
2024 IEEE International Conference on Robotics and Automation (ICRA 2024) 
May 13 - 17, 2024. Yokohama, Japan 
 
 

1 

Dual-Mode Human-Robot Collaboration with 
Guaranteed Safety Using Time-Varying Zeroing 

Control Barrier Functions and Quadratic Program 
 

Kaige Shi and Guoqiang Hu 
 

  
Abstract—Safety and efficiency are two important aspects of 

human-robot collaboration (HRC). Most existing control 
methods for HRC consider either contactless HRC or physical 
HRC, hindering more efficient HRC. The proposed control 
framework enables dual-mode HRC, filling the gap between 
contactless and physical HRCs. With the framework, the robot 
can perform contactless HRC under safety regulations regarding 
the co-working human. Meanwhile, the human can safely 
interrupt the robot via physical contact to enter physical HRC, in 
which he/she can hand guide the robot or take over its gripped 
object. First, human safety is defined as bounded approaching 
velocities between human and multiple robot links based on 
ISO/TS 15066, allowing gradual establishing of physical contact. 
Then, the time-varying zeroing control barrier function is 
proposed and defined to guarantee the bounded approaching 
velocities by a safety control set. Second, a unified task control set 
is designed to achieve different robot tasks for different HRC 
modes in a unified manner. The unified task control set enables 
the robot to switch smoothly between the two HRC modes. An 
optimal final control input is determined by a quadratic program 
based on different control sets. Experiments were conducted to 
verify the proposed framework and compare the proposed 
framework with existing methods. An application example is 
presented to show the versatility of the proposed framework. 
 
Index Terms— Control barrier function, human safety, physical 
human-robot collaboration, quadratic program. 

 

I. INTRODUCTION 
ECENT developments in robot technology enable 
humans and robots to work side by side in a shared 
workspace. Human safety is still an important topic in 

human-robot collaboration (HRC). It arises from many aspects 
of HRC. For example, the human may be hit by the robot’s 
structure or something mounted to the end-effector (EE), and 
imperfect sensing may also cause dangers. The former is 
usually solved by collision avoidance, while the latter may be 
solved by novel sensing methods or a sufficient safety margin. 

There are generally two modes of HRC, i.e., contactless 
HRC and physical HRC. In contactless HRC (see Fig. 1(a)), 
the robot performs its task while avoiding collisions with co-
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working humans in the same workspace. Different methods, 
e.g., artificial potential field [1, 2] and optimization program 
[3-6], are employed to achieve collision avoidance, thereby 
ensuring human safety. In physical HRC (see Fig. 1(b)), the 
robot conducts a common task, e.g., co-manipulation [7], co-
transportation [8, 9], co-assembly [10], and handover [11], 
with the human in presence of physical interaction. The 
robot’s motion can be adaptive to the human by employing, 
e.g., impedance control [7, 9] and trajectory deformation [12], 
so that the interaction force is safe for the human. 

Although some methods capable of both HRC modes have 
been developed [1, 13, 14], it is still a challenge to switch 
safely and efficiently between two HRC modes. In contactless 
HRC mode, the robot should operate at full speed to ensure 
efficiency. To enter physical HRC mode, the human has to 
establish physical contact with the operating robot, which may 
lead to an unsafe human-robot collision. Considering that a 
large impact force can be produced within the robot’s response 
time, it will be difficult to alleviate the unsafe collision in the 
physical HRC mode. Therefore, human safety should be 
considered beforehand in contactless HRC mode. In [1], the 
mode switching is not presented. In [13], human safety is 
neglected which may make the mode switching unsafe. In 
[14], the robot has to stop before switching to physical HRC 
mode, which may sacrifice efficiency. 

In this letter, we propose a control framework capable of 
both HRC modes with guaranteed human safety. Here, human 
safety means a limited contact force resulting from a collision 
with the robot. With this framework, the robot can perform 
contactless HRC efficiently while fulfilling safety regulations 
regarding the human. The safety regulations do not stop the 
robot so that the efficiency of HRC can be maximized. 
Meanwhile, the human can safely interrupt the robot through 
physical contact to enter physical HRC mode, in which he/she 
can guide the robot to a goal position. The robot returns to 
contactless HRC mode automatically after the human retracts 

R 

 
Fig. 1. Demonstration of (a) contactless HRC and (b) physical HRC. 
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from the robot. The contribution of this letter is twofold. 
First, human safety is defined as bounded approaching 

velocities between human and multiple robot links based on 
the ISO/TS 15066 [15]. In [16-18], the regulations in the 
ISO/TS 15066 are used to avoid human-robot collisions in 
contactless HRC mode without considering physical HRC. On 
the contrary, in this letter, the human safety defined by 
bounded approaching velocities allows safe human-robot 
collisions, which are desired when the robot switches to 
physical HRC mode. To guarantee the defined human safety, a 
novel control barrier function (CBF) called time-varying 
zeroing CBF (TV-ZCBF) is proposed. Traditional CBFs are 
time-invariant [19] and thus cannot deal with the time-varying 
velocity boundary here. Compared to reciprocal CBFs that are 
undefined in unsafe states [3, 20], zeroing CBFs (e.g., those in 
[6, 19] and the TV-ZCBF) can deal with safety violations. 

Second, a unified task control set is designed to achieve 
different robot tasks in a unified manner. In contactless HRC, 
the robot’s task is to make its EE track the desired trajectory. In 
physical HRC, the robot’s task is to lead the EE to the human’s 
goal position which is unknown to the robot. The unified task 
control set enables the robot to switch smoothly between the 
two HRC modes. A quadratic program (QP) based on the safety 
control set and the unified task control set is employed to 
determine the optimal final control input. 

The advantages of the proposed framework are as follows: 
(1) the human-robot approaching velocity is strictly constrained 
by TV-ZCBFs, thereby limiting the contact force and 
guaranteeing human safety; (2) the robot is allowed to operate 
near the human while fulfilling the velocity boundary depending 
on the human-robot distance, which maximizes HRC efficiency; 
(3) the robot tasks in different HRC modes are handled in a 
unified manner, enabling smooth switch of HRC mode. 

The rest of this letter is organized as follows. In Section II, 
the system is modeled and the problem is stated. In Section III, 
the control framework is constructed. In Section IV, 
experiments are presented and analyzed. Finally, Section VI 
concludes this letter. 

II. SYSTEM MODELING AND PROBLEM STATEMENT 

A. Modeling of Robot and Human 
In this letter, we consider the following joint-space 

dynamics of a robot manipulator with 𝑛𝑛-DOFs 
 𝑀𝑀(𝑞𝑞)𝑞̈𝑞 + 𝐶𝐶(𝑞𝑞, 𝑞̇𝑞)𝑞̇𝑞 + 𝐺𝐺(𝑞𝑞) = 𝜏𝜏 + 𝐽𝐽𝑣𝑣

𝑇𝑇(𝑞𝑞)𝐹𝐹ℎ + 𝐽𝐽𝜔𝜔
𝑇𝑇 (𝑞𝑞)𝑇𝑇ℎ (1) 

where 𝑞𝑞 ∈ ℝ𝑛𝑛 is the vector of joint positions, 𝑀𝑀 ∈ ℝ𝑛𝑛×𝑛𝑛 is the 
symmetric and positive definite inertia matrix, 𝐶𝐶 ∈ ℝ𝑛𝑛×𝑛𝑛 is the 
Coriolis and centrifugal matrix, 𝐺𝐺 ∈ ℝ𝑛𝑛 is the gravity vector, 𝜏𝜏 
∈ ℝ𝑛𝑛 is the vector of torque control inputs, 𝐹𝐹ℎ ∈ ℝ3 and 𝑇𝑇ℎ ∈ 
ℝ3 are the vectors of forces and torques by the human at the 
EE, respectively, and 𝐽𝐽𝑣𝑣 ∈ ℝ3×𝑛𝑛 and 𝐽𝐽𝜔𝜔 ∈ ℝ3×𝑛𝑛 are linear and 
angular Jacobian matrices of the EE, respectively. For a 
commercial robot, the control input 𝜏𝜏 is bounded, i.e., 
 𝜏𝜏 ∈ 𝒯𝒯 ≜ {𝜏𝜏 ∈ ℝ𝑛𝑛 | 𝜏𝜏min ≤ 𝜏𝜏 ≤ 𝜏𝜏max} (2) 
where 𝜏𝜏min ∈ ℝ𝑛𝑛 and 𝜏𝜏max ∈ ℝ𝑛𝑛 are lower and upper bounds 
of 𝜏𝜏, respectively. The robot dynamics (1) can be written in 
the following control affine form 

 𝑥̇𝑥 = 𝑓𝑓(𝑥𝑥) + 𝑔𝑔(𝑥𝑥)𝜏𝜏 (3) 
where 𝑥𝑥  = [𝑞𝑞 T, 𝑞̇𝑞 T]T ∈ ℝ𝑛𝑛𝑥𝑥  with 𝑛𝑛𝑥𝑥  = 2𝑛𝑛  is the robot state 
vector, and 𝑓𝑓(𝑥𝑥) = [𝑞̇𝑞T, (–𝑀𝑀–1(𝐶𝐶𝑞̇𝑞 + 𝐺𝐺 – 𝐽𝐽𝑣𝑣

T𝐹𝐹ℎ  – 𝐽𝐽𝜔𝜔
T𝑇𝑇ℎ))T]T ∈ 

ℝ𝑛𝑛𝑥𝑥  and 𝑔𝑔(𝑥𝑥) = [0𝑛𝑛×𝑛𝑛, –𝑀𝑀–1]T ∈ ℝ𝑛𝑛𝑥𝑥×𝑛𝑛  are locally Lipschitz 
continuous functions. 

To facilitate the robot controller design and the system 
stability analysis, an explicit model of the human is necessary. 
In this letter, it is assumed that the human applies the force 𝐹𝐹ℎ 
according to the following law in order to guide the robot’s EE 
to his/her goal position [21] 
 𝐹𝐹ℎ = −𝐾𝐾ℎ𝑃𝑃�𝑝𝑝𝑒𝑒 − 𝑝𝑝𝑔𝑔� − 𝐾𝐾ℎ𝐷𝐷𝑝̇𝑝𝑒𝑒 (4) 
where 𝐾𝐾ℎ𝑃𝑃  and 𝐾𝐾ℎ𝐷𝐷  are proportional and derivative gain 
matrices, respectively, 𝑝𝑝𝑒𝑒  ∈ ℝ3  is the position of the robot’s 
EE, and 𝑝𝑝𝑔𝑔  ∈ ℝ3  is the human’s goal position which is 
unknown to the robot. The force model (4) is a simplification 
and is not a predictor of human action. In this letter, the goal 
position is assumed to be static, i.e., 𝑝𝑝𝑔𝑔 is constant. The human 
does not intend to rotate the EE, so 𝑇𝑇ℎ ≈ 03×1. Furthermore, 𝐹𝐹ℎ 
and 𝑇𝑇ℎ  are assumed to be known by the robot. In practical 
applications, 𝐹𝐹ℎ and 𝑇𝑇ℎ can be either measured by a force and 
torque sensor [7, 8] or estimated by an observer [9].  

B. Definition of Human Safety 
As shown in Fig. 2, a serial robot manipulator is represented 

by 𝑛𝑛𝑟𝑟  links 𝑝𝑝𝑟𝑟,𝑖𝑖𝑝𝑝𝑟𝑟,𝑖𝑖+1  with 𝑖𝑖  ∈ {1, ⋯ , 𝑛𝑛𝑟𝑟} . Each link can be 
enveloped by a capsule with radius 𝑟𝑟𝑟𝑟,𝑖𝑖 centered at 𝑝𝑝𝑟𝑟,𝑖𝑖𝑝𝑝𝑟𝑟,𝑖𝑖+1. 
The hands are the most important part of the human and the 
riskiest part to be hit by the robot. Therefore, in this letter, the 
human is represented by one of his/her hands enveloped by a 
sphere with radius 𝑟𝑟ℎ centered at 𝑝𝑝ℎ. More parts of the human 
can be included by defining more spheres attached to the 
human. We use 𝑑𝑑𝑖𝑖 (𝑥𝑥 , 𝑡𝑡 ) to denote the minimum distance 
between the sphere at 𝑝𝑝ℎ  and the capsule at 𝑝𝑝𝑟𝑟,𝑖𝑖𝑝𝑝𝑟𝑟,𝑖𝑖+1 . The 

 
Fig. 2. Geometry of human and robot. 
 

 
Fig. 3. Velocity boundaries for human safety. The original safe operating 
region 𝑣𝑣𝑖𝑖 ≥ min(𝑣̅𝑣𝑐𝑐, 𝑣̅𝑣𝑏𝑏) is represented by the shaded area. The modified safe 
operating region 𝑣𝑣𝑖𝑖 ≥ 𝑣̅𝑣𝑖𝑖 is represented by the yellow area. 
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minimum distance can be calculated as 
 𝑑𝑑𝑖𝑖(𝑥𝑥, 𝑡𝑡) = 𝑓𝑓𝑑𝑑 �𝑝𝑝ℎ(𝑡𝑡), 𝑝𝑝𝑟𝑟,𝑖𝑖(𝑥𝑥), 𝑝𝑝𝑟𝑟,𝑖𝑖+1(𝑥𝑥)� − 𝑟𝑟𝑟𝑟,𝑖𝑖 − 𝑟𝑟ℎ (5) 
where 𝑓𝑓𝑑𝑑 : (ℝ3, ℝ3, ℝ3) → ℝ is a continuous function giving 
the minimum distance between a point (i.e., 𝑝𝑝ℎ ) and a line 
segment (i.e., 𝑝𝑝𝑟𝑟,𝑖𝑖𝑝𝑝𝑟𝑟,𝑖𝑖+1). In contactless HRC, human safety is 
achieved by keeping 𝑑𝑑𝑖𝑖  above a safe distance [2-5]. In this 
case, the human and the robot are physically separated, which 
is undesired in dual-mode HRC. To define the human safety in 
dual-mode HRC, we consider the approaching velocity 𝑣𝑣𝑖𝑖 
between the human’s hand and the robot’s 𝑖𝑖-th link, which is 
simply the time derivative of 𝑑𝑑𝑖𝑖, i.e., 
 𝑣𝑣𝑖𝑖(𝑥𝑥, 𝑡𝑡) = 𝑑̇𝑑𝑖𝑖(𝑥𝑥, 𝑡𝑡) (6) 
Note that positive 𝑣𝑣𝑖𝑖  means the human’s hand leaves the 
robot’s link, which is safe. While negative 𝑣𝑣𝑖𝑖  means the 
human’s hand approaches the robot’s link. In this case, for 
human safety, 𝑣𝑣𝑖𝑖 should be above a negative lower boundary 
𝑣̅𝑣𝑖𝑖 . Therefore, in the next, the velocity boundary 𝑣̅𝑣𝑖𝑖  will be 
determined under the guidance of the ISO/TS 15066 [15]. 

The technical specification ISO/TS 15066 suggests setting 
bounds for the robot’s velocity to limit the maximum contact 
force and transferred energy resulting from a hypothetical 
human-robot collision [15]. The relationships among the 
maximum contact force 𝐹𝐹𝑐𝑐, the transferred energy 𝐸𝐸𝑐𝑐, and the 
colliding velocity 𝑣𝑣𝑐𝑐 of a collision are as follows 
 𝐸𝐸𝑐𝑐 = 𝐹𝐹𝑐𝑐

2 (2𝑘𝑘)⁄ = 𝑚𝑚𝑒𝑒𝑣𝑣𝑐𝑐
2 2⁄  (7) 

where 𝑘𝑘  is the stiffness of colliding region of the human’s 
body, and 𝑚𝑚𝑒𝑒 is the effective mass of the system calculated as 
 𝑚𝑚𝑒𝑒 = (𝑚𝑚ℎ

−1 + 𝑚𝑚𝑟𝑟
−1)−1 (8) 

with 𝑚𝑚ℎ  and 𝑚𝑚𝑟𝑟  the effective masses of the human and the 
robot, respectively. The maximum contact force 𝐹𝐹𝑐𝑐 , the 
stiffness 𝑘𝑘, and the effective mass 𝑚𝑚ℎ depend on the colliding 
part of the human’s body, and their values for different parts 
have been tabulated in Tables A.2 and A.3 of [15]. The 
effective mass 𝑚𝑚𝑟𝑟  of the robot can be calculated based on 
equation (A.4) of [15]. When a human-robot collision is 
imminent, 𝑣̅𝑣𝑖𝑖 should be above the following colliding velocity 
boundary to limit the contact force 
 𝑣̅𝑣𝑐𝑐 = − 𝐹𝐹𝑐𝑐 �𝑚𝑚𝑒𝑒𝑘𝑘⁄  (9) 
When 𝑑𝑑𝑖𝑖 is small, i.e., a collision is imminent, it is necessary 
to adhere to the constant colliding velocity boundary 𝑣̅𝑣𝑐𝑐 . 
However, when 𝑑𝑑𝑖𝑖  is sufficiently large, this boundary is not 
necessary. In this case, the human is thought to be safe as long 
as 𝑑𝑑𝑖𝑖 is greater than the robot’s braking distance 𝑑𝑑𝑏𝑏 
 𝑑𝑑𝑏𝑏 = 𝑣𝑣𝑖𝑖

2 (2𝑎𝑎𝑏𝑏)⁄  (10) 
where 𝑎𝑎𝑏𝑏 is the robot’s maximum acceleration depending on 
the robot’s configuration. To be conservative, the following 
optimization program is employed to determine the value of 
𝑎𝑎𝑏𝑏 within a given workspace 

 
𝑎𝑎𝑏𝑏 = min

𝑞𝑞
(‖𝐽𝐽𝑣𝑣(𝑞𝑞)‖‖𝑞̈𝑞max‖)

s. t. 𝑝𝑝min ≤ 𝑝𝑝𝑒𝑒(𝑞𝑞) ≤ 𝑝𝑝max
 (11) 

where 𝑞̈𝑞max  ∈ ℝ𝑛𝑛  is the maximum joint acceleration of the 
robot, and 𝑝𝑝min ∈ ℝ3 and 𝑝𝑝max ∈ ℝ3 are the lower and upper 
boundaries of the robot’s workspace, respectively. The 
maximum acceleration 𝑎𝑎𝑏𝑏 obtained by (11) ensures that it can 

be reached in any position of the robot’s workspace. To ensure 
𝑑𝑑𝑖𝑖 ≥ 𝑑𝑑𝑏𝑏, the braking velocity boundary should be fulfilled 
 𝑣̅𝑣𝑏𝑏(𝑑𝑑𝑖𝑖) = −�2𝑎𝑎𝑏𝑏𝑑𝑑𝑖𝑖 (12) 
The colliding velocity boundary 𝑣̅𝑣𝑐𝑐  and the braking velocity 
boundary 𝑣̅𝑣𝑏𝑏  are plotted against the human-robot distance 𝑑𝑑𝑖𝑖 
in Fig. 3. The velocity boundary 𝑣̅𝑣𝑖𝑖 can be selected as min(𝑣̅𝑣𝑐𝑐, 
𝑣̅𝑣𝑏𝑏(𝑑𝑑𝑖𝑖)), and the corresponding safe operating region similar to 
[6] is indicated by the shaded area in Fig. 3. However, in this 
case, 𝑣̇̅𝑣𝑖𝑖  is not continuous when 𝑣̅𝑣𝑖𝑖  switches between 𝑣̅𝑣𝑐𝑐  and 
𝑣̅𝑣𝑏𝑏. This discontinuity is undesired when formulating the TV-
ZCBF. To formulate a continuous TV-ZCBF, the following 
smooth function is adopted for 𝑣̅𝑣𝑖𝑖 
 𝑣̅𝑣𝑖𝑖(𝑑𝑑𝑖𝑖) = 𝑣𝑣�𝑐𝑐+𝑣𝑣�𝑏𝑏(𝑑𝑑𝑖𝑖)

2
− 𝑣𝑣�𝑐𝑐−𝑣𝑣�𝑏𝑏(𝑑𝑑𝑖𝑖)

2
tan 𝑑𝑑𝑖𝑖−𝑣𝑣�𝑐𝑐

2 (2𝑎𝑎𝑏𝑏)�
𝜖𝜖

 (13) 
where 𝜖𝜖  = 0.1 is a constant. In this case, 𝑣̅𝑣𝑖𝑖 (𝑑𝑑𝑖𝑖 ) ≥ min(𝑣̅𝑣𝑐𝑐 , 
𝑣̅𝑣𝑏𝑏(𝑑𝑑𝑖𝑖)) holds ∀𝑑𝑑𝑖𝑖  ∈ ℝ. As shown in Fig. 3, the modified safe 
operating region based on (13) (i.e., the yellow area) is a 
subset of the original safe operating region. Therefore, in dual-
mode HRC, human safety can be defined as 𝑣𝑣𝑖𝑖 ≥ 𝑣̅𝑣𝑖𝑖. 

C. Problem Statement 
The problem to be solved in this letter is stated as follows: 

1) The human safety defined in Section II.B (i.e., 𝑣𝑣𝑖𝑖  ≥ 𝑣̅𝑣𝑖𝑖 ) 
should always be fulfilled as a priority. 

2) In contactless HRC, the robot’s EE should track its desired 
trajectory to complete the robot’s task. 

3) In physical HRC, the robot’s EE should converge to the 
human’s goal position to achieve hand-guiding. 

Next, a control framework will be proposed to achieve the 
three subproblems. The first subproblem will be achieved by a 
safety control set based on TV-ZCBFs, while the other two 
will be achieved by a unified task control set. 

III. CONTROL FRAMEWORK FOR DUAL-MODE HRC 

A. Design of TV-ZCBF 
A time-varying smooth function ℎ(𝑥𝑥, 𝑡𝑡) dependent on the 

robot state 𝑥𝑥 and time 𝑡𝑡 is exploited to represent human safety, 
i.e., ℎ(𝑥𝑥, 𝑡𝑡) ≥ 0 means the robot state 𝑥𝑥 is safe for the human, 
while ℎ(𝑥𝑥, 𝑡𝑡) < 0 means unsafe. Then, the set of safe robot 
states 𝒳𝒳 and its boundary 𝜕𝜕𝜕𝜕 can be defined as 

 � 𝒳𝒳(𝑡𝑡) = {𝑥𝑥 ∈ ℝ𝑛𝑛𝑥𝑥 | ℎ(𝑥𝑥, 𝑡𝑡) ≥ 0}
𝜕𝜕𝜕𝜕(𝑡𝑡) = {𝑥𝑥 ∈ ℝ𝑛𝑛𝑥𝑥 | ℎ(𝑥𝑥, 𝑡𝑡) = 0} (14) 

In the dual-mode HRC, the velocity boundary 𝑣̅𝑣𝑖𝑖 depends on 
the human-robot distance 𝑑𝑑𝑖𝑖 which further changes with time, 
so the CBF should be time-varying. For this reason, traditional 
time-invariant CBFs depending on only the state 𝑥𝑥 cannot be 
applied here [19]. Furthermore, the reciprocal CBFs [3, 20] 
that grow to infinity on the boundary 𝜕𝜕𝜕𝜕 and are undefined 
outside of 𝒳𝒳 may have problems in practical applications, so 
we adopt the zeroing CBF [6, 19] that is zero on the boundary 
𝜕𝜕𝜕𝜕 and negative outside 𝒳𝒳. 

Definition 1: Consider the system (3), given the safe set 𝒳𝒳 
in (14), a 𝒞𝒞1  function ℎ : ℝ𝑛𝑛𝑥𝑥  → ℝ is called a TV-ZCBF if 
there exists a positive constant 𝜆𝜆, such that 
 sup

𝜏𝜏∈𝒯𝒯
[𝐴𝐴ℎ𝜏𝜏 + 𝑎𝑎ℎ] ≥ 0, ∀𝑥𝑥 ∈ 𝒳𝒳 (15) 

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2024, Yokohama, Japan. Cite as RA-L paper.
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where 𝐴𝐴ℎ = ℒ𝑔𝑔ℎ, 𝑎𝑎ℎ = ℒ𝑓𝑓ℎ + ∂ℎ/∂𝑡𝑡 + 𝜆𝜆ℎ. 
Here, ℒ•ℎ = ∂ℎ/∂x∙• is Lie derivative, and 𝒞𝒞𝑘𝑘 is the set of 𝑘𝑘 

times continuously differentiable functions. Once a TV-ZCBF 
is defined, the admissible control set can be determined as 
 𝒯𝒯ℎ = {𝜏𝜏 ∈ 𝒯𝒯 | 𝐴𝐴ℎ𝜏𝜏 + 𝑎𝑎ℎ ≥ 0} (16) 

Theorem 1: If a 𝒞𝒞1  function ℎ  is a TV-ZCBF, then there 
exists 𝜌𝜌 ( 𝑡𝑡 ) exponentially converging to 0, such that any 
controller 𝜏𝜏: ℝ𝑛𝑛𝑥𝑥  → 𝒯𝒯ℎ keeps 𝑥𝑥 within a relaxed safe set 
 𝒳𝒳𝑟𝑟(𝑡𝑡) = {𝑥𝑥 ∈ ℝ𝑛𝑛𝑥𝑥 | ℎ(𝑥𝑥, 𝑡𝑡) + 𝜌𝜌(𝑡𝑡) ≥ 0} (17) 

Proof: Note ℎ̇ = ℒ𝑔𝑔ℎ ∙ 𝜏𝜏 + ℒ𝑓𝑓ℎ + ∂ℎ/∂𝑡𝑡, 𝜏𝜏 ∈ 𝒯𝒯ℎ  implies ℎ̇ + 
𝜆𝜆ℎ ≥ 0. Choose a positive definite function 

𝑉𝑉ℎ = 𝑆𝑆2(ℎ) 2⁄  
where 𝑆𝑆(•) = min(•, 0). Note 𝑆𝑆(ℎ) ≤ ℎ and 𝑆𝑆(ℎ) ≤ 0 ∀ℎ ∈ ℝ. 
When ℎ > 0, 𝑉𝑉ℎ = 0 and 𝑉̇𝑉ℎ = 0; when ℎ ≤ 0, 𝑉̇𝑉ℎ = ℎℎ̇ ≤ – 𝜆𝜆ℎ2. 
Thus, 𝑉̇𝑉ℎ  ≤ –2𝜆𝜆𝑉𝑉ℎ  ∀ ℎ  ∈ ℝ , implying 𝑉𝑉ℎ ( 𝑡𝑡 ) ≤ 𝑉𝑉ℎ (0)𝑒𝑒−2𝜆𝜆𝜆𝜆 . 
Further, ℎ(𝑡𝑡) ≥ 𝑆𝑆(ℎ) ≥ –|𝑆𝑆(ℎ(0))|𝑒𝑒−𝜆𝜆𝜆𝜆. Therefore, there exists 
𝜌𝜌(𝑡𝑡) = |𝑆𝑆(ℎ(0))|𝑒𝑒−𝜆𝜆𝜆𝜆 that exponentially converges to 0. ■ 

The features of the TV-ZCBF are summarized as follows. 
• It is a function of the robot state 𝑥𝑥 and the time 𝑡𝑡, making it 

adaptive to describe various safety issues including that 
defined in Section II.B. 

• The admissible control set 𝒯𝒯ℎ bases only on the TV-ZCBF’s 
derivatives ℒ𝑔𝑔ℎ , ℒ𝑓𝑓ℎ , and ∂ℎ /∂𝑡𝑡 , which can be obtained 
following a standard procedure. 

• The TV-ZCBF is guaranteed to be positive as long as the 
robot’s control input is within the admissible control set 𝒯𝒯ℎ. 

B. Safety Control Set for Human Safety 
The following function is a candidate of TV-ZCBF that 

guarantees human safety in terms of the robot’s 𝑖𝑖-th link 
 ℎ𝑖𝑖(𝑥𝑥, 𝑡𝑡) = 𝑣𝑣𝑖𝑖(𝑥𝑥, 𝑡𝑡) − 𝑣̅𝑣𝑖𝑖�𝑑𝑑𝑖𝑖(𝑡𝑡)� (18) 
It is simply the difference between the approaching velocity 𝑣𝑣𝑖𝑖 
and the velocity boundary 𝑣̅𝑣𝑖𝑖, so 𝑣𝑣𝑖𝑖 ≥ 𝑣̅𝑣𝑖𝑖 is guaranteed as long 
as ℎ𝑖𝑖  is positive. Here, each TV-ZCBF ℎ𝑖𝑖  constrains the 
approaching velocity toward a link of the robot. While in [6], 
only the approaching velocity toward the EE is constrained 
using many time-invariant CBFs. The admissible control set 
that keeps ℎ𝑖𝑖 positive is as follows 
 𝒯𝒯𝑖𝑖 = {𝜏𝜏 ∈ 𝒯𝒯 | 𝐴𝐴𝑖𝑖𝜏𝜏 + 𝑎𝑎𝑖𝑖 ≥ 0} (19) 
where 𝐴𝐴𝑖𝑖  = ℒ𝑔𝑔ℎ𝑖𝑖 , and 𝑎𝑎𝑖𝑖  = ℒ𝑓𝑓ℎ𝑖𝑖  + ∂ ℎ𝑖𝑖 /∂ 𝑡𝑡  + 𝜆𝜆ℎ𝑖𝑖 . The Lie 
derivatives and time derivative of ℎ𝑖𝑖 are given as follows 
 ℒ𝑔𝑔ℎ𝑖𝑖 = 𝐽𝐽𝑟𝑟,𝑖𝑖𝑀𝑀−1 (20) 
 ℒ𝑓𝑓ℎ𝑖𝑖 = 𝐽𝐽𝑟𝑟,𝑖𝑖𝑀𝑀−1(𝐶𝐶𝑞̇𝑞 + 𝐺𝐺 − 𝐽𝐽𝑣𝑣

𝑇𝑇𝐹𝐹ℎ − 𝐽𝐽𝜔𝜔
𝑇𝑇 𝑇𝑇ℎ) + 𝐽𝐽𝑟̇𝑟,𝑖𝑖𝑞̇𝑞 (21) 

 ∂ℎ𝑖𝑖 𝜕𝜕𝜕𝜕⁄ = 𝐽𝐽ℎ𝑝̈𝑝ℎ + 𝐽𝐽ℎ̇𝑝̇𝑝ℎ − 𝑣̅𝑣𝑖𝑖
′(𝑑𝑑𝑖𝑖)𝑣𝑣𝑖𝑖  (22) 

where 𝐽𝐽𝑟𝑟,𝑖𝑖 = (∂𝑓𝑓𝑑𝑑/∂𝑝𝑝𝑟𝑟,𝑖𝑖)·(∂𝑝𝑝𝑟𝑟,𝑖𝑖/∂𝑞𝑞) + (∂𝑓𝑓𝑑𝑑/∂𝑝𝑝𝑟𝑟,𝑖𝑖+1)·(∂𝑝𝑝𝑟𝑟,𝑖𝑖+1/∂𝑞𝑞), 
𝐽𝐽ℎ = ∂𝑓𝑓𝑑𝑑/∂𝑝𝑝ℎ, and 𝑣̅𝑣𝑖𝑖

′(𝑑𝑑𝑖𝑖) = d𝑣̅𝑣𝑖𝑖(𝑑𝑑𝑖𝑖)/d𝑑𝑑𝑖𝑖. 
It should be noted that the TV-ZCBF ℎ𝑖𝑖  constrains the 

human’s approaching velocity towards the robot’s 𝑖𝑖 -th link 
only. To achieve human safety regarding the robot’s whole 
body, a set of TV-ZCBFs should be defined 
 ℎ𝑠𝑠(𝑥𝑥, 𝑡𝑡) = �ℎ1(𝑥𝑥, 𝑡𝑡), ⋯ , ℎ𝑛𝑛𝑟𝑟(𝑥𝑥, 𝑡𝑡)�𝑇𝑇 ∈ ℝ𝑛𝑛𝑟𝑟 (23) 
Then, the safety control set that guarantees human safety is 
 𝒯𝒯𝑠𝑠 = {𝜏𝜏 ∈ 𝒯𝒯 | 𝐴𝐴𝑠𝑠𝜏𝜏 + 𝑎𝑎𝑠𝑠 ≥ 0} (24) 
where 𝐴𝐴𝑠𝑠 = [𝐴𝐴1

T, ⋯, 𝐴𝐴𝑛𝑛𝑟𝑟
T]T, and 𝑎𝑎𝑠𝑠 = [𝑎𝑎1, ⋯, 𝑎𝑎𝑛𝑛𝑟𝑟]T. 

Assumption 1: The safety control set 𝒯𝒯𝑠𝑠 is non-empty, i.e., 
𝒯𝒯𝑠𝑠 ≠ ∅. 

Remark 1: The above assumption requires the human to 
move smoothly in the workspace. Otherwise, for instance, 
when the human moves very fast (i.e., ||𝑝̇𝑝ℎ || → ∞) toward the 
robot, the robot may not be able to escape the human fast 
enough due to the saturated control inputs. In this case, the 
safety control set 𝒯𝒯𝑠𝑠 is empty and Assumption 1 does not hold. 
This issue is a limitation of the proposed framework. It can be 
possibly solved by relaxing the safety constraints based on the 
understanding of the human’s intention in future work. 

C. Unified Task Control Set for Robot Task 
First, the desired behavior of the robot’s EE in both 

contactless and physical HRC modes is described by a mass-
spring-damper system activated by the human’s force 𝐹𝐹ℎ 
 𝐾𝐾𝑚𝑚𝑒̈𝑒 + 𝐾𝐾𝑑𝑑𝑒̇𝑒 + 𝐾𝐾𝑝𝑝𝑒𝑒 = 𝐹𝐹ℎ (25) 
where 𝑒𝑒 = 𝑝𝑝𝑒𝑒  – 𝑝𝑝𝑑𝑑  is the tracking error, and 𝐾𝐾𝑚𝑚 , 𝐾𝐾𝑑𝑑 , and 𝐾𝐾𝑝𝑝 
are constant positive definite gain matrices. In contactless 
HRC, 𝐹𝐹ℎ  = 0, so the tracking error 𝑒𝑒  converges to zero. In 
physical HRC, the robot interacts with the human like a mass-
spring-damper system. When (25) is achieved, the robot can 
switch smoothly between the two HRC modes. Therefore, we 
design a control set to achieve (25). Note 𝑒̈𝑒  = ℒ𝑔𝑔ℒ𝑓𝑓𝑝𝑝𝑒𝑒 ·𝑢𝑢  + 
ℒ𝑓𝑓

2𝑝𝑝𝑒𝑒 – 𝑝̈𝑝𝑑𝑑, the control set can be designed as follows 
 𝒯𝒯𝑡𝑡 = {𝜏𝜏 ∈ 𝒯𝒯 | 𝐴𝐴𝑡𝑡𝜏𝜏 + 𝑎𝑎𝑡𝑡 = 0} (26) 
where 𝐴𝐴𝑡𝑡  = ℒ𝑔𝑔ℒ𝑓𝑓𝑝𝑝𝑒𝑒  and 𝑎𝑎𝑡𝑡  = ℒ𝑓𝑓

2𝑝𝑝𝑒𝑒  – 𝑝̈𝑝𝑑𝑑  + 𝐾𝐾𝑚𝑚
–1(𝐾𝐾𝑑𝑑𝑒̇𝑒 + 𝐾𝐾𝑝𝑝𝑒𝑒  – 

𝐹𝐹ℎ). Substituiting 𝑓𝑓 and 𝑔𝑔 into the Lie deriavatives, we have 
ℒ𝑔𝑔ℒ𝑓𝑓𝑝𝑝𝑒𝑒  = 𝐽𝐽𝑣𝑣𝑀𝑀–1 and ℒ𝑓𝑓

2𝑝𝑝𝑒𝑒  = – 𝐽𝐽𝑣𝑣𝑀𝑀–1(𝐶𝐶𝑞̇𝑞 + 𝐺𝐺 – 𝐽𝐽𝑣𝑣
T𝐹𝐹ℎ – 𝐽𝐽𝜔𝜔

T𝑇𝑇ℎ) 
+ 𝐽𝐽𝑣̇𝑣𝑞̇𝑞. The control set 𝒯𝒯𝑡𝑡 in (26) renders (25) regardless of the 
HRC mode, so it is called the unified task control set. 

The HRC mode at each time step is determined as follows 

 𝜑𝜑 = �0, ‖𝐹𝐹ℎ‖ < 𝜀𝜀𝐹𝐹
1, ‖𝐹𝐹ℎ‖ ≥ 𝜀𝜀𝐹𝐹

 (27) 

where 𝜑𝜑 represents the HRC mode (𝜑𝜑 = 0 in contactless HRC 
mode and 𝜑𝜑 = 1 in physical HRC mode), and 𝜀𝜀𝐹𝐹 is a threshold. 
The robot works in the contactless HRC mode initially. When 
‖𝐹𝐹ℎ‖ exceeds the threshold 𝜀𝜀𝐹𝐹, the robot enters physical HRC 
mode. In this mode, the desired trajectory 𝑝𝑝𝑑𝑑  should be 
changed toward the goal position 𝑝𝑝𝑔𝑔  of the human. To this 
end, 𝑝𝑝𝑑𝑑 is modified as follows 
 𝑝̇𝑝𝑑𝑑 = 𝐾𝐾𝐹𝐹𝐹𝐹ℎ (28) 
where 𝐾𝐾𝐹𝐹 is a constant gain matrix. To obtain the acceleration 
𝑝̈𝑝𝑑𝑑  required in the unified task control set 𝒯𝒯𝑡𝑡 , the measured 
force 𝐹𝐹ℎ  is processed by a Kalman filter [3] to estimate its 
derivative 𝐹̇𝐹ℎ. When ‖𝐹𝐹ℎ‖ reduces below the threshold 𝜀𝜀𝐹𝐹, the 
robot returns to contactless HRC mode. In different HRC 
modes, the unified task control set 𝒯𝒯𝑡𝑡  is used, and the only 
difference is that the desired trajectory 𝑝𝑝𝑑𝑑 is modified in the 
physical HRC mode. The unified task control set 𝒯𝒯𝑡𝑡  renders 
(25), thereby achieving a smooth switch of HRC mode. 

Theorem 2: Consider the robot model (1) and the human 
model (4), any controller 𝜏𝜏: ℝ𝑛𝑛𝑥𝑥  → 𝒯𝒯𝑡𝑡 leads to the following: 

1) In contactless HRC, the robot’s EE 𝑝𝑝𝑒𝑒  tracks the 
desired trajectory 𝑝𝑝𝑑𝑑. 

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2024, Yokohama, Japan. Cite as RA-L paper.
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2) In physical HRC, when the desired trajectory is 
modified according to (28), the robot’s EE 𝑝𝑝𝑒𝑒 
converges to the human’s goal position 𝑝𝑝𝑔𝑔. 

Proof: A controller 𝜏𝜏  ∈ 𝒯𝒯𝑝𝑝  leads to (25). In contactless 
HRC, 𝐹𝐹ℎ  = 0, so 𝑒𝑒  converges to zero and the first result is 
proved. In physical HRC, define a positive definite function 

𝑉𝑉𝑡𝑡 = 𝑒̇𝑒𝑇𝑇𝐾𝐾𝑚𝑚𝑒̇𝑒 2⁄ + 𝑒𝑒𝑇𝑇𝐾𝐾𝑝𝑝𝑒𝑒 2⁄ + �𝑝𝑝𝑒𝑒
𝑇𝑇 − 𝑝𝑝𝑔𝑔

𝑇𝑇�𝐾𝐾ℎ𝑃𝑃�𝑝𝑝𝑒𝑒 − 𝑝𝑝𝑔𝑔� 2⁄  
Note (4), (25), and (28), the time derivative of 𝑉𝑉𝑡𝑡 is 

𝑉̇𝑉𝑡𝑡 = −𝑒̇𝑒𝑇𝑇𝐾𝐾𝑑𝑑𝑒̇𝑒 − 𝐾𝐾𝐹𝐹𝐹𝐹ℎ
𝑇𝑇𝐹𝐹ℎ − 𝑝̇𝑝𝑒𝑒

𝑇𝑇𝐾𝐾ℎ𝐷𝐷𝑝̇𝑝𝑒𝑒 
Therefore, we have 𝐹𝐹ℎ → 0 and 𝑝̇𝑝𝑒𝑒 → 0, which further leads to 
𝑝𝑝𝑒𝑒 → 𝑝𝑝𝑔𝑔 and 𝑝𝑝𝑑𝑑 → 𝑝𝑝𝑔𝑔. Then, the second result is proved. ■ 

D. Quadratic Program 
The safety constraints related to human safety are more 

important than the robot’s task. Therefore, 𝜏𝜏 ∈ 𝒯𝒯𝑠𝑠  should be 
fulfilled first, while 𝜏𝜏  ∈ 𝒯𝒯𝑡𝑡  can be fulfilled when possible. 
Further, there may be some additional constraints to be 
ensured prior to the robot’s task. For instance, when the robot 
is transporting a cup of water, the EE’s orientation should be 
sustained at all times to avoid water spilling, while the robot’s 
task can be temporarily suspended. A vector 𝜎𝜎(𝑥𝑥, 𝑡𝑡) ∈ ℝ𝑛𝑛𝜎𝜎 is 
used to denote the additional constraints, where 𝑛𝑛𝜎𝜎  is the 
number. The constraints are fulfilled when 𝜎𝜎  = 0, and the 
following constraint control set is formulated to achieve it 
 𝒯𝒯𝑐𝑐 = {𝜏𝜏 ∈ 𝒯𝒯 | 𝐴𝐴𝑐𝑐𝜏𝜏 + 𝑎𝑎𝑐𝑐 = 0} (29) 
where 𝐴𝐴𝑐𝑐  = ℒ𝑔𝑔ℒ𝑓𝑓𝜎𝜎 ∈ ℝ𝑛𝑛𝜎𝜎×𝑛𝑛 and 𝑎𝑎𝑐𝑐  = (∂/∂𝑡𝑡 + ℒ𝑓𝑓)2𝜎𝜎 + 𝐾𝐾𝑜𝑜𝑜𝑜𝜎̇𝜎 + 
𝐾𝐾𝑜𝑜𝑜𝑜𝜎𝜎  ∈ ℝ𝑛𝑛𝜎𝜎  with 𝐾𝐾𝑜𝑜𝑜𝑜  and 𝐾𝐾𝑜𝑜𝑜𝑜  being constant gain matrices. 
The following QP is employed to coordinate the three control 
objectives, namely, the robot’s task, the safety constraints, and 
the additional constraints 
 𝜏𝜏 = arg min

𝜏𝜏
‖𝐴𝐴𝑡𝑡𝜏𝜏 + 𝑎𝑎𝑡𝑡‖2 , s. t. 𝜏𝜏 ∈ 𝒯𝒯𝑠𝑠 ∩ 𝒯𝒯𝑐𝑐 (30) 

Next, we discuss the existence of the solution to the above QP. 
First, let us consider the case in which no safety constraint 

is activated, which means 𝒯𝒯𝑠𝑠 = 𝒯𝒯. In this case, the robot should 
be able to conduct its task while fulfilling the additional 
constraints, which requires 𝒯𝒯𝑡𝑡 ∩ 𝒯𝒯𝑐𝑐  ≠ ∅. Generally, this is 
possible when the robot has enough DOFs, i.e., 
 𝑛𝑛 ≥ 𝑛𝑛𝑡𝑡 + 𝑛𝑛𝜎𝜎 (31) 
The robot’s task in 3D requires 𝑛𝑛𝑡𝑡  = 3 DOFs, and the 
additional constraints require 𝑛𝑛𝜎𝜎 DOFs. When (31) holds, the 
𝑛𝑛-DOF robot can achieve the two objectives simultaneously; 
otherwise, the robot’s task will fail since 𝒯𝒯𝑡𝑡 ∩ 𝒯𝒯𝑐𝑐 = ∅. 

When one or more safety constraints are activated, i.e., 𝒯𝒯𝑠𝑠 ⊂
𝒯𝒯, the situation becomes rather complicated. In this case, the 
robot’s task can be suspended while the safety constraints and 
the additional constraints should be fulfilled, which requires 
the following assumption to hold. 

Assumption 2: The intersection of the safety control set 𝒯𝒯𝑠𝑠 
and the constraint control set 𝒯𝒯𝑐𝑐 is non-empty, i.e., 𝒯𝒯𝑠𝑠 ∩ 𝒯𝒯𝑐𝑐 ≠ ∅. 

Remark 2: The above assumption depends on the human’s 
behavior. When the human is hostile to the robot, the above 
assumption may not hold. For instance, when the human’s two 
hands approach a link of the robot from opposite directions, 
the robot may not be able to escape without violating the 
additional constraints due to the geometric contradiction. 

Then, the assumption does not hold. In practical applications, 
the human and the robot are in cooperation rather than 
opposition, so such cases seldom occur. To tackle the human’s 
hostile behavior, an estimation of the human’s intention is 
necessary, which will be addressed in our future work. 

This letter considers a 6-DOF robot manipulator (i.e., 
UR5e), which allows 𝑛𝑛𝜎𝜎 = 3 according to (31). Therefore, the 
following additional constraints are adopted to make the EE’s 
orientation 𝑅𝑅𝑒𝑒 ∈ 𝑆𝑆𝑆𝑆(3) track a desired trajectory 𝑅𝑅𝑑𝑑 ∈ 𝑆𝑆𝑆𝑆(3) 
 𝜎𝜎(𝑥𝑥, 𝑡𝑡) = 𝑒𝑒𝑜𝑜 = 𝑓𝑓𝑜𝑜�𝑅𝑅𝑒𝑒(𝑥𝑥)𝑅𝑅𝑑𝑑

𝑇𝑇(𝑡𝑡)� (32) 
where 𝑒𝑒𝑜𝑜 ∈ ℝ3 represents the orientation error between 𝑅𝑅𝑒𝑒 and 
𝑅𝑅𝑑𝑑, and the function 𝑓𝑓𝑜𝑜: 𝑆𝑆𝑆𝑆(3) → ℝ3 extracts the vector part of 
a unit quaternion {𝜂𝜂𝑜𝑜, 𝑒𝑒𝑜𝑜} corresponding to the input rotation 
matrix. Substituting 𝜎𝜎 in (32) into the formulas of 𝐴𝐴𝑐𝑐 and 𝑎𝑎𝑐𝑐, 
we have 𝐴𝐴𝑐𝑐  = 𝐸𝐸𝐽𝐽𝜔𝜔𝑀𝑀–1, 𝑎𝑎𝑐𝑐  = – 𝐸𝐸𝐽𝐽𝜔𝜔𝑀𝑀–1(𝐶𝐶𝑞̇𝑞 + 𝐺𝐺 – 𝐽𝐽𝑣𝑣

𝑇𝑇𝐹𝐹ℎ – 𝐽𝐽𝜔𝜔
𝑇𝑇 𝑇𝑇ℎ) 

+ (𝐸𝐸𝐽𝐽𝜔̇𝜔 + 𝐸̇𝐸𝐽𝐽𝜔𝜔)𝑞̇𝑞 – (𝐸𝐸𝜔̇𝜔𝑑𝑑 + 𝐸̇𝐸𝜔𝜔𝑑𝑑) + 𝐾𝐾𝑜𝑜𝑜𝑜𝑒̇𝑒𝑜𝑜 + 𝐾𝐾𝑜𝑜𝑜𝑜𝑒𝑒𝑜𝑜, where 𝜔𝜔𝑑𝑑 
is the angular velocity corresponding to 𝑅𝑅𝑑𝑑(𝑡𝑡) and 𝐸𝐸 = (𝜂𝜂𝑜𝑜𝐼𝐼3 – 
[𝑒𝑒𝑜𝑜]×)/2 with [𝑒𝑒𝑜𝑜]× the skew-symmetric matrix extracted from 
𝑒𝑒𝑜𝑜 such that 𝑒𝑒𝑜𝑜 × • = [𝑒𝑒𝑜𝑜]× •, ∀• ∈ ℝ3. The constraint 𝜎𝜎 in (32) 
is only an example, other constraints can be defined to 
achieve, e.g., an admittance control of the EE’s orientation. 

E. Proposed Control Framework 
The schematic diagram of the proposed control framework 

is shown in Fig. 4(a). The framework aims to provide a control 
signal for the robot to achieve dual-mode HRC. The control 
signal consists of the torque inputs 𝜏𝜏 for the robot’s joints and 
a Boolean variable 𝑢𝑢 to control the gripper that works as the 
robot’s EE. The gripper closes when 𝑢𝑢 = 1 and opens when 𝑢𝑢 

 
Fig. 4. Schematic diagram of proposed control framework. (a) Proposed 
control framework. (b) Gripper control. (c) Trajectory modification. 
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= 0. In practical applications, the framework needs to work 
together with the following three elements: 1) a human motion 
tracking system to track the motion of the human represented 
by 𝑝𝑝ℎ , 2) a force and torque sensor/estimator to provide the 
interaction force 𝐹𝐹ℎ  and torque 𝑇𝑇ℎ  between the human and 
robot, and 3) a trajectory generator to generate the desired 
trajectory 𝑝𝑝𝑑𝑑 and 𝑅𝑅𝑑𝑑, as well as the desired operation 𝑢𝑢𝑑𝑑 of the 
gripper, according to the robot’s task in contactless HRC. 

Next, we introduce what the proposed framework does at 
each time step. First, it determines the current HRC mode 𝜑𝜑 
according to (27). When 𝜑𝜑 = 1, the robot enters physical HRC 
mode, in which the desired trajectory 𝑝𝑝𝑑𝑑 is modified according 
to (24). Otherwise, the robot stays in contactless HRC mode 
with 𝑝𝑝𝑑𝑑 unmodified. Next, the safety control set 𝒯𝒯𝑠𝑠 for human 
safety is calculated based on the human motion 𝑝𝑝ℎ  and the 
robot state 𝑥𝑥, the unified task control set 𝒯𝒯𝑡𝑡 for different robot 
tasks is calculated based on the desired trajectory 𝑝𝑝𝑑𝑑 and the 
robot state 𝑥𝑥, and the orientation control set 𝒯𝒯𝑐𝑐  for the EE’s 
orientation is calculated based on the desired orientation 𝑅𝑅𝑑𝑑 
and the robot state 𝑥𝑥 . Finally, the QP (30) is solved at a 
frequency of 100 Hz using the method in [22] to obtain the 
final control input 𝜏𝜏. The method in [22] uses a primal-dual 
neural network based on linear variational inequality to solve a 
general QP like (30) online. The control signal 𝑢𝑢 sent to the 
robot is determined by comparing ||𝑇𝑇ℎ || with a threshold 𝜀𝜀𝑇𝑇. 

IV. EXPERIMENTS 

A. Experimental Setup 
The experimental setup in Fig. 5 is used. It consists of a 6-

DOF robot manipulator (UR5e, Universal Robots) equipped 
with a gripper (2F-85, ROBOTIQ), a LiDAR camera (L515, 
Intel RealSense), and a computer with a CPU (W-2123 @3.60 
GHz, Intel Xeon). The human wears a glove with an ArUco 
marker. The LiDAR camera tracks the motion of the ArUco 
marker as the human’s motion 𝑝𝑝ℎ. As shown in Fig. 5(b), the 
commercial UR5e robot is integrated with force and torque 
sensors and an internal joint-velocity controller. The sensors 
measure the interaction force 𝐹𝐹ℎ  and torque 𝑇𝑇ℎ  with the 
human. The controller generates a joint torque control input 𝜏𝜏𝐼𝐼 
∈ ℝ6 for the robot so that the actual joint velocity 𝑞̇𝑞𝐼𝐼 track the 
command 𝑞̇𝑞cmd. The internal joint torque 𝜏𝜏𝐼𝐼 of the UR5e robot 
is not accessible by the users, so we use the proposed control 
framework to control a virtual UR5e robot based on (1) 
instead of the real robot. The mass and inertia parameters of 
the virtual robot are obtained from [23] and are assumed to be 
close to the real robot. If the state of the real robot tracks the 
state of the virtual robot, i.e., 𝑥𝑥𝐼𝐼  = 𝑥𝑥 , where 𝑥𝑥𝐼𝐼  = [𝑞𝑞𝐼𝐼

T, 𝑞̇𝑞𝐼𝐼
T]T 

with 𝑞𝑞𝐼𝐼 and 𝑞̇𝑞𝐼𝐼 the joint position and velocity of the real UR5e 
robot, the dual-mode HRC can be achieved in the real world. 
To this end, the following joint-velocity command is sent to 
the internal controller of the real UR5e robot at 100 Hz 
 𝑞̇𝑞cmd = 𝑞̇𝑞 + 𝐾𝐾𝑞𝑞(𝑞𝑞 − 𝑞𝑞𝐼𝐼) (33) 
where 𝐾𝐾𝑞𝑞  = 5𝐼𝐼6 is a constant gain matrix. With the command 
in (33), the state 𝑥𝑥𝐼𝐼  of the real robot provided by the real robot 
in real time is found to be able to track the state 𝑥𝑥  of the 

virtual robot with negligible delay (within 0.05 s). 

B. Verification of Proposed Control Framework 
First, the human safety is verified. As shown in Fig. 6 and 

Video 1, when the human approaches the robot gradually so 
that the approaching velocities 𝑣𝑣𝑖𝑖  regarding different robot 
links are all above their boundaries 𝑣̅𝑣𝑖𝑖, the robot’s EE stays at 
the desired position. However, when the human approaches 
the robot rapidly, the robot’s EE 𝑝𝑝𝑒𝑒 leaves the desired position 
𝑝𝑝𝑑𝑑 to keep the TV-ZCBFs positive. As the human approaches 
different parts of the robot, the corresponding TV-ZCBF ℎ𝑖𝑖 
reaches 0. Then, the framework generates an optimal evasive 
motion for the robot that keeps ℎ𝑖𝑖 positive while minimizing 
the deviation of the EE. As the human stops near the robot, the 
robot can return to its desired configuration and possibly get 
into contact with the human. The TV-ZCBFs regarding the 
four links near the EE are plotted in Fig. 6(a).  

Next, the hand-guiding and handover operations are 
verified. As shown in Fig. 7 and Video 1, when the human’s 
hand approaches the robot’s EE, the EE escapes first, then 
returns, and finally establishes physical contact with the 
human. After that, the human applies a force 𝐹𝐹ℎ  to the EE 
toward the goal position 𝑝𝑝𝑔𝑔 . The framework modifies the 
desired trajectory 𝑝𝑝𝑑𝑑 according to 𝐹𝐹ℎ and make the EE move 
following the guidance of the human. As a result, the EE can 
always reach the goal position 𝑝𝑝𝑔𝑔  of the human. When the 
human applies a torque 𝑇𝑇ℎ to the EE, the gripper opens and the 
human takes the released wood block to achieve a handover. 

 
Fig. 5. Experimental setup. (a) Photograph. (b) Sechematic diagram. 
 

TABLE I 
VALUES OF PARAMETERS USED IN EXPERIMENTS 

Parameters of safety 
control set 

𝐹𝐹𝑐𝑐 = 140 N, 𝑘𝑘 = 75000 N/m, 𝑚𝑚ℎ = 5.6 kg, 
𝑚𝑚𝑟𝑟 = 15.4 kg, 𝑎𝑎𝑏𝑏 = 0.18 m/s2, 𝜆𝜆 = 10. 

Parameters of unified 
task control set 

𝐾𝐾𝑚𝑚 = 30𝐼𝐼3, 𝐾𝐾𝑑𝑑 = 20𝐼𝐼3, 𝐾𝐾𝑝𝑝 = 100𝐼𝐼3,  
𝐾𝐾𝐹𝐹 = 0.0167𝐼𝐼3. 

Parameters of orientation 
control set 𝐾𝐾𝑜𝑜𝑜𝑜 = 20𝐼𝐼3, 𝐾𝐾𝑜𝑜𝑜𝑜 = 100𝐼𝐼3. 

Thresholds 𝜀𝜀𝐹𝐹 = 3 N, 𝜀𝜀𝑇𝑇 = 0.6 N·m. 
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C. Comparison With Existing Methods 
The experiment in Video 2 is designed to compare the 

proposed control framework with two comparative methods, 
the control laws of which are given as follows 
 𝜏𝜏1 = arg min

𝜏𝜏
‖𝐴𝐴𝑡𝑡𝜏𝜏 + 𝑎𝑎𝑡𝑡‖2 , s. t. 𝜏𝜏 ∈ 𝒯𝒯𝑐𝑐 (33) 

 𝜏𝜏2 = arg min
𝜏𝜏

‖𝐴𝐴𝑡𝑡𝜏𝜏 + 𝑎𝑎𝑡𝑡‖2 , s. t. 𝜏𝜏 ∈ 𝒯𝒯𝑠𝑠
′ ∩ 𝒯𝒯𝑐𝑐 (34) 

where 𝜏𝜏1 and 𝜏𝜏2 are the control laws of comparative methods I 
and II, respectively, and 𝒯𝒯𝑠𝑠

′ in (34) is a safety control set of a 
TV-ZCBF ℎ′  = 𝑝̇𝑝𝑒𝑒  – 𝑣̅𝑣𝑒𝑒 ( 𝑑𝑑1 ) with 𝑣̅𝑣𝑒𝑒  being the speed limit 
according to the speed and separation monitoring (SSM) [15]. 
In both methods, the HRC mode switches according to (27), 
which is the same as the proposed framework. Compared to 
the proposed framework based on (30), comparative method I 
neglects the safety control set 𝒯𝒯𝑠𝑠, so it simply implements the 
robot’s task without considering human safety, which is the 
same strategy as [13]. Comparative method II uses a different 
safety control set 𝒯𝒯𝑠𝑠

′  to implement the SSM defined in the 
ISO/TS 15066 [15]. The SSM has been adopted by many 
existing methods [5, 16]. In SSM, the robot can operate at full 
speed when the human-robot distance is large enough but 

should reduce its speed and finally stop as the distance 
decreases. In the experiment, the full speed 𝑣̅𝑣𝑒𝑒 = 0.5 m/s can 
be reached when the distance 𝑑𝑑1  ≥ 0.7 m. As 𝑑𝑑1  decreases 
from 0.7 to 0.2 m, the speed limit 𝑣̅𝑣𝑒𝑒 reduces linearly from 0.5 
to 0 m/s. Thus, the robot stops when 𝑑𝑑1 ≤ 0.2 m. 

As shown in Video 2, when comparative method I is 
applied, the robot collides with the human without reducing its 
speed. As shown in Fig. 8, the approaching velocity exceeds 
its safe boundary before colliding, resulting in a large impact 
force that may hurt the human. Comparative method II can 
slow down the robot as the distance to the human reduces. As 
the distance falls below 0.2 m, the robot stops and the human 
has to approach the robot to enter physical HRC mode, which 
reduces the efficiency of HRC. On the contrary, as indicated 
by the blue curve in Fig. 8(a), the proposed framework can 
strictly keep a safe approaching velocity between the human 
and the robot. As a result, when the human moves toward the 
robot, the robot can escape backward. When the human stops, 
the robot can still approach the human under safety constraints 
to enter physical HRC mode. Then, the efficiency is improved. 

D. An Application Example of Proposed Control Framework 
An application example of the proposed control framework 

is presented in Video 3. In this example, the robot picks a 
stack of wood blocks on the left side of the workbench and 
places them on the right side one by one. There are ArUco 
markers on the wood blocks so that they can be located by the 
LiDAR camera. The human assists the robot in the pick-and-
place task. With the proposed control framework, the human 
can assist the robot in different ways. 

The experiment is divided into three phases based on how 
the human assists the robot. In phase I, the human picks a 
wood block from the stack and places it in the desired 
position, while the robot keeps a safe approaching velocity to 
the human’s hand. In phase II, the human intends to change 
the position to place the wood block. To this end, the human 

 
Fig. 8. Comparison of proposed framework with existing methods. (a) Phase 
portraits. (b) Contact forces. 

 
Fig. 6. Verification of human safety. (a) TV-ZCBFs. (b) EE’s position. 
 

 
Fig. 7. Verification of hand-guiding and handover. (a) EE’s position. (b) 
Forces and torques. 
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intercepts the operating robot and guides the EE to the goal 
position. After the human’s hand retracts, the EE places the 
wood block. In phase III, the human intends to take over the 
wood block via handover and place it in the desired position. 
To this end, the human intercepts the robot and applies a 
torque to the EE so that the gripper opens. Then, the human 
takes the released wood block and places it on the workbench. 

V. CONCLUSION AND FUTURE WORK 
This letter proposes a control framework to achieve the 

dual-mode HRC: the robot can perform contactless HRC 
under safety regulations; while the human can safely interrupt 
the robot via physical contact to enter physical HRC, in which 
he/she can hand guide the robot or take over its gripped object. 
First, human safety is defined as bounded approaching 
velocities between human and robot links based on ISO/TS 
15066, which is further guaranteed by the proposed TV-
ZCBF. Second, a unified task control set is designed to 
achieve different robot tasks in a unified manner, thereby 
achieving a smooth switch between the two HRC modes. 
Finally, a QP is employed to determine the final control input. 

The proposed framework still has some limitations to be 
addressed in future work. First, the human safety is restricted 
to limited contact force resulting from a collision with the 
robot. Our future work will consider human safety from a 
larger perspective. Second, the existence of the solution to the 
QP depends on the assumptions related to the human’s 
behavior. When the human behaves abnormally, e.g., moving 
too fast for the robot to escape or causing a geometric 
contradiction with the robot, the assumptions will not hold and 
the QP will have no solution. New strategies will be developed 
to handle these cases. Third, the robot’s escape behavior may 
seem to avoid the human’s collaboration intention. An 
estimation of the human’s intention will be included in the 
framework to achieve a more efficient switch of HRC mode. 
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