IEEE Transactions on Automation Science and Engineering (T-ASE) paper, presented at ICRA 2024, Yokohama, Japan.

Cite as T-ASE p

Semi-analytical Design of PDE Endpoint Controller
for Flexible Manipulator with Non-homogenous
Boundary Conditions

S. Yaqubi, S. M. Tahamipour-Z., and J. Mattila

Abstract—This study proposes a new semi-analytical design and
implementation method for nonlinear partial differential equation
(PDE) control of a flexible manipulator. The proposed scheme
considers the effects of the boundary input force and gravity on
the payload, which results in non-homogenous boundary
conditions. This objective is achieved based on a model
transformation scheme for homogenizing boundary conditions,
obtaining semi-analytical solutions for the corresponding PDE
model. Model transformation is assigned as a hybrid exponential—
polynomial function whose coefficients are conveniently calculable
without the need for any additional boundary condition
measurements. This eliminates the need to use intensive numerical
solvers—for example, methods based on finite element analysis—
and allows the implementation of sophisticated PDE control
schemes considering fully nonlinear PDE models with high
computation speed. The presented controller is robust to
parametric model uncertainty due to its adaptive design. The
precision and efficiency of calculating distributed states using the
proposed model transformation are demonstrated based on
experimental data for the flexible manipulator with respect to the
ground truth camera-based motion capture system. Model
transformation is also numerically implemented for the proposed
nonlinear endpoint control method based on the original PDE
model. Note to practitioners—This paper investigates the
difficulty of obtaining data describing the flexible manipulator
pose required for precise control and analysis and proposes a
computationally efficient method to overcome this issue.

Index Terms—PDE control; flexible manipulator; non-
homogenous boundary conditions; endpoint control; distributed
state estimation.

I. INTRODUCTION

HE INCREASING APPLICATION of flexible

structures has been a significant trend in modern

industry due to their capacity for achieving higher
efficiency and reduced weight. Correspondingly, they have
attracted significant research attention with respect to their
design, analysis, and, more recently, control. Achieving the true
potential of flexible systems is not possible without considering
the properties that make them unique in the first place. Flexible
structures are described by dynamic models that differ
significantly from their rigid counterparts. They are distinctly
continuous systems in which each element must be considered
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within a larger framework for mathematically precise modeling
and motion analysis purposes. This objective is attainable by
describing flexible system dynamics using appropriate partial
differential equation (PDE) models. There are various methods
through which PDE models for flexible systems can be
obtained. This includes linearized models for multibody
flexible systems [1] and nonlinear models for flexible robotics
[2] using standard flexible structure modeling theories—for
example, Euler-Bernoulli and Timoshenko beam theory [3].
However, the application of flexible system models for control
purposes has proven to be challenging, hindering their
application in autonomous robotics.

For precise control and motion-planning tasks, even standard
applications, such as endpoint control of a robot with a payload,
may require thorough analysis of nonlinear PDEs where
standard principles, such as separation-of-variables, are not
readily applicable. Hence, simplified models and various
reductions are often applied for the implementation of control
techniques. Such simplifications may be in the form of PDE
model approximations such as ordinary differential equations
(ODE) [4], finite element methods [5], or physical
approximations such as modeling link flexibility as lumped
springs [6]. The interest in more sophisticated techniques has
inspired recent research works that implement PDE models
directly in control calculations to obtain more precise control
actions [2], [7]-[11]. Various modifications of this approach
have allowed the consideration of different effects including
mitigation of endpoint deflection through the exertion of
control action on boundary conditions of the mechanism [12],
input nonlinearity and backlash effects [13], and control of
flexible manipulators in three-dimensional space [14].
Recently, researchers have evaluated problems corresponding
to modeling uncertainty in flexible structures. Model
uncertainty is inevitable in many flexible systems due to the
intricate modeling procedures required in such systems and the
multitude of physical, geometric, and mechanical properties in
effect [15]. Research on this topic includes adaptive control of
manipulators with unknown control directions [16],
cooperative control of dual-flexible manipulators [17], and
neural network-based controllers for adaptive control of
flexible structures [18].

Advancements have been achieved in the flexible system
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control field in recent years, but there are still topics that have
been relatively unexplored. Among them is the issue of the
intensiveness of PDE calculations. In many PDE control
strategies, the mathematical model is not conveniently solvable
due to the existence of various nonlinearities and non-
homogenous boundary conditions. Non-homogenous boundary
conditions are not strictly functions of distributed states and
their higher-order derivatives. Therefore, they do not allow for
precise calculation of spatial functions describing the mode
shapes of the structure, as they are not readily solvable using
separation of variables [19]. This is also the case for many
boundary control strategies, as the control input itself is usually
defined based on the error signal [2], [20] and is not a function
of the distributed states themselves. Thus, exerting input in
boundary locations may also render the system non-
homogenous. As a result, while the control structure may be
designed based on rigorous mathematical analysis, appropriate
tools are not necessarily available for application in an
analytical or semi-analytical manner. Analytic or semi-analytic
PDE solutions have often been investigated for lower-order
PDEs—for example, a heat transfer problem in an open-loop
framework [21]. However, this approach is challenging for
higher-order beam PDEs, especially for closed-loop systems.
This has led to the use of numerical methods, such as finite-
element analysis (FEA), for the implementation of PDE-based
control methods [2], [22], [23].

The issue of a lack of information on distributed states
describing the configuration of a flexible link—that is, the
displacement of elements of a link and their higher-order
derivatives—is significant. Studies that solely focus on the
control of flexible manipulators often forgo this aspect under
the assumption that the displacement of a flexible link and its
higher-order derivatives is measurable [24]. However, this is
often not the case. In practice, only a limited number of
measurement samples are considered, even though flexible link
dynamics are continuous and have infinite dimensions. As a
result, the generated map for the displacement of the flexible
link is potentially inaccurate in samples that are not directly
located on measurement points. This inaccuracy is even more
notable for higher-order derivatives of displacement terms [25],
which can be obtained using numerical differentiation when
analytical displacement mapping is not available. Hence,
information describing the dynamics of flexible links
throughout the length cannot be readily implemented. This
leads to the incalculability of dynamic terms featuring
distributed states throughout the link [26]. In such cases, a
feasible input may depend only on boundary information,
which limits control over the distributed states themselves.
Recent research studies have proposed various observation and
estimation schemes that have been able to recover distributed
information based on limited boundary measurements.
However, introducing additional observation and estimation
dynamics also affects the intensiveness of numerical
calculations. Furthermore, existing state estimation schemes
have been obtained in cases without input dependency [23],
[27], [28] or those introducing additional subsystems [29],
which may affect computational intensity, as this results in an

increase in the number of equations required to describe system
dynamics.

It has been discussed that the combination of intensive PDE-
based calculations, the need for recovery of missing distributed
state information, and the high calculation burden of obtaining
numerical solutions for involved PDEs potentially renders the
implementation of such control schemes unfeasible.
Furthermore, standard numerical solvers are often incapable of
providing precise information for control calculations
corresponding to distributed states, and their calculations
require further numerical manipulation.

In this work, we address the aforementioned issues by
presenting a mathematical scheme for model transformation in
the dynamic applications of flexible manipulators. This leads to
a PDE model with homogenous boundary conditions that can
be readily used for the construction of sophisticated PDE
control strategies and enables semi-analytical solutions for
calculating control input. A nonlinear controller is presented for
endpoint tracking and the elimination of undesired deflections,
which are implemented using the aforementioned model
transformation scheme. In brief, the novel contributions of this
work are expressed as follows: (i) a novel model transformation
scheme is presented for homogenizing the Euler—Bernoulli
PDE flexible manipulator model with non-homogenous
boundary conditions, boundary input, and payload gravity
effects; (ii) a new nonlinear adaptive PDE controller is
presented for endpoint and state tracking as well as elimination
of undesired deflections; (iii) the procedure for obtaining a
semi-analytical solution for a closed-loop system is detailed,
enabling implementation of control calculations and estimation
of flexible link distributed states with high calculation speed;
and (iv) the precision and efficiency of the model
transformation scheme is verified for a flexible manipulator
using a ground truth camera-based motion capture system.

The rest of this paper is organized as follows. Section II
presents a general Euler—Bernoulli model for flexible
manipulators with boundary input as well as problem
preliminaries. Section III features the construction of a
nonlinear PDE-based control model. Section IV details the
model transformation procedure. A discussion regarding the
implementation and solvability of the model is presented in
Section V. The effectiveness and efficiency of the procedure are
investigated in Section VI through numerical and experimental
analysis.

II. PROBLEM STATEMENT AND PRELIMINARIES

The primary objective of this work is to obtain an appropriate
model transformation procedure for dynamic flexible
structures. To address this issue, the case of a one-link flexible
manipulator with gravity effects and payload is investigated
[30]-[33]. The mechanism consists of a flexible link in the
vertical plane and is depicted in Fig. 1. In this study, the flexible
arm is modeled as an infinite-dimensional beam with
distributed displacement states w(§), where & indicates the
position of a flexible beam element alongside its longitudinal
axis; t is the system time; [, 4, p, E, and I indicate the length,
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cross-section area, mass density, elastic modulus, and surface
moment of beam inertia, respectively. 8 expresses the angle of
the beam with respect to a designated O(x,y) coordinate
system. Lumped mass M is installed at the end of the flexible
beam and acts as the payload of the mechanism. Input torque t©
is exerted to joint O, and boundary input force u acts on the
endpoint of a beam located at £ = [. In practice, input torque
may be generated by rotary actuators—for example, DC electric
gear motors. The boundary input force is applicable through
force actuators, such as hydraulic or pneumatic actuators. Input
torque is also applicable through an equivalent force using force
actuators exerted at a predetermined distance from the joint.

Characteristics
of flexible beam:
ELpAl

»
.
.
ot
ot
.
o

Oxy

Fig. 1. Schematic of a one-link flexible manipulator with a
payload.

The extended Hamilton principle [3] is used in this study to
obtain the mathematical model for the described dynamic
system considering planar motion and transverse displacement
of a flexible link.

Assumption 1. It is assumed that the flexible link does not
feature longitudinal displacement effects.

To obtain the flexible system model featuring distributed
states, the position vector T for an infinitesimal element of a
flexible beam located at coordinate & with respect to the
connecting joint and position vector for the 7, of the payload
are expressed as in (1)—(4).

— Tx¢
re= [t ()
Txe = §cosf —w (§)sinb )
Ty =¢sinfd + w(§) cosb 3)
Ty =T 4

According to the Euler—Bernoulli beam theory, the kinetic
energy T resulting from the motion of the flexible link elements
and endpoint mass, potential energy V based on deformation of
the flexible link elements and gravity effects, and generalized
force corresponding to the entire mechanism are described as
follows:

1 [, sy
T=2pAJ TiTe dE + MY[T, (%)
V= %mglsin@ + Mglsin6 + Mgw(l) cos 6 +
1 L [0%w(®)]? (6)
Efo[ a2 dg,
W =180 + ul 87, (7

The notation [~] expresses the derivative of the bracketed
term with respect to time. The boundary input vector expressed
T

in O(x,y) is as follows: u, = [u cos( + ), usin(; + 0)] )
Substituting (5)—+(7) in the extended Hamilton principle

6(T —V + W) =0 and based on the calculation of variation
terms listed in Appendix A, a mathematical model for system
dynamics featuring governing equations and boundary
conditions is obtained as (8)—(12).

Uy + MI? + Mw?(D]6 + Mlw, () + 2Mo(Dw. ()

l
+ pA fo [20(O)w, ()6 + 02 (©)d

. ®)
+ Stwtt(f)] d¢ +§mglcost9
+ MglcosO + Mgw(l)sinf =t + ul
. . EI
w“(f)—w(f)GZ+E€+p—Aw55§§(5) =0 Q)
. " El
wee(D) —w(DB? + 16 +gcos€—ﬁw§;§(l) =u (10)
w(0) = we(0)=0 (11)
wee (D) =0 (12)

where m = pAl is the mass of the flexible beam. The mass
moment of inertia of a rigid beam with identical density and

geometric properties is expressed as I, = %pAlz‘. For brevity,

. a a L .
expressions wy = % and w; = a_(: are used to indicate partial
derivatives of distributed states.

Remark 1. Boundary condition (10) is not strictly a function

n
of distributed state w(¢) and its higher-order derivatives Ja )

agn
d0™()
and Py
input term u and gravity term g cos 6 do not strictly correspond
to distributed states. Hence, model (8)—(12) features non-
homogenous boundary conditions.

Remark 2. The solution of nonlinear PDE model (8)—(12),
featuring non-homogenous boundary conditions, cannot be
readily obtained using analytical methods since standard
principles, such as separation-of-variables, are not applicable.
Furthermore, semi-analytical methods utilizing basis
orthogonal functions would be difficult to implement, as the
orthogonal basis—that is, mode shapes in assumed mode
methods (as described in detail in Section V)—is not
obtainable, given non-homogenous boundary conditions (10).
Hence, FEA models and other numerical solvers have often
been employed for corresponding controllers [2], [22], [34].

(where m and n attain positive integer values), as

Based on Remark 1, further developments are needed to
enable the implementation of a control model based on
nonlinear PDEs with high calculation speed using semi-
analytical methods. To address this issue, we propose a strategy
based on the design of a PDE controller for a flexible
manipulator (in Section III), obtaining an appropriate model
transformation for homogenizing a flexible manipulator model
(in Section 1V), and calculating distributed state values using
the aforementioned model transformation (in Section V).

III. BOUNDARY CONTROL OF FLEXIBLE SYSTEMS

This section details the construction of a nonlinear boundary
controller for state tracking and the elimination of undesired
deflections throughout the length of a flexible link, as well as
endpoint displacement.
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Remark 3. The primary control objectives are the tracking
of the reference joint angle signal 6, and the elimination of
endpoint displacement w(l), which results in tracking of the
corresponding endpoint trajectory (x,,V,). Elimination of
undesired deflection throughout the length of the flexible beam
w(&) for &€ (0,1) is considered the secondary control
objective. The closed-loop system features two input signals—
that is, joint torque 7 and boundary input u—as well as outputs
0 and w(¢),& €[0,1]. It is desirable that the controller be
assigned such that it enables the convenient investigation of
interactions between multiple inputs and outputs in a MIMO
framework.

To eliminate the integral term fol Ew (§)dE governing

equations of motion, (8)—(12) are rewritten as (13). Initially, (9)
is multiplied in & and then integrated over the length of the
flexible beam.

fy§wee(©)d¢ = 6 [[w(©)dE — - [} Ewgeer (O)dé —

134, (9
3
Substituting (13) in (8), it follows that:
|1+ M2 + Mw?() + pA [, 0?(§) d§ — 3 pAl?| 6 +
Mlwy (1) + 2MoDw, (1) + 2pA [, 0(©)w, ()8 dE + i

%mglcos@ + Mglcos8 + Mgw(l)sin6 +

67 o 80(§)dE — 72 [ §wegee ()dE =+ ul.

As expressed in Remark 3, (10) and (14) are used to construct
the controller for the objective of endpoint trajectory tracking,
and (9) is incorporated into the control calculation such that
w (&) is bounded and decays to zero.

For convenience, (10) and (14) are expressed in matrix form.

Mg+h=Bu (15)
2 2 ! 2 1 3
M= I+MI?>+ Mo (l)+pAJ;w(§)df—§pAl, Ml (16)
1, l
6
0= o] un
h
h=y] (1)
1
Iy = 2M0 D0, + 204 [ 00,0 d
0
+lmglc059 + Mglcos 6
2
1 (19)
+ Mgw(l) sin0+92f Ew(&)dé
B i
-— | éw
oA | S e
hy = —w(D)6? + gcosh — %wgff(l) (20)
8=y 3] ey
.y o

Given the control objectives expressed in Remark 3, the error
dynamics of the controller are defined as follows:

e=v+yu, (23)
- 9_9r+’19(9_0r)
9‘[ @) + 2,00 ] (24)
o ypip [+ 206 = 6))
v= Mthr[ A0, (D) ] (25)
y=M"'B, (26)

where |[1g] > 1 and |A,]| > 1 are control parameters. When
obtaining the control law, we address individual elements of
(23)ase = [eg, e]"

€1 =V +y11U + V12U (27)

€y =V + V21U + V22U (28)

To compensate for the effects of potential parametric
uncertainty, control action is designed such that it features
parametric adaptation. To this end, the system parameter vector
is defined as follows:

s=[M, s, I, m]T, 29)
where s, = 5—;. The estimated parameter vector § is used in the

construction of the control scheme. Additionally, it is assumed
that s is bounded according to Assumption 1.

Assumption 2. It is considered that the lower and upper
bounds for s are known as 5; < s < s;. This is expressed as
s € Q, where Q indicates the defined uncertainty space.

Based on the definition of s, all elements of s; and s;, attain
strictly positive values. The parametric estimation error is
defined as follows:

|

=5-8 (30)

On this basis, a projection function with respect to
uncertainty space Q is assignable for given values s, s;, sp,, and
e, where s; and s, indicate lower and upper uncertainty bounds

for s.

0,if P= spande >0

0,if P< s;jande <0
e,otherwise

Lemma 1. If § = P (8,5, 53, €) is assigned, the following holds:

51 <8< sp, (32)
(s—8[e—P@,s,spe)] <0. (33)

Proof. The proof is a standard property of projection
functions [26] and is omitted.

Theorem 1. Control law (34) and parameter adaptation law
(35) ensure the satisfaction of control objectives expressed in
Remark 3 and the asymptotic stability of the closed-loop
system.

G

P(s,s;,sp€) =

a=M'h (34)
§=P(ssusndy+A) (35)
M, #, and A are functions of the system dynamics,
corresponding Lyapunov function, and reference signals,
respectively. A, is assigned with respect to uncertainty space Q.
Exact expressions are listed in the proof.
Proof. The proofis detailed in Appendix B.
Remark 4. In the proof of Theorem 1, Cauchy—Schwartz
inequality and a modified form of Nash inequality [35]
proposed by Rahn [36] (see Lemma 12) are used, indicating that
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! ! . . . .
fo a)g dé > liz fo wgg d€, given the satisfaction of conditions
compatible with the system investigated in this work.

Remark 5. Obtaining control input and parameter update
rule (34) and (35) requires calculation of integrated terms
featuring the distributed states. The integrated terms are in the

form of folf[w(f), W (8), we(§), weeee (§)] d€. Hence, with

respect to both & and t, displacement mapping w (¢) should be
continuous and differentiable. In practice, obtaining
displacement values for the length of a flexible beam using
direct distributed measurements is often not feasible as it
requires sensor installation for all samples in the flexible link.
On this basis, practical displacement mapping using solely the
information obtained at boundary points £ =0 and & =1
should be attained. This objective is accomplished using the
estimation model proposed in Section IV.

IV. MODEL TRANSFORMATION FOR HOMOGENIZING BOUNDARY
CONDITIONS

In this section, a model transformation for (8)—(12) is derived
such that the corresponding boundary conditions are
homogenized. This obtains a semi-analytical solution for the
PDE model of closed-loop systems and provides continuous
differentiable mapping for the displacement of a flexible link.

To obtain a model transformation function satisfying the
properties of the investigated manipulator, it is set that £ = [ in
(9), and the resulting equation is substituted in (10) to eliminate
higher-order temporal derivatives and obtain modified
boundary conditions (36).

wegee (D) + %wg; () = —ku + kg cos B, (36)

where k = %. For the rest of this paper, (36) is used instead of

(10) for boundary conditions. The modified model (8), (9), (11),
(12), and (36) is investigated for homogenizing boundary
conditions. On this basis, we propose the following model
transformation, featuring homogenized boundary conditions for
variable z(§):

z(§) = w(§) +v(§), (37
2(0) = z(0) = 0, (38)
zee(D) = 0, (39)
Zegee (D) + 2 256 (D) = 0. (40)

v(§) has to be determined such that it satisfies conditions
(41)—(45):

v(0) = v(0) =0, 41)
v() =vee (D) =0, (42)
vegee (D +pveee (D = fiy, 43)
fy =xu—Kkgcoso, (44)
=£ 45)

Model transformation variable (46) is proposed based on (43).

v(f)—f f f (—e Pf+fb>d§

Tt —eP +
+ ¢o
Coefficients ¢y, ¢4, ¢3, and ¢, are calculated such that they

satisfy (41) and (42).

Lfo SEtastal 40

Cc
Co = F 47)
C
€1 = 3 (48)
P R 49
C = 27 e 2 o (49)
c=v1fp (50)
2p313

Y1 = GBp2iZ — 6)e Pl + 6 — 6pl D)
Substituting (47)—(51) in (46), v(§) is calculated as follows:
v(€) =v(fy, (52)

Vi _— 1 Y1 Y1
Y@ = - e+ S8 4 -5+ (53)

where y, = 2% e Pl — ﬁ.

Remark 6. The boundary conditions for v(§) are functions
of the higher-order derivative wgzzz(1). To satisfy these
conditions using standard polynomial solutions, measurements
of up to the fourth-order derivative of the endpoint deflection
are needed for homogenizing original boundary conditions.
However, using the proposed hybrid polynomial-exponential
function (46), exerting only one additional condition v(l) = 0
is sufficient for obtaining all required coefficients.

Remark 7. In this paper, model transformation term (52) is
obtained for boundary control of a flexible manipulator,
following boundary conditions (10)—(12). For different classes
of flexible manipulators, corresponding model transformation
terms are calculable by substituting dynamic equations or
equations describing the displacement of a flexible link
(equivalent to (9)) for endpoints of the link § = 0 and { = [ in
non-homogenous boundary conditions (equivalent to (10)) to
eliminate higher-order temporal derivatives and obtain
transformed boundary equations (equivalent to (36)). Then, a
model transformation function is obtainable, satisfying
transformed boundary conditions (equivalent to (46)). The
model transformation should also satisfy homogenous
boundary conditions.

Theorem 2. The transformed mathematical model (54)—(58)
as well as the boundary conditions (38)—(40) express the
flexible system dynamics (8)—(12) in homogenized form.

3

l
{Im + MI? + Mz% (D) —pAg

l
+ pA fo [22(8) — 22(E)v(&)

(54)
+v2(8)] d{} 6 — Mlz (1) + hy
=1+ u[l — pAp, + pAk6?p,|
2e0(§) + [y(Drgsin® + 16 + hy = u (55)
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1
hy = —2MwQw:(l) + pAxg cos 6 ¢, + Emgl cos @

+ Mglcos@ + Mgz(l)sin@
— pAg cos 8 p,

04 [ a6

- 22(5)}’(5)]@19:
+ ZZ(E)V(E)KQQZ sing
= 2v(&)z,(§)0 + 2v*(§)6 + 0%¢z(8)

! d
—;fzsfsf(f)} 3
. 1
hy = —2(§)6? +;Zggsg(f) —y1e7P¢gcos 6

w =y(@kii — [y,e7¢ +y(©)k6?|u
Proof. The proofis detailed in Appendix C.

(56)

(57)

(58)

V. SOLVABILITY AND IMPLEMENTATION OF A HOMOGENIZED
MODEL

The transformed model (54)—(58) with homogenized
boundary conditions (38)—(40) allows for the implementation
of semi-analytical solutions—for example, the Galerkin
method or the Rayleigh—Ritz method [3]—instead of intensive
numerical solvers, such as those based on finite elements. Such
methods are based on obtaining an orthogonal basis for
displacement states. Homogenized boundary conditions allow
the straightforward calculation of an orthogonal basis for the
transformed model as a function of z(§) instead of w(§). As a
result, the model, as well as the corresponding control law (34),
can be implemented by assigning a discretized expression of
displacement (59) in (54)—(58).

26,0 = ) 1©9i(6) (59)
The standard choice for orthogonal basis ¢;(§) is
implemented as follows:
$:i(§) = c1;(cos B;§ + cosh f;§) + cyi(cos f;§ —
cosh f5;§) + c3;(sin §;§ + sinh §;§) + ¢4y (sin B;§ — (60)

sinh §;§).
Substituting in homogenized boundary conditions (38)—(40),
coefficient ¢;; and natural frequency f; are calculated based on

(61)—(67) for the transformed model.

i=¢3 =0 (61)
5811 SB12 CZLBL 0
%ZJ exge] =13 @)
B, = —cos f;& — cosh f;¢ (63)
B, = —sin f;€ — sinh ;¢ (64)
pA
By1 = B7 cos BE — Bf cosh B;§ +—B; sin B&
oA M (65)
- ﬁﬁi sinh ﬁifA
By, = B2 sin B — B sinh B — - B cos B
M (66)

pPA
=37 Picosh fg

l l
[ ot dg = [ [cospis - cosnpig
0 0
cos B;¢ + cosh ;¢
" sinB;€ + sinh B;€
2
— sinh ﬁif)] dE =1

This leads to the calculation of the coefficients as:

__cos Bié+cosh B;&
sin B;&+sinh ;& 2L

ey = { [ [cos g + cosh g — SxBitcosh fis

(sin Bi§ (67)

Caj = (68)

3
smﬁlf+smhﬁf (sinfig —
(69)

sinh g,)|"ag} *

Hence, ¢;(£) is obtainable based on homogenized boundary
conditions. Substituting (59) in transformed model (48)—(52)
with homogenized boundary conditions (38)—(40), the states
n;(t) are calculable by solving their corresponding ODEs. n;(t)
is calculable by substituting the discretized expression of
distributed  system state  z(§,t) = X () ¢i(§) in
transformed model (54)—(58) using assumed mode methods [3].
On this basis, (54) is transformed to a corresponding equation
with states of 7n;(t) and 6, and (55) is transformed to n,,
ordinary differential equations by substituting z(&,t) =
Y2 n:(©)pi(§) in (55), multiplying it in ¢;(§),j = 1, ...y,
and integrating the expressions over the length of the beam.
This results in n,, + 1 equations for n,, + 1 states, which is
instantly solvable. This leads to the calculation of z(&, t) based
on (59).

Finally, the original displacements are obtained as one-to-one
mapping, according to (37).

Remark 8. Coefficients ¢;; are not readily calculable using
original boundary conditions, as the right-hand side term in (62)
i1s not a zero vector. Hence, non-trivial solutions and natural
frequencies for B; and ¢; (§) are not calculable analytically.

Alternatively, model transformation (37) may be used to
obtain displacement data through the length of the flexible
beam without dependency on input torque when n,,
measurements corresponding to endpoint displacement and its
time derivatives are available. As z(l) = X" n;(©)¢; (1) =

w(l) and Y1 n;(t) ddd;n(l) a:;sz)’ N,, is the number of 1;s
given n,, equat10ns corresponding to measurements
oD, 0 D), ., gD forn = 1,.
on = w; (70)
$1(D bn,,
P=lamgy 0 dMep, O 7
d&nm dénm
[ ] (72)
.
w(D)
01 = | grmg(1) (73)
e
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Equation (70) is solvable for 7. Hence, w(§) is obtainable as
follows:

w(@ =X ni(©)hi(§) —v(©). (74)
By calculating w(¢), all required feedback information for
calculating the control input (34) is available.

Remark 9. Solution (74) is more convenient to implement
for boundary control schemes than substituting (59) in the
transformed model, as boundary feedback corresponding to
w(l) is measured to obtain error-based terms and is more
accurate to obtain than time derivatives of the boundary input.

Remark 10. As displacement mapping (74) is differentiable,
derivatives of displacement w(&) are analytically calculable,
which eliminates the need for potentially inaccurate numerical
differentiation.

Summarizing the methodology presented in Sections 3—5, the
procedure for implementing the boundary controller and
obtaining the semi-analytical solution is presented as an
algorithm in Table 1 and in block diagram form in Fig. 2.

VI. RESULTS AND DISCUSSION

In this section, the implementation of the proposed solution
method is discussed, and the response of the closed-loop system
to the proposed control strategy is investigated. The mechanical
and geometric properties of the simulated system, as well as the
fixed decision variables used in the estimation and control
scheme, are described in Table 2. As Euler—Bernoulli beam
theory is used in this study to model the flexible beam, the
manipulator must feature a length-to-thickness ratio of 10 or
more [3].

The control and estimation efficiency is investigated to track
the harmonic reference joint angle signal (xl_r, Yz,r) =
(I cos 0, [m], sin 6, [m]), where 6, = a, cos w, [rad] with
a, = 0.20 [rad] and w, = 3.00 [rad/s]. The time-varying
properties of the control scheme described in Table 1 are
assigned online so that they satisfy the corresponding
mathematical conditions obtained in Section III. An initial tip
displacement of wy(l) = 0.050 [m] is considered. In online
calculations, it is set that §; = 0.001|—e;v;| and 6, =
0.001|—ezv2 — MV, — hf| to ensure decay of the Lyapunov
function with respect to (A.21). The sampling time in numerical
simulations is set to T = 0.001 [s].

IMPLEMENTATION OF A BOUNDARY CONTROIS?;E;SED ON A SEMI-ANALYTICAL PDE SOLUTION
// Initial configuration
Assign endpoint trajectory reference (x, y;)
(1)  Set control parameters for error A and 4, (24)
(i1) aAnssiEn weight to mitigation of flexibility effects throughout the length of the flexible beam based on « (BA4.BS)
(iii) Calculate model transformation coefficient y (&) (53)
(iv) Assign uncertainty bounds for s and define 4 (29, B.30)
// Online measurements
(v) Obtain joint-angle measurement at current sample 6
(vi) Endpoint deflection measurements (1), w¢(1), and wgg: (1)
// PDE-based controller: sample n
(vii) Obtain error vector e (24)
(viii) Calculate temporal state vector n (70)
(ix) Obtain transformed distributed variable z(§) (59)
(x) Obtain model transformation variable v(&) based on boundary inputs, nonlinear terms, and y () (52)
(xi) Calculate distributed states w(¢) (74)
(xii) Calculate online control terms ¥, ¥, ¥, and ¥ (25,26,B.17, B.18)
(xiii) Calculate distributed terms my and hf (B.14, A.15)
(xiv) Calculate M and % based on stages vii—xiii (B.21, 34)
(xv) Obtain control signal u for current sample (34)
(xvi) Updated estimated system parameters vector (35)
// Implementation of control action
(xvii) Exert u to dynamical system (15,54)
(xviii)  Increase n ton + 1 and go to (iii)
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TABLE 2
MECHANICAL, GEOMETRIC, AND NUMERICAL PROPERTIES
OF THE CLOSED-LOOP SYSTEM

Parameter Value Parameter Value
pA 0.40 [kg/m] a 5.00

EI 5.00e3 [N.m?] | B 1.00

l 4.50 [m] A9, e 5.00

M 2.00 [kg] g 9.81 [m/s?]

Control law (34) is implemented, which requires boundary
measurements w(l), w.(l), and wgz(l) as well as joint

measurements 6 and 6. To obtain the integrated terms featuring
the distributed states in (34)—that is, the terms in the form of

fO’ flo(@), w (&), ws(§), weges (€)] d6—(74) is used, which
enables computationally efficient calculation of w(§) and
higher-order  derivatives with respect to boundary
measurements and model transformation (37). Initially, closed-
loop system performance without any parametric uncertainty is
evaluated. Subsequently, the effects of parametric uncertainty
on the control response are investigated.

The results of the numerical simulation of the closed-loop
system for the aforementioned configuration implanted in the
MATLAB® environment using codes without any external
solvers or MATLAB® toolboxes—for example, FEA solvers—
are shown in Figs. 3-5.

Fig. 3 shows the convergence of the closed-loop system’s
response to the associated reference signals, which are
guaranteed using stability-proofed PDE-based control analysis.
As described in Fig. 4, the use of the proposed boundary control
scheme results in the elimination of undesired deflection effects
throughout the length of the flexible beam. Fig. 5 depicts the
control inputs—that is, the joint input torque and the boundary
input force—which retain their bounded values. A calculation
time of 2.73 [s] over the simulation length of 5.00 [s] was
recorded using the proposed semi-analytical solution. This
indicates the implementability of the proposed schemes in real-
time applications.

In Fig. 6, the performance and applicability of the control
scheme for discontinuous piece-wise reference signal 6, =
a, sign (cos w,)[rad] with a, = —0.30 [rad] and w, =
2.00 [rad/s] is investigated to study system performance in the
case of instantaneous excitations. As depicted in Fig. 6, the
controller maintains tracking performance and converges to a
new angle reference value in finite time. Furthermore, endpoint
displacement is mitigated in each interval.

Fig. 7 investigates the feasibility of the adaptive scheme for
the closed-loop system considering the uncertainty of system
parameter vector s. To this end, the system response is
investigated for cases with 30%, 60%, and 90% additive
uncertainty in s, which is equivalentto § = 1.3s,8 = 1.6s, and
§ = 1.9s, respectiely. The results are compared with the
deterministic system. In all cases, the upper uncertainty bound
of s, =138 and lower uncertainty bound s; = 0.8 s are
assigned. As depicted in Fig. 7, the closed-loop system
maintains a bounded response in all investigated cases and
successfully mitigates joint angle tracking error and endpoint
displacement, despite the presence of additive parametric
uncertainty. As expected, higher error values are observed in
cases where higher values of parametric uncertainty are
considered. This corresponds to an increased initial error for
systems with larger parametric uncertainty and is eliminated
with time.

The performance of the controller is compared with that of a
standard potential-differential strain feedback controller (PDS)
[32], [37], which uses error feedback for the joint angle,
endpoint displacement, and its higher-order derivatives to
mitigate the mentioned effects. On this basis, inputs are

assigned as T = —kpge; —kgpé; and u=—k, o) -
kgowo() —kgpweee(1). Based on the manipulator
configuration, for the PDS controller to demonstrate

satisfactory performance, a high-gain approach must be
attained. Controller gains are set as kpo = kp,, = 2000,
koo =ky, =200, and kg, =5 The results of the
comparisons are depicted in Fig. 8.

Actuator and Boundary

Flexible Manipulator

Error Signals

Input Command
Boundary
) Measurements | ]
Reference Nonlinear PDE Controller —
Endpointand |e=s| Using Distributed State Dlstnb_uted- State
A . Estimation s
Joint Angle Estimates Joint Encoder
t Model
Transformation

Endpoint Displacement

Processing

[

Joint angle reference tracking error

Fig. 2. Block diagram of closed-loop system featuring distributed state estimation, nonlinear PDE controller, and required
feedback
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As indicated, the main difference is that the adaptive model-
based boundary controller (AMBC) proposed in this study
ensures gradual mitigation of the joint angle tracking error and
endpoint displacement, as indicated by stability analysis, while
the PDS controller maintains the boundedness of states in an
area around the origin, as the variable dynamic terms and
coupling effects are not considered in its design. Specific
modifications for the PDS controller may be conducted to
include the aforementioned effects. Furthermore, the
performance of the PDS controller is highly dependent on
controller gain, and the selection of unsuitable gains may result
in instability in the system when prior stability analysis is not
conducted. In the AMBC controller, the selection of control
parameters is conducted according to the provided guidelines,
as referenced in Table 1. Any control parameter selected within
the feasible region maintains boundedness and stability,
although they affect control performance. A potential drawback
of an AMBC controller is the complexity of the model-based

design and distributed state measurement, which are not
required in a PDS controller.

To verify the precision of the proposed distributed state
estimation scheme and the corresponding model transformation
in practice, the experimental setup described in Fig. 9 featuring
a flexible manipulator with non-homogenous boundary
conditions is used. The experimental setup features a long-reach
flexible beam, payload mass, and hydraulic input. The
manipulator is equivalent to the one-link flexible manipulator
depicted in Fig. 1 and is described by mathematical model (8)—
(12) when the assigned boundary input force is equal to zero.
Gravity effects still affect the boundary conditions of the
mechanism due to the payload installed at the endpoint of the
manipulator. Hence, the mechanism features non-homogenous
boundary conditions in the form of (36) as wgze: (D) +

%a)gfg(l)zxgcosél, which prevents the wuse of

straightforward analytical PDE solutions based on separation-
of-variables. Therefore, the model transformation proposed in

System Response]
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0 05 1 15 2 25 3 35 4 45 5
Time [s]

@

x, [m]
A}
-,
N
-’
~
2
S

434 36 365 37

[—SystemResponse| |
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|~ Reference Signal

doldt [rad/s]

I
0 05 1 15 2 25 3 35 4 45 5
Time [s]

(©)

o 0 05 1 15 2 25 3 35 a 45 5
Time [s]

(d)

Fig. 3. Tracking performance of controller: (a) Joint angle; (b) Joint velocity; (c) Endpoint horizontal position; (d) Endpoint vertical
position.
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\z 2.5 3 3.5 4

Time [s]
Fig. 4. Displacement of flexible link over time.
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Fig. 5. Control input signals: (a) Joint torque; (b) Boundary input force.
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Fig. 6. Controller performance for a discontinuous piece-wise reference signal: (a) Joint angle; (b) Displacement of flexible link over
time; (c¢) Joint torque; (d) Boundary input force.

this study is used to obtain distributed states throughout the
length of the manipulator, in accordance with the conducted
numerical simulations and the procedure detailed in Sections IV
and V of the manuscript. To this end, the displacement of the
manipulator endpoint located at & = 4.63 [m] as well as two
select elements at £ = 2.32 [m] and & = 3.41 [m] have been
calculated based on comparisons between the position
measurements of the elements and the position of the same
elements in a rigid manipulator, according to (2) and (3).
Ground truth measurements for the beam are obtained using
three camera markers installed on the beam with the
OptiTrack® Prime 17W position motion capture system. The
joint angle is measured using an absolute encoder with 18-bit
per revolution resolution. A hydraulic actuator exerts system
input Fy, to the element located at &, = 0.35 [m], which acts as
joint torque T = F,,&, when forgoing longitudinal displacement
of the beam. The flexible manipulator features geometric and
mechanical — properties of [=3.5le—4[m*], E=

2.10e11 [Pa], and p = 7850.00 [-]. The payload with M =

20.00 [kg] is installed at the endpoint of the manipulator.

To verify the displacement estimation using the proposed
model, the endpoint displacement is measured for an assigned
trajectory, as depicted in Fig. 10, and is subsequently used to
obtain the time function n according to (70). v(§) is obtained

according to (52), and the estimated displacement values are
calculated for the camera markers placed at § = 2.32 [m] and
& = 3.41 [m], based on (74). Displacement values obtained
using the camera measurements for the same elements are
considered ground truth and are compared with values obtained
using mapping (74) in Fig. 11, which expresses the precision of
the proposed displacement estimation method. With respect to
directly distributed measurements using a limited number of
sensors, obtaining displacement values for samples that do not
correspond to measurement points is improved using mapping
(74). This is highlighted in Fig. (11.d), which compares the
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estimated displacement of the measurement points at & =
2.32 [m] and &, = 3.41 [m] obtained by mapping (74) with
estimated displacements calculated based on the interpolation
of measurement data. For this comparison, the interpolation of
measurements between { = 0 [m] and &, = 3.41 [m] is used to
estimate displacement for w(&; = 2.32 ), and the interpolation
of measurements between {; = 2.32 [m] and & = [ is used to
estimate displacement for w (&, = 3.41). The results highlight
the potential inaccuracy of using distributed measurements to
estimate the displacement of flexible links at points other than
measurement samples, which results in significant inaccuracy
when calculating terms featuring the integration of distributed
states.

In this experiment, estimation error values are primarily
caused by the deformation of a long-reach flexible manipulator
in its original form, which does not correspond to a fully rigid
link  with (7,67, = (§cos8,ésind).  Longitudinal

[—0% Uncertainty

|==30% Uncertainty|
60% Uncertainty|

[—90% Uncertainty|

°

Joint angle tracking
error magnitude [rad]
S

°

displacement of the flexible beam is also often significant due
to the length of the manipulator. Error estimation may be
improved by incorporating models that feature longitudinal
displacement effects [38]. Inaccuracies in system parameters
and measurement biases are also potential error sources. Fig. 12
describes the results of the density amplitude analysis per
frequency for the experimental data and indicates the
applicability of the proposed displacement calculation scheme
for different operating frequencies, including the two excited
natural frequencies.

V. CONCLUSION

This paper details a novel design and implementation
procedure for the boundary control of a flexible manipulator,
enabling high-speed calculations based on a semi-analytical
solution for the corresponding PDEs. This is conducted by
obtaining a model transformation to homogenize the original

magnitude [m]
e o
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Fig. 7. Adaptive controller tracking performance analysis: (a) Joint angle tracking magnitude; (b) Endpoint displacement magnitude.
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(d) Boundary input force.
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PDE model, which can be used in combination with boundary
measurements to obtain  distributed states—that s,
displacement values and their higher-order temporal and spatial
derivatives—throughout the length of a flexible beam in a
convenient manner, despite the existence of nonlinear gravity
and input terms. Distributed state values are used to obtain the
boundary control law, resulting in precise endpoint trajectory
tracking based on the elimination of undesired deflection values
and the tracking of joint angle states. The presented control
strategy is robust to parametric uncertainty due to its adaptive
design. The effectiveness of the model transformation scheme
for the recovery of distributed states is demonstrated based on
experimental data, and numerical calculations are used to
indicate high-speed computations corresponding to the PDE
control scheme. Future research opportunities include the
investigation of longitudinal displacement effects, unstructured

OptiTrack® Prime 17W

model uncertainties, and the extension of the proposed model
to multibody flexible systems.
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APPENDIX
Appendix A. Variation terms for the dynamic model

To obtain the dynamic model, variations in energy and work
terms (5)—(7) are calculated. Initially, a time derivative of the
element position vector is calculated as follows:
T = —E0sin® — & (&) sind — w(&)0 cos b,
Ty e = &0 cos B + w (&) cos B — w(§)f sinb.

(A.1)
(A2)
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Fig. 9. (a) Schematic description of the set-up; (b) Flexible manipulator setup with camera position feedback.
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Fig. 10. Endpoint trajectory of the flexible manipulator obtained using camera measurements: (a) 7y;; (b) 13, ;; (c) Joint angle; (d)
Hydraulic input.

Substituting (A.1) and (A.2) in (5), the kinetic energy term
is expanded as follows:

T =3 pA [ #lF¢ df + MiT#, = 21,07 +
2pA [[(9) + 0?(£)62 + 2800(8)] dg +
%M[lzéz +@2(1) + w2 (D) + 2100 (D))
Applying the variation operator to (A.3) and then using
integration-by-parts results in:

.. 1
§[2Tde = [ {1m666 + pA [[[w.()6w, +

w(©)028w (&) + w?(§)066 + 66w, (§) +
Ewe (§)88] dE + M[12666 + w,(Ddw. (1) +
w(D28w (D) + w?(1)056 + 108w, (1) +

Lo, (080]} dt = [ {{—Imé — MI2§ — Mw? (D) —
2Mo(Dw, (D6 — Mlwy, () + pA [|[~20(E)w (§)6 —
W) — £ ()] g} 86 + {pA [[we (§) +
0 ()6 - 6] g} 50(8) + [-Mawy (1) + M (D2 —
Mzé]5w(z)}dt.

Variations in potential energy (6) are calculated using
consecutive integration-by-parts.

§ [V dt = [*{;mglcos 6 86 + Mgl cos 6 56 +
Mg cos 8 Sw(l) — Mgsin 6w (1)56 +
l t 1
El [j wgsSwee df} dt = ft: {[Emgl cos 6 +
Mglcos 6 — Mgsin Gw(l)] 60 + [—Elwg; +
Mg cos 9]6w(l) + Elwg6w' (1) — Elwg:6w'(0) +
1
Elwgge6(0) + EI [§ wgeer déSw ()} dt,
To calculate SW according to (7), 87, is expressed as:

(A3)

(A4)

(A.5)

[-lsin® — w(l)sin 8]66 — sin O Sw (1)

oy = [l cos 8+ w(l) cosB]660 + cos b Sw(l) I (A.6)
Substituting (A.6) in (7) results in:
W = (v +ul)dé + usw(l). (A7)

Finally, (A.4), (A.5), and (A.7) are substituted in extended
Hamilton principle §(T —V + W) = 0. Setting the term
multiplied in §6 to zero directly leads to (8), and setting the
term multiplied in dw(&) results in (9). Boundary conditions
(10)—(12) are obtained by setting terms multiplied in 6w (0),
Swg(0), w(l), and Swg (1) to zero.

Appendix B. Proof of Theorem 1

Candidate Lyapunov Functional (CLF) (B.1) is investigated
to obtain the control law.
V="V +V+V (B.1)
Vi =Vp + 1, (B2)
where Vi, V;, and V; represent the components of CLF
corresponding to joint angle tracking, the elimination of link
flexibility, and parameter adaptation, respectively. Vy consists
of the effects corresponding to the length of the flexible beam,
Vp, as well as those of the endpoint deflections, V.
1

V=gl (B.3)
1! El
Vo= 3 | ek @ +a 308 @ + pro@or®|ds @)
0
v, = %622 (B.5)

Coefficients @ € R* and B are decision variables, satisfying
conditions that are obtained later.

Component I is defined with respect to parameter estimation
error.
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1
v=38's BO | (O we @) ds| <1 fy w0} (©) dE + 1) w?(©)dE <

Design of the control system with respect to CLF (B.1) lfol w(&) dE + I3 fol 03 (§) d. (B.7)
ensures elimination of joint angle tracking error e; according to
(B.3), elimination of endpoint vibration e, according to (B.5), Substituting (B.7) in (B.4) results in:
mitigation of distributed displacements and higher-order V> %(Of - BD fol wi () dé + % (Of % - g
derivatives with respect to (B.4) and boundary conditions (11) g l3) X B (6) dE. (B.8)
and (12), and robustness despite the presence of parametric q th diti 0 P tivi £V is obtained
uncertainty based on (B.6). ence, the condition for positivity o is obtained as

To ensure that a Lyapunov function can be assigned based on follows:

CLF (B.1), the conditions through which V > 0 holds are a > max (Bl f 2 13). (B.9)
demonstrated. This is trivially true if V, > 0. Hence, the
conditions for satisfying the latter and weaker conditions are
investigated.

Based on the Cauchy—Schwartz and Nash inequalities (as
expressed in Remark 4), it holds that:

Subsequently, we determine the conditions for the decay of
V; and V¢ on their own. Then, the combined information is used
to obtain the control law in combination with the conditions for
decay of V.

Initially, the time derivate of V; is analyzed based on (B.3)
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Fig. 11. Displacement values for selected points: (a) § = 2.32 [m]; (b) & = 3.41 [m]; (¢) ¢ = 4.63 [m]; (d) Displacement estimation
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and (27).
Ve = €16y = eqvq + e1yi1T + e¥izU. (B.10)
It is assigned that:
ey + ey + erypu = =67, (B.11)

where §; > 0 is a control parameter.
Next, the time derivative of V is investigated based on (9),
(28), and (A.10), using successive integration-by-parts.

Vf =V + V. = e3vy + €117 + €2722u
1

ta f 0, (O et (E)dE
0
LET
ta f e (Oongs (0
L
+p f Ewe (O (©) dE
0

l
+p f Ewpwg, dE + eyé;
0

= eVy t e2Y21T + €2¥22U

+ Offol{[w(f)gz —ﬂwgffg(f)

pA (B.12)
UGS
varr | wgeee En(©) €
- a%wt(l)wgg ()
+p fo {[fw(f)gz - %fwgfff(f)
~ 20| w©)] + 5 p107 )
38 [[wreac
V¢ is alternatively expressed as:
Vf = mfé + hy + e;v; + e¥21Us + e¥22uUs, (B.13)
my = —a [} Ew, (E)dE — B f, £ (£)dE, (B.14)
hy = @62 [, (Ow(€) df - aj—;wt(l)w&e;(l) +
BO? Jy () dE — B 7 fy w(©) wgee () — (B.15)
28 Jy w? (§)dg +31 Bl (D).
From (15), it holds that:
4 =vo+vol, (B.16)
vo=-M"h, (B.17)
Yo=M"'B. (B.18)
Hence, 6 is expressible as follows:
] = Vo, Y0y, T Yo, U (B.19)

Subsequently, the simplified expression of Vf is obtained by
substituting (B.19) in (B.12). Furthermore, it is set that Vf =
—&8%, where 8, > 0 is a control parameter.

Vp = (mfyo11 +ey21)T + (mfl’o12 +e¥22)u+ MeVo,
+ev, +he = =63

To obtain the input resulting in the decay of V; and V¢, (B.10)
and (B.20) are combined in matrix form as follows:

Mu=nh-3,

(B.20)

(B.21)

e1¥11 e1Y12
M= [mfyon + e¥21, MmsYo,, + ezyzz]’ (B22)

—eVs
h= [—ezvz —mgvg, — hf]- (B.23)

5
o= s2| B.24
i w2
(B.21) is instantly solvable for u, leading to:

u=M"h, (B.25)

which results in V, + V; = tr(Mu —A) = —62 — 62 < 0.tr
(.) indicates the trace of (.). The boundedness of the controller
in the presence of model uncertainty is investigated as (B.26).
In this case, the estimated control input # expressed in (34) is
exerted to the system.

To address parametric uncertainty, the time derivative of V;
is investigated as follows:

h=5%=(-%)(s-8=-§(s-3. B2

Then, from (B.1), (B.10), (B.12), (B.13), (B.20), and (B.26)

and considering terms dependent on uncertain parameter s, =
5—; in (B.12), it follows that:

V=3, {fol [—wffff(f)wt(f) +
a fol wegee(Hwe(§) — B — fwggff(f)] d¢ —
aw (Dwge (D} —37(s - 3) + tr (M — £).
Considering the uncertainty space Q from Assumption 2 and
system input (34), tr (M u-— IL) is bounded as:
tr (Mu—A) =tr (Ma—4) + e
<62 —-6%+¢y,
€g = tr (Mu—A), (B.29)
where M = M — M and & = A — A. From Assumption 2, it
follows that €, is expressible as a function of §, with its upper

(B.27)

(B.28)

bound expressible as &5 8, where p€R*. Substituting (B.28) in
(B.27), it follows that:

V<AS8,—878— 82062 +4}5, (B.30)
A= [—wsfsf(f)wt(f) +
a fol weeer (Hwe(§) — B — fwfffg(s()] dé — (B.31)

The term A,§, — 87§ is rewritten in vector form as follows:
25— 85455 = (A+2-8)'s, (B3
A;=1[0, A, 0, 0], (B.33)
Substituting (B.32) and parameter update rule (35) in (B.30)
and then using Lemma 1 leads to:

) T
V< [As +a—P (§J£l'§h'£g +As)] - 6% -
8% < —67 — 67
Hence, the closed-loop system is asymptotically stable, and
e;, €5, w(&), and 578 converge to zero with t — oo, which
completes the proof.

(B.34)

Appendix C. Proof of Theorem 2

To obtain the transformed model, (37) and (52) are
substituted in the flexible system model (8), (9), (11), (12), and
(30). In addition, the following expressions hold:
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"z _ "w

"y s
ﬁ—ﬁ"‘ﬁfb, (C.1)
vz _ ", Y (C2)

atn otn atn’
2(1) = w(D). (C.3)

An expression of the transformed model is then obtained as
follows:

U + MI? + Mz?(D]6 + Mly (D) f3ee — Mlz (D) +
2Mz(Dy (D fpe — 2Mz(Dz,(1) +
pA [}{22(8)2:(8)6 — 22()y () f6 —

2v(O)z(9)0 + 2026 + [22§) —22v© + Y
VA0 + §zee(§) — §¥ () fyee} S +
%mgl cos@ + Mglcos6 + Mgz(l)sinf = 7+ ul,
Z“(E)—y(g‘)fb*tt—z(f)éz+v(§)92+§é+ (C.5)

EI EI N
p—Azggfg(f) - p—A)/fsfg(s()fb =0,
along with boundary conditions (36)—(38). Substituting f,; =
kit — kg6 sin 0 and fy,, = kil — kg6 sin @ — kgh? cos 6 and
noting that y(1) = 0, (C.4) and (C.5) are further simplified as
follows:
(I, + MI? + Mw?()]6 — Miz, (1) —
1 .
2Mz(Dz: (1) + pA [,{22(£)2.(§)0 —
2z()y(©)kub + 2z(8)y(§)kgh? sin 6 —
2v(§)z, ()0 + 2v* ()0 + [22(§) — 2z(E)v(§) +
v2(§)10 + §2,(§) — Sy (ki + ¥ (§)rgh sin 6 +
&y(&)Kg cos 9} dé + %mgl cos + Mglcos6 +
Mgz(l)sinf =t + ul,
20(§) =y (E)kii + y (g sin 6 +
y(&)Kkgh? cos O — z(§)8? + v(§)8% + &0 +
iszfé (&) = Veeee (v + Veges (§)g cos 0 = 0.
The homogenized model may be further simplified using the

(C.6)

(C.7)

. ! . . .
expression || o $Ze¢d$ as well as calculating the integration terms

of the known function v (&), which based on (44) is expressible
as (B.8).

v(§) =v(Oxu —y(§)kg coso (C8)
By substituting (B.8) in (B.6) and noting ygze:(§) =

—y,e? | Ol ¢7,,d¢ is calculated as follows:
Jy €70 = [, [y (©kit = y(©)regf sin 6 -
y(E)Kkgh? cos 0 + 2(£)6? — v(£)6% — €6 —
iszfé (&) + Veree (U — Vegee (§) g cos 9] ¢ =
kit f, €y (€) d€ — kg sin 6 [ £y (&) d —
Kg6? cos 0 [ €y () dé + 62 [} €2(8) dE —
kuf? [ &y (§)de + kg cos 6 62 [ &y (£)de —
6 fol §?dé — ifol §Zegee (§)dE + (u —

1
gcos8) [ &veszs () d8.
Based on the definition of y(§) in (53), the integral terms

fol &y (&) d€ and fol $Veege (§) d attain constant values.

(C.9)

3 l 3 l V1 ~ 1
p= | or@as= [ [-eerta oot e

- et e a

_(l N 1) N s 5 (C.10)
~ s e/ T T T 30p
I V1l3 }’112
+y22_3_p3+2—p4
l 1
Pz = f EVeeee(§)dé = —}’1f EePids
° 0 , (C.11)
:Le—Pl_F_;e—pl__;
14 p

p
Substituting (C.10) and (C.11) in (C.9) results in the
simplified expression (C.12), as follows:
Jy €200d€ = pykii — pikgfsin 6 + 02 [[2(6) df —
Kkué?p, —%é —%f;fz&f;(f)d{ + p,(u— g cosB).
Finally, substituting (C.12) in (C.6), the simplified
homogenized model is obtained as in (54)—(58) with the

homogenized boundary conditions (38)—(40). This completes
the proof.

(C.12)
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