IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED NOVEMBER, 2023 1
IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2024, Yokohama, Japan. Cite as RA-L paper.

Model-based Co-simulation of Flexible Mechanical

Systems with Contacts Using Reduced Interface
Models

Xu Dai!, Ali Raoofian!, J6zsef Kovecses! and Marek Teichmann

Abstract—Co-simulation is a useful approach in the modelling
of robotic systems composed of multiple parts. In co-simulation,
the subsystems only exchange information at communication
points. The time delay of information exchange may cause
error and instability. Thus, an appropriate way to determine
the interface variables between the communication points is
essential for efficient and stable performance, especially for real-
time applications. Reduced interface models (RIMs) can be used
to represent the dynamic behaviour of the subsystems at the
interface in co-simulation. Such a model-based co-simulation
scheme was limited to systems consisting of rigid bodies in
previous studies. In this work, we introduce the formulation of
RIMs for flexible multibody systems and based on that propose
a general co-simulation scheme for systems consisting of both
rigid body components and elements with structural flexibility.
A robotic model is employed as an example to demonstrate the co-
simulation scheme, where a non-smooth subsystem with contact
interactions is present. The advantages of constructing RIM using
flexible mechanical system models over rigid body models are
also addressed by comparing the effective mass properties and
the simulation results.

Index Terms—Dynamics, Flexible Robotics, Co-simulation,
Reduced Interface Model, Contact Modelling

I. INTRODUCTION

general stable and efficient modelling and simulation
A approach is essential for robotic systems. A monolithic
representation includes all components of the system in one
single model [1], [2]. On the other hand, for more com-
plicated systems consisting of multiple parts with different
physical properties, co-simulation can provide an appropriate
alternative, where each subsystem is modelled separately and
different methods and time discretization may be employed.
Co-simulation shows advantages in many applications [3],
[4]. In robotic applications, the robotic arms usually have
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well-established models using joint angles to represent the
configuration. The robotic arm is typically connected to an-
other system, which involves contacts and can have different
simulation requirements. In these applications, co-simulation
is suitable to couple the robotic arm and the other system
together.

The methods to establish the coupling between subsystems
are critical to the performance and stability of co-simulation.
In general, the subsystems only exchange information dis-
cretely at communication points. The time interval between
two adjacent communication points is referred to as macro
time step. During a macro time step, each subsystem is
described by a set of dynamic equations and is numerically
integrated with its own micro time step. The discretization and
time delay in information exchange between subsystems can
lead to inaccuracy and instability of the dynamic simulation
[5].

To stabilize the co-simulation, different approaches have
been proposed to approximate the interface variables inside
the macro time step. The iterative methods are in general more
stable [6] but not efficient enough for real-time applications.
Our focus is on non-iterative methods for co-simulation, which
have a broader range of applicability but are also more prone
to stability problems.

Among the non-iterative coupling schemes, the so-called
signal-based methods approximate the interface variables with
extrapolation during the macro time step. Such approaches
have limitations and are prone to inaccuracy and instability
[7]. On the other hand, model-based methods take into account
the system dynamics and determine the interface variables with
system models. For example, model-based correctors can be
added to extrapolations to reduce the error [8], [9].

The concept of the reduced interface model (RIM) has
been introduced to model-based co-simulation recently, where
reduced-order models are established to represent the dy-
namics associated with the interface and approximate the
behaviour of the subsystems. The input/output at the interface
is determined based on the simulation of these reduced models.
RIMs contain the dynamic information of the subsystems and
thus give a better approximation of the interface variables
than extrapolations. Therefore, the RIM-based coupling shows
more stable performance and accuracy than signal-based meth-
ods [3].

While the existing co-simulation methods, including the
RIM-based approach, mostly focus on rigid multibody sys-
tems, many robotic models have to take into account struc-
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tural properties and deformation. For such dynamic models
with flexibility, the functioning and performance of the co-
simulation coupling methods need to be evaluated in detail.
Some literature discussed the co-simulation of flexible sys-
tems using signal-based approaches. For example, a parallel
simulation scheme for elastic multibody chains was proposed
in [10]. Flexibility was also considered in [11] for a four-bar
mechanism. Recent studies such as [12] proposed stabilization
approaches for the co-simulation of flexible systems based on
signal-based coupling. Since signal-based coupling methods
have limitations in accuracy and stability, we seek a generic
co-simulation scheme for flexible systems from a model-based
point of view.

In this paper, we introduce the RIM formulation for flex-
ible systems. Based on that, we propose a model-based co-
simulation approach for robotic systems with structural com-
ponents. An example of a robotic model performing a contact
task is employed to illustrate the co-simulation scheme.

II. REDUCED INTERFACE MODELLING FOR FLEXIBLE
MECHANICAL SYSTEMS

The RIM-based method provides a systematic way to reduce
dimensionality and represent mechanical subsystems at the co-
simulation interface. The RIM has been applied to different
rigid multibody systems in previous studies [3], [13], [14].

In this section, the RIM-based approach is generalized for
robotic systems consisting of both rigid bodies and flexible
structural components. A novel formulation of RIM of flexible
systems is introduced, where stiffness and damping terms are
included. The RIM for constrained multibody systems with
flexibility is also introduced.

A. Reduced interface model formulation

The interface represents the interaction between the subsys-
tems in co-simulation. It is often determined by separating the
whole system at a body or a joint, whose kinematic properties
are described by a set of interface variables. The relationship
between the interface velocities and the generalized velocities
of the full-order model can be written as

u;=Aq (D

where the subscript i represents interface, u; is an n; X 1 array
of interface velocities, q is the n x 1 array of the generalized
velocities of the full-order model, A; is the interface Jacobian
matrix.

In applications such as robotic arms, the deformation of
the structural components is usually small. Thus, the float-
ing frame of reference formulation can be applied, which
represents the motion of a flexible system as a combination
of the rigid body motion and the deformation [15]. The
generalized coordinates can thus be written as an n X 1 array
q=[q, qe]T, where q, is an n, x 1 array representing the
rigid body motion and q, is an n, X 1 array describing the
deformation. Joint angles are frequently used to describe rigid
body motions in robotics and can be selected for the elements
of q,. In such applications, the generalized velocities of the

robotic system are the joint rates q,, and the rates of the
coordinates describing the flexibility q,.

The forces f applied to such a robotic system include
the interface force f;, and the remaining generalized forces
f,, which can be further decomposed to generalized elastic
forces f,, generalized damping forces f;, and other generalized
applied forces f,. The generalized elastic and damping forces
are often written as f, = —Kq and f; = —Cq, where K is an
n x n stiffness matrix, C is an n X n damping matrix. The other
applied forces f, also include the actuator torques/forces.

Therefore, the dynamic equations of the flexible robotic
system can be written as

M, Mg| |4, 0 0 q
I =f;— r 2
{Mer M] {qe te 0 Ke.llg,] @

0 0]]Ja,
— . f,
{0 Cee} M e

where the sub-blocks M,,, M,., M,,, and M., form a n X n
matrix M, which is the mass matrix of the system; ¢ is the
Coriolis and centrifugal term, which is a function of q and q.

To re-parameterize the system considering the interface
variables, a full coordinate transformation can be established
for the velocity field as

u= m - [‘;’} a=Jq 3

where u is a new set of generalized velocities that includes the
interface velocities and an (n—n;) x 1 array of the admissible
velocities u,; J is a square Jacobian matrix. Correspondingly,
the transformation of the generalized forces and momenta can
be obtained as J7t=f and J's = p, where T and s represent
the forces and momenta energetically conjugated to u; p is
the momenta conjugated to (. Specifically, for the generalized
interface forces we can write
f;=J'1,=A’A and T, = m 4)

where 7; is an n X 1 array of the generalized interface forces
energetically conjugated to u, A is an n; X 1 array of the
generalized interface forces conjugated to u;.

We can transform the dynamic equations from the basis of
 to u using the central variational equation in the momentum
basis as

Sp' M (f—¢)—4)=s"IM '(f-c)~§) =0 (5

The dynamic equation corresponding to u can be derived as

(MT) T ha+ (M) T IM - Jg) - (©)
=7+ (M )M,

Note that
AM'A] AM'B?
M71 T _ i i i
M BM 'AT BM BT @
If the matrix B in Eq. (7) is defined to satisfy
AM BT =0 (8)

the off-diagonal blocks of JM~'J7 are eliminated and two sets
of velocities u; and u, are decoupled. The dynamic equations
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associated with the interface variables can then be extracted
from Eq. (6) as

AM AN g+ (AMTIAD T AM e —Aiq) (9
=A+AM AT TAME,

which is the reduced interface model (RIM) for the subsystem.

In Eq. (9), the generalized elastic and damping forces are
grouped in f, together with other forces. One possibility is
that the elastic and damping forces are considered constant
during the macro time step. However, to better capture the
state-dependence of the forces, the elastic and damping forces
can also be formulated separately in the macro time step.

In Eq. (6), J is a full-rank square matrix and is invert-
ible, thus (JM~'J7)"1JM~'f, = J~Tf,. Considering J~! =
[D  G] where D is of size n x n; and G is of size n x (n—n;),
for the damping forces we can write

T T )
D'CD D CG] Ll:l] (10)

Te — 7 TOT 1y —
J == CJu [GTCD G’ CG

The generalized damping forces are not decoupled by the J
transformation. For the interface dynamics, we can write the
effective damping forces as

74 = —D"CDu; — D" CGu, (11)

where D7 CD can be seen as the effective damping matrix for
the RIM and is denoted as C,zy.
Similarly, the effective elastic force can be written as

7.; ~ —D'KDd; — D" KGd, (12)

where d; and d, are the position level coordinates related to
w; and u,, DTKD can be considered as the effective stiffness
matrix and is denoted as K,r¢.

Then Eq. (9) can be rewritten in a more compact form as

Mfri;+2; = A + 24, — Koprd; — Coppu (13)

where

M,sr = (AM 'AT)"! (14)

is the n; X n; effective mass matrix;
Ao=(AM AT TAM 'f, - D' CGu, —DTKGd, (15)

represents the other effective forces excluding the state-
dependent elastic and damping terms, and

zi =AM AN T AM e —Aiq) (16)
is the non-linear inertia term.

In order to determine the effective stiffness and damping
matrices, the B” matrix that is an orthogonal complement to
A;M~! should be properly determined for the definition of D
and G. This matrix can be evaluated based on Eq. (8), but
it is not unique. Assume that B; and B, are two possible
solutions for (8), then D, G, D, and G, can be determined
accordingly. From Eq. (8), the columns of BlT and B; both
span the null space of AM™!. Thus, B, = TB;, where T is a
full rank transformation matrix. It can be proven that D, =D,
and G, = G T, It shows that different solutions to B lead to

the same K, ¢ and C,rr. Therefore, the formulation as Eq. (13)
is uniquely determined once A; is defined, no matter which B
is selected.

Eq. (13) provides a general form for the RIM of flexible
systems, in which the effective elastic and damping forces are
state-dependent. The formulation in Eq. (13) has comparable
computational efficiency as Eq. (9) while more accurately
capturing the force terms in the macro time step. The RIM of
systems with only rigid modes can be seen as a special case of
Eq. (13), where the terms related to deformation coordinates
do not exist.

B. Reduced interface model for constrained robotic systems

The elements of the system can be subjected to additional
physical interactions that can be described by employing
kinematic constraints. These constraints can be written at the
velocity level as

we= o] = 3] a=a.a
where w, represents the m constrained velocities and A, is
the constraint Jacobian matrix. The kinematic constraints are
divided into bilateral and unilateral constraints, indicated by
the subscript b and u, respectively. Typical examples include
w, =0 and w, > 0.

Particularly, the contact interactions in the system can be
represented with unilateral constraints, where a set of com-
plementarity conditions also needs to be considered between
the constrained kinematic variables and the related constraint
forces. For example, in the normal direction of the contact,
to avoid penetration and tensile force, the complementarity
condition at the acceleration level can be written in the form
of

a7

0<w,LA,>0 (18)

where w,, is the relative acceleration in the normal direction
of contact, A, is the normal contact force. Similarly, in the
tangential plane of the contact, when the box friction model
is used to describe friction, the Coulomb friction cone is
approximated by a pyramid, and two orthogonal directions are
used to describe the sliding. In such a model, the relationship
between the friction force and the sliding motion can also be
represented with complementarity conditions.

The dynamic equations, the kinematic constraints, and the
complementarity conditions can then be written together to
form a mixed linear complementarity problem (MLCP)

(1 R

we LA, €Al A

19)

where the acceleration ¢, W, and the constraint force A, are
the unknowns to solve. For bilateral constraints, the upper
bound AP is +oo and the lower bound A!° is —oo; In the
normal direction of contact, A" is 40 and A1° = 0; the friction
force in the jth contact 4, ; is bounded by [—pA, j, +UA, ]
according to Coulomb’s friction law, where u is the friction
coefficient.
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The MLCP as Eq. (19) can be solved by various methods,
e.g., direct pivoting techniques [16], where the elements of
A, and w, fall in one of the two categories: active and tight,
indicated by subscripts & and 3, respectively. The active group
includes bilateral constraints, the constraints in the normal
direction of closed contacts, and static friction, which all
ensure that wy = 0. The tight constraints include open contacts
and sliding friction, where wg can be non-zero while A g is
either at the lower or at the upper bound.

When constructing the RIM of such constrained flexible
systems, a straightforward way is to assume that the state of
constraints does not change during the macro time step, i.e.,
the active constraints remain active between communication
points and the tight constraints remain tight. In this way, at
the communication points, the constrained velocities can be
regrouped as

(20)

The dynamic equations of RIM of flexible systems become

Mojriti+2 = A +A,— K prdi — Coppu 1)
where
NLjy =(AP,M 'A])™! (22)
Ao =M /[AP,M (£, +f5 — KPoq— CPoq)]  (23)
-D'PIKP,Gd, - D"PICP, Gu,
2; =M, (AP,M e — A;q)+ (24)

M. [AM AL (A M 'A]) ' And]

In Eq. (22)-(24), Py = M 'AT (A,MTAL)"1A,, is the
projector matrix onto the subspace of the active constraints;
P, =1—P,. The term fﬁ = Aglﬁ is known after solving
Eq. (19) for the full model at the communication points and
is considered constant inside the macro time step. In Eq.
(21), the modified effective stiffness and damping matrices are
K.7r =DT'PIKP,D and C.;; = D"P],CP,,D, which retain the
important mathematical properties of K and C such as being
symmetric and positive semi-definite.

Eq. (21) provides a systematic approach to constructing
the RIMs of constrained flexible systems. When the system
is unconstrained, Py and A, vanish, and the formulation in
Egs. (22)-(24) becomes equivalent to the one in Egs. (14)-(16).
Thus, the dynamic equation in (13) can be seen as a special
case of Eq. (21).

III. CO-SIMULATION MODEL

The RIM-based co-simulation is suitable for applications
such as the simulation of robotic contact tasks. We illustrate
it here with a space robotic example, where the robotic arm
and an end-effector attached to it are simulated with different
time rates.

A. Co-simulation setup

The structure of the co-simulated model is shown in Fig. 1.
The system is divided into two parts. The first subsystem is the
robotic arm and the second subsystem is the end-effector with

its interaction with a static wall. The end-effector is connected
to the last link (Link 7) of the robotic arm. In this model, co-
simulation is applied because of the nature of the system. The
robotic arm model is usually pre-established, using joint angles
to describe its configuration. The end-effector subsystem, on
the other hand, can have various contact modes during tasks
such as pushing, grasping, and inserting, leading to different
requirements and formulations for contact simulation. It is
often modelled with a set of dependent coordinates together
with constraints, which is different from the robotic arm
model. Therefore, it is natural to model the two subsystems
separately and couple them together, which brings out the
necessity of co-simulation.

The end-effector subsystem can vary in different tasks. In
this paper, we focus more on analyzing the properties of
the RIM of the robotic arm. Therefore, the end-effector is
simplified as one claw-shaped connector of 50kg fixed to the
robotic arm as shown in Fig. 1. The RIM of the end-effector
together with contacts is formulated following Eq. (21)-(24).
A more detailed study on different formulations of contact
problems in RIM-based co-simulation can be found in [13].

The interface between the robotic arm and the end-effector
is defined by cutting Link 7 at its centre of mass. This results
in two interface reference frames at the location of separation
for the two subsystems. For both subsystems, the interface
velocity u; has six degrees of freedom and consists of the
translational velocity of the interface reference point and the
angular velocity of the interface frame.

Subsystem 1

Fig. 1. Structure of the co-simulated model consisting of the robotic arm and
the end-effector subsystem.

Fig. 2 shows the co-simulation scheme between the robotic
arm and the end-effector subsystem. Between two adjacent
communication points, the two subsystems are simulated and
integrated separately without the exchange of information. A
RIM is created for each subsystem based on Eq. (21). It is
simulated with the other subsystem during the macro time
step, as indicated by the solid arrows. The RIMs are only
updated at each communication point based on the current
status of the corresponding subsystems, as indicated by the
dash arrows. Semi-implicit Euler method is employed as the
integration method inside the macro time step.
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RIM-BASED COUPLING

SUBSYSTEM 1 CO-SIMULATION MANAGER SUBSYSTEM 2

Model M,
(q1,v1) (di2, wiz) (dit,un)

Model Mo
(q2,v2)

Fig. 2. The coupling scheme of the RIM-based co-simulation between two
mechanical subsystems [14].

When the RIM-subsystem pair is simulated within the
macro time step, the two interface reference frames for the
two subsystems should stay together, which can be achieved
by adding kinematic constraints at the interface. Specifically,
we denote the robotic arm subsystem as M and the RIM of
the end-effector subsystem as RIM2. When M; and RIM2
are simulated together, besides their dynamic equations, the
kinematic constraints at the interface should also hold, which
can be written in the velocity level as A; yq, Vi, —Wiriv2 = 0.
Similarly, constraints should be added for the other RIM-
subsystem pair as A; a1, Var, — Wi riv1 = 0.

B. The robotic arm model

The robotic arm model used in this work has a symmetric
structure and has seven revolute joints.

To compare the properties of RIMs between the rigid and
flexible systems, two robotic arm models are developed. In the
first model, all links are considered as rigid bodies. The second
model is flexible by taking into account the structural compo-
nents. Specifically, in the flexible model, the two long links
are considered flexible and are modelled as Euler-Bernoulli
beams. The other links are modelled as rigid bodies because
the influence of their deformation is negligible compared to the
long booms. For each flexible boom, the bending deformation
in each perpendicular plane is represented by two eigenmodes
of the clamped-free boundary value problem. Therefore, the
deformation of the system is described by eight coordinates
while the rigid body motion is represented by the seven
joint angles. Hence, the flexible model has fifteen degrees of
freedom in total while the rigid model has seven degrees of
freedom.

For both models, the links are simplified as cylinders. The
material of the robot arm is assumed to be aluminum, with a
density of p =2700kg/m>. In the flexible model, the modulus
of elasticity of the two long links is E = 6.9 x 10'°Pa. The
diameters of the cross-section of all links are set as 0.3m. The
parameters of each link of the robot arm are listed in Table L.

IV. RESULTS AND DISCUSSION

The aforementioned rigid and flexible robotic models have
an essential difference in their physical properties, i.e., taking
into account deformation or not. Both the rigid and flexible
robotic models can be co-simulated with the end-effector
subsystem through RIM-based coupling. In the co-simulation,
the RIMs constructed based on the rigid and flexible robotic
arm models are referred to as rigid RIM and flexible RIM

TABLE I
GEOMETRIC AND PHYSICAL PARAMETERS OF THE ROBOTIC ARM MODEL.

Link Index  Length (m) Mass (kg) E (GPa)
0,7 0.38 72.5 -
1,6 0.64 121.2 -
2,5 0.50 96.2 -
3,4 6.85 1307.3 - or 69

respectively in the following sections. Here we compare the
properties of the rigid and flexible RIMs and show how the
difference can affect the numerical performance in the co-
simulation.

A. Comparison between flexible and rigid RIM representa-
tions

In this section, we illustrate the comparison between the
rigid RIM and the flexible RIM. For both rigid and flexible
robotic arm models, the interface is defined at the centre of
mass of Link 7, and the RIMs have six degrees of freedom.
However, the two RIM representations have different proper-
ties.

An important difference relates to the effective mass ma-
trices. The effective mass matrix can be evaluated at a given
configuration of the robotic arm as Eq. (14) or (22). Once the
mass matrix is determined, it can also be used to determine any
effective mass or effective moment of inertia associated with
any direction in three-dimensional physical space. For exam-
ple, considering all possible directions of translational motion
in the task space, the effective mass values geometrically
form a belted ellipsoid [17] associated with a configuration
of the system. This ellipsoid indicates the effective mass
properties in the task space at the interface. In general, a
more elongated shape of the ellipsoid represents a more ill-
conditioned effective mass matrix, which can be more prone
to numerical problems in simulation.

A group of representative configurations of the robotic arm
is selected to compare the effective mass between the rigid and
the flexible RIMs (See Fig. 3-5). Fig. 3b shows the effective
mass ellipsoid associated with both the flexible and rigid RIMs
in Configuration A. It can be seen that for any given direction,
the magnitude of the effective mass of the rigid RIM is larger
than or equal to the effective mass obtained for the flexible
RIM. The shape of the ellipsoid for the rigid RIM is typically
more elongated than that for the flexible RIM. This is an
indication that including structural flexibility in the model can
improve the conditioning of the mass matrix.

Analysis of the effective mass for other configurations gives
similar results, as shown in Fig. 4-5. Note that in Configuration
C, the long booms of the robotic arm are stretched out and
aligned (See Fig. 5a ). In this posture, the arm is naturally
in a near-singular configuration. According to the effective
mass ellipsoids in Fig. 5b, the difference between the flexible
RIM and the rigid RIM is more significant than in other
configurations.

The properties of the effective mass matrix are also indi-
cated by its condition number. Though the condition number
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Fig. 3. (a) The robotic arm in Configuration A. (b) The belted-ellipsoid shapes
of the effective mass matrix in Configuration A.

Configuration B

Effective Mass (kg)

Fig. 4. (a) The robotic arm in Configuration B. (b) The belted-ellipsoid shapes
of the effective mass matrix in Configuration B.

Configuration C

ﬁ 1500
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Effective Mass (kg)
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Rigid RIM
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Fig. 5. (a) The robotic arm in Configuration C. (b) The belted-ellipsoid shapes
of the effective mass matrix in Configuration C.

TABLE II
CONDITION NUMBER OF THE EFFECTIVE MASS MATRIX IN DIFFERENT
CONFIGURATIONS.

Configuration A B C

Flexible RIM 259x10°  2.88x10°  3.88x103
Rigid RIM 3.41x10°  539x10°  4.89x10°
Flexible RIM (6,,6, fixed) 2.65x10>  330x10°  2.18x10*
Rigid RIM (6,6, fixed) 2.66x 107 3.86x10'0  1.33x10%!

depends on physical units and thus does not have direct
physical meaning, it can still reflect the numerical performance
in the simulation. Extremely large condition numbers are
a typical sign of ill-conditioned matrices, which are more
prone to large numerical errors. The condition numbers of
the effective mass matrices of the rigid and flexible RIMs
for each configuration are listed in Table II. To introduce a
more challenging case, we can lock certain joints in these
configurations with bilateral constraints, which reduces the
number of degrees of freedom of the model. In this case,
the effective mass matrix is determined based on Eq. (22).
Specifically, here the two joints represented by the joint angles
0, and 6, in Fig. 1 are locked to compare the condition of
the mass matrices between the rigid and the flexible RIMs.
In table II, the first and second rows show the results where
all joints of the robotic arm can freely rotate; the third and
fourth rows contain the results where 6; and 6, are locked.
According to Table II, the condition number of the effective
mass matrix of the rigid RIM is always considerably larger
than that of the flexible RIM for the same configuration. It
can also be seen that the difference is more significant when
the robotic arm is in a near-singular configuration as posture
C. On the other hand, when two of the joints are locked, the
condition numbers for the rigid RIM become very large in all
configurations due to the reduced mobility of the system. For
the same cases, the condition numbers for the flexible RIM
still remain in a reasonable range. These conclusions based
on the condition number are consistent with the analysis of
the effective mass ellipsoids, showing that flexible RIM has
a better-conditioned mass matrix and can prevent potential
singularity and numerical problems that can be observed for
the rigid RIM.

B. Simulation results

To demonstrate the stability of RIM-based co-simulation
for flexible systems, and to show the difference between the
rigid and flexible RIMs in simulation, a robotic contact task
is implemented in MATLAB. Two similar manoeuvres of the
robotic arm numbered 1 and 2 are designed to demonstrate
the simulation and to compare the performance as shown in
Fig. 6.

Manoeuvre 1 in Fig. 6a can be described as the following
steps.

Step 1: From t =0 to ¢t = 2s, the robotic arm starts at
Configuration D in Fig. 6a and slightly stretching the elbow to
deliver the wrist along with the end-effector to the right side.
At the same time, the wrist rotates to change the orientation
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Fig. 6. (a) Designed Manoeuvre 1 for the robotic arm. (b) Designed
Manoeuvre 2 for the robotic arm.

of the end-effector. The robotic arm reaches Configuration F
and stays at this position for 0.5s.

Step 2: The robotic arm continues stretching the elbow and
rotating the wrist from ¢ = 2.5s to ¢ = 4.5s until it reaches
Configuration G where the grasper is at the surface of the
static wall. Then it stays for 0.5s.

Step 3: After t = 5s, the end-effector is pushed against the
static wall and contacts are established in the end-effector
subsystem.

Manoeuvre 2 shown in Fig. 6b is similar to Manoeuvre 1.
However, it starts at Configuration E, where the end-effector
has the same orientation as in Configuration F. From ¢ =0
to t = 2s, the wrist of the robotic arm does not rotate and
the end-effector undergoes a pure translation to the right side.
When the robotic arm reaches Configuration F, it also stays
for 0.5s and then follows the same motion as Steps 2 and 3
in Fig. 6a.

For both Manoeuvre 1 and 2, the second joint at the shoulder
is locked starting from ¢# = 1.5s, hence keeping 6, unchanged
and reducing the degrees of freedom of the robotic arm. In
this way, near-singular configurations are created during the
manoeuvres. Note that the robotic arm passes by a near-
singular Configuration F in Manoeuvre 1, while it remains at
near-singular positions from ¢ = 1.5s to = 2.5s in Manoeuvre
2. Such a singular configuration of the robotic arm can occur
in practice according to the singularity analysis [18].

The macro time step of co-simulation is 1/60 s. The robotic
arm subsystem is simulated with a micro time step of 1,/600 s
while the end-effector subsystem is numerically integrated
every 1/120 s. Note that the selected time step size is in

general too large for signal-based co-simulation and can cause
instability, but the RIM-based approach performs more stably
and allows for such time step size.

For this example, the simulation of the flexible model has
comparable computational time to the rigid model. To compare
the accuracy of simulation, the results of the RIM-based co-
simulation for both the rigid and flexible systems are shown
in Fig. 7. While a monolithic solution can be difficult in
general cases, it is achieved in this example and is provided
as a reference solution for both rigid and flexible models to
determine the accuracy of the co-simulation. Fig. 7a shows
the distance between Point P and the static wall during the
simulation. The distance decreases as the grasper moves and
rotates to the right side. It stays at a constant value when the
motion pauses between ¢ = 2s and ¢t = 2.5s. After t = 4.5s,
Point P stays at the surface of the wall and can have contact
against the wall, as indicated by the close-to-zero value of the
distance. As Fig. 7a shows, the RIM-based co-simulation of
both rigid and flexible models gives stable and accurate results
compared to the reference solution for Manoeuvre 1.

4 T T T

— - - -Rigid Reference

Flexible Reference

— -~ -Rigid RIM-based Co-sim
Flexible RIM-based Co-sim| |

o

3
Time (s)

(a)

T
1
! — = —Rigid RIM
[ Flexible RIM

10

Condition number

Time (s)
(b)

T T
— — = “Rigid Reference

Flexible Reference

— — — -Rigid RIM-based Co-sim
Flexible RIM-based Co-sim

Divergent

Time (s)

©)

Fig. 7. Simulation results of (a) distance between Point P and the wall in
Manoeuvre 1, (b) condition number of the effective mass matrix of RIMs in
Manoeuvre 1, (¢) distance between Point P and the wall in Manoeuvre 2.

However, the rigid RIM-based coupling leads to an ill-
conditioned effective mass matrix during Manoeuvre 1, which
is indicated by the condition number as in Fig. 7b. Since 6,
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is fixed in the simulation, the Configuration F in Fig. 6a leads
to a near-singular effective mass matrix in the rigid model.
Therefore, during ¢ = 2s to t = 2.5s, the condition number of
the effective mass for rigid RIM reaches very large values. On
the contrary, the condition number of the flexible RIM stays
in a reasonable range during the entire simulation. This means
the rigid RIM-based co-simulation is prone to numerical errors
in this case, and it can be avoided by including flexibility in
the model.

This numerical problem for rigid RIM is observed more
clearly from the simulation results of Manoeuvre 2 as shown in
Fig. 7c, where the robotic arm stays at a near-singular position
for a period of time. In this case, the rigid RIM-based coupling
works well from r =0 to r = 1.5s when no joints are locked.
But, it fails rapidly after the joint angle 6, is locked at r = 1.5s
because the effective mass matrix becomes ill-conditioned and
loses important characteristics such as being positive definite.
The simulation based on rigid RIM coupling thus can no
longer provide physically meaningful results, as indicated by
the divergent curve in Fig. 7c. On the other hand, the flexible
RIM-based co-simulation still works for this challenging case
and provides accurate results as compared to the reference
solutions in Fig. 7c. The simulation results are consistent with
the analysis of the effective mass matrices mentioned in the
previous section.

This robotic example demonstrates the performance and ad-
vantages of co-simulation based on flexible RIM. The flexible
RIM concept is general and can also be used for other cases
with large deformations and multiple subsystems.

V. CONCLUSIONS

In this paper, we introduce a model-based co-simulation
scheme for general mechanical systems with flexibility, in
which reduced interface models (RIMs) are created to rep-
resent the dynamics of subsystems in terms of their interface
behaviour. Here we introduced the flexible RIM formulation
of robotic systems with structural flexibility and extended the
formulation for constrained subsystems. Unlike the previous
studies which are limited to rigid multibody systems, the
flexible RIM formulation has broader applications.

A robotic arm model connected with another subsystem
involving contacts is used as an example to demonstrate
the RIM-based co-simulation and to compare the difference
between the rigid and flexible RIMs. The robotic arm is
modelled in two ways, with and without considering flexibility.
The properties of the RIMs of these two models are compared
based on the analysis of the effective mass matrices, showing
that the flexible RIM has a better-conditioned mass matrix
than the rigid RIM. To further confirm the conclusions, two
maneouvres of contact tasks are designed and compared for
the rigid and flexible models. The flexible RIM-based co-
simulation preserves accurate results in cases where the rigid
RIM leads to large errors.

The simulation results and analysis show a twofold con-
clusion: the RIM-based coupling approach can provide stable
and accurate performance of co-simulation for robotic systems
with flexibility, and flexible RIM can resolve the conditioning

problems observed for robotic arm models where structural
flexibility is not taken into account.
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