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Spectral Trade-off for Measurement Sparsification
of Pose-graph SLAM

Jiyeon Nam1, Soojeong Hyeon1, Youngjun Joo2, DongKi Noh3, and Hyungbo Shim1

Abstract—In this paper, we propose a trade-off optimization
algorithm to compute an appropriate number of edges for
measurement (edge) sparsification in pose-graph SLAM. The
greater the amount of measurement data, the larger is the
computational burden. To reduce computational burden, one can
remove a portion of measurements. However, reliable data, such
as odometric measurements, can be lost if measurements are
removed without any principle. To remove measurements which
is redundant, we propose a trade-off optimization algorithm
between maximization of the Fiedler value and minimization
of the largest eigenvalue of adjacency matrix for measurement
graph. This problem formulation gives virtues twofold. First,
it is scalable. For any dataset, when a weight for trade-off
is given, this algorithm determines the appropriate number of
edges since this is a trade-off optimization problem. Second, the
edges of the measurement graph can be distributed evenly. The
algorithm considers the minimization of the largest eigenvalue of
the adjacency matrix, so it suppresses the upper bound of the
maximum degree of the measurement graph. It removes the re-
dundant information concentrated on a few nodes, and improves
the estimation accuracy of the sparsified graph. To validate the
performance of the proposed trade-off optimization algorithm, we
apply our approach to CSAIL, Intel, and Manhattan datasets.

Index Terms—Mapping, Optimization and Optimal Control,
SLAM.

I. INTRODUCTION

IN graph-based simultaneous localization and mapping
(SLAM), computational expenses depend on the number of

edges of the graph. Especially for “lifelong” SLAM, analogous
measurement data provide similar information as a robot
repeatedly navigates the same place. The redundant edges
should be removed for resource-constrained pose-graph SLAM
problem [1]–[3].

In estimation theory, Cramér-Rao bound provides a lower
bound on the variance of any unbiased estimator [4]. The
second smallest eigenvalue (also known as the Fiedler value or
algebraic connectivity) of the information weighted measure-
ment graph determines an upper-bound of Cramér-Rao bound.
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A lower Cramér-Rao bound can be obtained by increasing the
Fiedler value of the measurement graph. Moreover, the worst-
case error of estimators applied to measurement graphs is also
controlled by the Fiedler value [5], [6]. The larger Fiedler
value is associated with a lower error.

The Fiedler value increases with an increase in the number
of edges, but at the same time, the amount of redundant
information also increases. Based on these facts, the authors
of [7] propose a method that use the Fiedler value for
sparsifying (pruning) measurements of pose-graph SLAM. To
this end, they generate an initial graph using only odometric
measurements. For the rest of measurements, they remove
the redundant edges, except for a pre-determined number of
edges. Finally, they constitute a final graph from the initial
graph and the remaining edges after removal while maximizing
the Fiedler value. They obtain a measurement graph with
fewer edges but a maximized Fiedler value in comparison to
the original graph. This method is formulated as a specific
optimization problem for constructing a measurement graph,
nonetheless the number of reducing edges needs to be pre-
determined by relying on heuristics.

In this paper, we present a systematic method to obtain
a measurement graph with an appropriate number of edges.
Although adding an edge increases the Fiedler value of the
graph Laplacian, it also increases the largest eigenvalue of
adjacency matrix [8]. Therefore, we formulate a trade-off
optimization problem between maximizing the Fiedler value
of the graph Laplacian and minimizing the largest eigenvalue
of adjacency matrix. Since this problem formulation is based
on trade-off optimization, it is not necessary to pre-determine
the number of remaining edges. We only need to decide on a
trade-off weight. Therefore, the proposed algorithm is scalable
to any environment. Even if the dataset changes, it is not
necessary to specify the number of remaining edges.

Further, the proposed optimization method yields a graph
with evenly distributed edges by considering the largest
eigenvalue of the adjacency matrix. The square root of the
maximum degree of a graph is upper-bounded by the largest
eigenvalue of adjacency matrix [9]. The maximum degree of
the graph tends to decrease with a decrease in the largest
eigenvalue of the adjacency matrix. Essentially, the smaller
the maximum degree, the higher evenly distributed edges
on the graph. The evenly distributed edges mean evenly
distributed loop closures. So, our algorithm, which considers
the largest eigenvalue of adjacency matrix, effectively removes
the concentration of information on a few nodes.

To summarize, we propose a trade-off optimization problem
for deciding the number of edges in pose-graph SLAM. Our
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problem is scalable to any environment because it systemati-
cally determines the number of edges when a weight for trade-
off is determined. The weight can be the same for different
datasets. Further, it considers not only maximizing the Fiedler
value, but also minimizing the largest eigenvalue of adjacency
matrix. Consequently, we can obtain an efficient graph with
evenly distributed edges while minimizing information loss, as
the maximum degree of the graph decreases with a decrease
in the largest eigenvalue of adjacency matrix.
Structure of the paper. The rest of this paper is organized as
follows. Section 2 reviews the related works. In Section 3, we
gives a formal description of spectral trade-off optimization
problem, which is a concave maximization problem with
an integer constraint. Section 4 presents a relaxation of the
problem in Section 3 and an approach to solve the optimization
problem based on the Frank-Wolfe method. Section 5 presents
the results of using our optimization problem on CSAIL, Intel,
and Manhattan datasets and compares the sparsified graph
obtained using the proposed method with that reported in [7].
Finally, in Section 6, we offer concluding remarks.
Notation. An (weighted) undirected graph is denoted by G =
(V, E), where V = {1, · · · , N} is a finite nonempty set of
nodes and E ⊂ V × V is an edge set of ordered pairs of
nodes. The (symmetric) Laplacian matrix L ∈ SN×N of an
undirected graph is defined as L := D − A, where SN×N

means the set of symmetric N ×N matrices, D is the degree
matrix and A is the adjacency matrix of the graph. Let λi(·)
for i = 1, · · · , N, be the eigenvalues of a N × N matrix.
Without loss of generality, for the N × N matrices whose
eigenvalues are real, let λ1 ≤ λ2 ≤ · · · ≤ λN . The operation
defined by the symbol ⊗ is Kronecker product. We let vec(·)
denote vectorization of a matrix. ∥·∥2 and ∥·∥F denote 2-norm
of a vector and Frobenius norm of a matrix.

II. RELATED WORKS
A. Design of a graph in SLAM

In this subsection, we introduce related works proposing
important criteria for sparsifying the pose-graph. The authors
of [10] analyze SLAM problem from the perspective of graph
theory. They conclude that the optimization algorithm can
perturb some nodes in the graph in order to better fit the
noise in the edges when the average degree of graph is small.
The works in [11]–[14] theoretically justify the observation
in [10] and reveal the fact that E-optimality (minimizing the
largest eigenvalue of the covariance matrix) improves with an
increase in the Fiedler value. Further, it is shown that the
weighted number of spanning trees, as a graph connectivity
metric, is closely related to D-optimality (the determinant of
Cramér-Rao lower bound). They suggest that these metrics
can be efficiently computed for large graphs by exploiting
the sparse structure of underlying estimation problems. The
general relationship between traditional optimality criteria and
the terms of underlying pose-graph are presented in [15]–[17].
These optimality criteria are applicable to network design.

As discussed above, a graph can be designed for specific
purposes based on specific criteria. In [18], they introduce
“switchable constraints” for loop closure edges. This switch-
able constraint assigns activation (1) or deactivation (0) on a

loop closure edge. Through this process, some loop closures
are removed and the graph is redesigned. To maintain the spar-
sity of graph, the Chow-Liu tree algorithm has been employed
after node removal [19]–[21]. In [22], the authors use the trace
of the information matrix as a metric for removing certain
edges, i.e., edges with little information are pruned. In [7],
the authors fix the number of available edges for graph and
then construct the final graph as maximizing the Fiedler value.

B. Optimization of the Fiedler value or the largest eigenvalue
of adjacency matrix

This subsection introduces related works from the per-
spective of optimization for the Fiedler value or the largest
eigenvalue of adjacency matrix. The authors of [23] reveal that
the Fiedler value is a measure of how well-connected the graph
is. Then they study the problem of adding edges (from a set of
candidate edges) to a graph so as to maximize its Fiedler value.
The airport transportation network is designed to maximize the
performance (i.e., the Fiedler value) with the constraints of a
fixed number of non-stop flight route additions or deletions
inside a given candidate route set [24]. In [25], they design the
network topology, which is both fast and secure for distributed
computation. For fast convergence, they consider the Fiedler
value, and for security, they consider the maximum expected
portion of infected agents in the network when an agent is
initially attacked. A trade-off problem is proposed to consider
both properties. The authors of [8] propose a trade-off problem
between performance and security, as reported in [25].

III. PROBLEM FORMULATION
In this section, we consider the sparsification (pruning)

of measurement in the setting of pose-graph SLAM. Pose-
graph SLAM is the problem of estimating N unknown values
x1, · · · , xN ∈ SE(d) given a subset of measurement of
their pairwise relative transforms. This problem is formulated
as a nonlinear least-squares problem (maximum-likelihood
estimation for SE(d) synchronization) [5]. Then the nonlinear
least-squares problem is simplified to quadratic programming
(QP) form. The special Euclidean group SE(d) comprises an
arbitrary combination of rotation and translation. For a fixed
value of rotational term, this QP form reduces to the uncon-
strained minimization of a quadratic form in the translational
variable so that a closed-form solution can be easily obtained.
For ease of explanation, we begin with Problem 1 in [7]
without considering translation because there is a closed-form
solution for translation [5]:
Problem 1 (Synchronization problem).

min
Ri∈SO(d)

∑
(i,j)∈E

κij∥Rj −RiR̃ij∥2F , (1)

where κij > 0 is rotational weight, R̃ij = RijR
ϵ
ij is noisy

measurement, Rij is true value, and Rϵ
ij ∼ Langevin(Id, κij)

is measurement noise. ■
Let the rotational weight Laplacian L be

L =


∑

j∈Ni
κij , i = j,

−κij , {i, j} ∈ E ,
0, {i, j} /∈ E .

(2)
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Its corresponding adjacency matrix A is

A =

{
κij , {i, j} ∈ E ,
0, i = j or {i, j} /∈ E .

(3)

Let us explain Problem 1 with an example. Suppose that
Laplacian matrix and adjacency matrix are given as follows:

L =

 2 −1 −1
−1 1 0
−1 0 1

 , A = [αij ] =

0 1 1
1 0 0
1 0 0

 .

For i = 1, 2, 3,

Ri =

[
Ri1 Ri2

Ri3 Ri4

]
∈ R2×2.

Let ri := vec(Ri) ∈ R4 and

r :=
[
r⊤1 , r

⊤
2 , r

⊤
3

]⊤ ∈ R12.

We want to show that
1

2

∑
(i,j)∈E

αij∥Rj −Ri∥2F = r⊤(L ⊗ I4)r (4)

where I4 is the identity matrix in R4×4. Since the Frobenius
norm of arbitrary matrix R is equivalent to the 2-norm of
vectorized matrix vec(R), the left-hand side in (4) is

1

2

∑
(i,j)∈E

αij∥Rj −Ri∥2F

=
1

2

∑
(i,j)∈E

αij∥vec(Rj)− vec(Ri)∥22

= 2r⊤1 r1 + r⊤2 r2 + r⊤3 r3 − 2r⊤1 r2 − 2r⊤1 r3.

The right-hand side in (4) is

r⊤(L ⊗ I4)r = 2r⊤1 r1 + r⊤2 r2 + r⊤3 r3 − 2r⊤1 r2 − 2r⊤1 r3.

Thus (4) holds. The general objective function of synchro-
nization problem, which is formulated as optimization, is the
form of r⊤Lr, where r is an argument vector of optimization
problem. Since (4) holds, Problem 1 is an element-wise
synchronization problem.

In pose-graph SLAM, the second smallest eigenvalue
(Fiedler value or algebraic connectivity) of rotational weight
Laplacian L controls the worst-case estimation error of so-
lutions to Problem 1 [5], [6]. We obtain a greater Fiedler
value and a lower worst-case estimation error by increasing
the number of edges. Meanwhile, increasing edges can be a
computational burden on the back-end, which is responsible
for solving the optimization problem [26]. To achieve smaller
estimation error and lower computational burden simultane-
ously, we adopt a trade-off optimization problem.

Let partition the edge set E as E = E0 ∪ Ec such that
E0 ∩ Ec = ∅, where E0 is a fixed set of edges and Ec is a
set of candidate edges. To guarantee the connectivity of the
graph, we will construct the set E0 from sequential odometric
measurements. The weighted (undirected) Laplacian L can be
represented as a sum of the Laplacians of the subgraphs in-
duced by each of its edges. Specifically, let L : Rm → SN×N

be the affine map constructing the total graph Laplacian from
a weighted combination of edges in Ec:

L(ω) := Lo +

m∑
k=1

ωkLc
k, (5)

where L0 is the Laplacian of the subgraph induced by E0, Lc
k

is the Laplacian of the subgraph induced by edge ek = {ik, jk}
of Ec, and ωk ∈ {0, 1} is a Boolean element. Also, we consider
the affine map A : Rm → SN×N such that

A(ω) := Ao +

m∑
k=1

ωkAc
k, (6)

where A0 and Ac
k are adjacency matrices defined analogously

as described above.
In a graph, adding an edge increases the Fiedler value λ2(L)

but at the same time also increases the largest eigenvalue
λN (A) of adjacency matrix [8]. Therefore, there is trade-
off between λ2(L) and −λN (A). To compute an appropriate
number of edges, we formulate the following optimization
problem:
Problem 2 (Spectral trade-off problem).

max
ω∈{0,1}m

(1− β)λ2(L(ω))− βλN (A(ω)) (7)

where ω := [ω1, · · · , ωm]⊤ and β ∈ [0, 1] is a weight which
represents the trade-off between λ2(L) and −λN (A). ■

We use a soft penalty (max−λN (A)) rather than a hard
constraint on the number of edges as in [7]. Further, there is an
appropriate number of edges for Problem 2 above since max-
imizing λ2(L) increases the number of edges and minimizing
λN (A) decreases the number of edges. Therefore, the number
of the remaining edges need not be pre-determined. All we
have to do is to decide a trade-off weight β. In addition, the
upper bound of the maximum degree of measurement graph
is suppressed by λN (A). By considering the minimization of
λN (A), we obtain a graph with evenly distributed edges. It
prevents the concentration of the edges to a few nodes. The
redundant information of measurement graph can be removed
efficiently, especially in the case of “lifelong” SLAM.

IV. MAIN RESULTS

In this section, we tailor Problem 2 to make it easier. The
optimization approach in our work is similar to [7] with the
primary difference being the addition of the cost term related
to the largest eigenvalue of adjacency matrix in place of an
explicit constraint on the number of edges. Since there is an
integer constraint on the element of ω, Problem 2 is difficult
to solve. We adopt Boolean relaxation [27]:
Problem 3 (Boolean relaxation of Problem 2).

max
ω∈[0,1]m

(1− β)λ2(L(ω))− βλN (A(ω)). (8)

■
As in [27], the largest eigenvalue of symmetric adjacency

matrix λN (A(ω)) can be represented as the pointwise supre-
mum of a family of linear functions of ω:

λN (A(ω)) = sup{y⊤A(ω)y : ∥y∥ = 1, y ∈ RN}, (9)
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so it is a convex function of ω. And λ2(L(ω)) is concave
on ω ∈ [0, 1]m [23]. Therefore, maximization of the sum of
two concave functions ((1− β)λ2(L(ω)) and −βλN (A(ω)))
on the linear constraint of ω as (8) is a convex optimization
problem.

To solve Problem 3, we employ the subgradient method.
The subgradient (it is supergradient for concave optimization)
method can be used for big problems such as m > 1000 [23].
In particular, we use the Frank-Wolfe method, which is useful
for solving a problem of the form in Problem 3. The Frank-
Wolfe method is one of the feasible direction methods. So,
it is necessary to have an initial feasible point [28]. Finding
the initial feasible point may be difficult if the constraint set
is specified by nonlinear inequality constraints. However, in
Problem 3, it is not difficult to satisfy since the constraint is
relaxed to ω ∈ [0, 1]m.

Let

F (ω) := (1− β)λ2(L(ω))− βλN (A(ω)). (10)

The most simple way to generate a feasible direction is to
solve the following problem:
Problem 4 (Direction-finding subproblem). Let us consider
any initial condition for ω ∈ [0, 1]m. The direction-finding
subproblem is to find the point s such that

max
s∈[0,1]m

s⊤F∇(ω), (11)

where F∇(ω) is a supergradient of F (ω). ■
As in Problem 4, the subproblem is a linear program, that

is easy to solve [28]. To solve Problem 4, it is necessary
to compute a supergradient of F (ω). As in (10), F (ω) is
a weighted sum of λ2(L(ω)) and −λN (A(ω)). The authors
of [7] provide a supergradient of λ2(L(ω)) in their Theorem
2. In the following lemma, we propose a supergradient of
−λN (A(ω)) in terms of an eigenvector corresponding to the
largest eigenvalue of adjacency matrix. In the subsequent theo-
rem, we show that a supergradient of F (ω) can be represented
as a weighted sum of the supergradient of λ2(L(ω)) and the
supergradient of −λN (A(ω)).

Lemma 1: (Supergradients of −λN (A(ω))). Let G(ω) :=
−λN (A(ω)) and p(ω) be any normalized eigenvector of A(ω)
corresponding to λN (A(ω)). Then,

G∇(ω) =
[
∂G
∂ω1

· · · ∂G
∂ωm

]⊤
,

∂G

∂ωk
= −p(ω)⊤Ac

kp(ω), (12)

is a supergradient of G at ω. ■
proof: Let

G(x) := −λN (A(x)), G(y) := −λN (A(y)). (13)

Then, we have

G(y)−G(x) = −λN (A(y)) + λN (A(x)). (14)

Let p and q represent any normalized eigenvectors corre-
sponding to λN (A(x)), and λN (A(y)), respectively. From the
definitions of p and q, (14) becomes

G(y)−G(x) = −q⊤A(y)q + p⊤A(x)p. (15)

From the definition of A(·) in (6), for k = 1, · · · ,m,

G∇(x)k :=
∂G

∂xk
= −p⊤Ac

kp. (16)

To show that G∇(x) = [G∇(x)1, · · · ,G∇(x)m]⊤ is a super-
gradient of G at x, let us compute G∇(x)⊤(y−x) as follows:

G∇(x)⊤(y − x) =
[
−p⊤Ac

1p · · · −p⊤Ac
mp

]  y1 − x1

...
ym − xm


= −

m∑
k=1

(yk − xk)p
⊤Ac

kp. (17)

By Rayleigh quotient for A(y), we have

q⊤A(y)q ≥ p⊤A(y)p, (18)

since q is an eigenvector corresponding to λN (A(y)). From
(6),

p⊤A(y)p = p⊤Aop+
m∑

k=1

ykp
⊤Ac

kp. (19)

For the second term in the right-hand side of (19),
m∑

k=1

ykp
⊤Ac

kp =

m∑
k=1

(yk + xk − xk)p
⊤Ac

kp

=

m∑
k=1

xkp
⊤Ac

kp+

m∑
k=1

(yk − xk)p
⊤Ac

kp. (20)

By applying (17) to the left-hand side of (20), we obtain
m∑

k=1

ykp
⊤Ac

kp =

m∑
k=1

xkp
⊤Ac

kp− G∇(x)⊤(y − x). (21)

From (18) and (19),

q⊤A(y)q ≥ p⊤A(y)p = p⊤Aop+

m∑
k=1

ykp
⊤Ac

kp. (22)

By applying (21) to the most right-hand side of (22),

q⊤A(y)q ≥ p⊤A(y)p

= p⊤Aop+

m∑
k=1

xkp
⊤Ac

kp− G∇(x)⊤(y − x)

= p⊤A(x)p− G∇(x)⊤(y − x) (23)

Since from (23),

−q⊤A(y)q + p⊤A(x)p ≤ G∇(x)⊤(y − x),

therefore, by G(y) and G(x) in (15), G(y) − G(x) ≤
G∇(x)⊤(y − x). The m elements of G∇(x) in (16) is a
supergradient of G at x. This completes the proof. □

In the next theorem, we provide a supergradient of F (ω).
Theorem 2: (Supergradients of F (ω)) Let H(ω) :=

λ2(L(ω)) and G(ω) := −λN (A(ω)). Then F (ω) = (1 −
β)H(ω) + βG(ω) and a supergradient of F (ω) is given as

F∇(ω) = (1− β)H∇(ω) + βG∇(ω)

=
[
∂F
∂ω1

· · · ∂F
∂ωm

]⊤
,

∂F

∂ωk
= (1− β)u(ω)⊤Lc

ku(ω)− βp(ω)⊤Ac
kp(ω), (24)
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where u(ω) is any normalized eigenvector corresponding to
λ2(L(ω)) and p(ω) is any normalized eigenvector correspond-
ing to λN (A(ω)). ■

proof: Let a supergradient of H at point x be h and a
supergradient of G at point x be g. By the definition of
supergradient, for every y,

H(y)−H(x) ≤ h⊤(y − x), (25)

G(y)−G(x) ≤ g⊤(y − x). (26)

By multiplying (1− β) with (25) and β with (26), we obtain

(1− β)(H(y)−H(x)) ≤ (1− β)(h⊤(y − x)), (27)

β(G(y)−G(x)) ≤ β(g⊤(y − x)). (28)

The sum of left-hand sides of (27) and (28) becomes

(1− β)(H(y)−H(x)) + β(G(y)−G(x)) = F (y)− F (x),
(29)

and it is upper-bounded by

F (y)− F (x) ≤ (1− β)(h⊤(y − x)) + β(g⊤(y − x))

= ((1− β)h+ βg)⊤(y − x). (30)

From this inequality, we conclude that (1 − β)h + βg is
a supergradient of F at x. By Theorem 2 in [7], h(ω) =
u(ω)⊤Lc

ku(ω) and by Lemma 1, g(ω) = −p(ω)⊤Ac
kp(ω).

Therefore, (1−β)u(ω)⊤Lc
ku(ω)−βp(ω)⊤Ac

kp(ω) is a super-
gradient of F (ω). This completes the proof. □

In Theorem 2, we compute a supergradient F∇(ω) to solve
Problem 4, which turns into a simple linear program. Now, we
provide a closed-form solution for Problem 4 by the following
theorem.

Theorem 3: (A closed-form solution to Problem 4). Let
S⋆ be the set containing the indices of positive elements of
F∇(ω). The vector s⋆ ∈ Rm with element k given by

s⋆k =

{
1, k ∈ S⋆,

0, otherwise,

is an optimizer for Problem 4. ■
proof: Problem 4 is reformulated as

max
s∈[0,1]m

m∑
k=1

sk

(
(1− β)u(ω)⊤Lc

ku(ω)− βp(ω)⊤Ac
kp(ω)

)
.

(31)

Then, (31) is a maximization problem. Thus, if
(
(1 −

β)u(ω)⊤Lc
ku(ω) − βp(ω)⊤Ac

kp(ω)
)

is positive, then assign
sk = 1, otherwise, sk = 0. This completes the proof. □

V. EXPERIMENTS

In this section, we conduct experiments to verify the
performance of the proposed algorithm on three benchmark
datasets, CSAIL, Intel, and Manhattan in MATLAB, and all
experiments were performed on a 3.6 GHz Intel i7-12700K
CPU. Two are real-world examples (CSAIL and Intel) and
the remainder is synthetic (Manhattan). The properties of
datasets are summarized in Table I. Here, “# nodes”, “#
measurements”, and “# loop closure” denote the number of
nodes, measurements, and loop closures, respectively.

Dataset Type # nodes # measurements # loop closure

CSAIL real 1045 1172 128

Intel real 1728 2512 785

Manhattan synthetic 3500 5453 1954

TABLE I: Summary of datasets.

We compare the proposed algorithm with that proposed in
[7]. The algorithm in [7] considers only the Fiedler value,
whereas our algorithm is a trade-off between the Fiedler value
and the largest eigenvalue of adjacency matrix. So as we have
discussed so far, our algorithm systematically determines the
number of edges for sparsification, when β is determined.
We obtain evenly distributed edges for measurement graph by
considering the largest eigenvalue of adjacency matrix, thus
redundant information concentrated on a few nodes is removed
efficiently.

The procedure of our experiments is as follows. Here, we
employ SE-Sync to perform pose-graph optimization [5], [29]–
[33]. First, we run our algorithm to obtain appropriate number
of (loop closure) edges. Second, we apply the same number of
edges obtained in the first step to the algorithm of [7]. Finally,
we compare our algorithm with the algorithm of [7] in terms
of the sum of translational and rotational errors. Here, the
error indicates the difference of “certain value” to be described
below between the graph with all existing measurements and
the graph with selected measurements.

As stated in Section III, the special Euclidean group SE(d)
comprises an arbitrary combination of translation and rotation.
In the case of translational error, we simply use the norm of
the difference between two translational state estimates. To
compare the two rotational state estimates X,Y ∈ SO(d)N ,
we employ the SO(d) orbit distance in [5]:

dS(X,Y ) ≜ min
G∈SO(d)

∥X −GY ∥F ,

For more details on computing the orbit distance, please refer
to Theorem 5 in [5]. For given X , Y ∈ SO(d)N , let

XY ⊤ = UΣV ⊤

be a singular value decomposition of XY ⊤ with Σ =
diag(σ1, · · · , σd) and σ1 ≥ · · · ≥ σd ≥ 0. Then the orbit
distance dS(X,Y ) is given by

dS(X,Y ) =
√
2dN − 2tr(ΞΣ)

where Ξ is the matrix

Ξ = diag(1, · · · , 1,det(UV ⊤)) ∈ Rd×d.

Here, we use two-dimensional data so d = 2 and N is given
the number of nodes as presented in Table I.

In Problem 2, we propose trade-off problem between λ2(L)
and λN (A). When a graph becomes bigger (i.e., the number
of nodes of a graph becomes bigger), the difference between
λ2(L) and λN (A) becomes larger. The trade-off optimization
might not work well if the orders of magnitude of λ2(L) and
λN (A) are very different. So for a large graph, we adopt a nor-
malization process for experiments. Let λ2,full be the Fiedler
value of measurement graph with all existing measurements
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Dataset Item Ours [7]

CSAIL # selected edges 16 16

error 4.4862 13.2455

maximum degree 5 5

normalized F 0.0925 -

Intel # selected edges 12 12

error 6.9420 9.3631

maximum degree 4 4

normalized F -0.2172 -

Manhattan # selected edges 60 60

error 533.5353 651.6766

maximum degree 5 4

normalized F -0.2590 -

TABLE II: Experimental results when β = 0.5.

and λN,full be the largest eigenvalue of adjacency matrix of
measurement graph with all existing measurements. Then let
us modify Problem 2 slightly as below:

max
ω∈{0,1}m

(1− β)
λ2(L(ω))

λ2,full
− β

λN (A(ω))

λN,full
. (32)

We use (32) for experiments since the differences between
λ2(L) and λN (A) are relatively large.

In experiments in Table II, we run our algorithm for 100
iterations and fix β = 0.5. In items, “# selected edges” means
the number of edges obtained from our algorithm, “error”
means the sum of translational error and rotational error,
“maximum degree” is the maximum degree of obtained graph,
and “normalized F ” is

F (ω) = (1− β)
λ2(L(ω))

λ2,full
− β

λN (A(ω))

λN,full
, (33)

as in (32).
As item “error” in Table II, our algorithm shows a lower

error than [7]. By considering the largest eigenvalue of adja-
cency matrix in objective function of optimization problem,
we suppress the upper bound of the maximum degree of mea-
surement graph. So, we obtain a graph with evenly distributed
loop closures and it lowers error as shown in Fig. 1. In Fig. 1,
the blue graph in the middle (based on the proposed approach)
is superimposed almost similar to the original red graph. In
contrast, the blue graph in the rightmost (based on [7]) is out
of line with the original red one.

For each dataset, the number of selected edges changes
along β, as shown in Fig. 2. Especially, in Manhattan dataset,
the number of selected edges remarkably decreases with an
increase in β. In Table III, we compute error, λ2(L), λN (A),
runtime (time), and runtime for obtaining λfull (time for
λfull) along β. Here, the item “λ2(L)” and “λN (A)” are
the Fiedler value of the obtained measurement graph and
the largest eigenvalue of adjacency matrix of the obtained
measurement graph. The abbreviation “b.r.” means the values
before rounding procedure. When β is close to zero (i.e. when
weighted to λ2(L)), the error tends to lower. However, still our
algorithm tends to show lower (10 cases out of 15 cases) or
the same (3 cases out of 15 cases) errors compared with the
algorithm in [7]. Comparing λ2(L), λN (A) and λ2(L) b.r.,

λN (A) b.r., it can be seen that the rounding procedure causes
degradation. These phenomena are also pointed out in [7].

In addition, as in Fig. 3, our maximization problem of F (ω)
in (33) is working well. For 100 iterations, F (ω) achieves
the maximum, and it maintains. Here, “NOE” represents the
number of selected edges.

In summary, we apply the proposed algorithm to CSAIL,
Intel, and Manhattan datasets. The proposed algorithm has
virtues twofold. First, it is scalable. For any dataset, the
number of involved edges for measurement graph is decided
when β is determined. And trade-off weight β ∈ [0, 1] can
be the same on the different datasets. Second, since our
algorithm considers the largest eigenvalue of adjacency matrix
in objective function, in most cases, it has a lower error than
the algorithm in [7] for the same number of measurements.

VI. CONCLUSION

In this paper, we address the problem of measurement
sparsification for pose-graph SLAM. In resource-constrained
pose-graph SLAM, a larger number of edges results in a larger
computational burden. Meanwhile, the amount of information
in the graph decreases with a decrease in the number of edges.
Therefore, a balance point should be determined. In this light,
we formulate a trade-off optimization problem between the
maximization of the second smallest eigenvalue of Laplacian
matrix and the minimization of the largest eigenvalue of
adjacency matrix because the second smallest eigenvalue of
Laplacian matrix and the largest eigenvalue of adjacency
matrix increase with an increase in the number of edges.
Our algorithm employs a soft penalty term on increasing the
number of edges instead of a hard constraint on the number
of edges. So it decides the appropriate number of edges for
measurement graph and it is unnecessary to pre-determine
the remaining number of edges. In addition, considering the
minimization of the largest eigenvalue of adjacency matrix, the
edges of measurement graph are distributed evenly. To verify
the performance of the proposed algorithm, we implement our
algorithm in MATLAB, using CSAIL, Intel, and Manhattan
datasets.
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Fig. 1: Comparison of our approach with [7]. Pose-graph optimization results for CSAIL dataset. The leftmost red graph is a
graph with all existing measurements. The middle graph is a superimposed graph of the red graph and a blue graph based on
our approach. The rightmost graph is a superimposed graph of the red graph and a blue graph based on [7].
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