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Risk-Averse Trajectory Optimization
via Sample Average Approximation

Thomas Lew?!, Riccardo Bonalli2, and Marco Pavone

Abstract—Trajectory optimization under uncertainty under-
pins a wide range of applications in robotics. However, existing
methods are limited in terms of reasoning about sources of
epistemic and aleatoric uncertainty, space and time correlations,
nonlinear dynamics, and non-convex constraints. In this work, we
first introduce a continuous-time planning formulation with an
average-value-at-risk constraint over the entire planning horizon.
Then, we propose a sample-based approximation that unlocks an
efficient and general-purpose algorithm for risk-averse trajectory
optimization. We prove that the method is asymptotically optimal
and derive finite-sample error bounds. Simulations demonstrate
the high speed and reliability of the approach on problems with
stochasticity in nonlinear dynamics, obstacle fields, interactions,
and terrain parameters.

Index Terms—Planning under Uncertainty, Optimization and
Optimal Control, Probability and Statistical Methods

I. INTRODUCTION

CCOUNTING for uncertainty in the design of decision-
making systems is key to achieving reliable robotics
autonomy. Indeed, modern autonomy stacks account for un-
certainty [2, 57], whether it comes from noisy sensor mea-
surements (e.g., due to perceptually-degraded conditions or a
lack of features [2, 20]), dynamics (e.g., due to disturbances
and difficult-to-characterize nonlinearities [16, 28, 39]), envi-
ronment (e.g., due to unknown terrain properties for legged
robots [18, 21] and Mars rovers [14, 29]), or interactions with
other agents (e.g., in autonomous driving [30, 50, 52]).
Although trajectory optimization under uncertainty under-
pins a wide range of applications, existing approaches often
make simplifying assumptions and approximations that reduce
the range of problems they can reliably deal with. Specifically,
there is a lack of methods capable of simultaneously handling

« sources of aleatoric uncertainty (e.g., external disturbances)
and epistemic uncertainty (e.g., a drone transporting a pay-
load of uncertain mass that introduces time correlations
over the state trajectory) that depend on state and control
variables (e.g., interactions between different agents),
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Fig. 1: Full-horizon collision statistics. We consider problems with
average-value-at-risk (AV@R) constraints enforced over the entire
trajectory of the system. Uncertain obstacles and nonlinear dynamics,
with uncertain inertia properties and disturbances modeled as Brow-
nian motion, introduce sources of aleatoric and epistemic uncertainty
that are challenging to handle with existing approaches.

o uncertainty of arbitrary (non-Gaussian) distribution corre-
lated over time and space (e.g., uncertain terrain properties),
« uncertain nonlinear dynamics and non-convex constraints,
o trajectory-wise constraints that bound the risk of constraints
violations over the entire duration of the problem.
As distinct systems may need specific numerical schemes, such
methods should also have discretization-independent guaran-
tees. Table I summarizes the capabilities of existing methods.
Contributions: We introduce an efficient risk-averse trajec-
tory optimization algorithm satisfying the previous desiderata:
« First, we propose a risk-averse planning formulation with
average-value-at-risk (AV@R [54]) constraints enforced
over the entire planning horizon. This formulation is ap-
plicable to a wide range of robotics problems with sources
of aleatoric and epistemic uncertainty. Its continuous-time
nature guides the design of algorithms whose properties are
independent of the chosen time discretization scheme (see
Remark 2). Enforcing AV @R constraints enables accounting
for tail events and facilitates numerical resolution due to
their convexity properties (Remark 3). In addition, solving
this formulation gives feasible solutions to notoriously chal-
lenging problems with joint chance constraints (Remark 1).
« Second, we propose a sample-based approximation rooted in
the sample average approximation approach [40, 46, 54]. We
derive asymptotic optimality guarantees (Theorem 1) and
finite-sample error bounds (Lemma 1) for this reformulation.
The analysis relies on mild assumptions ((A1)-(A4)), which
enables considering a wide range of uncertainty sources
that introduce spatial and temporal correlations and depend
on state and control variables. The resulting approximated
problem is smooth and sparse, facilitating efficient numerical
resolution using off-the-shelf optimization tools.
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TABLE I: Capabilities of existing approaches for risk-constrained planning and trajectory optimization.

dynamics constraints aleatoric epistemic nonlinear non-convex non-Gaussian time & space
uncertainty uncertainty uncertainty uncertainty dynamics constraints distributions correlations

23] ° . ° ° 0
[32] ° 0 0 ° )
[51] ° ° ° ° °
[56] ° ° . ° °
[38] ° 0 ° 0
[28] . 0 1

[18, 33] ° ° . ° °
[26] D ° . . . ° °
[12] ° ° ° ° °

[15, 44] D °

This work D ° ° ° . ° D °

« Finally, we show the reliability and speed of the proposed
approach on problems with uncertain nonlinear dynamics,
obstacle fields, interactions, and terrain parameters.

This work indicates that risk-averse planning problems can be
efficiently tackled via trajectory optimization. These findings
challenge the popular belief that Monte-Carlo-based planning
methods are computationally expensive [22, 38, 56]. The key
is a particular AV@R-constrained formulation which, when
coupled with a sample-based approximation and a smooth,
sparse reformulation, unlocks the use of readily available
optimization tools that enable efficient numerical resolution.

II. RELATED WORK

Risk-averse control, planning, and trajectory optimiza-
tion methods typically enforce chance constraints (CCs) or
average-value-at-risk (AV@R) constraints. AV@R constraints
are more conservative than CCs, as they account for tail events,
and have desired properties for robotics applications [13]. Two
types of risk constraints are popular in the literature. First,
pointwise risk constraints enforce individual constraints at each
time ¢ € [0, 7], and thus do not provide sufficient constraints
satisfaction guarantees over the entire time horizon [0, 7],
see Remark 2. Instead, it is preferable to enforce joint risk
constraints that should hold jointly at all times. To enforce such
joint risk constraints, many approaches bound the total risk of
constraints violations using Boole’s inequality [12, 41, 45],
which neglects time correlations of uncertainty. As a result,
these methods yield solutions that tend to be conservative and
sensitive to the chosen time discretization [22, 32, 39].

The main challenge in risk-averse planning and control lies
in the ability of efficiently evaluating the risk of constraints vi-
olations (e.g., the probability or the AV@R of constraints vio-
lations over the planning horizon). For instance, estimating the
joint probability of collision of a robotic system until it com-
pletes a task requires accounting for the effects of disturbances
across multiple timesteps, and generally requires evaluating an
expectation integral over time and space, which is challenging
for general uncertainty distributions and constraints. For this
reason, many methods in the literature assume independent
Gaussian-distributed random variables defining the problem
[7, 21, 28, 40], polytopic constraints sets [25, 28, 50], or use
Boole’s inequality to distribute risk over different constraints
(e.g., obstacles) [28, 38, 51] which neglects correlations of
uncertainty over the statespace. These are reasonable assump-
tions and approximations in some applications. However, these
approaches may lead to infeasibility, under-estimate the true
risk of constraints violation, or hinder performance. There is a

lack of formulations and solution algorithms capable of truly
capturing different sources of uncertainty, see Table I.
Monte-Carlo methods fulfill the desideratas introduced in
Section I, but are often considered to be computationally
expensive [22, 38, 56]. Existing Monte-Carlo risk-averse tra-
jectory optimization and planning approaches are limited to
problems with randomly-moving obstacles of fixed polytopic
shapes for deterministic linear systems [25], or require solving
multiple problems for different paddings of the obstacles as a
function of the constraints violation probability estimated from
samples [32]. Both approaches are computationally expensive:
the first requires using mixed-integer programming, and the
latter requires solving multiple instances of the problem [32].
Methods based on the scenario approach also use samples to
enforce chance constraints [3, 5, 11, 53], but they are limited
to convex problems (e.g., to systems with linear dynamics).
Our proposed continuous-time risk-constrained problem for-
mulation is more general than in prior work (see Table I),
capturing a broad range of trajectory planning problems. In
particular, in Section VIII, we study a problem with uncertain
nonlinear dynamics, sources of epistemic and aleatoric uncer-
tainty, and moving obstacles, and a legged robot navigating
over uncertain terrain whose friction coefficient varies over
space. Importantly, the proposed reformulation is amenable
to efficient numerical resolution, thanks to using a particular
AV @R-constrained formulation approximated using samples,
unlocking the use of reliable off-the-shelf optimization tools.

III. RISK FUNCTIONS

Let (92,G,P) be a probability space [37] and Z : Q@ — R
be a random variable encoding constraints of the form Z < 0.
For instance, Z may denote the minimum negative distance
to obstacles and Z < 0 may denote obstacle avoidance
constraints, see Figure 1. In practice, enforcing constraints
with P-probability one (i.e., Z(w) < 0 for P-almost all w € )
is infeasible, e.g., if disturbances are Gaussian-distributed
and have unbounded support. Thus, we may enforce risk
constraints instead. We define the Value-at-Risk (V@R) and
Average Value-at-Risk (AV@R)! at risk level a € (0,1) as

V@R,(Z) = inf (t P(Z>t) < a), (1)

_ |
AV@R,(Z) = inf (t+a [max(Z—t,O)]). 2)

IThe AV@R is also often referred to as the Conditional Value-at-Risk
(CV@R) in the literature [42], since AV@Ry(Z) = E[Z|Z > V@R, (Z)]
under certain regularity assumptions [54, Theorem 6.2].
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V@R,(Z) is the (1 — a)-quantile of Z (Z > V@R, (Z) with
probability less than «) and AV@R,,(Z) is the expected value
of values of Z larger than V@R, (Z) [54, Theorem 6.2]. These
risk functions yield two types of inequality constraints. First,
the V@R, gives chance constraints at probability level a:

V@R,(Z) <0 « P(Z>0) < a. 3)

The AV@R gives conservative formulations of chance con-
straints since V@R, (Z) < AV@R,(Z) [54]:

AV@R,(Z) <0 = P(Z >0) < a. (4)

IV. PROBLEM FORMULATION

We model the uncertain system in continuous-time using a
stochastic differential equation (SDE). Let (Q2,G, F,P) be a
filtered probability space [37], W be a n-dimensional Brow-
nian motion on 2 [36] (e.g., the standard Wiener process),
& : 2 — R? be a random variable representing ¢ € N uncertain
parameters, n,m € N be state and control dimensions,
zo :  — R™ be uncertain initial conditions, U C R™ be a
compact control constraint set, 7' > 0 be the planning horizon,
b:R"xUxXxR? - R" and 0 : R" x U x R? — R"*"
be uncertain drift and diffusion coefficients. Given a control
trajectory u : [0,T] — U, we define the SDE

dz(t) = b(z(t), u(t), &)dt + o(x(t), u(t), £)dWy, t € [0,T],
x(0) = xo, (SDE)

with solution z,,. Given running and final costs ¢ : R" x U —
R and ¢ : R® = R, N € N inequality and n;, € N equality
constraints functions G; : R"xR? — Rand H : R" — R"", a
risk parameter o € (0, 1), and a control space U (see Sections
VI-VII), we define the optimal control problem (OCP):

T
OCP: inf E / wa(®), u(®))dt + o(za(T))|  Ga)
u 0
.. AV@Ra( sup G(xu(t),§)> <0,  (5b)
te[0,T)
x,, satisfies (SDE), (5d)

where G(z,(t),§) = max;=1__ n G;(xy(t),&) is the maxi-
mum constraints violation at time ¢ and we implicitly omit
dependencies on uncertainties w € 2.

This formulation of OCP captures a broad range of robotics
applications, see Section VIII for examples. OCP is chal-
lenging to solve due to the non-convexity of G, the AV@R
risk constraint (5b), the non-Gaussianity of the state trajectory
z,, and the dependency of all quantities on both epistemic
uncertainty (modeled by the uncertain parameters &) and
aleatoric uncertainty (modeled with the SDE in (5d)).

By (2), the AV@R constraint (5b) in OCP is equivalent to

1
i+ 1E [max ( sup G(ra(s),6) — 1, o)} <0, ©
« s€[0,T]
so all constraints in OCP are expected value constraints. Thus,

solving OCP amounts to evaluating expectations, which is
generally challenging as it involves a nonlinear SDE and

general nonlinear constraints functions. We propose a tractable
approximation in Section V. Next, we discuss important con-
siderations motivating this formulation.

Remark 1 (joint chance constraints (CCs)). Solving OCP
vields feasible solutions to problems with joint CCs. Indeed,
given a constraint G(x,,(t), £) <0 that should hold at all times
Jjointly with high probability 1 — a, we can define the joint CC

P( sup G(x,(t),€) > 0) <a. 7
t€[0,T]

Thanks to (3) and (4), a conservative formulation of the joint
CC (7) is the corresponding constraint (5b) in OCP. Thus, by
appropriately defining G and solving OCP, constraints that
often appear in robotics can be enforced with high probability
over the entire state trajectory, see Section VIII.

Remark 2 (pointwise-in-time risk constraints). Enforcing

AV@R, (G(zy(t),€)) <0Vt €0,T], (®)
instead (e.g., as in [25]) does not bound the risk of constraints
violation over the entire trajectory. Similarly, pointwise-in-
time chance constraints (e.g., as in [28, 38]) do not bound the
probability of constraints violations over the entire planning
horizon. Further, transposing discrete-time risk-averse con-
trol strategies to full-horizon settings via Boole’s inequality
[12, 41, 45] may lead to infeasibility as the resolution of
the time discretization increases, see [22, 32, 39] for further
discussion. Placing the time-wise supremum inside the AV@R
constraint (5b) and accounting for time correlations is key to
obtaining trajectory-wise constraints satisfaction guarantees.

Example 1 (obstacle avoidance constraints). N € N ob-
stacles O; of uncertain positions and shapes to be avoided
at all times can be captured via signed distance functions
(SDFs) do, : R" x RT — R, (z,8) + do,)(x) such that
do, (7 (t)) > 0 if and only if the system is collision-free, i.e.,
x,(t) ¢ Oj. For example, spherical obstacles at o; of radii
can be described by do, () = ||z —o0;||—r;. The fact that do,
depends on randomness w € ) via the uncertain parameters
&(w) allows capturing obstacles of uncertain position and
shape. For example, ellipsoidal obstacles centered at o; of
shape matrices Q); can be encoded by the SDFs

do, (¢(w)) () = (x — 0;(w)) T Qj(w)(z — 0j(w)) — 1.

Collision avoidance joint CCs can be written as

©))

P(zu(t) ¢ O;(§) Vt€[0,T]Vj=1,...,N) > 1—a. (10)
By defining the N constraints function G; = —do,, so that

G(zu(t),§) = ma I’ (_dOj(f)(Iu(t))) )

Jj=1,...,

(1)

the obstacle avoidance joint CC (10) is equivalent to (7). Thus,
by Remark 1, a conservative reformulation of (10) is (5b):

AV@Ra< sup  max (—do, () (:cu(t)))> <0. (12)

telo,7] J=1:- N
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V. SAMPLE AVERAGE APPROXIMATION (SAA)

Given M independent and identically distributed (iid) sam-
ples w* € Q, captured by the multi-sample & = (w', w?,...)
with joint distribution P, we approximate OCP by the follow-

ing sampled optimal control problem (SOCP):

SOCP; (@)
1 M T
inf MZ / (e (), (D) + o (T) (13
teR i=1
t —|— — Zmax ( sup G(z'(s),&") — t,O) <0,
s€[0,T] (13b)
—5M<—ZH ) < o, (13¢)
T, satisfies (SDE), (13d)
where (27,£%) = (z,(w'),&(w?)) for i = 1,..., M, (13¢)
corresponds to my (pointwise) inequality constraints, and

dpr > 0 is a padding constant that decreases as the number
of samples M increases (in practice, we set dp; to a small
value, see Theorem 1). This approximation is inspired from the
sample average approximation (SAA) method [46, 54], which
was recently extended to problems with equality constraints
that often appear in robotics applications [40]. To the best of
our knowledge, this approximation has not been applied to
continuous-time problems taking the form of OCP.

Given M samples w' € Q of the uncertainty, which define
M sample paths of the Brownian motion W (w?), of the un-
certain parameters ¢(w?), and of the initial conditions zq(w?),
the approximation SOCP,;(w) is a tractable deterministic
trajectory optimization problem, see Section VII. In the next
section, we study the theoretical properties of this approach.

VI. THEORETICAL ANALYSIS

Depending on the samples w’, the computed control trajec-
tories uys () that solve SOCP, (@) will be different. What
can we say about the quality of these solutions? We provide
analysis that relies on the following mild assumptions.

(A1) The drift and diffusion coefficients b and o are continu-
ous. Further, there is a bounded constant K > 0 such that
for all z,y € R™, all u,v € U, and all values £ € R9Y,
Hb(:177 U, f) - b(y7 v, 5) ” + ||U(x7 U, 5) - U(yv v, 5) H
K([|z =yl + [lu —vl).

(A2) The cost and constraints functions (¢, p, G, H) are con-
tinuous. Further. there is a bounded constant L > 0 such
that for all z,y € R"™, all u,v € U, and all values £ € RY,
1G(z,€) = Gy, Ol + [ H(x) — H(y)|| < Lllx —yl|,
1G(z, Ol + 1 H(z)] < L,

[[€(z, u) — £y, v)[| + llp(x) — o) < Llz—yll + [[u—v]).

(A3) The control space U C L?([0,T],U) can be identified
with a compact subset of R* for some z € N.

(A4) The uncertain initial state xy and parameters £ are Fg-
measurable and square-integrable.

(A1) is standard and guarantees the existence and uniqueness

of solutions to (SDE). (A2) corresponds to standard smooth-

ness assumptions of the cost and constraints functions. The

constraints functions G and H can always be composed with a
smooth cut-off function whose support contains the statespace
of interest to ensure the satisfaction of the boundedness
condition in (A2). (A3) states that the control space U is
finite-dimensional, which is an assumption that is satisfied in
practical applications once a numerical resolution scheme is
selected. In particular, (A3) holds for the space of stepwise-
constant control inputs ¢/ = (15) that we use in this work.
(A4) makes rigorous the interpretation of xy and & as sources
of epistemic uncertainty: (A4) states that the uncertain initial
state zo and parameters ¢ are randomized at the beginning of
the episode and are independent of the Brownian motion W.

To describe the distance between solutions to SOCP,,
and to OCP, given non-empty compact sets A, B C U, we
define D(A, B) = sup,c4inf, 5 [[u—v
property that A C B if D(A, B) = 0. Thus, if we show that
the solution sets Sy (@) and S of SOCP;; (@) of OCP satisfy
D(Sn (@), S) = 0, then we can conclude that Sy (w) C S,
i.e., any optimal solution of SOCP; (@) is an optimal solution
of the original problem OCP. Theorem 1 below states that this
result holds with probability one in the limit as the sample size
M increases.

Theorem 1 (Asymptotic Optimality). Given M € N sam-
ples and any constants C > 0 and ¢ € (0,%), define
S = CM=2) and denote the sets of optimal solu-
tions to OCP and SOCPy; () by S and Sy (@), respec-
tively. Then, under assumptions (Al)-(A4), P-almost-surely,
limps oo D(SM(G)), S) =0.

The proof of Theorem 1 follows from recent results in [40],
see the appendix?. Theorem 1 gives convergence guarantees to
optimal solutions to OCP (in particular, the AV@R constraint
(5b) is satisfied) as the sample size increases, justifying the
proposed approach. This asymptotic optimality result is de-
rived in continuous-time and is thus independent of the chosen
discretization scheme for numerical resolution. This contrasts
with methods that start with a discrete-time formulation and
may yield different results for different discretizations [22, 32].

The following result gives high-probability finite-sample
error bounds for the average-value-at-risk constraint given a
solution of the sample-based approximation. The proof (see the
appendix) relies on concentration inequalities [4, 34, 40, 59].

Lemma 1 (Finite-Sample Error Bound). Let e > 0, 8 € (0,1),
and M € N be such than M > e=2(C'+h(2log(1/B))?)? for
some finite constants (C, h) large-enough. Denote any solution
to SOCP () by upr(©). Then, under assumptions (Al)-(A4),
(14

AV@RQ< sup G(muM(w)(s),g)> <e

s€[0,T7]
with P-probability at least (1 — 3) over the M iid samples w".

By Lemma 1, replacing constraint (13b) in SOCP (@) with
M

1
t—&-od\/[z;max(

2Due to space constraints, the proofs of Theorem 1 and Lemma 1 are
contained in a short appendix available at https://arxiv.org/abs/2307.03167.

sup G(z!(s),&") — t,O) < -

s€[0,T
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would guarantee the satisfaction of the average-value-at-risk
constraint in QCP if the sample size M is large-enough. The
error € can be made arbitrarily small (with increasingly high
probability 1— ) by increasing the sample size M. In practice,
the bound in Lemma 1 is conservative, and numerical results
demonstrate that a few samples are sufficient to obtain high-
quality solutions to challenging problems, see Section VIIL.

VII. NUMERICAL RESOLUTION

Theorem 1 justifies approximating OCP using samples w*
and searching for solutions to the deterministic relaxation
SOCP), (w) instead. In this section, we describe a numerical
method for efficiently computing solutions to SOCP (o).

Control space parameterization: We optimize over open-
loop controls u parameterized by S € N stepwise-constant
inputs u of duration At = T/S, described by the set

L{:{u: } (15)

This set U clearly satisfies (A3), since it can be identified with
a compact set of RS™. Note that any square-integrable open-
loop control » can be approximated arbitrarily well by some
u € U by increasing S, so this class of function is expressive.
Alternatively, one could also optimize over certain classes of
closed-loop controllers (e.g., controls of the form u = u+Kx);
an approach that is common in the literature [24, 44].
Finite-dimensional approximation: Numerically solving
general instances of SOCP,/(w) requires discretizing the
problem. In this work, we discretize SOCP (@) as follows:

u(t) = 2;9:—01 usLsae, (s+1)an) (1),
(ug,...,ug—1) €U X -+ xU

SOCP,; (@)
1 M
inf + > (Ze ot (KAL), u(kAt)) At + <p(:1cu(S'At))) (16a)

tER i=1

,,,,,
i=1

M

o < i ZH (¢ (SAL)) < 6us, (16¢)

xh ((k+ )At) =zl (KAL) + b(x;(kAt) u(kAt), &' YA+
+a(wu(k:AtLu(szt)@l)(W(kH — Wiae) (16d)
| CVk=0,...,8—1,i=1,. A
2,(0) =25 Vi=1,..., M, (16e)

where (zf,&, W) = (xo(w?), &(w?), W (w')) denote the M
samples of the initial conditions, parameters, and sample paths
of the Brownian motion, and z¢,(kAt) = x,,(kAt,w") denotes
associated sample paths of the state trajectory, for conciseness.
The constraint (16d) corresponds to an Euler-Maruyama dis-
cretization of (SDE). This discretization of SOCP allows for
a simple and efficient implementation, although more accurate
integration schemes could be used to formulate SOCP ().

The SDE constraint (16d) can be either explicitly enforced
by optimizing over both state variables ¢, (kAt) and control
variables u(kAt) and enforcing (16d), or implicitely by only
optimizing over the control variables u(kAt) that parameterize
the state trajectory via (16d). In this work, we opt for the
latter as it reduces the number of variables, albeit at a
potential reduction in numerical stability. As shown in [19],

the alternative option of parameterizing both state particles and
control variables can also be computationally efficient.

By introducing M additional variables y; € R, the inequal-
ity constraints (16b) are equivalent to the set of the constraints

(Ma)t+3M 4 <0

< : =
0<y; Vi=1,....M 17
) ) Vi=1,...,.M
Gz (KAL), &) —t <y, {Vi=1,...,N
Vk=0,...,8.

Note that these constraints are smooth if every G iiSﬂooth.

Numerical resolution: With this reformulation, SOCP can
be solved using reliable off-the-shelf optimization tools such
as IPOPT [58]. In this work, we leverage sequential convex
programming (SCP). SCP En\sists of solving a sequence of
convex approximations of SOCP until convergence. The main
appeal in using SCP is that it typically only requires a few
convex approximations of the original non-convex program to
reach accurate solutions. Since the set of constraints (17) is
sparse, the convex approximations of SOCP can be efficiently
solved. In contrast, interior-point-methods for non-convex
programming may take a larger number of small steps that
each require evaluating gradients and hessians of the original
program. Since this gradient-hessian evaluati/on\is potentially
the computational bottleneck in solving SOCP, SCP is a
promising solution scheme for this class of problems. See
[7, 8, 38] for further details on SCP for trajectory optimization.

Remark 3 (AV@R vs chance constraints). Beyond the ability
to account for tail events, the smoothness of the reformulation
in (17) motivates enforcing AV@R constraints instead of
chance constraints that are often used in the literature. Indeed,
a typical chance constraint P(sup, G(z,(t),&) > 0) < «
is equivalently written as E[1 g o) (sup; G(74(t),€))] < a,
where 1(0o0y(2) = 1 if z > 0 and 0 otherwise. This
constraint only takes a simple form in particular cases [10].
Approximating this chance constraint from samples would give

1 M | |
M ; 1(0,00) (Sltlp G(x;(t)’ 52)) <a,

which is not smooth since 1 (-) is a step function. To
solve the resulting problem with gradient-based methods, one
would need to formulate and solve smooth approximations
instead [23, 48], or solve the problem multiple times with
different constraints paddings [31], which is computationally
expensive. In contrast, the reformulation in (17) is smooth and
exact (up to errors from the sample-based and discrete-time
approximations), which allows efficient numerical resolution.

Example 1 (obstacle avoidance constraints). With M sam-
ples of the state trajectory x!, and of the obstacles (’)j(fi), the
AV@R constraint in (12) can be approximated with the set of
constraints (17) with G (z,(kAt),£") = —do, (¢ (2], (kAL)).
This formulation applies to general obstacle representations
and can be specialized to particular obstacle shapes. For
example, if the N uncertain obstacles O; are spheres of
uncertain radii v; and centers oj, then the last term in (17) is

ré- — ||zt (kAt) — 0] L=t <y (18)
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Jorall i, j, k, where (r%, 05) = (r;,05)(w") are M iid samples.

If the obstacles are ellipsoidal as in (9), then (17) becomes
1— (2}, (kAt) = o)) TQ (), (kAL) — o)) —t <y;  (19)

for all i, j, k. This gives a set of differentiable constraints that
can be passed to a non-convex optimization algorithm.

We note that potential corner-cutting due to the time dis-
cretization of the AV@R constraint can be addressed via
different methods, e.g., with the approach in [15], by enforcing
(16b) on a finer grid, or by padding obstacles.

VIII. APPLICATIONS AND RESULTS

We apply the proposed approach to three challenging plan-
ning problems with diverse sources of uncertainty. Code is
available at https://github.com/Stanford ASL/RiskAverseTrajOpt.

1) Drone planning with uncertain obstacles. The state is
x = (p,p) € RS, the input is u € R®. Dynamics are given by

bz, u,w) = [gb%(fﬁdrag Lﬁp%{(}:iﬂ (u+Kx)), (20)
and o(z,u,w) = ﬁ(03xg, BoI3x3) . The drone transports
an uncertain payload, modeled by assuming that the total mass
m of the system follows a uniform distribution. (Barag, Bo)
are drag and diffusion coefficients and K is a feedback gain.
We consider three uncertain ellipsoidal obstacles whose shape
matrices have uncertain axes distributed according to a uni-
form distribution, and enforce collision avoidance constraints
as described in Example 1. The objective is reaching a goal
(H(z(T)) = «(T) — ) while minimizing control effort
{(z,u) = u' Ru and satisfying collision avoidance constraints
at risk level « as in (12). This nonlinear system has sources of
aleatoric (disturbances modeled as a Wiener process) and epis-
temic (mass and obstacles) uncertainty, which makes solving
the problem with classical approaches challenging.

We formulate the sample-based approximation with S' = 20
nodes and solve it with SCP. We present an example of results
in Figure 1 (M = 50, o = 10%) with the trajectory samples
x! obtained at convergence. We report the associated Monte-
Carlo histogram of the negative minimum distance over ¢ €
[0,7] in (11) with the mean, V@R, and AV@R,, minimum
values of (11). The average-value-at-risk of collision is below
0, indicating that the solution of SOCP is feasible for OCP.

Sensitivity to risk parameter: We run the approach (SAA,)
for different values of « each and report results in Table II. The
AV @R, constraint is approximately satisfied (AV@R,, =~ 0)
for each value of a. As a result, the associated joint chance
constraints for collision avoidance are satisfied, since the per-
centage of constraints violations is always below «, validating
the discussion in Remark 1. Safer behavior is obtained for
smaller values of o, effectively balancing the tradeoff between
the efficiency and the risk of constraints violations.

Comparisons: The proposed approach (SAA,,) yields trajec-
tories that closely match desired safety risk levels. In contrast,
a baseline that neglects uncertainty (Deterministic) often vio-
lates constraints. We also compare with a method (Gaussian,,)
that bounds the total probability of constraints violation below
« using Boole’s inequality. This baseline uses an approximate
Gaussian-distributed state representation [38] and optimizes

over the risk allocation, see the appendix for details. Due
to the approximate uncertainty representation and the use of
Boole’s inequality (thus neglecting time and space correlations
of uncertainty), this baseline is overly conservative.

Computation time: In Figure 2,
we report total computation times
for different sample sizes M &
{20,30,50} (we report the me-
dian over 30 runs with a = 5%,
evaluated on a laptop with an i7-
10710U CPU (1.10 GHz) and 16 S ample size M
GB of RAM). We use a zero initial
guess s = 0 and stop after 10
SCP iterations, which is sufficient
to obtain a final SCP iteration error ||u* —u*~1|/[|u*| < 1%.
Albeit our implementation is written in Python (with JAX
[9] and OSQP [55]), computation times are reasonable and
amenable to real-time applications. Computation time scales
roughly linearly in the sample size. Parallelization on a GPU
could enable using a larger sample size M while retaining
speed, albeit results show that using a small sample size
suffices to obtain feasible solutions.

2) Autonomous driving with a pedestrian. The state is
xr = (xego;xped) with Tego = (pg:goapggovvegm(bego) the ego-
vehicle and Tpea = (Peq; pged,vged,vged) a pedestrian, and
u = (a,7) the ego control input. The coupled system follows
dTego = (Vego COS(Pego); Vego SIN(Pego), u)dE, dppea = Vpeadt,
and dvpeq = f(z,w)dt + odWy, from (Zego,0, Zped,0) With
known eg 0 but Gaussian-distributed zpeq0 due to uncer-
tainty from perception. The term f(z,w) represents interaction
forces inspired from the Social Force Model [27]

pego(t) - pped(t)
[[Pego(t) — Ppea(®)|
where (wi1,ws) represents the tendency of a pedestrian to
maintain a desired speed vgjfi in the direction e,eq and actively
avoid the car. A pedestrian with large values of w; and small
values of wy tends to keep the same speed while neglecting
the car. (w1, ws) represents a source of epistemic uncertainty:
the personality of the pedestrian is randomized and does not
change during the planning episode. Such interactions could be
learned from data [30, 52] and incorporated into our method.
The objective is reaching a destination plss (H(x(T)) =
Pego(T) — pggg) while minimizing control effort ¢(z,u) =
u" Ru and maintaining a minimum separation distance dsep

sup_dsep = [pego(t) = ppeal®)]]) < 0.
te[0,T)

Fig. 2: Drone planning to-
tal computation times.

» 21

F(@(t),w) = w1 (voed —Vped(t)) eped +we

AVER, ( 22)
This constraint is reformulated as described in Example 1. The
resulting OCP problem combines sources of aleatoric (from
the Wiener process disturbances) and epistemic uncertainty
(from the pedestrian’s uncertain behavior and initial pose).
We discretize the problem with S = 20 nodes and report
results in Figure 3 and Table II. Reducing the risk parameter
« yields safer trajectories that maintain a larger distance with
the pedestrian at the expense of greater control effort. For all
values of o, the AV@R constraints and corresponding joint
chance constraints are satisfied. In contrast, the joint-chance-
constrained baseline with optimal risk allocation (Gaussian,,)
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Fig. 3: Driving scenario results (o« = 5%).

TABLE II: Monte-Carlo validation with 10* samples of disturbances
and uncertain parameters. We report the median (over 30 runs with
M = 50) of constraints violation percentage, risk, and control effort.

Drone planning a=5%|a=10% | a =20% | a = 30%
constraints
Violations 2.1% 5.6% 8.4% 11.7%
SAAq AV@R,, 0.01 0.04 0.02 0.00
cost 76.6 54.0 48.3 46.0
constraints
Gaussiang, violations 1.3% 2.3% 3.9% 6.0%
cost 69.9 61.8 54.5 50.7
constraints
Deterministic|  violations 73.8%
cost 31.4
Autonomous driving a=1%| a=2% | a=5% | a=10%
constraints
violations 0.2% 0.3% 0.8% 3.1%
SAAx AV@R, | —0.03 | —005 | —005 | —0.02
cost 56.3 56.1 53.5 50.9
constraints
Gaussian, | violatons | 0-0% | 0.0% 0.3% 1.2%
cost 60.2 58.1 55.0 52.5
constraints
Deterministic|  violations 53.1%
cost 42.5

is overly conservative, whereas a baseline that neglects uncer-
tainty (Deterministic) is unable to maintain a safe separation
distance with the pedestrian at all times. Computation times
are close to those for the drone planning problem in Figure 2
(see the appendix), again demonstrating the real-time capabil-
ities of the proposed approach.

3) Legged navigation over uncertain terrain. Finally,
we consider a legged robot whose goal is jumping as far
as possible over uncertain terrain while limiting its risk of
slippage. We consider the hopper robot in [35] with 2 = (q, §)
where ¢ = (pg,p.,0,7) € R*, u = (7, f) € R?, and dynamics

M(t)+C = B(q(t))u(t)+Je(q() TA(2), 2(0) = 2°, (23)

where A\ = (A, \.) € R? are contact forces that must satisfy
.L(t) ( ) =0Vte ﬁlghl, (243)
Jew (@) T4(t) =0, A:(t) 20Vt € Toonuet,  (24b)

and AV@R, ( sup A () —u(q(t),w))\z(t)> <0. (240)

t€ Teontact
These constraints encode the absence of contact force in
the flight phase (24a), the no-slip and positive normal force
conditions (24b), and a constraint on the risk of slippage (24c),
over a pre-defined contact schedule Tgignt, Tcontact C [0, 1.
Characterizing terrain adhesion properties (i.e., terrame-
chanics) is challenging and is often done via data-driven
approaches. For instance, Cunningham et al. [14] fit Gaussian
processes to observed data for slip prediction. Thus, we model
the soil properties at the contact point pgo;(¢) given by the

0.75

0.50

1.0

P 020 o

0.5

0.0

0.05
0.0 0.2 0.4 0.6 De 0.8 1.0 12

Fig. 5: Hopper system with uncertain terrain properties: jump tra-
Jectories (of the center of mass and the tip of the leg) for different
risk parameter values o and for the deterministic baseline (in black).

system’s kinematics with the Random Fourier Features [49]
#(qv W) = ﬂ+2i0:1 Wn, 1 Cos(wn,Q 'pfoot,x(q) +wn,3) for some
randomized parameters w follow- 0.15
ing a uniform distribution, see Fig-
ure 4. The coefficient p encodes
epistemic uncertainty varying over
space, which is more realistic than
assuming a constant friction coef- 005
ficient as in [18]. As discussed in 0 1 2

Section II, this type of uncertainty P()

is challenging to deal with. Fig. 4: Samples from .

The objective consists of jumping as far as possible (i.e.,
o(xz(T)) = —pu(T)) while minimizing the control effort
{(z,u) = ||ul|3 and limiting the risk of slippage (24c). The
resulting problem clearly takes the form of OCP with no
dynamics uncertainty (i.e., 0 = 0). Indeed, an important source
of uncertainty in legged locomotion comes from uncertain
terrain properties due to imperfect perception or inherent
uncertainty in the problem. We are not aware of prior work in
trajectory optimization tackling this formulation.

We solve the sampled problems (using S = M = 30) with
IPOPT [58] and report results in Figure 5. By reducing the
risk parameter «, the proposed trajectory optimizer is more
cautious to avoid slip and returns shorter jumps, with slippage
probability bounded by «. In contrast, a deterministic baseline
that only considers the mean terrain parameter u(x,w) = [i
returns longer jumps but violates constraints 50% of the time.

01

IX. CONCLUSION

We proposed an efficient method for risk-averse trajec-
tory optimization. This algorithm hinges on a continuous-
time formulation with average-value-at-risk constraints. By
approximating the problem using samples, we obtain a smooth,
sparse program that allows for efficient numerical resolution.
We demonstrated the speed and reliability of the method on
problems with sources of epistemic and aleatoric uncertainty
that are challenging to tackle with existing approaches.

Due to its generality in handling uncertain nonlinear dynam-
ics and constraints, this work opens exciting future research
directions. In particular, the approach could be interfaced with
learned models: obstacles could be implicitly represented as
deep SDFs [47] or neural radiance fields [1, 43], deep trajec-
tory forecasting models [30, 52] could be used for planning in
autonomous driving, learned terramechanics models [14] could
allow more robust legged locomotion, and dynamics could be
learned online, either to improve control performance [16, 28]
or for active data-gathering [39, 60] under risk constraints.
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