasks in Lust.
8: End Procedure

cost to DMCHBA-HLPPA when the number of agents is less
than seven. When the numbers of agents and tasks become larger,
the advantageous performance of DMCHBA becomes more
obvious. When N, = 5, the cost generated by DMCHBA is
approximately 66% of the cost by CBBA. When N, = 20, the
cost by DMCHBA is only approximately 40% of the cost by
CBBA. In most cases, DMCHBA-NLPPA generates the second-
best results but when the number of tasks becomes sufficiently
large (e.g., when ]I\\;—; > 6) CBHA outperforms DMCHBA-
NLPPA. The two versions of DRHBA perform in between
CBBA and DMCHBA when the number of agents are equal
to or less than 20 and when the numbers of agents and tasks
increase, the performance of the two DRHBAs deteriorates.
Fig. 3 shows the average computational time consumed by
each selected algorithm. It can be seen that CBBA needs the
most time to converge. The slopes of the DMCHBA and CBHA
curves are much smaller than the slope of the other curves,
implying the superior time efficiency of CHBA and the proposed
DMCHBA. Fig. 4 shows the zoomed-in computational-time
results for CBHA, DMCHBA-HLPPA, and DMCHBA-NLPPA.
As CBHA uses the clustering algorithm to group /V; tasks to IV,
groups and assigns them to N, agents, CBHA only applies the
Hungarian method once on a N, x N, cost matrix. Therefore,
the increase of IV; does not significantly increase its solution
time. It also implies that the increase of NV, does not affect the
solution time of the selected clustering algorithm for CBHA.
It can be also seen that the two DMCHBASs outperform all
other selected algorithms on the basis of computational time.
This implies that the time efficiency of the Hungarian method
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Fig. 3. Averaged computational/converging time of 1000 simulations for the four selected and two proposed algorithms..

outperforms the consensus-based auction methods (CBBA) and
the recursive application of the Hungarian method (DRHBA).
CBBA uses the consensus process to resolve conflict and the
bundle-establishment process, which can be increasingly time-
consuming when the number of tasks and agents gets larger.
DRHBA eliminates the benefit of assigning multiple tasks to

a single agent as only one task is assigned to an agent ev-
ery iteration. It also implies that when the ratio r = [ﬁ—ﬂ is
small, the cloned process in DMCHBA takes less time than the
clustering algorithm in CBHA, while when r gets sufficiently
large, the time for DMCHBA to complete the assignment for
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an n X n cost matrix will exceed the time that CBHA takes.
It should be noted that for a clustering algorithm to work in
CBHA, tasks need to have “similarity” [43], while identifying
similarity is a nontrivial job. For example, in a situation where
three agents are to complete heterogeneous tasks like replying to
emails, making a phone call, completing homework, watching a

Pathways generated by the algorithms for agents to execute their assigned tasks in a sample simulation with five agents (U1-US5) and 15 tasks (1-15).

video, washing clothes, etc., CBHA would not be applicable
as additional intelligence is needed to find “similarity” such
that a clustering algorithm can be applied. DMCHBA is not
constrained by such a situation.

It should be noted that between the two variations of DM-
CHBA, even though DMCHBA-HLPPA applies alocal heuristic
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TSP algorithm, its computation time does not increase sig-
nificantly compared to DMCHBA-NLPPA, and DMCHBA-
NLPPA, which arranges the order of task execution “naively,”
can still generate significantly better results than the selected
algorithms on the basis of the overall cost (i.e., distance), espe-
cially when the numbers of agents and tasks get large (e.g., the
last subfigure in Fig. 2).

D. Comparison of Resulting Paths Using Different Algorithms

Fig. 5 shows the pathway that agents take to execute their
assigned tasks in a simulation of five agents and 15 tasks. It
can be seen that all algorithms, except DMCHBA-HLPPA and
DMCHBA-NLPPA, generate different assignments for agents.
As the local path planning done by an algorithm is different,
different pathways were generated. It can be seen that CBBA
does not provide an optimal path for agents U1, U2, and U3,
which results in a larger overall cost for all agents. DRHBA-I
and DRHBA-II generate suboptimal assignments for agent U2
in both cases. DMCHBA-HLPPA generates a shorter path for
agent U2 than the one by DMCHBA-NLPPA, reflecting the
better performance of the HLPPA over NLPPA in path planning
due to the application of a different TSP algorithm, as shown in
Fig. 4.

VII. CONCLUSION

This article considers multitask allocation problems for mul-
tiagent systems. The original NP-hard multitask assignment
problem was converted to a manageable linear sum assignment
problem associated with a local planning problem. The solution
to the converted problem is presented as a novel approach,
namely, the DMCHBA. The proposed DMCHBA utilizes cloned
agents and pseudotasks to build a square cost matrix such that the
kernel task-allocation algorithm, i.e., the Hungarian algorithm,
can be applied. The discussion and proof for the conflict-free
assignment and convergence guarantee reveal the theoretical
soundness of DMCHBA. The result of the comparison study
in Monte Carlo simulations shows that DMCHBA significantly
outperforms all four selected state-of-the-art multitask alloca-
tion algorithms on the basis of optimality (i.e., overall cost) and
converging time.
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