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Optimization Design Method of Tendon-Sheath
Transmission Path Under Curvature Constraint
Yanan Li , Weining Lu, Yu Liu , Deshan Meng , Member, IEEE, Xueqian Wang , and Bin Liang

Abstract—The application requirements of the tendon-sheath
mechanism in the field of precision machinery are becoming in-
creasingly extensive. However, the contact friction between the
tendon and sheath seriously affects the transmission accuracy. In
the case of unavoidable friction, optimizing the tendon transmission
path to reduce tension loss and elastic deformation has become
an important research direction. In this article, the influence law
of the tendon transmission path on the tension and displacement
transmission is obtained using the two parameters related to the
curvature of the transmission path: total bending angle and equiv-
alent tendon length. Then, based on the optimal control theory
and minimum principle, the different transmission path solutions
of the minimum tension loss, the minimum tendon deformation,
and the coupling of tension and displacement are obtained; the
numerical optimization method verifies the correctness of the pro-
posed theory. Finally, an optimal design of a tendon-constrained
synchronous rotation mechanism for the manipulator is carried
out, and the linkage performance is greatly improved by optimizing
the transmission path.

Index Terms—Curvature constraint, optimal control, synchron-
ous rotation mechanism, tendon-sheath, transmission path.

I. INTRODUCTION

T ENDON-SHEATH transmission, also known as cable-
conduit transmission, is intended to imitate the working

principle of human musculoskeletal. Owing to its advantages of
small transmission module mass, long transmission distance,
and simple wiring configuration, it has been widely used in
wearable devices [1], surgical robots [2], and soft robots [3].

However, there is a distributed friction effect between the
tendon and the sheath, which makes the tendon tension in the
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TABLE I
TRANSMISSION PERFORMANCE IMPACT ANALYSIS

contact parts unevenly distributed. Hence, the tendon tension at
the input and output ends is significantly attenuated. In addition,
tendon stiffness is limited. The change of tendon tension during
the pulling process causes elastic deformation, and the displace-
ment transmission has hysteresis phenomena, which challenges
precise control.

To improve transmission performance, a series of researches
on tendon-sheath force and motion compensation control have
been carried out, such as model-based feedforward control [4],
feedback control [5], and nonmodel-based control [6]. These
control methods usually assume that the sheath shape is known
and compensate for the desired output by identifying system
parameters or feedback control. The current research on im-
proving transmission performance is also concentrated on this
aspect. However, improving the transmission performance by
means of compensation faces the situation of limited sensing,
for example, sensors sometimes cannot be installed at the remote
end. In contrast, it requires additional energy consumption of the
system, which is detrimental to the transmission. If the transmis-
sion can be optimized in design, the transmission performance
can be improved at the root.

The main factors that affect the design of the tendon-sheath
mechanism are shown in Table I. The following parameters are
usually considered: sheath length, friction coefficient, bending
radius, preload, tendon elasticity, etc. [16]. The factors affecting
the transmission were found through experiments combining
nine variables [15]. However, there are many variables and
combinations involved, and it is difficult to consider them com-
prehensively. Also, the conclusions are limited owing to the
lack of theoretical guidance. Recently, the optimization of the
flow path of the soft pneumatic actuator has brought inspiration,
Joshi et al. [18] optimized the pipe diameter and length to
achieve the best performance and portability. By summarizing

1552-3098 © 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2024, Yokohama, Japan. Cite as T-RO paper.

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2024, Yokohama, Japan. Cite as T-RO paper.



2934 IEEE TRANSACTIONS ON ROBOTICS, VOL. 39, NO. 4, AUGUST 2023

the abovementioned design process, the transmission design
can be divided into transmission model analysis, optimization
problem description, and transmission path design.

The tendon-sheath transmission model is essentially a process
of calculating the nonuniformly distributed tension caused by
friction and elastic deformation of the tendon. Kaneko et al. [19]
established the basic transmission model of the tendon-sheath
and proposed the concept of characterizing stiffness. The con-
cept of accumulated curve angle is proposed in [20]; the tension
attenuation is directly related to the accumulated curve angle.
Furthermore, the deformation of the tendon can be obtained by
the distribution of the tendon tension. Tian et al. [21] pointed
out that the force transmission of the tendon-sheath depends
on the total bending angle and friction coefficient. Through the
analysis of the transmission model, the main factors affecting the
transmission are the relative friction coefficient and arrangement
of the transmission path. The friction coefficient can be reduced
by selecting different contact materials or adding lubricant.
However, the available materials are limited, and the choice of
the tendon should not only meet tensile strength requirements
but also include temperature range and abrasion resistance [8].

While the design of the transmission path only needs to
control the shape of the sheath, which is easy to implement.
In practical application, the tendon transmission must follow
certain path constraints. The term “path constraint” is defined as
a mechanical structure that provides constraints on the tendon
and prevents it from deviating from a predesigned path [11].
Path constraints include anchor points and attachment points.
The anchor points determine the tendon’s start and endpoints.
The moment arm of the tendon relative to the joint is determined
by the position of the anchor point and direction of the tendon.
Attachment points are the set of all waypoints connecting the
anchor points. The most attractive part of the tendon-sheath
system is its mobility and flexibility. Therefore, the transmission
path is time-varying in many applications. However, it is not
entirely free, for example, there are a series of intermediate
anchor points to constrain the sheath [see Fig. 1(a)], or only
part of the transmission path is time-varying [see Fig. 1(b) and
(c)], such robots include the exosuit [22], [23], [24], [25], the
exoglove [1], and many other tendon-driven robots [26], [27],
[28], [29], [30]. Therefore, the transmission path can be designed
segmentally according to these intermediate points or only opti-
mize part of the transmission path. Hence, the transmission path
optimization problem can be abstracted as, given the position
and direction of two points, satisfying the curvature constraint,
taking the minimum tension attenuation or the minimum tendon
deformation as the optimization goal, optimizing the sheath path
to improve the transmission performance.

However, to date, no attempt has been made to analyze tendon
transmission path design in a systematic manner.

1) Some existing studies point out that tension transmission
mainly depends on the total bending angle. However,
there is no relevant literature on designing the transmis-
sion path to minimize the total bending angle. Previous
studies directly assumed that the sheath curvature was
known or adopted constant curvature [31] and average
curvature [32] models.

Fig. 1. Tendon-sheath transmission path. (a) Exosuit [24], with intermediate
anchor points at the waist belt. (b) Exoglove [1], the finger part transmission path
changes, and the palm part transmission path is fixed. (c) Arm of the HERMES
humanoid robot [27], the transmission path in the arm is fixed and only changes
at the joint.

2) The optimal design of the transmission path is often based
on experience or intuition and has not been proven the-
oretically; for example, the routing of the tendon-sheath
drive path is optimized by keeping the geometric envelope
on a straight line [21].

3) The transmission path design only considers the transmis-
sion process from the active end to the passive end. It does
not include the reverse transmission path when the passive
end interacts with the environment [33].

4) The two optimization objectives of tension transmission
and tendon deformation are often separated, or only one
optimization objective is considered. There is no system-
atic theoretical guidance on designing the sheath path to
improve the overall transmission performance in terms of
the relationship between the two optimization objectives.
For example, the loop routing method was proposed to
compensate for friction [13], which ensures that the total
bending angle remains unchanged when the end effector
is translated. However, it can only guarantee the transfer
model of tension, and the displacement transfer model
still changes, artificially increasing the friction. Similarly,
Sun et al. [34] analyzed the effect of path configuration
on tendon elongation by introducing an additional curve
on the input side; the effect of the change in sheath
configuration on tendon elongation is reduced.

Here, two parameters related to the transmission path are
obtained through the analysis of the transmission model. At the
same time, the transmission path needs to meet certain curvature
constraints. The transmission path design is transformed into an
optimal control problem, the research on the tendon transmission
path’s design method is carried out. The main contributions of
this study are as follows.

Based on the optimal control theory and the minimum princi-
ple, this study systematically expounds on the theoretical design
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Fig. 2. Schematic of the tendon-sheath transmission.

of the transmission path of the tendon-sheath mechanism: For
tension transmission, the total bending angle reflects the overall
bending degree of the tendon; therefore, the minimum total
bending angle is taken as the goal, and the solution set of the
transmission path with the minimum tension loss is obtained.
For displacement transmission, owing to the nonuniform distri-
bution of tension on the transmission path caused by friction,
the deformation is equal to the deformation of a tendon with
an equivalent length without friction attenuation. Therefore, the
equivalent tendon length of the friction path is minimized as the
goal, and the solution set of the minimum tendon deformation
path is obtained. Because the tension and motion transmis-
sions are not isolated, the minimum tendon deformation path
is searched based on the priority of tension transmission. Fi-
nally, the tendon-constrained synchronous rotation mechanism
is improved based on the proposed transmission path design
method.

The rest of this article is organized as follows. Section II
presents the problem formulation, which mainly includes trans-
mission analysis and optimization problem definition. Sec-
tion III introduces the minimum principle and Dubins path
concept. Then, it presents the solution set of the minimum
tension loss path and the minimum tendon deformation path.
Section IV provides the solution set of coupling tension and
deformation and the relationship between different solution sets,
which is verified using the numerical optimization method. In
Section V, based on the proposed method, the optimal design
of a tendon-constrained synchronous rotation mechanism is
presented. Finally, Section VI concludes the article.

II. PROBLEM FORMULATION

Before proceeding to the problem description, the tendon
sheath’s force and displacement transmission model was first
established, and detailed derivations can be found in [31].

A schematic of the tendon-sheath transmission is shown in
Fig. 2, the arc length s is used as the parameter variable, the
input–output transfer relationship is

T (sout) = T (sin) exp

(
μc

∫ sout

sin

sign(u̇(s))k(s)ds

)

u(sout)− u (sin)

=
T (sin)

EA

∫ sout

sin

exp

(
μc

∫ s

sin

sign(u̇(�))k(�)d�

)
ds (1)

where, sin and sout are the arc lengths of the input and output
sides, T (·) is the tension along the tendon; u(·) and u̇(·) are the
axial displacement and velocity; κ(·) is the sheath curvature;
exp(·) and sign(·) are exponential and sign function; E and A

Fig. 3. Pull the tendon on a different side. (a) Tension on sa side is used as
input, then λa = exp(μcζ(u̇(sa))(θ(sb)− θ(sa))). (b) Tension on sb side is
used as input, then λb = exp(μcζ(u̇(sb))(θ(sa)− θ(sb))).

are the elastic modulus and cross-sectional area of the tendon,
μc is the kinetic friction coefficient.

A. Tension Transmission

The tension input–output relationship determines the force
transmission efficiency to the distal end, from (1), the tension
transfer coefficient is defined as

λ =
T (sout)

T (sin)
= exp

(
μc

∫ sout

sin

sign(u̇(s))k(s)ds

)
. (2)

A key concept in the transfer model is the cumulative bending
angle [20], which reflects the bending degree of the sheath and
is defined as the integral of the curvature

θ(s) =

∫ s

0

k(�)d�. (3)

Assumption 1: If the tendon slides completely in the sheath,
the direction of the axial velocity of the tendon at any position
in the sheath is the same; that is, for any s, sign(u̇(s)) =
sign(u̇(sin)), abbreviated as ζ(u̇(sin)).

Then, the tension transmission coefficient is converted to

λ = exp (μcζ(u̇(sin)) (θ(sout)− θ (sin))) . (4)

The total bending angle of arc
�

sinsout is

Θ �
sinsout

= |θ(sout)− θ(sin)| =
∣∣∣∣
∫ sout

sin

k(s)ds

∣∣∣∣ . (5)

Suppose sa, sb are the arc lengths on both sides of the sheath
and 0 = θ(sa) < θ(sb) = Θ �

sasb
(see Fig. 3), define λ−

a to in-
dicate that the tendon movement direction is negative, that is,
ζ(u̇(sa)) = −1, similar for λ+

b , then

λ−
a = λ+

b = exp
(
−μcΘ �

sasb

)
. (6)

Therefore, the tension transmission is independent of the
input side, and the tendon is pulled on either side, which is
related only to the value of the total bending angle. Ideally, the
tendon tension on the input and output sides is equal, that is,
λ = 1; therefore, the tension transfer optimization objective is
equivalent to minimizing the total bending angle

min |λ − 1| ≡ minΘ �
sasb

. (7)
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B. Displacement Transmission

The displacement input–output relationship reflects the in-
fluence of the tendon deformation on the control accuracy, the
displacement transfer coefficient is defined as

γ =
u(sout)

u(sin)
. (8)

The absolute deformation of the tendon is Δu = u(sout)−
u(sin), from (1)

η =
EA

T (sin)
Δu =

∫ sout

sin

exp

(
μc

∫ s

sin

sign(u̇(�))k(�)d�

)
ds.

(9)

We defined η as the equivalent tendon length of the fric-
tional transmission path. On a frictionless transmission path,
the tendon deformation Δu = T

EA l intuitively indicates that the
tendon has a uniform tension distribution, and the same tension
is applied on one side; the shorter the length, the smaller the
deformation. Owing to the nonuniform tension distribution on
the frictional transmission path, under the same tension input,
the deformation of the tendon is equal to that of the frictionless
transmission path with an equivalent tendon length η.

Then, (8) can be transformed into

γ =
u(sin) + Δu

u(sin)
= 1 +

1

EA

T (sin)

u(sin)
η. (10)

The abovementioned equation comprises three parts, of which
Tin
uin

is determined by external input. Here, the input was assumed
to be the same, and input-related factors were ignored. In addi-
tion, E and A depend on the tendon material and cross-sectional
area, and only η is related to the transmission path; therefore,
the optimization objective of displacement transfer is equivalent
to minimizing the equivalent tendon length

min |γ − 1| ≡ min |η|. (11)

Similarly, when pulling the tendon on different sides, the
equivalent tendon length

η−a =

∫ sb

sa

exp (−μc (θ(s)− θ (sa))) ds

η+b =

∫ sa

sb

exp (μc (θ(s)− θ (sb))) ds. (12)

That is, when the same force is applied on different sides
of the sheath, the equivalent tendon length may be different:
|η−a | = |η+b | is only available when the cumulative bending angle
is symmetrically distributed.

C. Transmission Path Optimization

From the abovementioned transmission analysis, the trans-
mission path design is mainly to optimize the sheath curvature.
An excessive wiring curvature is a high-risk factor for robot
failure [7]. Therefore, the sheath must satisfy certain curvature
constraints. The curvature constraint includes two aspects. First,
excessive bending forms creases on the sheath, which greatly
increases the friction locally, thus causing the tendon to break.
The second is the excessive bending of the tendon; it loops

TABLE II
REFERENCE RELATIONSHIP BETWEEN THE TENDON DIAMETER AND THE

MINIMUM BENDING RADIUS

Fig. 4. Particle moves along the transmission path.

and eventually forms a kink with increasing accumulated twist;
thus, the damage is irreversible and easy to break. Therefore,
for different tendon and sheath material combinations, the final
curvature constraint depends on the tendon’s and sheath’s rela-
tive stiffnesses. For example, the nylon tendon is very soft and
can be bent arbitrarily; therefore, the curvature constraint of the
sheath plays a major role, and the achievable minimum bend
radius can be calculated using estimates of strain at yield [35].
While the steel wire has a certain bending stiffness and the final
curvature constraint may depend on the tendon, Table II lists
the reference relationship between the tendon diameter and the
minimum bending radius.

Suppose that the sheath’s initial position, end position, and
orientation are known. Assuming that a particle in the plane
moves along the sheath curve at a certain speed v(t), its initial
state p(0) = [x(0) y(0) α(0)]T , the terminal state p(tf ) =
[x(tf ) y(tf ) α(tf )]

T , define p(t) = [x(t), y(t), α(t)]T is the
state of the particle at any moment t, where x(t), y(t) are the
position of the particle, α(t) is the direction angle of the curve
(see Fig. 4). Then, the state equation is

ṗ(t) =

⎡
⎣ẋ(t)ẏ(t)
α̇(t)

⎤
⎦ = v(t)

⎡
⎣cosα(t)sinα(t)

u(t)

⎤
⎦ (13)

where, u(t) denotes the control input.
The relationship between the control input and curvature of

the curve is

u(t) =
α̇(t)

v(t)
=

1

v(t)

dα

dt
=

dα

ds
= sign

(
dα

ds

)
κ(t) (14)

where, κ(t) = |dαds | is the curve curvature, u(t) is equal to the
curvature, and the sign of u(t) depends on the bending direction
of the curve with sign(dαds ).

The control input satisfies the curvature constraint

|u(t)| ≤ umax = κmax (15)
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where, κmax is the maximum curvature, determined by the min-
imum bending radius.

Because the shape of the transmission path is unrelated to the
particle motion speed, without loss of generality, let v(t) = 1.
The state equations and boundary constraints can be rewritten
as

ẋ(t) = cos θ(t) x(0) = x0 x (tf ) = xtf

ẏ(t) = sin θ(t) y(0) = y0 y (tf ) = ytf

α̇(t) = u(t) α(0) = α0 α (tf ) = αtf . (16)

For different optimization objectives, the transmission path
optimization problem is further defined as follows.

Problem 1: Minimum tension loss path. Under the same
tension input, we determine the optimal control input 1u∗, which
minimizes the loss of tension while satisfying the state equation,
boundary, and curvature constraints.

Problem 2: Minimum tendon deformation path. Under the
same tension input and displacement input, the optimal control
input 2u∗ minimizes the elastic deformation of the tendon and
satisfies the state equation, boundary, and curvature constraints.

Problem 3: Coupling transmission path. Considering the
influence of tension attenuation and tendon deformation simul-
taneously, under the same tension output, find the optimal control
input 3u∗ to minimize the elastic deformation of the tendon and
satisfy the state equation, boundary, and curvature constraints
simultaneously.

The solutions to these problems are presented in Sections III
and IV.

III. MINIMUM TENSION LOSS AND MINIMUM TENDON

DEFORMATION PATH

In Section II, (13) and (15) obtain system state equation and
input constraints; it can be seen from (1) that both optimization
objectives contain integral terms, which can be solved using
optimal control theory and the minimum principle.

A. Preliminaries

The system state equation satisfies dp
dt = f(p(t),u(t)), where

p(t) ∈ Rn is the state variable, the initial condition p(0) = p0,
and the termination condition p(tf ) = ptf . Control variable
u(t) : [0, tf ] ∈ U, U is the control input set, and the cost
function is J(u) =

∫ tf
0 f0(p(t),u(t))dt. The optimal control

problem is to determine the optimal control input u∗ under
the premise of satisfying the abovementioned constraints to
minimize the integral function

J(u∗) = min
u∈U

J(u). (17)

Define Q(t) =
∫ t

0 f0(p(τ),u(τ))dτ . Then

dQ

dt
= f0(p(t),u(t))

Q(0) = 0, Q(tf ) = J(u). (18)

Let p̄ = (Q,p) ∈ Rn+1 and f̄ = (f0, f). Then the optimal
control problem is transformed into: for the differential equation

Fig. 5. Form of the Dubins path is related to the relative position of the start
and end. When the relative position greater than 4rmin[38], there must be a CSC
type Dubins path, where rmin is the minimum turning radius. (a) There are four
forms of RSL, RSR, or LSR, LSL for the CSC path. (b) For the CCC path,
there are two forms of RLR or LRL, and the arc length of the middle segment
is greater than πrmin.

dp̄
dt = f̄(p̄,u), the initial conditions is p̄(0) = (0,p0), looking
for u ∈ U, such that the solution of the differential equation sat-
isfies the termination condition: p̄(tf ) = (Q(tf ),ptf ), mean-
while Q(tf ) = J(u) is guaranteed to be the smallest.

Define the costate function e ∈ Rn and constant e0, let ē =
(e0, e) ∈ Rn+1, the Hamiltonian function is

H (p, e,u) = ēf̄ = e0f0(p,u) + ef(p,u). (19)

Then, the optimal state p∗ and the optimal costate e∗ satisfy
the Hamiltonian Jacobian form

dp

dt
=

∂H
∂e

de

dt
= −∂H

∂p
= −e0

∂f0(p,u)

∂p
− e

∂f(p,u)

∂p
. (20)

Minimum Principle [36]: Then, two important conclusions
can be obtained, for ∀t ∈ [0, tf ].

Lemma 1: Optimal control u∗(t) guarantees that the Hamil-
tonian function has a global minimum

u∗ = min
u∈U

H (p∗, e∗,u) . (21)

Lemma 2: The Hamiltonian function remains constant along
the optimal trajectory and, if tf is free

H(p∗, e∗,u∗) = 0. (22)

Dubins path: The set of shortest path solutions in the plane
connecting two points, subject to the curvature constraints and
the specified initial and end tangent directions. The Dubins
path is introduced here because its definition is similar to the
transmission path; however, it has different objective functions.

The problem was proposed by Markov in 1889 and solved
by Dubins [37] in 1957, providing the first complete solution
to the problem and proving that the shortest path connecting
two points comprises straight lines and arcs with maximum
curvature. The Dubins path solution set is in the form of CSC,
CCC, and its subsets, where “S” represents the straight line,
and “C” represents the maximum curvature arc. Specifically,
according to the direction of rotation, “R” represents the right
turn, and “L” represents the left turn (see Fig. 5).
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B. Minimum Tension Loss Path

From (3) and (14), the minimum tension loss path objective
function is equivalent to minimizing the total bending angle

J1 =

∫ Len

0

κ(s)ds =

∫ tf

0

∣∣1u(t)∣∣dt. (23)

Combining (16), (19), and (23), we define the Hamilton
function

1H (
p(t), 1e(t), 1u(t)

)
= 1e0|1u(t)|+ 1e1(t) cos p3(t)

+ 1e2(t) sin p3(t) +
1e3(t)

1u(t)
(24)

where, costate function 1e(t) = [1e1(t)
1e2(t)

1e3(t)] �= 0
and 1e0 ≥ 0.

From (20), the optimal costate function 1e∗(t) satisfies

1ė∗1(t) = 0

1ė∗2(t) = 0

1ė∗3(t) =
1e∗1(t) sin

1p∗3(t)− 1e∗2(t) cos
1p∗3(t). (25)

Given that 1e∗1(t) and 1e∗2(t) are constants, 1ė∗3(t) can be
transformed into

1ė∗3(t) =
1ρ sin

(
1α∗(t)− 1φ

)
(26)

where, 1ρ =
√

(1e∗1(t))2 + (1e∗2(t))2, 1φ = atan(
1e∗2(t)
1e∗1(t)

).
According to the minimum principle, optimize the input

1u(t) ∈ [−umax, umax] to minimize the Hamilton function

1u
∗
(t) = argmin

(
1e0|1u(t)|+ 1e∗3(t)

1u(t)
)
. (27)

Furthermore, we obtain the optimized input

1u∗(t) = −umax sign
(
1e∗3(t)

) ∣∣1e∗3(t)∣∣ > 1e0
1u∗(t) ∈ [−umax 0] 1e∗3(t) =

1e0
1u∗(t) ∈ [0 umax]

1e∗3(t) = −1e0
1u∗(t) = 0

∣∣1e∗3(t)∣∣ < 1e0.
(28)

According to the value of 1e0, there are following two cases.
(1) Abnormal path: When 1e0 = 0, the Hamiltonian function

is independent of the objective function

1H (
1p∗(t), 1e∗(t), 1u∗(t)

)
= 1ρ cos

(
1α∗(t)− 1φ

)
+ 1e∗3(t)

1u∗(t). (29)

The optimal control solution set is reduced to

1u
∗
(t) = −umaxsign(1e∗3(t)) |1e∗3(t)| > 0

1u
∗
(t) ∈ [−umax umax]

1e∗3(t) = 0. (30)

The control input is uncertain when |1e∗3(t)| = 0. (1)
If |1e∗3(t)| = 0 in the time interval t ∈ [ζ1, ζ2] ⊂ [0, tf ],
from (26), 1ė∗3(t) =

1ρ sin(1α∗(t)− 1φ) = 0, and from (22).
1H(1p∗(t), 1e∗(t), 1u∗(t)) = 1ρ cos(1α∗(t)− 1φ) = 0. There-
fore, 1ρ = 0 and 1e(t) = 0, which contradicts the precondition
1e(t) �= 0. (2) If |1e∗3(t)| = 0 exists only at certain isolated
points, the control input at |1e∗3(t)| = 0 does not affect the final
result.

Fig. 6. Abnormal path. (a) Phase diagram, when 1e∗3 > 0, u = −umax, when
1e∗3 < 0, u = umax; hence, the transmission path is composed of arc R and L
alternately. (b) Assuming that the path is in CCC type, a small enough δ can
always be found for the nonoverlapping parts, the bending angle of the CCC
path (brown path) is π + 2δ, while the green path is π − 2δ, therefore, the CCC
path cannot be the minimum total bending angle path.

Therefore, the optimal control solution is the bang–bang
control, substituting 1u∗(t) = −umax sign(

1e∗3(t)) into (29)

1H (
1p∗(t), 1e∗(t), 1u∗(t)

)
= 1ρ cos

(
1α∗(t)− 1φ

)− |1e∗3(t)|umax = 0. (31)

By combining (26) and (31), the optimal costate function
1e∗3(t) satisfies the phase relationship

[|1e∗3(t)|umax

]2
+
[
1ė∗3(t)

]2
=

[
1ρ
]2

. (32)

The phase diagram shown in Fig. 6(a) verifies that the abnor-
mal path is bang–bang control and can only be in the form of
CC or C, the bending angle of any arc does not exceed π, there
is no minimum tension loss path in CCC type [see Fig. 6(b)].
From the solution set of Dubins path, it is also known that an
abnormal path is the shortest.

(2) Normal path: When 1e0 > 0, the Hamiltonian function is

1H (
1p∗(t), 1e∗(t), 1u∗(t)

)
= 1e0|1u∗(t)|+ 1ρ cos(1α∗(t)− 1φ) + 1e∗3(t)

1u∗(t) (33)

(1) |1e∗3(t)| = 1e0
If |1e∗3(t)| = 1e0 only at some isolated points, then

1H (
1p∗(t), 1e∗(t), 1u∗(t)

)
= 1ρ cos(1α∗(t)− 1φ) = 0. (34)

Therefore, 1ρ = 0 or 1ρ �= 0, cos(1α∗(t)− 1φ) = 0, and
1ė∗3(t) =

1ρ sin(1α∗(t)− 1φ) = ±1ρ.
If |1e∗3(t)| = 1e0 at interval t ∈ [ζ1, ζ2] ⊂ [0, tf ], then

1ė∗3(t) =
1ρ sin

(
1α∗(t)− 1φ

)
= 0. (35)

To simultaneously satisfy (34) and (35), 1ρ = 0.
(2) |1e∗3(t)| < 1e0
From (28), 1u

∗
(t) = 0, the Hamiltonian function needs to

satisfy (34), then there is 1ρ = 0, or 1ρ �= 0, 1ė∗3(t) = ±1ρ.
(3) |1e∗3(t)| > 1e0
Substituting 1u∗(t) = −umax sign(

1e∗3(t)) into (33) yields

1H (
1p∗(t), 1e∗(t), 1u∗(t)

)
=

(
1e0 − |1e∗3(t)|

)
umax +

1ρ cos(1α∗(t)− 1φ) = 0. (36)
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Fig. 7. Phase diagram of normal path with 1ρ > 0. When |1e∗3| ≤ 1e0, 1ė∗3 =

±1ρ. When |1e∗3| > 1e0, satisfy (37).

Combining (26) and (36), the optimal costate function 1e∗3(t)
satisfies the phase relationship[(|1e∗3(t)| − 1e0

)
umax

]2
+
[
1ė∗3(t)

]2
=

[
1ρ
]2

. (37)

In summary, the phase diagram contains two cases, corre-
sponding to 1ρ > 0 or 1ρ = 0.

(1) 1ρ > 0
As shown in Fig. 7, the optimal transmission path is composed

of arc C and straight line S alternately, and the bending angle of
any arc does not exceed π. For the minimum tension loss path,
it can be determined from (25) that the optimal costate function
satisfies 1e3 = 1e2x− 1e1y +

1c, and define the straight line
1�+ and 1�−

1�+ : 1e2x− 1e1y +
1c = 1e0

1�− : 1e2x− 1e1y +
1c = −1e0 (38)

where, 1c denotes an arbitrary constant.
The control law in (28) indicates that the transmission path is

a straight line in the area enclosed by 1�+ and 1�−, and the outer
side is the arc with the maximum curvature. In segment S, from
(34), the minimum tension loss path satisfies

cos(1α∗(t)− 1φ) = 0. (39)

Thus, 1α∗(t) = 1φ± π
2 , where 1α∗(t) and 1φ are the direction

angles of the straight part of the transmission path and the costate
function line, respectively. Thus, the two are perpendicular to
each other, and it is verified that the arc segment’s bending angle
cannot be greater than π.

When the number of straight-line segments in the transmis-
sion path is ≤ 1, the transmission path is in the form of CSC
(RSL, LSR) and its subsets [see Fig. 8(a)]. Therefore, when the
Dubins path solution set is CSC (RSL, LSR) and its subsets and
all arc segments have bending angles ≤ π, the shortest path is
equivalent to the minimum tension loss path.

When the number of straight-line segments of the transmis-
sion path is ≥ 2, the transmission path always contains the SCS
form, as shown in Fig. 8(b), which is the SCSCS form, because
the bending angle of the SCS segment is equal to π, the same
bending angle path of CSC or CC type can always be found (the
green path). In this case, the shortest path is a subset of the path
with the minimum tension loss.

Proposition 1: The number of arc segments of the minimum
tension loss path ≤ 2.

Fig. 8. Transmission path with different numbers of straight line segments.
(a) CSC type (LSR). (b) SCSCS type (SRSLS).

Fig. 9. CSCSC type transmission path.

Fig. 10. Phase diagram of normal path with 1ρ = 0.

Proof: Assuming that the path is in the form of CSCSC (see
Fig. 9), the bending angle of the middle section is π; hence, the
minimum tension loss path can be equivalent to CCC type, at
this time, there must be a path with a smaller total bending angle
[see Fig. 6(b)], which is contradictory, Therefore, there is no
path in the form CSCSC for minimum tension loss.

(2) 1ρ = 0
From (25) and (26), 1e∗1(t) = 0, 1e∗2(t) = 0, 1ė∗3(t) = 0;

hence, 1e∗3(t) is constant and 1e∗3(t) �= 0, there are three inde-
pendent states in the phase diagram (see Fig. 10), corresponding
to the three forms of the solution set as follows.

The form of R, 1e∗3(t) =
1e0, indicates that the transmission

path always rotates clockwise
1u

∗
(t) ∈ [−umax 0]. (40)

The form ofL, 1e∗3(t) = −1e0, indicates that the transmission
path always rotates counterclockwise

1u
∗
(t) ∈ [0 umax]. (41)

The form of S is a straight line 0 < |1e∗3(t)| < 1e0
1u

∗
(t) = 0. (42)

When the solution set is in the form of R or L, because
1e∗3(t) =

1e0 is in the continuous interval, the control input is

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2024, Yokohama, Japan. Cite as T-RO paper.

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2024, Yokohama, Japan. Cite as T-RO paper.



2940 IEEE TRANSACTIONS ON ROBOTICS, VOL. 39, NO. 4, AUGUST 2023

Fig. 11. Minimum tension loss path when the shortest path is R type.
(a) Bending angle < π. (b) Bending angle > π, Θmin is one of the paths
satisfying the solution set R.

Fig. 12. Minimum tension loss path when the shortest path is CSC type.
(a) Both sides of the S rotate in the same direction, RSR. (b) Both sides of
the S rotate in different directions, LSR.

indeterminate. For example, when the Dubins path is in the form
of R, because of R ∈ R, if the bending angle is less than π,
it is also the minimum tension loss path and is unique. If the
bending angle is greater than π, the solution set of R is the area
surrounded by the shortest path R, initial direction �a, and end
direction straight line �b (see Fig. 11).

Similarly, when the shortest path is in the form of CSC and
both sides of S rotate in the same direction (RSR or LSL),
because of RSR ∈ R, the Dubins path is the boundary of the
solution set, which also satisfies the minimum tension loss. The
R solution set comprises the area surrounded by �a, �b, and RSR
[see Fig. 12(a)].

When the shortest path is in the form of CSC and both sides
of S rotate in different directions (LSR or RSL), if there is an arc
segment bending angle greater than π, the shortest path does not
meet the minimum tension loss. For example, the shortest path
is LuSRw [see Fig. 12(b)] type, the total bending angle is Θ1 =
Θu +Θw, where Θw > π. The minimum tension loss path R
solution set is surrounded by the initial and final directions �a,
�b, and the line connecting the initial and final positions. The
total bending angle of R is Θ2, and Θ2 = Θ1 − 2Θu < Θ1.

There is no path of minimum tension loss in the form of
CCC when the shortest path is CCC type, as shown in Fig. 13,
the bending angle of LuRvLw path is Θ1 = Θu +Θv +Θw.
The solution set of L is the area enclosed by the straight lines
comprises the area surrounded by �a, �b, �′a, �′b, and parts of the
LRL path, where �a//�′a, �b//�′b, and its The total bending angle
is Θ2 < Θv < Θ1.

Therefore, for the minimum tension loss path:
1) if the shortest path is CSC (RSR, LSL) form and its

subsets, then the transmission path is in the form of R
or L, and the shortest path satisfies the minimum tension
loss;

Fig. 13. Minimum tension loss path when the shortest path is CCC type.

2) if the shortest path is in the form of CSC (LSR, RSL) or
CCC and its subsets, and if the bending angle of all arc
segments is less than π, the shortest path is the minimum
tension loss path. However, if there is an arc-segment
bending angle greater than π, the transmission path is R
or L form.

C. Minimum Tendon Deformation Path

The displacement transfer model yields the deformation of
the tendon owing to changes in the tension distribution, and
the minimum tendon deformation path objective function is to
minimize the equivalent tendon length, from (9)

J2 =

∫ tf

0

exp

(
−μc

∫ t

0

|u(τ)| dτ
)
dt. (43)

The Hamilton function is constructed

2H (
p(t), 2e(t), 2u(t)

)
= 2e0 exp

(
−μc

∫ t

0

∣∣2u(τ)∣∣ dτ
)

+ 2ρ cos(2α∗(t)− 2φ) + 2e3(t)
2u(t). (44)

Optimize input 2u(t) ∈ [−umax, umax] to minimize Hamilton
function 2H(2p∗(t), 2e∗(t), 2u(t)) and obtain 2u

∗
(t) by

argmin

(
2e0 exp

(
−μc

∫ t

0

∣∣2u(τ)∣∣ dτ
)
+ 2e∗3(t)

2u(t)

)
.

(45)
When 2e0 = 0, similar to the minimum tension loss path, the

transmission path is an abnormal path and in the form of CC or
C. When 2e0 > 0, the transmission path is normal path. It can
be found that when 2u∗(t) = −umax sign(

2e∗3(t)), both items
2e0 exp(−μc

∫ t

0 |2u(τ)|dτ) and 2e∗3(t)
2u(t) in (45) satisfy the

minimum condition. Therefore.
1) when the shortest path is CCC form and its subset, it is

bang–bang control, the straight line � divides the path
into two parts, and the transmission path always rotates
according to the maximum curvature (see Fig. 14). The
shortest path is the minimum tendon deformation path.

2) if the shortest path is in the form of CSC or its subset,
the shortest path contains straight-line segments, and the
optimal solution set cannot be obtained directly through
the minimum principle. The minimum tendon deformation
path is the maximum curvature microarc “S” that infinitely
approximates a straight line, which does not exist. the
detailed proof process can be found in Appendix A.
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Fig. 14. Shortest path of CCC type is also the minimum tendon deformation
path.

Therefore, it can be concluded that if the shortest path does
not contain straight-line segments, it is also the minimum tendon
deformation path. However, if the shortest path contains straight-
line segments, then the minimum tendon deformation path does
not exist.

IV. COUPLING TRANSMISSION PATH AND NUMERICAL

SIMULATION

The minimum tension loss and tendon deformation were
obtained independently under the same input. In applications
with large loads, such as exoskeleton robots, tension transmis-
sion is more important, and in situations that require delicate
operations, such as surgical robots, displacement transmission
is more important. There are also occasions where both force and
displacement are required, but they are coupled. The minimum
tendon deformation path in the previous section was based on
the same tension input, but the tension transfer was not optimal.

Finding a curve that satisfies both optimization objectives si-
multaneously is best, but it may be challenging to find an optimal
solution. To some extent, the two optimization objectives are
contradictory. For example, the path obtained by considering
only the minimum tendon deformation does not constrain the
transmission of tension; the more the path is bent, the greater
the tension loss, and the smaller the tension on the output side.
In [34], a scaling factor S = exp(−μςβ) was introduced to
reduce tendon deformation by increasing the bending on the
input side and comparing the tendon deformations under the
same tension input.

A. Tension Transfer Priority Path

In practical applications, the output force is typically deter-
mined by the load, and the input force is determined according
to the tension transmission efficiency to select the motor type.
A more significant input force is required to satisfy the load
demand if the tension transfer efficiency is low. However, a
motor with a higher output force has a higher cost, and excessive
friction increases tendon loss and the possibility of breaking.
Nevertheless, tendon deformation can be compensated for by
motion control, which is relatively easier to achieve. There-
fore, it is more reasonable to determine the minimum tendon
deformation for the same tension output requirement. Finally,
the principle of optimizing the tendon transmission path is as
follows: first, ensure the minimum tension loss, and second,

find the path with the minimum tendon deformation among all
the paths with the minimum tension loss.

Corresponding to the minimum tension loss in Section III, the
solution set is divided into two cases:

1) if 2ρ > 0, then all the minimum tension loss paths can find
the corresponding form of the shortest path. The shortest
path is the minimum tendon deformation path;

2) if 2ρ = 0, the solution set is in the form of C (R or L),
for example, when the solution set is L, the range of the
control input u(t) is further reduced.

Let 3u(t) ∈ 2u∗(t) = [0, umax], and
∫ t

0 |2u(τ)|dτ = α(t)−
α(0), define the objective function as

J3 =

∫ tf

0

exp (−μc (α(t)− α(0))) dt. (46)

The Hamilton function is constructed

3H (
p(t), 3e(t), 3u(t)

)
= 3e0λ(t) +

3ρ cos(3α(t)− 3φ) + 3e3(t)
3u(t) (47)

where, λ(t) = exp(−μc(
3α(t)− α(0))).

Subsequently, optimize input 3u(t) ∈ [0, umax] to minimize
the Hamilton function 3H(3p∗(t), 3e∗(t), 3u(t)), and

3u
∗
(t) = argmin

(
3e∗3(t)

3u(t)
)
. (48)

The optimal input is

3u∗(t) = 0 3e∗3(t) > 0

3u∗(t) ∈ [0 umax]
3e∗3(t) = 0

3u∗(t) = umax
3e∗3(t) < 0. (49)

Simultaneously, the optimal costate 3e∗ satisfies

3ė∗3(t) =
3e0μcλ

∗(t) + 3ρ sin
(
3α∗(t)− 3φ)

)
. (50)

When 3e0 = 0, the transmission path is an abnormal path and
in the form of CC or C. When 3e0 > 0, the transmission path is
normal path, and

3H (
3p∗(t), 3e∗(t), 3u∗(t)

)
= 3e0λ

∗(t)

+ 3ρ cos(3α∗(t)− 3φ) + 3e∗3(t)
3u∗(t). (51)

If 3e∗3(t) = 0 exists only at some isolated points, then the
control input at 3e∗3(t) = 0 does not affect the final result. If
3e∗3(t) = 0 in a time interval t ∈ [ζ1, ζ2] ⊂ [0, tf ], then

3ė∗3(t) =
3e0μcλ

∗(t) + 3ρ sin(3α∗(t)− 3φ) = 0

3H (
3p∗(t), 3e∗(t), 3u∗(t)

)
= 3e0λ

∗(t) + 3ρ cos
(
3α∗(t)− 3φ

)
= 0. (52)

If (52) is satisfied, then there must be 3ρ �= 0 and
tan(3α∗(t)− 3φ) = μc. Therefore, the optimal control solution
set contains straight-line segments, which is bang-singular con-
trol.

When 3e∗3(t) > 0, 3u∗(t) = 0, and 3α∗
3(t),

3ė∗3(t) are con-
stants and have[

3e0λ
∗(t)

]2
+
[
3ė∗3(t)− 3e0μcλ

∗(t)
]2

=
[
3ρ
]2

. (53)
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Fig. 15. Phase diagram of initial time t0. (a) 3ρ < 3e0. (b) 3ρ = 3e0.
(c) 3ρ > 3e0. (d) Continued to increase 3ρ.

When 3e∗3(t) < 0, substituting 3u∗(t) = umax into (47), com-
bined with (50), the phase diagram at any moment t[

3e∗3(t)umax+
3e0λ

∗(t)
]2
+
[
3ė∗3(t)− 3e0μcλ

∗(t)
]2

=
[
3ρ
]2

.
(54)

At the initial moment t = t0, λ∗(0) = 0, then[
3e∗3(0)umax +

3e0
]2

+
[
3ė∗3(0)− 3e0μc

]2
=

[
3ρ
]2

. (55)

The center position of the ellipse is (− 3e0
umax

, 3e0μc), according
to the relative value of 3e0 and 3ρ, there are four cases (see
Fig. 15) : when 0 < 3ρ < 3e0, in the entire phase plane 3e∗3(t) <
0, 3u∗(t) = umax; hence, the initial path form can only be L.
When 3ρ = 3e0 > 0, if 3e∗3(t) > 0, 3u∗(t) = 0, as 3ė∗3(t) > 0,
The initial moment can only be selected in the left half plane;
otherwise, the entire path is straight. The same situation occurred
when 3ρ > 3e0 > 0. However, with the increase in 3ρ, there
is 3ė∗3(t) ≤ 0 when 3e∗3(t) > 0 thus, the initial path may be S,
especially at (0,0). From (52), the only isolation point is the
singular control.

At the termination time, t = tf , as λ∗(tf ) = exp(−μcΘ)

< 1. The ellipse center coordinates (− 3e0λ∗(tf )
umax

, 3e0μcλ
∗(tf ))

move toward the origin, and the phase relationship satisfies[
3e∗3(tf )umax +

3e0λ
∗(tf )

]2
+
[
3ė∗3(tf )− 3e0μcλ

∗(tf )
]2

=
[
3ρ
]2

. (56)

Several possible forms of the transmission path are obtained
from the relative positions of the phase diagrams at the initial
and final times as follows. As shown in Fig. 16(a), in the entire
phase plane, there is always 3e∗3(t) < 0, corresponding to the

Fig. 16. Solution form, in the left phase plane, u = umax, the transmission
path is L, in the right phase plane, u = 0, the transmission path is S. (a) L.
(b) SLS. (c) LS. (d) LS or LSL.

transmission path of L form, Fig. 16(b) corresponds to the
transmission path in SLS and its subset. When the transmission
path is in SLS form, the bending angle of the middle section is
greater than π, Fig. 16(c) corresponds to the transmission path
in the form of LS and its subset, Fig. 16(d) corresponds to the
transmission path in the form of LS, LSL, and its subset. A
similar result was obtained for the R solution set.

According to the solution set form of the shortest path, the
relationship among the minimum tension loss, minimum tendon
deformation, and tension transfer priority path solution set can
be obtained from Table III. Here, the shortest path’s solution set
is used for the classification because there are many methods
for deriving the solution of the shortest path. The calculation of
the shortest path mainly includes three methods: the geometric
method [37], [39], minimum principle [40], [41], NLP dynamic
programming [42], [43].

Therefore, the design steps of the tendon transmission path
are as follows.

1) First, according to the given constraints, the shortest path
is found, and the solution set is defined as 1u∗.

2) According to the form of the shortest path solution set,
determine the solution set of the minimum tension loss
path 2u∗. If the bending angle of all the arc segments of
the shortest path is less than π, then 1u∗ = 2u∗. If the
shortest path has an arc segment bending angle greater
than π, 2u∗ is in the form of C.

3) Find the minimum tendon deformation solution set in the
minimum tension loss solution set, namely, 3u∗ ∈ 2u∗. If
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TABLE III
RELATIONSHIP BETWEEN DIFFERENT SOLUTION SETS

Fig. 17. SCS transmission path. (a) Shortest path is LSR, the minimum tension
loss solution set is R, the tension transfer priority path is SRS. (b) Shortest path
is LRL, the minimum tension loss solution set is L, and the tension transfer
priority path is SLS.

Fig. 18. Tension input from different side.

the minimum tension loss solution set is in the form of C,
find the minimum tendon deformation transmission path
in the form of SCS (see Fig. 17).

In particular, when the shortest path is CSC type, which is
also the minimum tendon loss path (see Fig. 18). Path1 is in
RSR form, and path2 is in LSL form, and the two paths have the
same tension loss. If the input tension is on pa side, path1 has
less deformation, and if the input tension force is on the pb side,
the tendon deformation of path2 is the least.

B. Numerical Optimization Comparison

Pseudospectral method [44] is widely used in model predic-
tive control and re-entry trajectory optimization. By discretizing

TABLE IV
DIFFERENT INITIAL AND TERMINAL STATES

the differential equations, the optimal control problem was trans-
formed into a nonlinear constraint problem. The cost function
is

J = Φ(p (t0) , t0, p (tf ) , tf )

+
tf − t0

2

∫ tf

t0

g (p(t), u(t), t; t0, tf ) dt. (57)

Table IV corresponds to the Dubins path of different initial
states pt0 and terminal states ptf , in which the direction angle
remains unchanged, and the relative position changes. The state
constraints: pmin = [−50,−50,−2π], pmax = [50, 50, 2π].

For the shortest path, we set the cost function with Φ = tf
and g = 0, the time constraint tlimit

f = [0 tmax
f ], and the control

input constraint ulimit = [−umax umax], where umax = 0.1. For
the path with the minimum total bending angle, we set the cost
function with Φ = 0 and g = |u(t)|; because the cost function
contains the integral term, in some cases, when the transmission
path is complex, it will take a long time to obtain the optimization
result. Therefore, according to the shortest path optimization re-
sult J1, the time constraint can be reduced to tlimit

f = [J1 tmax
f ].

For the minimum tendon deformation path, we set the cost
function with Φ = 0 and g = exp(−μc

∫ t

0 |u(τ)|dτ).
When the shortest path is in the form of CC and the bending

angle of all arc segments is less than π, it corresponds to an
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Fig. 19. Case1: Abnormal Path. (a) Transmission path. (b) Direction angle.
(c) Control input. (d) Cumulative bending angle.

Fig. 20. Case2: Normal Path. (a) Transmission path. (b) Direction angle.
(c) Control input. (d) Cumulative bending angle.

abnormal path (see Fig. 19), which also satisfies the minimum
tension loss and minimum tendon deformation; hence, the three
transmission path optimization results are the same. The opti-
mization results show that the transmission path is in LR form,
the direction angle increases linearly from the initial 2

3π and
then decreases linearly to the termination 4

3π, the control input
is always the maximum curvature, and the total bending angle
increases linearly with the arc length.

For the normal path, when the shortest path contains straight
line segments and the bending angles of all arc segments are
less than π, the shortest path and minimum tension loss path
are equivalent. However, for the minimum tendon deformation,
there is a series of microarcs on the path with alternating

Fig. 21. Case3: LR form. (a) Transmission path. (b) Direction angle.
(c) Control input. (d) Cumulative bending angle.

Fig. 22. Case4: RSL form. (a) Transmission path. (b) Direction angle.
(c) Control input. (d) Cumulative bending angle.

rotations in different directions with the maximum curvature
[see Fig. 20(a)]. Corresponding to the straight-line segment of
the shortest path, the direction angle of the minimum tendon
deformation path alternately changes. The control input jumps
between the maximum and minimum values [see Fig. 20(b) and
(c)], reducing deformation is at the cost of increasing the total
bending angle [see Fig. 20(d)].

When there is an arc segment in the shortest path with a
bending angle greater than π, the shortest paths are in the form
of CC, CSC, and CCC (see Figs. 21, 22, and 23). At this time,
the minimum tension loss solution set is in the form of R;
therefore, the solution that satisfies the minimum tension loss
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Fig. 23. Case5: LRL form. (a) Transmission path. (b) Direction angle.
(c) Control input. (d) Cumulative bending angle.

Fig. 24. Case6: RSR form. (a) Transmission path. (b) Direction angle.
(c) Control input. (d) Cumulative bending angle.

is not unique, as shown in Figs. 21(c), 22(c), and 23(c), unlike
the shortest path control input, which always takes the maximum
or minimum value, the minimum tension loss curvature input is
messy because there are infinitely many solutions that satisfy
the minimum tension loss, as long as it is between −umax

and 0. For the tension transfer priority path, further reduce
the control input limit to ulimit = [−umax 0]. Then, the cost
function is set to the minimum equivalent tendon length g =
exp(−μc(α(t)− α(t0))), and the tension transmission priority
path is in the form of SRS. In particular, as shown in Fig. 24, the
shortest path is in the form of RSR, which itself is a form of R
solution set; hence, the minimum tension loss path is R form.

TABLE V
SOLUTION SET FORM AND RESULTS

At this time, in the solution set R, the shortest path is also the
tension transmission priority path.

According to the classification of the Dubins path solution
set, the six cases corresponded to different forms of the Dubins
path. Specifically, we consider the 1© shortest path, 2©minimum
tension loss, 3© minimum tendon deformation, and 4© tension
transfer priority as optimization goals. Table V compares the
specific path forms under the different optimization objectives
mentioned previously and the corresponding actual lengths, total
bending angles, and equivalent tendon lengths.

The influence of the curvature constraint on the transmission
path is manifested in two ways in the following.

1) Corresponding to different forms of transmission paths.
Because the path form is jointly determined by the relative
size of the initial, terminal state, and curvature constraints,
as shown in Table IV, the same curvature constraint is
used. Different initial and terminal states correspond to
different transmission path forms. Different terminal states
are used for comparison to obtain the six path forms.

2) A similar form of transmission path but different trans-
mission performance. Taking Case 2 in table IV as an
example, because it is a CSC form transmission path,
the shortest path, minimum tension loss path, and ten-
sion transmission priority path are the same. The cur-
vature constraints κmax were set to 0.33, 0.2, 0.15,
and 0.1mm−1, and the corresponding total bending an-
gles were 2.59, 2.96, 3.12, and 3.78 rd, respectively (see
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Fig. 25. Simulation of different curvature constraints. (a) Transmission path.
(b) Direction angle. (c) Control input. (d) Cumulative bending angle.

Fig. 25). If continuing to decrease κmax, the transmission
path takes the CCC form.

V. OPTIMAL DESIGN OF A TENDON-CONSTRAINED

SYNCHRONOUS ROTATION MECHANISM

An n-degree-of-freedom cable-driven robot actuated by m
cables can be classified as underconstrained (m ≤ n) or fully
constrained (m ≥ n+ 1) [45]. Underactuated designs are often
adopted to reduce the number of actuators. Among them, the
closed cable loop is a feasible method that restricts equiangu-
lar rotation between different joints by tendons. For example,
underactuated hands [46], deployment of solar panels [47], and
large loop antennas [48]. It was mainly to realize the linkage of
the plane, Liu [49] extended it to three-dimensional (3-D) space
and proposed a tendon-constrained synchronous rotation mech-
anism. However, owing to the introduction of many connecting
tendons, the friction between the tendon and sheath adversely
affects the robot’s performance. The phenomena of hysteresis
and backlash caused by friction were analyzed in our previous
study [50].

The tendon-driven manipulator is illustrated in Fig. 26.
Through a synchronous rotation mechanism, the joints of each
section were constrained to rotate at equal angles. The tendon-
constrained synchronous rotation mechanism was used as the
object to carry out the optimal design of the transmission path.

A. Basic Principle

The plane synchronous rotation mechanism comprises a pair
of antagonistic tendons and four pulleys, called linkage tendon
pairs, comprising two tendons arranged in a crossover around
the pulley, with tendon anchor points fixed on the links on both
sides. The pulley is mounted on the intermediate link and is
concentric with the joint axis.

Fig. 26. Tendon-driven manipulator, each section contains four segments, the
four segments rotate at equal angles, similar to the constant curvature bend of
the continuum robot, to reduce the number of drivers.

Fig. 27. Tendon-pulley synchronous rotation mechanism.

Considering one tendon as an example (see Fig. 27), when
the joint rotates, only the length of the wind part of the tendon
changes. Assuming that the manipulator is in a straight state,

the lengths of the winding parts are
�

S 1 and
�

S 2, respectively.
When joint i rotates angle θi, joint i+ 1 rotates angle θi+1, the

winding part of becomes
�

S
′
1=

�

S 1 −rθi,
�

S
′
2=

�

S 2 +rθi+1, r is
the pulley radius. Assuming that the total length of the tendon

remains unchanged,
�

S
′
1 +

�

S
′
2=

�

S 1 +
�

S 2. That is, θi = θi+1,
and the adjacent joints rotate at equal angles.

To realize 3-D movement, the manipulator must achieve
equiangular linkage in two directions. Simultaneously, for a
tendon-driven slender manipulator, it is necessary to install tools,
such as cameras. To facilitate the passage of power cables, the
link is often designed in a hollow form; therefore, the trans-
mission path is in the form of a tendon sheath wrapped around
the link. Furthermore, to prevent hooking, the transmission path
could not be exposed [see Fig. 28(a)].

The input and output of the tendon-sheath synchronous rota-
tion mechanism are on the same plane and in the same direction,
the relative positions of the initial and final points depend on the
tendon winding radius R and the distance 2D, and the radius of
the cylindrical link is r [see Fig. 28(b)].

When the synchronous rotation mechanism is in a plane form,
from the abovementioned transmission path design method, the
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Fig. 28. Tendon-sheath synchronous rotation mechanism. (a) 3-D movement.
(b) Basic component.

CSC type transmission path can be obtained directly (See Ap-
pendix B for details and comparison with a polynomial curve).
However, for the synchronous rotation mechanism, the sheath
has a 3-D shape, and the shortest path problem in a 3-D situation
has not been strictly proven. For the shortest path problem,
Sussmann et al. [51] showed that each minimized segment in
3-D may also contain a helical form by using the maximum
principle on the manifold. Therefore, for two points whose input
and output directions are in the same plane, if the path can only
be in plane, it must be a Dubins path. However, if the path can
be in 3-D space, the shortest path may contain a spiral form. For
the 3-D case, suboptimal paths are typically designed based on
the 2-D Dubins path. The projection part of the 3-D trajectory on
the horizontal plane was generated by the Dubins path planner
to satisfy the curvature radius constraint, and a helical curve
was constructed to satisfy the pitch angle constraint [52]. Váňa
et al. [53] further decoupled the problem into separate 2-D paths
in the horizontal and vertical planes and finally combined them
into a feasible 3-D path.

B. Transmission Path Design

To reduce the influence of friction on the performance of the
synchronous rotation mechanism, two tendon-sheath transmis-
sion paths were designed here, and the design of the synchronous
rotation mechanism was improved. Finally, the transmission
path in numerical form is obtained and compared with the
designed tendon path.

Because the transmission path is constrained to the cylindrical
surface where the link envelope is located, to obtain the paramet-
ric equation of the curve, the cylindrical surface is first expanded,
and the curve passes through the points 1pa, 1pb, and satisfies
the direction constraint at the endpoint; then, there is H = πR

2 .
The Dubins shortest path form is CSC form.

Fig. 29. Cylinder surface path and its expansion.

Fig. 30. Improved design: concentric cylinder with r < R.

Helix curve parametric equation

x = Rcos
( s

R

)

y = Rsin
( s

R

)

z =

⎧⎨
⎩
−D +

√
r2b − (s+ (H − rb)))2 s ∈ s1

cot(Θu)s s ∈ s2
D −√

r2b − (s− (H − rb)))2 s ∈ s3

(58)

where, s1 = [−2H,−H − dsin(Θu)], s2 = [−H − dsin
(Θu),−H + dsin(Θu)], s3 = [−H + dsin(Θu), 0], Θu, and d
can be calculated by (68) similarly. Because the hollow link
only needs to pass through a certain number of power cables,
the radius of the link can be reduced (see Fig. 30), and the
transmission path is in the area enclosed by two concentric
cylinders.

The transmission path was designed, as shown in Fig. 31, It
comprises the plane curve, the tangent line from the endpoint to
the central cylinder, and the curve around the cylinder. The two
plane paths are designed with the CS from Dubins curve, and
the curve around the cylindrical surface is a Helix.

The Helix equation c(θ) = (rcosθ, rsinθ, v(π2 − θ)),
at the connection point: θ0 = acos( r

R ), the connection
point coordinates (rcosθ0, rsinθ0, v(π2 − θ0)), direction
(−rsinθ0, rcosθ0,−v), the angle between the Helix and
the Z-axis (0,0,1) is φ, and

tanφ =
r

v
. (59)
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Fig. 31. Improved transmission path. (a) Dubins+Helix path. (b) Projection.

Fig. 32. Total bending angle. (a) Radius of the central cylinder r. (b) Maximum
bending radius of the tendon rb.

For the Dubins path

tanφ =

√
R2 − r2 − rb(1− cosφ)

D − v(π2 − θ0)− rbsinφ
. (60)

The Dubins and Helix paths are C1 continuous at the con-
nection point, with the same position and tangent direction,
combining (59) and (60)

v =
−Ds− rb

√
s2 +D2 − r2b

s2 − r2b
r. (61)

where, s = rb −
√
R2 − r2 − r(π2 − θ0). The curvature of the

Helix is given by

κ(θ) =
|c′(θ)× c′′(θ)|

|c′(θ)|3 =
r

r2 + v2
. (62)

Bending angle of the Helix with θ ∈ [θ0 π − θ0]

Θs =

∫ π−θ0

θ0

κ(θ)
√

r2 + v2dθ =
r√

r2 + v2
(π − 2θ0). (63)

Total bending angle of the path

Θ = 2φ+Θs = 2atan
( r
v

)
+

r√
r2 + v2

(
π − 2acos

( r

R

))
.

(64)
Fig. 32(a) is the relationship between the total bend-

ing angle and the radius of the central cylinder, when

r → 0, then r
v → (rb−R)2−r2b

−D(rb−R)−rb
√

(rb−R)2+D2−r2b
, this is the

Dubins path, the minimum total bending angle is Θ =

Fig. 33. Numerical optimization results (minimum bending angle) of Case 1,
and are compared with the proposed transmission path. (a) Transmission path.
(b) Control input. (c) Curvature. (d) Cumulative bending angle.

2atan

(
R2−2Rrb

−D(rb−R)−rb
√

R2+D2−2Rrb

)
. Fig. 32(b) is the relation-

ship between the total bending angle and the tendon maximum
bending radius. The radius of the central cylinder has a greater
effect on the total bending angle.

C. Numerical Simulation Verification

Similar to the plane particle, the 3-D space particle motion
equation is represented by the following five parameters:

ṗ(t) =

⎡
⎢⎢⎢⎢⎣

ẋ(t)
ẏ(t)
ż(t)
α̇(t)

β̇(t)

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

cosα(t) cosβ(t)
cosα(t) sinβ(t)

sinα(t)
u(t)
v(t)

⎤
⎥⎥⎥⎥⎦ (65)

where, α and β denote the heading and pitch angles, respec-
tively.

The curve parameter equation is c(t) = [x(t) y(t) z(t)]T ,
and the relationship between the 3-D space direction angle and
curvature is

κ(t) =
√
u2 + v2cos2α. (66)

Relevant simulation settings are as follows. Initial and end
positions and directions: pt0 = [0, 0, −30, 0, 0] and
ptf = [100, 0, −30, 0, 0]. State constraints: pmin =
[0, 0, −30, 0, −1], pmax = [100, 30, 30, 1, 1].
Control input constraints: umin

1 = [−0.05,−0.05], umax
2 =

[0.05, 0.05].
Path and curvature constraints

C1 = y2 + z2

C2 =
√

(u2 + v2cos2(α)). (67)
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TABLE VI
SYNCHRONOUS ROTATION MECHANISM TRANSMISSION PATH DESIGN

Fig. 34. Numerical optimization results (minimum bending angle) of Case 2,
and are compared with the improved transmission path. (a) Transmission path.
(b) Control input. (c) Curvature. (d) Cumulative bending angle.

The difference between the two simulation cases was that the
path constraints were different.

Case 1: Cmin = [900, 0], Cmax = [900, 0.05].
Case 2: Cmin = [400, 0], Cmax = [900, 0.05].
Unlike the plane path with the control input which is al-

ways the maximum curvature bending, the control inputs of
the cylindrical surface path change dynamically (see Fig. 33).
The numerical optimization results have a similar form to the
proposed Dubins folding path, the curvature is the largest on
both sides, the middle section is close to the Helix (constant
value), and the cumulative bending angle distribution is close.

For concentric cylindrical transmission paths, the control
input is more complex. The improved transmission path includes
the Dubins path and Helix. The curvature distribution mainly
includes five segments and three forms: an arc with maximum
curvature, a straight line, and a Helix. The numerical optimiza-
tion results in Fig. 34 show that the designed transmission path
is close to the optimal solution.

Table VI compares the maximum curvature, actual length,
total bending angle, and equivalent lengths of the two designs.
Because the space curve cannot directly constrain the curvature,
the cylindrical surface transmission path can only constrain
the curvature of the plane Dubins path, and the maximum

Fig. 35. Tendon-sheath synchronous rotation mechanism. (a) Design of syn-
chronized rotation mechanism. (b) Equiangular rotation of adjacent joints.

curvature after folding is 0.0534, which exceeds the limit.
Among them, the numerical method uses the shortest length and
minimum total bending angle as the optimization objectives. The
numerical optimization results show that for the synchronous
rotation mechanism, there is little difference between the two
(140.77 and 141.66◦). Therefore, the shortest path can be used
as the optimization objective to reduce the difficulty of solving
transmission-path designs.

With the improved concentric cylinder design, the path length
and total bending angle were significantly smaller, but the equiv-
alent tendon length was the same, meaning that the tendon de-
formation was the same. The design of the synchronous rotation
mechanism is shown in Fig. 35. In Case 1, the total bending angle
of the Dubins folding path was 3.73 rad, in Case 2, the total bend-
ing angle of the Dubins + Helix path was 2.39 rad. Because the
tension transfer mainly depends on the total bending angle, the
improved transmission path design can significantly improve the
force transmission performance by 36% (from 3.73 to 2.39 rad).

VI. CONCLUSION

In this study, the sheath path optimization problem is trans-
formed into a curvature distribution optimization problem that
satisfies specific constraints through the concept of the total
bending angle and equivalent tendon length. Based on the op-
timal control theory and minimum principle, the solution sets
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of different optimal target transmission paths are obtained. The
important conclusions are as follows.

1) When an arc with a bending angle greater than π exists in
the shortest path, the minimum tension loss solution set is
in the form ofC. If the bending angle of all arc segments in
the shortest path is less than π, the path with the minimum
tension loss is equivalent to the shortest path.

2) When the shortest path does not contain a straight-line
segment, it is a subset of the minimum tendon deformation
path. When there is a straight-line segment in the shortest
path, minimum tension in the loss path does not exist.

3) Combined with the actual needs, the minimum total bend-
ing angle is taken as the first optimization objective, the
path with the minimum tendon deformation is found on
this basis. The solution sets are in the form of CSC, SCS,
and their subsets.

Therefore, the design of the tendon transmission path is sys-
tematically expounded in theory, and it is an effective and low-
cost solution to improve transmission performance by optimiz-
ing the transmission path. Based on the design method described
previously, for a tendon-constrained synchronous rotation mech-
anism, 3-D transmission paths of the cylindrical surface and
concentric cylinders were designed, and the influence of the link
radius and tendon bending radius was analyzed. This is used to
guide the optimal design of the tendon-constrained synchronous
rotation mechanism, which reduces the friction force by 36%. A
comparison with the numerical optimization results shows that
the abovementioned 3-D transmission path design is close to the
optimal solution.

In practical applications, there may be various restrictions on
the setting of the sheath path, the sheath path optimization here
provides a reference for the actual sheath path configuration.
Examples include extending applications to three dimensions
with piecewise optimal design, using the relationship between
the Dubins path and different transmission path solution sets to
simplify calculations, and using the proposed design theory to
optimize the anchor points configuration in reverse. In the future,
we will continue researching the optimal design of transmission
paths with multiple intermediate anchor-point constraints.

APPENDIX A
MAXIMUM CURVATURE MICROARC

As shown in Fig. 36(a), knowing the initial position pa, end
position pb, and direction of the sheath, first get its shortest path,
which is composed of arcs and straight lines in the form of
CS, the path length is Lmin, and L1, L2, L3 are the maximum
curvature paths of different lengths.

Fig. 36(b) corresponds to the dashed area in Fig. 36(a), the
circle c3 is tangent to c1, c2, and the straight line �2 divides
the transmission path L2 into two parts, on both sides of �2 are
maximum curvature arc with different rotation direction. The
circles c4 and c3 are symmetrical about �2, find the circles tangent
to c1 and c4, and the circles tangent to c2 and c4, respectively.
Another transmission path L1 can be obtained, which is also
the arc of maximum curvature on both sides of the straight line

�1. In �BEC, BE + CE > BC,
�

BE +
�

CE>
�

BC then,
�

AB

Fig. 36. Shortest path contains straight line segments. (a) Transmission paths
of different lengths. (b) Maximum curvature path length L1 < L2.

Fig. 37. Tension distribution along the tendon.

+
�

BC>
�

AB +
�

BE +
�

EC=
�

DE +
�

EC. Therefore, the trans-
mission path length L1 < L2. As the straight line � infinitely
approaches the shortest path, the maximum curvature path length
infinitely approximates Lmin. Therefore, the minimum tendon
deformation path is the maximum curvature microarc “S,” which
infinitely approximates the straight line.

Assuming that the tension Tin is input on the pa side, the
tension distribution corresponding to the different sheath paths
is shown in Fig. 37. where the total bending angle of the shortest
path is π, which is also the minimum tension loss path; thus, the
obtained tension Tout1 is optimal, and the output tension of the
maximum curvature path L3 is Tout3.

The equivalent tendon length is linearly related to the ten-
sion integral. The shaded area represents the equivalent tendon
length. The equivalent tendon length is related to the curvature
distribution and also the integral length. Therefore, when the
transmission path bends according to the maximum curvature
and the length is equal to the shortest path, this is the lower limit
of tendon deformation.

The tension loss is independent of the transmission direction,
whereas the tendon deformation is related to the input side.
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Fig. 38. Tension input on different sides, the dashed path is the path with
average curvature π/L. (a) Pull the tendon on pa side. (b) Pull the tendon on
pb side.

Fig. 39. Plane CSC type transmission path.

Taking the shortest path in Fig. 36(a) as an example, because
the total bending angle is unchanged, the same pulling force Tin

is input from any side, and the output Tout is the same. However,
it can be seen from the shaded area that the tendon deformation
inputs from different sides are different (see Fig. 38).

APPENDIX B
PLANE SYNCHRONOUS ROTATION MECHANISM TRANSMISSION

PATH

When the synchronous rotation mechanism is in plane form,
from the abovementioned transmission path design method,
the CSC type transmission path can be obtained directly (see
Fig. 39), rb is the minimum bending radius of the tendon, the
arc segment bending angle isΘu, the straight line segment length
is 2d, which satisfies the constraints

D = rbsin(Θu) + dcos(Θu)

R = rb(1− cos(Θu)) + dsin(Θu) (68)

where, d =
√
R2 +D2 − 2Rrb, Θu = acos

(
Dd−rb(R−rb)

r2b+d2

)
.

To compare the transmission performance more intuitively,
we used a polynomial curve: y = f(x) =

∑n
i=0 aix

i, and the
curve satisfies f(−D) = −R, f(D) = R, f ′(−D) = f ′(D) =
0 at the endpoint. The total bend angle correlates with the slope
of the curve at zero and Θ = 2atan(f ′(0)), in the extreme case
Θmin = 2atan(RD ). We assume that the polynomial form is

f(x) =
nR

(n− 1)D
x− R

(n− 1)Dn
xn. (69)

The curvature satisfies

k =
|y′′|

(1 + y′2)
3
2

=
nR
Dnx

n−2

(
1 +

(
nR

(n−1)D

(
1− ( x

D )n−1
))2

) 3
2

.

(70)

TABLE VII
TOTAL BENDING ANGLE AND MAXIMUM CURVATURE

When x = D, the curvature is the largest, k = nR
D2 ≤ kmax,

to determine the degree of polynomial

n ≤ kmaxD
2

R
. (71)

As shown in Table VII, WhenD = 50mm, R = 30mm, if the
curvature constraint is 0.05 mm−1, the total bending angle of the
CSC path is 1.201 rad. For polynomials, n ≤ 4.17, n = 3 (odd),
Θ = 1.466 rad. If κmax = 0.06 mm−1, the total bending angle of
the CSC path is 1.177 rad for polynomials n ≤ 5, n = 5, Θ =
1.287 rad.
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