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The Kinematics of Constant Curvature Continuum
Robots Through Three Segments

Yucheng Li, David H. Myszka, and Andrew P. Murray

Abstract—This letter investigates the mathematical relation-
ships between the positions and orientations at the segment tips of
a piecewise constant curvature (PCC) continuum robot with up to
three segments. For one-segment, a reachability criterion is pro-
posed, simplifying the calculation of the neighboring orientation.
For two-segments, a reachability criterion is proposed and the re-
dundancy of its inverse kinematics solution is found, establishing
a circle of tip locations. For three-segments, the redundancy of
the inverse kinematics includes tips that lie on a sphere providing
a closed-form solution to the inverse kinematics problem. These
relationships are derived from the unique characteristics of the
bisecting plane of a single segment. The degenerate cases for the
solutions are also addressed. These outcomes stem from a specific
PCC parametrization, with implications extending to the general
PCC model. Note that this study is grounded solely in simulation.

Index Terms—Kinematics, formal methods in robotics and au-
tomation, soft robot applications, constant curvature, continuum
robots.

I. INTRODUCTION

THE concept of continuum robots is inspired by biolog-
ical organisms including snakes, octopus tentacles, and

elephant trunks to emulate their impressive flexibility and
shape-changing abilities [1]. With infinite degrees of freedom
(DoF), continuum robots are capable of adapting to various
environments and navigating within constrained spaces [2].
Continuum robots show promise in medical [3] and industrial
applications [4]. Research investigations include both experi-
mental [5] and theoretical pursuits [6], [7].

The mathematical modeling of a continuum robot includes
its kinematics, force distribution, and material mechanics,
effectively capturing its motion and physical characteristics [8].
The backbone of a continuum robot is a continuous spatial
curve that characterizes the robot’s shape and its spatial posi-
tioning [9]. Various models can represent the backbone’s shape
including variable curvature kinematic models [10], modal
techniques [11], and piecewise kinematics approaches [12].
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Although discrete models of continuum robots are known to
be less accurate than continuous models due to the influence
of external and body loads, friction, and other factors, they still
have advantages [13]. One such advantage is their ability to ap-
proximate robot kinematics using diverse elements, including
pseudo-rigid bodies [12], the absolute nodal coordinates [14],
and the piecewise constant strain [15]. Using discrete elements
facilitates the integration of rigid-body techniques in modeling
the nonlinear behavior of continuum robots and analyzing
their dynamics. The piecewise constant curvature (PCC) model
represents a continuum robot as a sequence of PCC elements,
where all states except for bending are set to zero and is a
special case of the piecewise constant strain model [16], [17].
Continuum robots in use demonstrate deviations from the PCC
model [8] especially under significant external forces [14]. Yet,
the PCC model provides a close approximation to the shape
of several in-use continuum and soft robot designs including
the PneuNet [18] and FREE [19]. As such, geometric insights
and inverse kinematic solutions can be directly applied to
the design and control of such robots. Direct and quantitative
comparisons of the accuracy of the PCC model are in [20].

The kinematics of continuum robots involves two key
mappings: the mapping that relates the joint variables to the
configuration parameters [21], and the mapping that relates
the configuration parameters to the end-effector pose [1].
Many researchers use the PCC model for kinematic mappings,
including Neppalli et al. [22], Xu and Simaan [23], and
Zhao et al. [24]. Despite the existence of numerous studies
on the kinematics of continuum robots in the literature [1],
[8], the analysis of reachability and redundancy in the inverse
kinematics remains an unresolved issue [13], [25].

Although Jacobian-based solutions to the inverse kinematics
are widely implemented [26], [27], [28], they have significant
computational time depending on the end-effector pose, and
singularity issues, especially when redundancies exist. Further-
more, these approaches do not offer sufficient insight into the
kinematics, leading to path planning and control complications.
Lu et al. [29] proposed a computationally efficient inverse kine-
matics numerical method for an inextensible continuum robot
utilizing the Kepler oval. Wang et al. [7] numerically solved the
inverse kinematics of one or two inextensible segments with a
one-dimensional nonlinear equation. Some inverse kinematics
approaches use a spatial curve to approximate the robot’s entire
backbone [30], [31], [32].

Closed-form solutions to the inverse kinematics problem
for two-segment continuum robots are achieved by utilizing
quaternions [6]. That research includes identifying the interme-
diate tip’s location, situated along an elliptical curve on a plane.
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Additionally, the work notes that a three-segment continuum
robot can achieve the six-DoF at the end-effector, resulting in
three-DoF redundancy in the solutions.

This letter proposes closed-form, simulation-based, solutions
to the inverse kinematics of continuum robots with up to three
segments, along with reachability criteria of one- and two-
segment continuum robots that address degenerate cases in the
solutions. To gain geometric insight into the inverse kinematics
of continuum robots, this letter conducts a redundancy analysis
that leads to the identification of the tip circle and tip sphere as
the closed-form solutions to the inverse kinematics problems of
two- and three-segment continuum robots, respectively. These
geometric findings are obtained by analyzing the features of
the bisecting plane of a one-segment continuum robot, which
provides a comprehensive explanation of the strongly coupled
relationship between the position and orientation at the end-
effector. An important distinction is that the analysis in this
letter focuses on tip positions and orientations without relying
on joint variables, while prior works in [1] and [21] focus on
joint variables and their mathematical relationships.

The remainder of the letter is organized as follows: Sec. II
provides an overview of the mapping between the configura-
tion parameters and the tip poses of PCC continuum robots.
Section III introduces the bisecting plane, the reachability
criterion of one-segment continuum robots, and the simplified
calculation between the neighboring orientations. Section IV
proposes the reachability criterion of two-segment continuum
robots, investigates the kinematic redundancy in the inverse
kinematics problem of two-segment continuum robots, and
introduces the tip circle. Section V investigates the kinematic
redundancy in the inverse kinematics problem of three-segment
continuum robots, and introduces the tip sphere. Section VI
discusses the degenerate cases in the inverse kinematics of
two- and three-segment continuum robots. Lastly, Sec. VII
concludes the letter.

II. BACKGROUND: PCC FORWARD KINEMATICS

In the PCC model, a continuum robot is characterized by a
spatial curve that is constructed using a sequence of circular
arcs, which are tangentially connected and aligned end-to-end.
This spatial curve is commonly referred to as the backbone
of the continuum robot, where each circular arc corresponds
to a distinct segment of the robot. The points of tangential
alignment between neighboring segments are denoted as tips.

This letter utilizes the notation d j
i ∈R3 to denote the vector

from tip j to tip i and R j
i ∈ SO(3) for the rotation matrix

between their corresponding orientations relative to frame j.
Without loss of generality, it is assumed that the base position
of the continuum robot is situated at the origin, while the
base orientation is represented by the identity matrix I3×3. To
simplify the notation, a single subscript di is utilized instead of
d0

i to denote the distance between the base and tip i. Similarly,
the rotation matrix between the orientations of the base and
tip i is represented by Ri, as illustrated in Fig. 1.

The specification of a segment in the configuration space
relies on three parameters: the bending angle θi ∈ [0, 2π),
the azimuth angle φi ∈ (−π, π], and the segment arc length

Fig. 1. A schematic of one bent segment of a continuum robot. The point p
may be arbitrarily selected on the bisecting plane.

Li ∈R+. The mapping from the three configuration parameters
to the segment tip pose is represented by the transformation
T i−1

i ∈ SE(3),

T i−1
i =

[
Ri−1

i di−1
i

0ᵀ 1

]
, (1)

where the rotation matrix is

Ri−1
i =Z(φi)Y (θi)Z(−φi), (2)

where Z and Y are intrinsic rotations around the {0, 0, 1}ᵀ
and {0, 1, 0}ᵀ axes, respectively. Expanding Ri−1

i reveals that
the three columns correspond to the x-, y-, and z-axes of
frame i in the local reference frame i−1,

xi−1
i =

cos2 φi(cosθi−1)+1
sinφi cosφi(cosθi−1)
−cosφi sinθi

 , (3)

yi−1
i =


sinφi cosφi(cosθi−1)
sin2

φi(cosθi−1)+1
−sinφi sinθi

 , (4)

zi−1
i =

cosφi sinθi
sinφi sinθi

cosθi

 . (5)

The transformation in Eq. (1) relates the neighboring tip
frames i− 1 and i, enabling the successive calculation of the
orientation of tip i in the fixed frame,

Ri =Ri−1R
i−1
i . (6)

The distance between tips i− 1 and i in the local reference
frame i−1 is

di−1
i = ri

cosφi(1− cosθi)
sinφi(1− cosθi)

sinθi

 , (7)

where ri = Li/θi is the bending radius of the segment. When
the bending angle θi = 0, the translation vector is observed to
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be di−1
i = {0, 0, Li}ᵀ. Similar to Eq. (6), the position of tip i

in the fixed frame is

di = di−1 +Ri−1d
i−1
i . (8)

Thus, given the configuration parameters θi, φi, and Li for
i = 1, . . . ,n segments of a continuum robot, Eqs. (2) to (8) can
be used to calculate the tip poses relative to the fixed frame.

In the local reference frame, the distance between tips i−
1 and i can be written as the magnitude of the distance ci
multiplied by the unit vector between the tips ei−1

i ,

di−1
i = cie

i−1
i , (9)

where,

ci =
∥∥di−1

i

∥∥={2ri sin θi
2 , θi 6= 0,

Li, θi = 0,
(10)

and,

ei−1
i =

di−1
i∥∥di−1
i

∥∥ =


sin θi

2 cosφi

sin θi
2 sinφi

cos θi
2

 . (11)

The unit vector of segment i in the fixed frame is

ei =Ri−1e
i−1
i =

di−di−1

‖di−di−1‖
. (12)

The three configuration parameters for each segment are
calculated, in sequence from the base to the end-effector, with
knowledge of the tip positions and the base frame. Equation (8)
is first used to determine the tip’s local position relative to its
corresponding segment base. The bending and azimuth angles
are then calculated with Eq. (11), and the segment length is
determined using Eq. (10). This process extends to solving for
the inverse kinematics problems of two- and three-segment
continuum robots. In particular, the vector ei proves useful
throughout the subsequent derivations.

III. ONE-SEGMENT CONTINUUM ROBOT

This section presents the relationships for a single segment
of a PCC continuum robot. The kinematic attributes of the seg-
ment are derived from the geometric properties of its bisecting
plane, providing a foundation for subsequent sections in this
letter. Specifically, the derivations of Eq. (33) in Sec. IV-A,
Eqs. (39), (40), and (41) in Sec. IV-C, and Eq. (47) in Sec. V-A.
In addition, the reachability of one-segment continuum robots
is investigated, along with a simplified method for calculating
orientations between neighboring frames relative to the fixed
frame.

A. The Bisecting Plane

The bisecting plane of segment i is defined as the set of
points equidistant from tips i− 1 and i. This plane intersects
the midpoint between the neighboring tips and is perpendicular
to the vector di−di−1 connecting them. Selecting an arbitrary
point p on the bisecting plane as shown in Fig. 1,

p=
di−1 +di

2
+ t, (13)

where t is any vector such that

(di−di−1) · t= 0. (14)

The bisecting plane has three properties. First, the angle
between xi−1 and di−1−p is equal to the angle between xi
and di−p,

xi−1 · (p−di−1) = xi · (p−di). (15)

Without loss of generality, Eq. (15) is shown by considering
when i− 1 = 0. Substituting di−1

i (which is now d1) from
Eq. (7) into Eq. (14) and letting t= {t0, t1, t2}ᵀ, where t0 and
t1 are arbitrarily selected,

t2 =
cosθ1−1

sinθ1
(t0 cosφ1 + t1 sinφ1). (16)

Substituting xi−1
i (which is now x1) from Eq. (3) and p from

Eq. (13) into Eq. (15),

x0 · (p−d0) =x1 · (p−d1)

=
L1

2θ1
cosφ1(cosθ1−1)− t0,

(17)

proving the relationship.
Second, the angle between yi−1 and di−1−p is equivalent

to the angle between yi and di−p,

yi−1 · (p−di−1) = yi · (p−di). (18)

Third, the cosine of the angle between zi−1 and di−1−p is
the negative of the cosine of the angle between zi and di−p,
producing

zi−1 · (p−di−1) =−zi · (p−di). (19)

Note that the second and third properties are proven via a
similar approach to the first property.

B. Reachability of One-Segment Continuum Robot

A criterion for the reachable position and orientation of a
PCC continuum robot with a single segment can be identi-
fied. From Eq. (13), let t = 0 such that p is the midpoint
of the neighboring tips i− 1 and i. Under this condition,
Eqs. (15), (18), and (19) become

xi−1 · (di−di−1) =−xi · (di−di−1),

yi−1 · (di−di−1) =−yi · (di−di−1),

zi−1 · (di−di−1) =zi · (di−di−1).

(20)

A segment being a circular arc has a corresponding chord that
identifies the distance between neighboring tips. Equation (20)
highlights the properties of this chord.

Considering the relationships in x, adding one-half times
the result of Eq. (20) to (15), and substituting Eq. (13),

(xi−xi−1) · t=0,
(yi−yi−1) · t=0,
(zi +zi−1) · t=0,

(21)

where the y and z equations are generated similarly. Thus,
xi−xi−1 is perpendicular to any value of t selected in the
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bisecting plane. As t is also perpendicular to the chord of
segment i, xi−xi−1 and di−di−1 are parallel,

xi−xi−1 ‖ di−di−1. (22)

Likewise,
yi−yi−1 ‖ di−di−1, (23)

and,
zi +zi−1 ‖ di−di−1. (24)

The reachability criterion may now be explicitly stated.
Let any two frames Ri−1, Ri, di−1, and di be given. If
Eqs. (22) to (24) are satisfied then these frames correspond
to the neighboring frames of a one-segment continuum robot.

C. Orientation Calculation of Neighboring Frame
The rotation matrix relating neighboring frames may now be

deduced from this reachability criterion. Let Ri−1, di−1, and
di, be given. The orientation Ri can be derived as follows.

From Eqs. (12) and (22) to (24),

ei =
di−di−1

‖di−di−1‖
=

xi−xi−1

‖xi−xi−1‖

=
yi−yi−1

‖yi−yi−1‖
=

zi +zi−1

‖zi +zi−1‖
.

(25)

Any one of these four statements may be used if one (or more)
of them have a denominator of 0.

Substituting ‖xi−xi−1‖= eᵀi (xi−xi−1) into Eq. (25),

eie
ᵀ
i (xi−xi−1) = xi−xi−1. (26)

Combining Eqs. (25) and (20),

ei ·xi =−ei ·xi−1. (27)

Substituting Eq. (27) into (26), the x-axis of frame i is

xi = (I−2eie
ᵀ
i )xi−1. (28)

Via a similar approach, the y- and z-axes of frame i are found
to be

yi = (I−2eie
ᵀ
i )yi−1, (29)

and,
zi =−(I−2eie

ᵀ
i )zi−1. (30)

Collecting Eqs. (28) to (30), the orientation of frame i is

Ri =
(
I−2eie

T
i
)
Ri−1

1 0 0
0 1 0
0 0 −1

 . (31)

Thus, given the position of both neighboring tips i−1 and i and
the orientation of tip i−1, Eq. (31) determines the orientation
of tip i eliminating the determination of the configuration
parameters.

IV. TWO-SEGMENT CONTINUUM ROBOT

This section presents the necessary conditions for a two-
segment PCC continuum robot to attain a specified position
and orientation at its end-effector. The general case is consid-
ered, where Ri−1 6=Ri+1 and di−1 6= di+1. Degenerate cases
are discussed in Sec. VI. Additionally, the inverse kinematics
problem of the two-segment continuum robot is investigated,
offering geometric insight into the redundancy of the solutions.

A. Reachability of Two-Segment Continuum Robot

A criterion for the reachable position and orientation of a
two-segment PCC continuum robot can be identified as the
frames of two ends are related by six parameters. The plane
determined by tips i− 1, i, and i + 1 is referred to as the
tip plane. The normal vector to the tip plane may be readily
determined. To simplify the notation, a single subscript si is
utilized to denote the normal vector of the plane that intersects
di−1, di, and di+1. From the definition, si is perpendicular to
the vector between both ends of the two-segment continuum
robot,

(di+1−di−1) ·si = 0. (32)

Note that si has the same properties as the vector t from
Eq. (14) for both segments i and i+1. From Eq. (21),

xi−1 ·si = xi ·si = xi+1 ·si,

yi−1 ·si = yi ·si = yi+1 ·si,

zi−1 ·si =−zi ·si = zi+1 ·si,

(33)

producing
(Ri+1−Ri−1)

ᵀsi = 0. (34)

From Eq. (34), without knowing di−1, di, and di+1, the vector
si can be calculated as 0 −sz sy

sz 0 −sx
−sy sx 0

=Rᵀ
i−1Ri+1−Rᵀ

i+1Ri−1,

si =Ri−1
{

sx, sy, sz
}ᵀ

.

(35)

The vector si serves not only as the normal vector to the plane
formed by the three tips but also as the rotation axis between
Ri−1 and Ri+1 in the fixed frame.

The reachability criterion for a two-segment continuum
robot may now be explicitly stated. Let any two frames Ri−1,
Ri+1, di−1, and di+1 be given. Satisfying Eq. (32) is sufficient
to ensure the reachability of a two-segment continuum robot.
Observe that this statement does not allow for Ri+1 and di+1 to
be selected arbitrarily. The two-segment reachability criterion
is consistent with the result from the literature that, even
though there are six parameters associated with a two-segment
continuum robot, the location of the second frame may not be
arbitrarily selected. For the same Ri+1, Eq. (32) indicates that
all possible di+1 form a tip plane.

B. Kinematic Redundancy of Two-Segment Continuum Robot

The end-effector of a two-segment continuum robot has
been found to possess five-DoF through Jacobian rank cal-
culations [26], [6]. However, since a two-segment continuum
robot has six-DoF (three-DoF for each segment), indicating a
one-DoF redundancy in the inverse kinematics problem. This
section investigates the kinematic redundancy present in a two-
segment continuum robot. This is achieved by analyzing the
feasible positions of the middle tip, denoted as di, using the
position and orientations at the two ends of the robot, namely
Ri−1, Ri+1, di−1, and di+1 such that the previous reachability
condition is satisfied.

With si determined by the rotation axis between Ri−1 and
Ri+1 from Eq. (35), the tip plane that includes di is now
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explicit. Note that si is in the bisecting planes of segments
i and i+1 from Eq. (33). Due to the equality in Eq. (33), the
angle between zi−1 and si and the angle between zi and si
are observed to be supplementary, making these vectors have
equal angles to opposite sides of the tip plane. Thus, the set
of all possible zi forms a “cone” around the axis si, with zi−1
located on the opposite side of the tip plane as shown in Fig. 2.

Fig. 2. The tip circle of a two-segment continuum robot is shown in red. The
two bisecting planes and the tip plane intersect at the center of the circle u
and si is normal to the tip plane. The cone through di shows all possible zi
that solve the inverse kinematics problem.

A specific solution for zi can be identified by specifying a
rotation angle η ∈ [0, 2π),

zi =−R(si, η)zi−1, (36)

where R(si, η) is a rotation by η around the axis si. Note
that the vectors xi and yi remain unspecified at this time.

The corresponding di is now calculated. Considering the
relationships in z, Eq. (20) can be rewritten as

zi−1 · (di−di−1) = zi · (di−di−1),

zi · (di+1−di) = zi+1 · (di+1−di).
(37)

Combining the definition of si with Eq. (37),

di =

 sᵀi
(zi−zi−1)

ᵀ

(zi+1−zi)
ᵀ

−1 si ·di−1
(zi−zi−1) ·di−1
(zi+1−zi) ·di+1

 . (38)

This computation capitalizes on the redundancy in a two-
segment continuum robot by utilizing η , which serves to define
the value of the middle tip di. With the determination of di,
the value of Ri is uniquely determined from Eq. (31).

C. The Tip Circle

Assume no specific configuration for the two-segment con-
tinuum robot is yet identified. Three planes have been iden-
tified for this robot, the tip plane and the bisecting planes of
segments i and i+ 1. The three planes intersect at a point,
denoted u. Note that u may be substituted for p in Eq. (13)

for both segments i and i+1. From the definition of the normal
vector si and the fact that the intersection point u lies on the
tip plane,

(di−u) ·si = 0. (39)

From Eqs. (15), (18), and (19) and the fact that the intersection
point u lies on both bisecting planes,

xi−1 · (u−di−1) = · · ·= xi+1 · (u−di+1),

yi−1 · (u−di−1) = · · ·= yi+1 · (u−di+1),

zi−1 · (u−di−1) = · · ·= zi+1 · (u−di+1).

(40)

Additionally, u is equidistant from di−1, di, and di+1,

‖u−di−1‖= ‖u−di‖= ‖u−di+1‖. (41)

Equations (39), (40), and (41) produce

u=

 sᵀi
(zi−1−zi+1)

ᵀ

(di−1−di+1)
ᵀ

−1
si ·di−1

zi−1 ·di−1−zi+1 ·di+1
1
2 (di−1 ·di−1−di+1 ·di+1)

 .

(42)
Note that if the z instance of Eq. (42) is identically 0, the x or
y equation is used instead. Examining Eq. (41), the set of all
possible di are observed to lie on a tip circle centered about
the intersection point u and in the tip plane. The identification
of the tip circle of a two-segment continuum robot addresses
the inverse kinematics problem.

The inverse kinematics problem in a two-segment continuum
robot is now readily solved with knowledge of the base and
end-effector position and orientations. The tip circle center u is
calculated using Eq. (42). The tip circle’s radius is determined
as the distance between u and di−1 or di+1. A circle centered at
u is constructed, perpendicular to vector si, which is calculated
using Eq. (35). Any point on this circle is selected as di to
obtain a solution for the inverse kinematics problem. Once the
positions for all tips are known, all configuration parameters
are obtained using the method in the last paragraph of Sec. II.
A video illustrates the kinematic redundancy [33].

V. THREE-SEGMENT CONTINUUM ROBOT

A three-segment continuum robot has six-DoF at the end-
effector. This is the minimum number of segments needed to
arbitrarily place an end-effector frame. However, since a three-
segment continuum robot has nine-DoF (three-DoF for each
segment), indicating a three-DoF redundancy in the inverse
kinematics problem. This section investigates the kinematic
redundancy present in a three-segment continuum robot. This
is achieved by analyzing the feasible positions of tips i and
i+1, using the positions and orientations at the two ends of the
robot, namely Ri−1, Ri+2, di−1, and di+2. The four tips of the
continuum robot are assumed to not be coplanar, a degenerate
case discussed in Sec. VI.

A. Kinematic Redundancy of Three-Segment Continuum Robot

To address the inverse kinematics problem of a three-
segment continuum robot, the conversion of the three-DoF
redundancy into a one-DoF redundancy problem is first con-
ducted. This is achieved by arbitrarily specifying two param-
eters, θi and φi, in the configuration space. The next step
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involves calculating the corresponding positions of di and di+1
to solve the inverse kinematics problem. From Eqs. (2) and (6),
the orientation Ri is specified by Ri−1, θi, and φi,

Ri =Ri−1Z(φi)Y (θi)Z(−φi). (43)

From Eq. (12),

di = di−1 + ciRi−1e
i−1
i . (44)

where the chord length ci is the only unknown. The value of
di has to satisfy Eq. (32),

(di+2−di) ·si+1 = 0, (45)

where the vector si+1 can be calculated as the rotation axis
between Ri and Ri+2 in the fixed frame via a similar approach
in Eq. (35). Substituting Eq. (44) into (45), the chord length
ci is calculated as

ci =
(di+2−di−1) ·si+1

Ri−1e
i−1
i ·si+1

. (46)

The value of di is now calculated by substituting ci into
Eq. (44). The tip circle for all possible locations of di+1 is
now specified by Eq. (42). With the determination of di+1, the
value of Ri+1 is uniquely determined from Eq. (31). Thus, the
selection of three parameters, θi, φi, and then η to identify
di+1 on the tip circle, the above calculations identify a unique
configuration for a three-segment continuum robot dependent
on the three-DoF redundancy.

B. The Tip Sphere

Assume no configuration for the three-segment continuum
robot is yet identified. This robot has three bisecting planes,
one plane corresponding to each segment. The three bisecting
planes intersect at the point o. From Eqs. (15), (18), and (19)
and the fact that the intersection point o lies on the all three
bisecting planes,

xi−1 · (o−di−1) = · · ·= xi+2 · (o−di+2),

yi−1 · (o−di−1) = · · ·= yi+2 · (o−di+2),

zi−1 · (o−di−1) = · · ·=−zi+2 · (o−di+2),

(47)

producing

o=

(xi−1−xi+2)
ᵀ

(yi−1−yi+2)
ᵀ

(zi−1 +zi+2)
ᵀ

−1xi−1 ·di−1−xi+2 ·di+2
yi−1 ·di−1−yi+2 ·di+2
zi−1 ·di−1 +zi+2 ·di+2

 . (48)

Since o is equidistant from di−1, di, di+1, and di+2, the set
of all possible di and di+1 must lie on a tip sphere centered
about the intersection point o as shown in Fig. 3.

The inverse kinematics problem in a three-segment con-
tinuum robot is now readily solved with knowledge of the
base and end-effector position and orientations. The tip sphere
center o is calculated using Eq. (48). The tip sphere’s radius
is determined as the distance between o and di−1 or di+2. A
sphere centered at o is constructed. Any point on this sphere
is selected as one of the unknown tips, di or di+1. The other
tip is now reduced to a location on the tip circle obtained
from Eq. (42). Once the positions for all tips are known, all
configuration parameters are obtained using the method in the

last paragraph of Sec. II. A video was produced to illustrate
the kinematic redundancy [33].

An alternative method for identifying three-DoF redun-
dancy involves selecting three configuration parameters, as
in specifying the lengths of three segments in the inverse
kinematics. Currently, closed-form solutions for this scenario
are not available, necessitating the use of numerical methods
for solutions. Another approach is to define the orientation of
an intermediate tip, solving for both unknown intermediate tip
positions. Due to the reachability criteria in Eqs. (22), (23),
and (24), specifying an orientation equates to selecting a pair
of bending and azimuth angles of a segment, representing two
DoFs. The position of the chosen tip must lie along a line
defined by Eq. (25). Note that, this line intersects with the
tip sphere at two distinct points, effectively determining the
position of the chosen tip. To determine the third DoF, the
position of the other unknown intermediate tip on the relevant
tip circle, derived from Eq. (42), is specified.

VI. DEGENERATE CASES

Degenerate cases for the solutions to the inverse kinematics
problems of two- and three-segment continuum robots are now
considered.

A. Two-Segment Continuum Robot

For a two-segment continuum robot, degenerate cases arise
when the matrix in Eq. (42) is non-invertible. There are
three cases that cause this condition. The first case occurs
when Ri−1 6=Ri+1, di−1 = di+1. Substituting di−1 = di+1 into
Eq. (38),

di =

 sᵀi
(zi−zi−1)

ᵀ

(zi+1−zi)
ᵀ

−1 sᵀi
(zi−zi−1)

ᵀ

(zi+1−zi)
ᵀ

di−1, (49)

revealing that
di−1 = di = di+1, (50)

and the tip circle collapses to a single point. Observe from
Eq. (10) that ci = 0 and Li must be 0 as Ri−1 6=Ri+1 would
violate the choice of θi = 2π .

The second case occurs when Ri−1 = Ri+1, di−1 6= di+1.
From Eq. (34), si is observed to be arbitrary. From Eq. (31),
the relationship between Ri−1 and Ri+1 is

Ri+1 =
(
I−2ei+1e

T
i+1
)(

I−2eie
T
i
)
Ri−1. (51)

With Ri−1 =Ri+1, this is true when

ei =±ei+1. (52)

Since di−1 6= di+1, di has to lie on the line that intersects
di−1 and di+1 to satisfy Eq. (52). This scenario corresponds
to a straight configuration of the robot in which all three
tips are collinear, ensuring the equality of the base and
end-effector orientations. The end-effector’s position can be
selected arbitrarily. The orientation of the intermediate tip can
be determined using Eq. (31).
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Fig. 3. (a) The three bisecting planes of a three-segment continuum robot intersect at the center of the tip sphere. (b) The tip sphere includes all possible
locations of the tips of a three-segment continuum robot with given positions and orientations at both ends.

The final case occurs when Ri−1 = Ri+1, di−1 = di+1.
The orientations being equal, Eqs. (51) and (52) apply. Since
di−1 = di+1,

−ei =
di−1−di

‖di−1−di‖
=

di+1−di

‖di+1−di‖
= ei+1, (53)

satisfying Eq. (52) for any choice of di. The resulting two-
segment robot configuration is a circle comprised of the two
segments.

B. Three-Segment Continuum Robot

For a three-segment continuum robot, two degenerate cases
may arise. The first case occurs when di−1 = di+2, and the
matrix in Eq. (48) is invertible. Substituting di−1 = di+2 into
Eq. (48), results in

di−1 = di = di+1 = di+2, (54)

and the tip sphere collapses to a single point. Observe from
Eq. (10) that ci = 0 and Li must be 0 as Ri−1 6=Ri+2 would
violate the choice of θi = 2π .

The second case arises when the matrix in Eq. (48) is non-
invertable, which occurs when si = si+1, and the two tip planes
are the same because they must intersect di and di+1. Thus,
the four tips are coplanar. From si = si+1 and Eq. (33),

xi−1 ·si = · · ·= xi+2 ·si,

yi−1 ·si = · · ·= yi+2 ·si,

zi−1 ·si = · · ·=−zi+2 ·si.

(55)

Rotation matrices Ri−1 and Ri+2 that satisfy Eq. (55) have
the property that

xi−1−xi+2 ‖ yi−1−yi+2 ‖ zi−1 +zi+2. (56)

Thus, the matrix in Eq. (48) is non-invertible and, further, has
rank 1 as shown in Appendix.

The following process is used to define the plane for the
degenerate tip sphere. First, find a vector ei in the degenerate
plane and specify the value of Ri. If di−1 6= di+2, use Eq. (25)
with the difference of i−1 and i+2, resulting in a vector ei
in the degenerate plane. Otherwise, if di−1 = di+2, then ei

can be selected arbitrarily. Having ei, the corresponding Ri is
obtained using Eq. (31). Second, determine the normal vector
of the degenerate plane. If Ri 6=Ri+2, then si+1 is determined
from the rotation axis between Ri and Ri+2 using Eq. (35).
Otherwise, if Ri = Ri+2, then si+1 is determined from the
rotation axis between Ri−1 and Ri+2 using Eq. (35). Having
di−1, di+2, and si+1, the equation of the degenerate plane is
readily determined. Any point in this plane may be selected
as di and the corresponding Ri calculated using Eq. (31). The
remaining tip, di+1, sits on the tip circle that lies in this plane
and passes through di and di+2.

VII. CONCLUSION

This letter presents the kinematic analysis for general PCC
continuum robots through three segments. The analysis starts
by identifying the characteristics of a one-segment continuum
robot. Utilizing these properties, reachability criteria are pro-
posed that can be employed to determine if a given position and
orientation are reachable by a one- or two-segment continuum
robot. Using the criterion of a one-segment continuum robot,
the calculation between neighboring orientations is simplified.
Moreover, the investigation of the kinematic redundancy of
two- and three-segment continuum robots reveals that the
possible positions of the tips of a two- and three-segment
continuum robot lie on the same circle and the same sphere,
respectively. The closed-form solutions to the inverse kinemat-
ics problems of two- and three-segment continuum robots are
provided and the degenerate cases are considered.

APPENDIX: PROOF OF EQUATION (56)

The following statements prove Eq. (56). With any two
rotation matrices R0 and R1, there exists a rotation axis s 6= 0
such that

Rᵀ
0s=Rᵀ

1s, (57)

producing

(x0−x1) ·s= (y0−y1) ·s= (z0−z1) ·s= 0. (58)
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Given that ∣∣∣∣∣∣
(x0−x1)

ᵀ

(y0−y1)
ᵀ

(z0 +z1)
ᵀ

∣∣∣∣∣∣= 0, (59)

then,
α(x0−x1)+β (y0−y1) = z0 +z1, (60)

where α and β are constants. Taking the dot product of both
sides of Eq. (60) with s and substituting the x and y instances
of Eq. (58), produces

(z0 +z1) ·s= 0. (61)

From Eq. (61) and the z instance of Eq. (58), s is perpendicular
to both z0 and z1, producing

s= α0x0 +β0y0 = α1x1 +β1y1, (62)

where α0, α1, β0, and β1 are constants. Substituting Eq. (62)
into (57) produces α0 = α1 and β0 = β1,

α0(x0−x1)+β0(y0−y1) = 0. (63)

From Eqs. (60) and (63),

x0−x1 ‖ y0−y1 ‖ z0 +z1. (64)

Thus, if the matrix in Eq. (59) is non-invertible, then Eq. (64)
has to be satisfied.
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