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SDPRLayers: Certifiable Backpropagation Through
Polynomial Optimization Problems in Robotics

Connor Holmes

Abstract—A recent set of techniques in the robotics community,
known as certifiably correct methods, frames robotics problems as
polynomial optimization problems and applies convex, semidefinite
programming (SDP) relaxations to either find or certify their global
optima. In parallel, differentiable optimization allows optimization
problems to be embedded into end-to-end learning frameworks
and has received considerable attention in the robotics commu-
nity. In this article, we consider the ill effect of convergence to
spurious local minima in the context of learning frameworks that
use differentiable optimization. We present SDPRLayers, an ap-
proach that seeks to address this issue by combining convex re-
laxations with implicit differentiation techniques to provide cer-
tifiably correct solutions and gradients throughout the training
process. We provide theoretical results that outline conditions for
the correctness of these gradients and provide efficient means for
their computation. Our approach is first applied to two simple-
but-demonstrative simulated examples, which expose the potential
pitfalls of reliance on local optimization in existing, state-of-the-art,
differentiable optimization methods. We then apply our method
in a real-world application: we train a deep neural network to
detect image keypoints for robot localization in challenging lighting
conditions. We provide our open-source, PyTorch implementation
of SDPRLayers and our differentiable localization pipeline.

Index Terms—Certifiable methods, differentiable optimization,
visual learning.

I. INTRODUCTION

HE versatility of learning models has made them ubig-
T uitous in robotics, permeating almost all layers of the
modern software stack [71]. On the other hand, model-based
optimization—the mainstay of traditional robotics—provides a
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level of robustness, accuracy, and generalization that has proven
difficult to match by learning-based methods [59]. A recent
paradigm, leveraging advances in so-called differentiable opti-
mizers, now enables roboticists to combine these two approaches
into a single end-to-end learning framework.

In this approach, optimization problems are embedded as
“layers” in deep-learning networks, with optimization parameter
data as the input and the optimal solution as the output. Similar
to other layers in machine learning, the forward pass of the
layer involves solving the optimization, while the backward pass
computes the gradients.

The benefits of this approach are several, allowing practition-
ers to capitalize on the respective advantages of model-based and
learning approaches while also mitigating their disadvantages.
For example, this integration means that domain knowledge
can be injected directly into the robotics pipeline, while still
allowing machine learning parameters to be trained on the final
goal of a robotics module. This also obviates costly integration
and fine-tuning stages that are necessary when learning and
optimization modules are developed in parallel [71].

Despite its recent successes, there is a fundamental issue
with differentiable optimization that has gone unaddressed in
the literature; the majority of optimization problems in robotics
are nonconvex and, hence, prone to convergence to local optima,
rather than a global optimum. In particular, if the optimization
layer converges to spurious local minima, the gradients that
are backpropagated through the network will not correspond
to the true global optimum, and can, therefore, corrupt the
training/optimization process.! We will see that this can have
serious consequences, leading not only to longer training times,
but also outright failure to meet objectives of the training process.

In this article, we address this issue by taking inspiration from
a recent body of work in the robotics and vision communities
that deals with so-called certifiably correct methods [61, Sec.
2.2] (also called certifiable algorithms [76]). These methods
use convex semidefinite relaxations of nonconvex, polynomial
optimization problems (POPs) to either directly find a global
optimum or provide a certificate of global optimality for a given
solution. Certifiably correct methods originate in the robotics

'We acknowledge that, in some cases, finding any stationary point may be
sufficient for the objectives of the practitioner and the associated gradients may in
fact be desirable. In this work, we take the stance that the goal of an optimization
problem is to find the global optimum and that convergence to local minima is
undesirable.
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community, but are closely related to the Moment-sums-of-
squares (SOS) hierarchy, which seeks to solve POPs using an
automated hierarchy of SDP relaxations [36]. However, since
the goal certifiably correct methods is application in robotics,
they tend to focus on bespoke relaxations that are tailored toward
efficiently solving or certifying solutions.

Similar to the Moment-SOS hierarchy, our approach is to
directly solve the semidefinite relaxations of robotics problems.
When the solution to the relaxation can be directly used to obtain
a globally optimal solution for the original POP, the relaxation is
said to be tight.> Even when the relaxation solution is not tight,
it can still provide useful information about the original problem
(see Section V-C).

A. Contributions

We focus on providing differentiable, globally optimal solu-
tions to POPs. Although there are existing differentiable solvers
that could potentially find and differentiate first-order critical
points for this class of problems, the resulting derivatives may
not correspond to the solution of the optimization problem
(i.e., the global optimum). In general, such solvers are only
guaranteed to find local optima.

As one of our key contributions, we provide our approach
as an optimization layer, which we call the SDPRLayer? that
conveniently encapsulates the parameterized POP. The layer
is guaranteed to yield certifiably correct, differentiable solu-
tions whenever the solution can be retrieved from the con-
vex relaxation (i.e., the relaxation is tight) (see Fig.1 for a
graphical overview of the method). We do this efficiently by
leveraging the optimality conditions of the original, nonconvex
problem. For nontight relaxations, we also provide the solu-
tion to the SDP, which we differentiate via existing, implicit-
differentiation techniques for convex problems.

At the core of our approach is a theoretical result that provides
conditions under which solution gradients can both be certified
and efficiently computed. We view this result as a second key
technical contribution.

Our layer can be easily embedded in end-to-end learning
pipelines and bilevel optimization for robotics problems. As a
third contribution, we use simulated and real-world examples to
demonstrate the potential pitfalls of relying on local solvers in
this context. Crucially, we demonstrate that if local minima are
used for backpropagation, the resulting gradients can be quite
different from those of the global minimum. We also show that
the SDPRLayer can be used for large-scale training of a robotics
perception pipeline.

2The astute reader may argue that in cases where strong duality holds at
the solution, the solution can be certified without directly solving the SDP
(e.g., scalar-weighted pose graph optimization [37], [60]). In our experience,
the majority of robotics problems require the addition of so-called redundant
constraints to “tighten” the relaxation (see below in Section III-B2 and Ap-
pendix C). However, when these constraints are used, certifying a solution
amounts to solving an equivalent (dual form) SDP [25].

3The naming is based on CVXPYLayers [1] with SDPR standing for semidef-
inite programming relaxation.

OPTIMIZATION PROBLEMS IN ROBOTICS

B. Outline

In the following section (see Section II), we review works
that are closely related to this article. In Section III, we re-
view notation and relevant background material on implicit
differentiation and semidefinite programming that may not be
common knowledge to all readers, but that can be safely skipped
by domain experts. Section IV provides the theoretical result
that underpins our methodology, while Section V describes the
implementation of our layer. In Section VI, we provide two
examples that demonstrate the advantages of our approach and
a third that demonstrates its application to a real-world robotics
problem. Finally, Section VII concludes this article.

II. RELATED WORK
A. Certifiably Correct Optimization in Robotics

As mentioned, we rely on advances in certifiably correct
optimization methods, which provide guarantees on the global
optimality of solutions. In robotics, this approach has been ap-
plied to robust state estimation [76], [77], sensor calibration [32],
[74], inverse kinematics [32], image segmentation [40], rotation
synchronization [19], [27], pose-graph optimization [7], [60],
multiple-point-set registration [15], [41], range-only localiza-
tion [24], [34], and range-aided simultaneous localization and
mapping (SLAM) [55], among others. It is also worth noting
that a similar approach using SOS polynomials has been applied
in the nonlinear control community for automatic synthesis or
verification of Lyapunov functions [46], [50]. We note that any
problem to which certifiably correct methods can be applied
(including all those stated above) can necessarily be formulated
as a POP.

B. Differentiable Optimization in Robotics

New tools geared toward differentiable optimization in a
robotics setting have been recently presented. Theseus, devel-
oped by Pineda et al. [57], presented a differentiable optimiza-
tion layer for unconstrained, nonlinear least-squares problems
that typically appear in robotics. Crucially, this tool built off
work by Teed and Deng [68] to solve problems with lie group
constraints. For trajectory optimization, CALIPSO provided
differentiable solutions using an interior-point solver and was
able to handle conic and complementarity constraints, which
often occur when dealing with friction and contact in robotic
motion [39]. Many of these methods implicitly differentiate the
conditions of optimality, a technique which, to date, has proven
to be the most accurate and efficient way to generate gradient
information of an optimum [8].

Many roboticists have adopted differentiable optimization
layers into their pipelines. Building off their seminal work in
differentiating quadratic programs [4], Amos et al. [5] presented
a differentiable model predictive control (MPC) framework that
enabled learning of dynamics and objective functions. This work
was subsequently extended to integrate reinforcement learning
(RL) and safe learning into MPC [26], [59], [79]. In robot plan-
ning, several works have developed differentiable approaches
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to dynamic programming [22], [42], [45]. Differentiable opti-
mization has been used in physics-based simulators to enable
efficient training of RL control strategies [18] or robotic hard-
ware design [75]. In state estimation, DROID-SLAM, which
introduced a differentiable, end-to-end, neural architecture for
visual SLAM [67], is most notable, though there have been
several works on differentiable SLAM [31], [43]. Differentiable
optimization has also been used for factor-graph-based estima-
tors [58] and smoothers [78], tactile sensing [65], and shape
estimation [28].

The most closely related work to ours is SATNet, introduced
by Wang et al. [72], which used semidefinite relaxations to
generate approximate, differentiable solutions to the maximum
satisfiability problem in combinatorial optimization. Amos et al.
[5] also took a similar approach, applying a convex quadratic
approximation to a nonconvex MPC problem. Our approach is
a more general framework directed at providing exact, differ-
entiable solutions to robotics problems. Talak et al. [66] also
made use of certifiably correct methods to verify correctness
of solutions, but did not directly differentiate the optimization
problem.

C. Implicit Differentiation

A key element of modern differentiable optimization is so-
called implicit differentiation, which applies the implicit func-
tion theorem (IFT) to the set of conditions—known as the
Karush—Kuhn-Tucker (KKT) conditions—that characterize a
local optimum [23]. The main idea is that the zero-level set of the
KKT conditions defines an implicit function that uniquely relates
the parameters to the primal solution. Under certain conditions,
this relationship is differentiable, providing a means to back-
propagate gradient information through optimization problems.
Prior differentiation methods, such as unrolling, are either less
accurate [8], slower, or more memory intensive than implicit
differentiation [57].

Implicit differentiation can be applied to any local optimum
satisfying the (second-order) KKT conditions [33]. When the
problem is convex, implicit differentiation becomes much more
powerful since the KKT conditions are sufficient and necessary
for global optimality [10].* As such, it is often applied to convex
problems or convex approximations of nonconvex problems [4],
[18], [72]. One notable example is CVXPYLayers [1], a general
differentiable solver for convex problems, which interfaces the
popular CVXPY parser [21] with a differentiable conic opti-
mization solver [2] and has become the de-facto standard for
differentiating convex programs.

III. BACKGROUND

A. Notation

We denote matrices with bold-faced, capitalized letters, A,
column vectors with bold-faced, lower-case letters, a, and scalar
quantities with normal-faced font, a. Let S" (resp. S'} ) denote the
space of n-dimensional symmetric (resp. positive, semldeﬁmte)

“4Subject to an appropriate regularity condition such as Slater’s condition.

matrices, and S} C SQ‘_ denote the set of positive, semidefinite,
rank-1 matrices. We also use the conic notation X > 0 in place
of X € Si. Let I denote the identity matrix, whose dimension
will be clear from the context or otherwise specified. Let O
denote the matrix with all-zero entries, whose dimension will
be evident from the context. Let A denote the Moore—Penrose
pseudoinverse of a given matrix A and let ker(A) and im(A)
be the kernel space and image space of A, respectively. Let
vec(A) denote the vectorization (reshape) of a given matrix A.
Let ® denote the Kronecker product. Let [N] = {1,...,N} C
N be the set of indexing integers. Let (A, B) = tr(A" B)
denote the Frobenius inner product of matrices A and B.
Let || - ||r denote the Frobenius norm. Let SO(d) denote the
d-dimensional special orthogonal group.

B. Semidefinite Relaxations of POPs

Many key problems in robotics can be expressed as POPs,
including all of the problems mentioned in Section II-A. In this
section, we review the well-known procedure for deriving con-
vex, SDP relaxations of a standard form of POP. This procedure
was pioneered by Shor [63] and has become the cornerstone of
certifiably correct methods in robotics and computer vision.

We consider POPs that are parameterized on a variable, 6 €
R?, and are formulated in the standard homogenized, quadrati-
cally constrained quadratic problem (QCQP) form

min x' Qgx
xT
st. &' Agix =0 Vi€ [m)]

x Agz =1 (P1)

where © € R, and Qg € S™ and Ag; € S denote the (pa-
rameterized) cost and constraint matrices, respectively. The
homogenizing constraint, xT Apx = 1, is used to ensure that
the optimization variable is homogeneous (i.e., x; = 1, for some
1 €1,...,n)and x € R™. The exact form of the matrices, Qg
and Ag;, and an explanation of this transformation can be found
in Cifuentes et al. [17]. We note that it is always possible to
formulate a POP in the standard form of Problem (P1). The
parameterized feasible set of this problem is given by

Qo ={xcR" |z Agix =0 Vi€ [m], ' Apx = 1}.
ey
Problem (P1) can be re-expressed in terms of semidefinite ma-
trices by using the properties of the trace operator® as follows:

min - (Qo, X)
st. (Ag;, X)=0 Vie[m]
(Ag, X) =1
X>0
rank(X) =1 (P2)

SThe trace is implicit in the inner product over matrices (i.e., Frobenius inner
product).
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where the last two constraints implicitly enforce the fact that
X = za'. All the nonconvexity of Problem (P2) is contained
in the single nonconvex rank constraint. It follows that we can
find a convex relaxation of Problem (P2) by removing the rank
constraint

min (Qe, X)
st (Agi, X) = 0 Vi € [m]
(Ag, X) =1
X ~o0. (P3)

This relaxation—known as Shor’s relaxation—has been well
studied by the optimization community.
It can be shown that the Lagrangian of Problem (P1) is given

by
i) r—i (2)

where A" = [Ag A1 -+ A,,| are the Lagrange multipliers asso-
ciated with the constraints (Ao being associated with the ho-
mogenizing constraint). It is well known that Problem (P1) and
Problem (P3) share a common Lagrangian dual problem

L(iB,l’ 0) = :BT (QB + AO)\O + ZAQZ)“

i=1

min Xg
H

B

st. H=Qg+ Agro + Z Agi);

i=1
H*>o0 3)

where H is the dual matrix associated with the positive semidef-
inite constraint on X . In what follows, we will refer to H as the
certificate matrix associated with the solution, since construct-
ing such a matrix can be used to certify global optimality of
solutions [14].

1) Recovering a Global Solution: When the optimal solution
of Problem (P3), X*, satisfies rank(X*) = 1 then the convex
relaxation is said to be tight to the original QCQP and the SDP
solution can be factorized as X* = x*x*" to obtain the globally
optimal solution, x*, of Problem (P1). This result has been
proved rigorously by Cifuentes et al. [17], among others, and
depends on the inherent properties of the QCQP formulation
and the fact that strong duality holds generically for SDPs.”
The stability of the tightness of semidefinite relaxations under
perturbations to the objectives and constraints of the original
QCQP was also studied extensively by Cifuentes et al. [17]. This
property is important in our context, since it suggests that tuning
the parameters of a problem with a tight relaxation will not cause
tightness to be lost.

2) Redundant Constraints and Solving SDPs: For some
problems in robotics and vision, the SDP relaxation is not
immediately tight, but can be made so by adding so-called

6See Boyd and Vandenberghe [10] for an overview on Lagrangian duality
theory.

7Slater’s condition, which holds quite generally for SDPs (and in all of our
problems), guarantees that strong duality holds.

OPTIMIZATION PROBLEMS IN ROBOTICS

redundant constraints to the original QCQP (e.g., [11], [77]).
Although redundant in the original QCQP, these constraints are
not redundant for the SDP relaxation. In our recent works, we
have shown how these redundant constraints can be efficiently
and automatically generated for use in different state estimation
problems that do not initially have tight relaxations [25], [38].

More generally, it has been shown that, subject to a mild
technical condition [52], any POP (including those problems that
we have cited in Section IT) can be tightened via the Moment-SOS
Hierarchy [36].% Put simply, the hierarchy involves the addi-
tion of redundant variables and constraints to the problem that
tighten the SDP relaxation. Yang and Carlone [76] provide a
thorough-yet-accessible introduction to these ideas for robotics
practitioners.

In general, SDPs can be solved in polynomial time using
interior-point methods [70]. These methods are fast for small
problems and even tractable for problems of up to thousands of
variables, but become prohibitive when real-time deployment
is desired. Recent advances leverage low-rank SDP techniques
such as that of Burer and Monteiro [9], [12] and the Riemannian
Staircase [60] to solve larger problem instances in real time.
However, our focus is on problems that require redundant con-
straints, which, to date, require solving the SDP directly.

C. Implicit Differentiation of Equality-Constrained
Optimization Problems

In this section, we briefly review the mechanics of implicit
differentiation as they apply to equality-constrained optimiza-
tion problems. Our development is largely based on the tutorial
by Giorgi and Zuccotti [33].

Consider the following optimization problem that is parame-
terized on 6 € R<:

min  f(z,0)

st. g(x,0)=0 (P4)

where both f and g are smooth, differentiable functions and
g : R™ x R? — R™ is a vector-valued function representing m
constraints. Letting A € R™ be the Lagrange multiplier vector
associated with the constraints, the Lagrangian of the optimiza-
tion is given by

L(z,X,0) = f(x,0) + 1 g(x,0). )

The first-order KKT conditions for Problem (P4) can be suc-
cinctly described in terms of a zero-level set of a function

k(z,A,0) = 5)

g(z,0)

va(m,x,e)] o

For a given parameter value, 8, any primal-dual pair, (&, 1), cor-
responding to a local optimum of Problem (P4) will necessarily
satisfy these conditions. These conditions are also sufficient for

8We refer here to the fact, introduced by Nie [52] that Lasserre’s hierarchy
has finite convergence for generic POPs, as long as the Archimedean condition
holds (i.e., compactness of the feasible set)
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strict local optimality if, in addition, the pair also satisfies the
so-called second-order sufficiency conditions (SOSC),

vIV2L(x,A,0)v >0 Yo € kerV,g(x,0).  (6)

In this article, we are mainly concerned with the set-valued
solution mapping, S : R = R"*™° from parameters to the
set of primal-dual solutions

S:0— {zcR""™|k(2,0) =0} (7

where for convenience, we have concatenated the primal-dual
pairinto a single vector, 2 | = {wT XT} . More importantly, we
wish to understand the differential relationship between the input
parameters and the solution. Adopting the notion of differentials
from Magnus and Neudecker [48], we consider the following

differential relationship:

dk(z,0) = Mdz+ Nd6 =0 8)
where
dk: ,0 21(z,0 0
dz ng(ac,H) 0
and N = %. Whenever the matrix M is nonsingular,

we can apply the classical version of the IFT to k.'® Broadly
speaking, the IFT guarantees that, at least in a neighborhood
containing @, the solution mapping in (7) is single-valued, and
its exact Jacobian is given by

VoS(O) = -M 'N. (10)

In the context of both bilevel optimization frameworks and
neural network training, this Jacobian is used to find optimal
search directions to minimize an overall loss function, ¢(0). In
general, parameters, 6, are provided to an optimization “layer,”
which then solves the inner optimization in a forward pass.
In the backward pass, the Jacobian of the solution is used to
backpropagate gradient information to the parameters.

In theory, Problem (P1) can be solved using any nonlinear,
nonconvex optimization solver and its solution map can be
differentiated by applying the IFT to the KKT conditions, as
shown above [8], [29]. However, in practice, there is a serious
issue with this approach; there is no guarantee that the nonlinear
solver will converge to the global optimum of Problem (P1).
Indeed, if the solver converges to a local optimum, then subse-
quent differentiation will occur with respect to the local solution
instead of the true solution.

On the other hand, if global optimality of the solution can be
certified, then gradients associated with that solution are also
certified. Our approach is to directly solve the SDP relaxation
in Problem (P3) in order to obtain a globally optimal solution,
which often requires the use of redundant constraints to make
the relaxation tight. Efficient differentiation of this solution is
the subject of the following section.

9We use two arrows, =, to denote a set-valued mapping. That is, a mapping
thatacts on a set and produces another set. In our case, the input set (the parameter
set) is always singleton.

10For a formal definition of the IFT, see [23, Th. 1B.1].

IV. DIFFERENTIATION OF CERTIFIED SOLUTIONS

Given a tight solution to Problem (P3), there are several ways
that we could implicitly differentiate the solution. One approach
would be to implicitly differentiate the SDP solution itself using
the CVXPYLayers framework. This approach has the advantage
of efficiently reusing the Lagrange multipliers and certificate
matrix that are computed as a byproduct of solving the SDP.
Unfortunately, tight SDP relaxations often violate the solution
uniqueness assumptions of CVXPYLayers (and its underlying
solver [2]), meaning that the gradients they return cannot nec-
essarily be trusted.!

Another approach would be to apply implicit differentiation to
the original QCQP at a globally optimal solution obtained from
the relaxation. The KKT system of the original QCQP is much
smaller than that of its SDP relaxation and is, therefore, more
computationally efficient to solve. However, the existing theory
requires the constraint gradients to be linearly independent,
which is violated when redundant constraints are present.'> As
a result, this approach would require us to first remove the
redundant constraints and use the primal solution to recompute
the Lagrange multipliers and certificate matrix before implicitly
differentiating.

The goal of this section is to use an alternate version of the
IFT that allows the use of redundant constraints and obviates
the need for recomputation of the multipliers and certificate. We
first show how the classic IFT can be applied to Problem (P1)
when no redundant constraints are present and highlight the
reason that it fails when redundant constraints are required. We
then introduce an alternate version of the IFT that can be applied
even when redundant constraints are used and provide our main
result: under certain conditions, we can compute the Jacobian
in (10) using the pseudoinverse of a matrix related to M.

In Section VI-B3, we empirically show that the Jacobians of
all the approaches discussed in this section are, to high precision,
equal.

A. Differentiation Via Classic IFT

We first consider the situation in which no redundant con-
straints are needed to tight the relaxation and Problem (P1)
satisfies the linear independence constraint qualification (LICQ).
That is, the gradients of the constraints are linearly independent.

The KKT function from (5) associated with Problem (P1) is
given by

x' Agix
2H (A, 0
k(,0) = |20 o 6) - (n
g(x,0) x' Agmx
x  Agx — 1

'CVXPYLayers requires uniqueness of both the primal and the dual solution.
It is known that low-rank SDPs are often primal degenerate, meaning that their
dual solutions are not unique [76]. When the SDP solution has a rank of one,
the results in [3] show that the dual is nonunique whenever m + 1 > n. This is
quite often the case when we add redundant constraints to tighten the relaxation.

12See [33] for an extensive survey of the existing theory of perturbation of
optimization problems.
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where z = (z, ) is the primal-dual solution, VZL(z,0) =
2H (A, 0) is exactly the certificate matrix described in Section IT-
I-B. We hereafter refer to H (A, 0) as H for the sake of brevity.
The solution map corresponding to these KKT conditions is

S:0— {zc R 2Hx =0, g(x,0) =0}. (12
Considering the differential relationship in (8), we have
H G
M =2 (13)
G O

where the rows of G' € R(™+1)*" are the constraint gradients

§
G = Vag(w,0) = |Agiz Agna Aoz| . (14)

An explicit definition of IN is deferred to Appendix A since it
is not required for our main discussion at this point.

It can be shown that when the primal-dual solution satisfies the
SOSC, M is invertible and the Jacobian of the solution map (12)
is exactly given by (10) (see [30]).

B. Efficient Reuse of the Certificate Matrix

Practically speaking, the matrices, H and G, which need to
be computed to certify optimality, can be reused to efficiently
construct the KKT matrix M for differentiation. However, when
redundant constraints are used to tighten the relaxation, the re-
sulting KKT matrix is singular, since G necessarily has linearly
dependent rows. Although we cannot apply the classical IFT in
this case, an alternative version of the IFT from [23] can still be
applied under certain conditions. Making use of this alternate
IFT, our main result shows that the solution Jacobian can be
computed from the certificate matrix, even when redundant con-
straints are used. This result will require the following constraint
qualification, which is weaker than the typical qualifications
used in the optimization literature!® and allows us to apply
redundant constraints [17].

Definition I (Abadie Constraint Qualification (ACQ)): Given
a set of constraints g : R™ — R™, let Q := {x € R" : g(x) =
0} be the feasible set. The ACQ holds at & € €, if 2 is a smooth
manifold nearby x, and

rank(Vg(z)) = codimg(€2) (15)

where codim, () = n — dim, € denotes the local codimen-
sion of € at x, dim,, €2 denotes the local dimension of €2 at @,
and Vg denotes the Jacobian matrix.

The ACQ holds in many robotics problems, especially in state
estimation, where optimization variables such as rotations or
poses are confined to a smooth manifold. With this qualification
in hand, we provide our main theorem.

Theorem 2 (QCQP Jacobian): For some parameter, 0, let
(2, 1) be a primal-dual solution satisfying the (first-order) KKT
conditions for Problem (P1) and let H be the associated certifi-
cate matrix. Assume that the following conditions hold.

BLICQ or the Mangasarian—Fromovitz Constraint Qualification are com-
monly used in sensitivity analysis of optimization problems [33]. Both of these
qualifications imply the (ACQ), though the converse is not generally true.

OPTIMIZATION PROBLEMS IN ROBOTICS

1) The set of parameterized matrices, {Qg, Ag; }, are con-
tinuously differentiable with respect to 6.

2) The ACQ and SOSC hold at .

3) The mapping from the parameters, 8, to the feasible set,
Qp, is smooth near 6.

4) The certificate matrix is positive semidefinite, H >~ o.

Then, @ is the globally optimal solution for Problem (P1) at

0 and its unique Jacobian with respect to 6 is given by

J=—-PMIN (16)
where
I H GT
P= , M, =2 ) 17
[0] [Gr 0 1 4

M =M (M,M])™" denotes the (right) Moore-Penrose
pseudoinverse, and G- is obtained from G by removing any
linearly dependent rows.

For brevity, the proof of the main result is provided in Ap-
pendix B.

Remark 1 (Smooth Feasible Set Assumption): The assump-
tion of a smooth mapping from the parameters to the feasible
set is more formally defined in [17, Definition 4.1], but is akin
to assuming that the set, W = {(0,z)| x € Qg}, is (locally) a
smooth manifold near (@, ). In many robotics contexts, only the
cost of the optimization is a function of the parameters and this
assumption always holds. This is the case in all our experiments.

In our context, & in Theorem 2 is obtained from a rank-one
solution to the SDP relaxation, Problem (P3). As mentioned
above, this theorem provides a means by which we can reuse
the certificate matrix and Lagrange multipliers (obtained as a
byproduct when solving the SDP), to compute the Jacobian
of the solution with respect to the parameters. Crucially, the
theorem applies regardless of whether redundant constraints
have been used to tighten the problem.

C. Corank of the Certificate Matrix

The corank of the certificate matrix is important in our context
for two key reasons. First, it has been shown that, when the
corank of the certificate is one, the tightness of SDP relaxations
is stable under small perturbations of the cost and constraint
matrices [17]. This provides us with some guarantee that, as long
as we start with a tight relaxation, tuning the input parameters
will not cause the tightness of the SDP to be lost.

Second, the following Lemma (adapted from [17]) shows that
the same condition on the corank implies that the SOSC holds
for our problem.

Lemma 3: Let H be the certificate matrix associated with
a solution Z to Problem (P1) and suppose that H > 0 and
corank H = 1. Then, v' Hv > 0 for all nonzero v such that
v € ker G.

Proof: Let v € ker G. The assumption v' Hwv > 0 holds
with equality only if v = p& (u > 0), since corank H = 1 and
Hzx = 0imply that ker H = im Z. Since v € ker Gandz " Ag
is a row of G, we have that ' Agv = v;, = 0, where v}, is
the element of v that corresponds to the homegenization index.
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Since ¢, =1, v Hv =0 only if u = 0. Thus, v' Hv > 0
whenever v # 0.

When strict complementarity of the relaxation holds, the
certificate corank condition above is equivalent to having a
rank-one solution to the relaxation. Strict complementarity has
been shown to be generic for SDPs [3] and, in practice, we
have observed that many relaxations of robotics problems have
solutions that enjoy this property (c.f. [38]). Indeed, this property
holds for all the problems investigated in Section VI.

V. IMPLEMENTATION

In this section, we introduce our implementation, the SD-
PRLayer, which computes the differentiable, globally optimal
solution to a POP and can be embedded in any PyTorch autod-
ifferentiation graph. As one of our contributions, we provide
an encapsulation of our method in a PyTorch neural network
module.

In a nutshell, this module takes as input a set of PyTorch
tensors representing the parameterized cost and constraint ma-
trices, {Qg, Ag; }, and returns the solution to the optimization
as (differentiable) PyTorch tensor, which can then be used in
succeeding layers of the PyTorch compute graph. If redundant
constraints are used to tighten the problem, we assume that the
user provides a list of these constraints.

As with many differentiable frameworks, the key components
of our layer can be described in terms of a “forward” and “back-
ward” function. The forward function computes the solution to
the optimization problem and caches the primal-dual solution,
while the backward function uses the cached solution to compute
gradients of input parameters (tensors) from a known gradient of
the solution. We provide details on the specific implementation
of these functions in the remainder of this section. All operations
are designed to be compatible with batched inputs and outputs.

A. SDPRLayer Forward Function

As mentioned, the forward function is used to find the
primal-dual solution based on the parameterized input cost
and constraint matrices.'* By default, the primal-dual solution
is found by formulating the SDP relaxation as a disciplined
convex program (DCP) and passing it to (a modified version
of) CVXPYLayers [1]. Alternatively, the user can specify to
solve the problem using Mosek or provide their own primal-dual
solution, computed by a custom solver. The primal-dual solution
is then cached for use by the backward function.

The forward function always returns the matrix solution of
the SDP relaxation [Problem (P3)] and, when the relaxation is
tight, also returns the globally optimal solution vector to the
nonconvex problem [Problem (P1)]. Both the matrix and vector
solutions are returned as differentiable PyTorch tensors.

14Since the homogenizing constraint is always required in our framework, we
add it automatically. It does not need to be specified by the user.

B. SDPRLayer Backward Function

The backward function has been implemented for both the
globally optimal vector solution to Problem (P1) (when avail-
able) and the matrix solution to its relaxation, Problem (P3).
In practice, the input parameters of the SDPRLayer are the
(vectorized) input matrices

v = |vec(Qog)"

The interpretation is that 0 is a set of parameters in the layers
preceding the SDPRLayer, on which the cost and constraint
matrices are parameterized.

The PyTorch framework that we have adopted uses reverse-
mode autodifferentiation, in which the adjoint of the Jacobian is
used to backpropagate gradient information. Given the gradient
of the loss function with respect to the solution, ValT (orVxtlT
if the matrix solution is used), the backward function computes
the gradient of the loss with respect to v

VAT =TTV, 0"

vec(Ag1)" vec(Ag )| . (18)

(19)

where J is the solution map Jacobian that was discussed
throughout Section IV. The rest of this section discusses the
computation of this gradient in different cases.

1) Backpropagation via Implicit Selections (SDPR-IS):
When the solution is tight (i.e., the rank of the SDP is one), we
can backpropagate gradients using the Jacobian in Theorem 2,
regardless of whether or not redundant constraints are used
(referred to as SDPR-IS hereafter). We have

VUl =-N"MTP"V, 0" (20)

For efficiency, we avoid explicit computation of the Jacobian (or
its pseudoinverse) when computing the gradients. To do so, we
first define an intermediate gradient, V¢ = M TPV (T,
representing the gradient with respect to the KKT conditions.
Noting that M, has full column rank, by the properties of the
pseudoinverse we have

Vyl' =arg myin |My - P"V.("|3. 1)
Similar to [2], we solve this optimization using the LSQR
algorithm, which is specialized for sparse, unsymmetric linear
systems [54]. This algorithm effectively leverages the sparsity of
M, by only requiring matrix-vector products and is also robust
to ill-conditioned problems, which is advantageous in situations
where constraint gradients are nearly dependent.'> Gradients
can then be computed via V0" = —N TV, (", where N is as
shown in Appendix A.

Under the conditions of Theorem 2, the approach shown above
is guaranteed to provide the gradients of the globally optimal
solution with respect to the input parameters.

2) Backpropagation via Classic IFT (SDPR-CIFT): The
method in the previous section represents the default behavior of
SDPRLayers, but we also provide an option to use the classic IFT
to differentiate the original QCQP (referred to as SDPR-CIFT

5In practice, we have observed that the LSQR algorithm even provides
meaningful gradients when some of the constraints are exactly dependent (i.e.,
G has linearly dependent rows).
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hereafter). In this case, the primal solution, z, is used to compute
the (unique) Lagrange multipliers of a nonredundant subset of
the constraints

A=-G/Qox (22)

where the rows of G, are the gradients of the nonredundant
constraints, as in (38). Using the multipliers, we construct the
matrices

H, G/
G, O

M =2 . H,=Qp+ Ao+ Y Agik;

i=1

(23)
Finally, backpropagation is performed by solving the linear
system

My=P'V, 0" (24)

and computing the gradients via V,,¢/" = — N "y. In practice,
we also use the LSQR algorithm to solve (24).

3) Backpropagation via SDP Solution (SDPR-SDP): As
mentioned, the (matrix) solution to the SDP relaxation is pro-
vided to the user, regardless of whether the solution is tight.
We use CVXPYLayers, which implicitly differentiates the KKT
conditions of the SDP relaxation rather than the QCQP, to
compute the gradients [1] (referred to as SDPR-SDP hereafter).

As mentioned in Section IV, the requisite assumption of a
unique primal-dual solution in CVXPYLayers is often violated
in our context.'® Despite this technical issue, we have empiri-
cally observed that backpropagation through the SDP relaxation
yields the same gradients as the backpropagation through the
QCQP, at least when the relaxation is tight (see Section VI-B3).!”
However, backpropagation through the SDP relaxation typically
involves solving a much larger linear system,'® which is slower
than differentiating through the nonconvex problem when the
problem is large.

C. Recourse For Nontight Relaxations

The SDP matrix solution, X, can still be used to obtain a
near-optimal solution, &, by rounding to the nearest feasible
point for the original problem (see, for example, [60]). This
rounding procedure is problem dependent, but typically involves
differentiable operations such as singular value decomposition
(SVD) and projection.

The suboptimality gap of the near-optimal solution can be
computed as follows:

X)

(Qo.22" -
(Qo, X)

@, X) = (25)

161 particular, it is violated for the localization experiments in Sections VI-B
and VI-C, though not in polynomial example in Section VI-A

Tnternally, CVXPYLayers uses a least-squares formulation to solve for the
gradients during backpropagation, which provides a solution even when the
KKT Jacobian (equivalent to M above) is not invertible. We suspect that the
reason that the gradients are correct is that they correspond to a local selection,
similar to our development above. However, further exploration of this idea is
left as future work.

18 The number of primal and slack variables in the relaxation scales as O (n?).
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The solution may be acceptable if this suboptimality gap is
low. If the suboptimality gap is large, then the feasible point
can still serve as an initial guess for a local solver, similar to
the methodology used in [76]. There are then two possibilities
for differentiation of the solution. If the local solver is also
differentiable, then gradient information can be backpropagated
through the local solver, rounding procedure, and CVXPYLay-
ers implicit differentiation. Alternatively, the final solution can
be passed back to the SDPRLayer and gradients can be computed
via SDPR-CIFT (see Section V-B2).

In this case, the theory does not guarantee correctness of the
gradients of the solution. An interesting avenue of future work
could include an investigation of the relationship between the
suboptimality gap and the level of correctness of the gradients.

We have added tools to our implementation for assessing
and improving tightness of a given relaxation. These tools,
along with a general approach to tightening SDP relaxations,
are described in Appendix C.

VI. EXPERIMENTS

We now present a series of examples that demonstrate the
utility of our method in comparison to (nonglobal) alternatives.
The first two experiments are simulated and highlight the is-
sues with naive application of local optimization methods in
the context of differentiable optimization. We use the second
experiment to provide a detailed comparison of the Jacobians
produced by the methods discussed above. The final experiment
shows that our approach can be used to train a deep neural
network in a real-world robotics pipeline. In all experiments,
the optimal solutions satisfy all the assumptions of Theorem 2
and the corank of the certificate matrix was equal to one. We,
therefore, use the SDPR-IS method in all cases, except when
comparing Jacobians.

Note that our theory and implementation allow both cost and
constraints to be functions of parameters, but our examples focus
on cases where the constraints are fixed.

A. Polynomial Experiment

In this section, we consider a toy example in bilevel poly-
nomial optimization that clearly illustrates the potential issues
that can arise when local optimization is used and is assumed to
converge to the global minimum. The objective of this bilevel
optimization problem is to find a sixth-order polynomial that has
a global minimum at a prespecified point, (Z, ). The polynomial
function is parameterized by its coefficients 6

y(z,0) = (26)

The task is split into an inner optimization, which attempts to
find the global minimum of the current polynomial, and an outer
optimization, which tunes the polynomial coefficients to shift the
minimum to the specified point. The bilevel optimization can be
written as follows:

ngn (z*(0) — 2) + (y(2*(8),0) — 9)*
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Fig. 1. Our SDPRLayer embedded in a PyTorch autodifferentiation graph.
For nonconvex problems with tight semidefinite relaxations, the SDPRLayer
finds the certified, globally optimal solution and makes it differentiable via
implicit differentiation of the nonconvex QCQP. Current differentiable solvers
for nonconvex problems can return gradients of spurious local minima rather
than the gradients of the global solution, corrupting the learning process. In
contrast, the gradients produced by the SDPRLayer correspond to the global
solution as long as the relaxation is tight, leading to better training. Even when
the relaxation is not tight, the relaxed, SDP solution is still provided, and can be
used to find good initializations for local methods. The relaxed solution is also
made differentiable by leveraging existing differentiable convex optimization
layers.

I NP UTS

preceeding
layers

succeeding
layers

TABLE I
INITIAL POLYNOMIAL COEFFICIENTS
0o 01 [ 03 04 05 0Os
10.0 | 2.6334 4.3443 | 0.0 | 0.8055 0.1334 | 0.0389

s.t. z*(0) = argminy(z, 0). (P5)

Although this example does not have direct application in
robotics, it is a simplified analogue of robotics problems in RL,
where an overparameterized value function must be learned to
achieve a specific task.

1) Problem Parameters: In this example, we set the target
global minimum to (Z, %) = (1.7,7.3) and initialize the poly-
nomial coefficients as shown in Table I.

2) Inner Optimization: We consider two different methods
for solving the inner optimization. The first method is a standard
nonlinear gradient descent (GD) method applied directly to the
(unconstrained) polynomial function. On the first outer iteration,
this method requires an initialization point, x(, but subsequent
(inner) optimizations are initialized using the previous mini-
mum. Since we are dealing with a polynomial, the Jacobian can
be computed analytically using the IFT.

The second method is a tight SDP relaxation of the inner
optimization, which is implemented using our SDPRLayer. We
parameterize the cost matrix as

6o 361 102 103
Qo = %91 %92 ied %04
o, 1o, o o,
1o, 1o, 1oy 6

The following constraints lead to a tight semidefinite relaxation:

1000 0 0 3 0
0000 0 -1 0 0
Ay = , A=,
0000 3 0 00
00 0 0 0 0 00
0 0 o0 1 00 0 0
0 0 -10 00 0 4%
As = , Az = 2
0 -1 0 0 00 -1 0
1 0 0 0 04 0 0

Note that at least one of the constraints is redundant for the
original QCQP."

3) Outer Optimization: Since the outer optimization is un-
constrained, we find the minimum using GD, with the gradients
being computed based on the solution map of the inner opti-
mization. The optimization is terminated when the loss function
has a value less than 1 x 107

4) Results: The progression of the bilevel optimization is
shown in Fig. 2. The key observation is that when GD is used
for the inner optimization, the convergence of the overall opti-
mization to a valid solution depends heavily on the initialization
point.

When GD is initialized at zg = 2 (left plot), the solution
converges to and remains at a local minimum of the polynomial.
The gradients that are computed here correspond to the local
minimum solution, thus, the outer optimization then shifts the
local minimum of the polynomial to the target point, while the
global minimum remains largely unchanged.

When GD is initialized at zy = —2 (center plot), the solution
initially converges to the global minimum and provides valid
gradients. As the outer iterations proceed, the inner optimization
temporarily gets stuck in a local minimum. At this point, the
outer optimization pushes the new global minimum in the wrong
direction until the inner optimization eventually converges to the
new global minimum. Subsequently, GD is able to reach a valid
solution, though it required an increased number of iterations.
This case shows that initializing the inner optimization well does
not guarantee that it will not get stuck in a local minimum at
some point during the optimization, hence providing incorrect
gradient information.

In stark contrast to GD, the SPDRLayer always converges to
the global solution of the problem and, therefore, always pro-
vides the correct gradients to the outer optimization (right plot).
As a consequence, the outer optimization is able to consistently
push the global minimum toward the target, and is even able to
switch discontinuously to a different minimum as necessary (see
Fig. 2).

B. Stereo Localization Example
In this example, we investigate the performance of SDPRLay-

ers on a stereo-vision localization problem, which commonly

9This can be seen by noting that the original QCQP variable is given by
z' = [1 z  z2 x3] , which can be enforced by two constraints and one
homogenizing constraint.
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Evolution of the polynomial function throughout the bilevel optimization. Columns present different methods for solving the inner optimization problem:

(left) GD initialized at x = 2, (center) GD initialized at x = —2, and (right) our approach. In all three cases, the colour of the function indicates the progress of
outer loop iterations (blue at the beginning, red at the end), the black dots indicate the minima found by the inner optimization, and the plus sign indicates the
target. All three cases converge, but GD only converges to a valid solution when it is initialized well (xg = —2) and, even then, is temporarily trapped in a local
minimum. SPDRLayer converges to a valid solution, does not require initialization, and is even able to discontinuously “switch” the minimum to a new region.

needs to be solved when estimating the state of a robot.?> We
assume that we have stereo camera measurements of a known
set of IV,,, features, with known data association and no outliers.
Pixel measurements are converted into Euclidean measurements
using the following differentiable inverse-stereo-camera model
(see Gridseth and Barfoot [35, Sec. IIIC] for details)

global minimum
_ (magenta)

feature grid

camera
pose

U — C
b ; k u . %
[ g— 4u — ose 9 #
my d fo (Uk CU) (27 Placement R L - -
k f i Gone initializations local minima
fu eature gri (red and green) (orange)

(a)

(b)

where m;, € R3 is the Euclidean measurement of the kth fea-
ture, b is the camera baseline, f,, and f, are the horizontal
and vertical focal lengths for the cameras, respectively, and ¢,
and ¢, are the horizontal and vertical centers for the cameras,
respectively. The left-camera horizontal, vertical, and disparity
measurements (in pixels) of the kth feature are given by uy, v,
and dj, respectively.

The (pixel-space) measurements are assumed to be perturbed
by Gaussian noise with standard deviations of ¢,, and o, in
the horizontal and vertical directions, respectively. In turn, the
Euclidean measurements are also perturbed by noise

m = my + € (28)

where € is a approximated by a zero-mean, Gaussian noise
term with anisotropic covariance matrix 3. This matrix is a
function of the camera parameters and can be computed using the
inverse measurement model, as shown in [38]. The maximum-
likelihood camera pose can be found by solving the matrix-
weighted localization problem [38]

N
min e, Wi(0)es
C,t k=1 (P6)
st. C €S0(3)

e = Thk(e) — C(mk + t)

where 6 represents the camera baseline, C' and ¢ are the camera
rotation and translation, my is a feature point with known

20Localization is also sometimes referred to as pointcloud regression.

Fig. 3. (a) Setup for one of the ground-truth poses used in the stereo tuning
example. The position of the ground-truth poses are placed 3 m from the center
of the grid in a cone of angle 8 = 90 deg (red cone). The poses are oriented such
that the center of the grid is within the field of view (FOV) of the camera (2) axis,
a = 90 deg. (b) 100 random initialization samples for Theseus’ Gauss—Newton
solver. The initializations are colour coded based on whether they converged
to the local minimum (red) or global minimum (green). The local and global
solutions are orange and magenta frames, respectively.

TABLE II
GROUND-TRUTH CAMERA PARAMETERS

Parameter b fu fo Cu Co oy oy
Units m % % pix | pix | pix | pix
Values 0.24 | 4845 | 4845 | 0.0 | 0.0 | 0.5 | 0.5

location, my, (0) is the Euclidean measurement of the point from
the camera frame and W (0) is the inverse of the covariance
matrix, 2.

1) Problem Parameters: The experiments in this section use
the setup shown in Fig. 3. We ran simulated experiments using
the stereo camera parameters given in Table II. The features,
my,, were arranged in an equally spaced, 8-by-8 grid occupying
a 1.0 x 1.0 m rectangle located at the origin (similar to a
checkerboard calibration pattern). In each experiment, ground-
truth camera poses were placed randomly at a radius of 3 m
from the center of the grid, within a 90° cone. Orientations of
the camera poses were also randomized, but it was ensured that
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TABLE III
JACOBIAN COMPARISON FOR SOLUTION (C', t) W.R.T. FEATURE LOCATIONS (1m2},) FOR SCALAR-WEIGHTED LOCALIZATION (RELATIVE TO SVD SOLUTION)

Method Jac. Diff. (mean)  Jac. Diff. (std) RMSE Trans. =~ RMSE Rot.  Backprop Time (s)
SDPR-SDP 1.88E-05 2.44E-05 6.09E-07 1.08E-08 1.36E-01
SDPR-CIFT 1.29E-06 3.06E-06 6.09E-07 1.08E-08 3.89E-01
SDPR-IS (Default) 3.10E-06 7.82E-06 6.09E-07 1.08E-08 2.08E-01
Theseus-GT 1.02E-02 6.62E-03 1.61E-15 9.80E-10 1.86E-01
Theseus-GT-UR 8.28E-06 1.19E-05 4.81E-14 4.42E-08 7.74E-01
Theseus-RND 1.02E-02 6.62E-03 1.57E-15 1.05E-09 1.80E-01
TABLE IV
JACOBIAN COMPARISON FOR SOLUTION (C, t) W.R.T. FEATURE LOCATIONS (11},) FOR MATRIX-WEIGHTED LOCALIZATION (RELATIVE TO THESEUS-GT-UR
SOLUTION)
Method Jac. Diff. (mean)  Jac. Diff. (std) RMSE Trans. ~RMSE Rot.  Backprop Time (s)
SDPR-SDP 1.49E-04 3.78E-04 8.38E-06 9.53E-06 1.33E-01
SDPR-CIFT 3.11E-05 7.01E-05 8.38E-06 9.53E-06 4.27E-01
SDPR-IS (Default) 3.95E-05 8.31E-05 8.38E-06 9.53E-06 2.31E-01
Theseus-GT 2.07E-02 2.88E-02 6.10E-10 7.45E-09 1.42E-01
Theseus-RND 1.95E-01 2.60E-01 9.02E-01 6.08E-01 1.79E-01

(LEGEND) SDPR-SDP: SDP solution diff. through SDP (CVXPYLayers); SDPR-CIFT: SDP solution diff. through QCQP using the classic
IFT (Section V-B2); SDPR-IS: SDP solution diff. through QCQP using implicit selections (Section V-B1); Theseus-GT: Theseus solution
diff. implicitly with ground-truth init.; Theseus-RND: Theseus solution diff. implicitly with random init.; Theseus-GT-UR: Theseus solution

diff. via unrolling with ground-truth init.

TABLE V
BASELINE TUNING RESULTS ACROSS RUNS

Method Final Final Number of  Outer Loss
Baseline Baseline Outer (avg)
Error (avg)  Error (std) Iterations
(avg)
Theseus-RND  1.132e-01 3.191e-02 8.034e+01 1.384e+02
Theseus-GT 3.463e-04 4.901e-04 3.540e+01 9.854e-03
SDPR-IS 3.454e-04 4.907e-04 3.422e+01 9.857e-03
TABLE VI

SUMMARY OF AVERAGE INLIERS AND LOCALIZATION ERROR ACROSS TEST
DATA FROM [35]

Pipeline Avg. Long. Lat. Avg. Inf.

Inliers Pos. Pos.  Head. Time

Err. (m)  Err. (m) Err. (s)

(deg)

Baseline 547.6 0.209 0.134 0414 0.052

Baseline 541.6 0.125 0.049  0.301 0.133
(w. VGG16)

Ours 535.6 0.035 0.021  0.288 0.243

the center of the grid points were within a 90° field of view of
the camera.

2) Solving the Optimization: Since Problem (P6) is a nonlin-
ear least-squares problem, with SO(3) Lie group constraints, it
can be solved using the Theseus optimization framework [57].
Moreover, as shown by Holmes et al. [38], Problem (P6) also
has a tight semidefinite relaxation, which is particularly robust
to noise when redundant constraints are used.

We implemented both Theseus and the SDPRLayer to solve
the optimization. Since Theseus is a local solver, it requires
an initial estimate of the pose to solve Problem (P6). Similar
to the polynomial example, after the first iteration, the inner

TABLE VII
SUMMARY OF AVERAGE INLIERS AND LOCALIZATION ERROR ACROSS TEST
RUNS FROM CHALLENGING DATASET (TRANS. > 0.5 M OR ROT > 4°)

Pipeline Avg. Long. Lat. Avg. Inf.

Inliers Pos. Pos.  Head. Time

Err. (m)  Err. (m) Err. (s)

(deg)

Baseline 446.3 0.432 0.144  0.377 0.089

Baseline 431.3 0.213 0.072  0.318 0.182
(w. VGG16)

Ours 4234 0.053 0.027  0.316 0.327

optimization is warm-started with the previous solution. We
investigated situations in which Theseus is initialized with
both the ground-truth and randomized initializations in order
to demonstrate the effect of convergence to local minima. The
random initializations used in this context are exemplified in
Fig. 3(b); translations are randomly selected on the surface of a
3 m ball around the feature grid (at the origin), with orientation
selected such that the z-axis points at the center of the grid and
the other two axes are random. Fig. 3(b) shows that roughly 60%
the initializations converge to poor local minima.

In contrast, the SDPRLayer does not require any initialization
and always finds the globally optimal solution.

3) Jacobian Comparisons: To demonstrate the validity of
our approach we first compare the Jacobians of the solution to
Problem (P6) with respect to the parameters for different differ-
entiation approaches across 50 trials. To make the experiments
in this section as accurate as possible, we used Mosek [6] to solve
the SDP with tolerances set to 1 x 107! and set the Theseus
tolerances to 1 x 10712,

We performed an initial experiment with scalar weighting
(W, = I), since this allows the problem to be solved using the
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Fig. 4. Baseline parameter error trajectories across outer optimization itera-

tions for 50 trials with different inner loop optimization approaches. Theseus
with ground-truth initialization and SDPRLayer always converge to global
minima, hence provide correct gradients to the outer opt. Theseus with random
initialization sometimes converges to local minima and therefore provides
incorrect gradients to the outer optimization, resulting in large parameter error.

(differentiable) SVD. The SVD solution is both closed-form and
differentiable, serving as an accurate baseline for comparison of
our approaches (see Umeyama [69] for the details). We compute
the relative difference between Jacobians using the infinity norm

||Jtrue||oo

where Jrue is the SVD Jacobian and J . is the Jacobian of
the alternate method. In Table III, we show the mean [Jac. Diff.
(mean)] and standard deviation [Jac. Diff. (std)] of AJ . across
trials for each approach. We also provide the root mean squared
error (RMSE) of the relative translation and rotation between
the solutions to demonstrate that the all solutions converge to
(approximately) the same point. 2!

The three SDPR approaches have (approximately) the same
deviation in the Jacobian, indicating that they are equivalent in
terms of accuracy. Despite having better accuracy in terms of
the actual solution, the Jacobians of the local methods were less
accurate except when using the “unrolling” method (UR).?

When the matrix weights were introduced, the SVD solution
is no longer applicable, and we instead perform our comparisons
with respect to the unrolled Theseus solution initialized at the
ground truth (Theseus-GT-UR), since it was the most accurate.
The results for this comparison are shown in Table IV. We call
attention to the fact that, when Theseus is initialized randomly
(Theseus-RND) in the matrix-weighted case, it can converge to
local minima [as shown in Fig. 3(b)] and, as aresult, the Jacobian
does not match well with the ideal case. On the other hand, the

AJest (29)

21Relative translation and rotation was computed in the Lie algebra vector
space.

22Unrolling refers to backpropagation of gradients through all iterations of
an optimization.

OPTIMIZATION PROBLEMS IN ROBOTICS

SDPR solutions always converge to global minima and have
accurate Jacobians.

Tables IIT and IV also include the mean backpropagation time
for each case. As discussed in Section IV, reusing the multi-
pliers and certificate matrix when backpropagating (SDPR-IS)
leads to faster compute times than recomputing them (SDPR-
CIFT). Curiously, backpropagation through the SDP KKT con-
ditions (SDPR-SDP) was consistently faster than differentiating
through the QCQP conditions. We posit that this is due to the
small size of the SDP in this example and the fact that the
CVXPYLayers backend is implemented using optimized C++
libraries while our QCQP differentiation is implemented using
standard Python libraries.

4) Baseline Calibration: We now provide a further example
of how gradient information obtained from an uncertified local
solution can contaminate the processes that rely on gradient
information. We again consider a bilevel optimization that uses
Problem (P6) to calibrate the stereo baseline, b, of a camera
rig. Problem (P6) constitutes the inner optimization, while the
loss minimized by the outer optimization is the squared error
between estimated camera pose and ground-truth camera pose

min - [[¢°(8) — tq[3 +[|C*(6) Cyr — I3 (P7)
where {C*(0),t*(0)} is the estimated pose from the inner
optimization and {C,, t, } represents the ground-truth pose.
In practice, the loss could be unsupervised (i.e., not include
ground-truth data), but we use this simplified loss to make com-
parison between approaches more straightforward. Since the
outer optimization is unconstrained it can be solved iteratively
using stochastic GD.

We ran 50 stereo calibration experiments with 20 different
ground-truth poses and compared the results between Theseus
and our approach. In the Theseus implementation, we use a
Gauss—Newton solver with a stepsize of 0.2, with termination
tolerances setto 1 x 108, and implicit differentiation for back-
propagation. For this experiment, the backend of the SDPRLayer
implementation used the SCS to solve the SDP with tolerance
setto 1 x 1079 [53].

The baseline parameter was initialized with a 0.003 m error
from the true value and the outer optimization was solved using
stochastic GD with a learning rate of 1 x 10~*. Each experiment
terminated when the outer optimization gradient magnitude was
less than 1 x 10~2 or 150 iterations had been reached. We stress
that the only difference in the trials using Theseus in this section
is the initialization used.

The parameter error trajectories for the different approaches
are shown in Fig. 4 across outer optimization iterations and
aggregate results are provided in Table V. From Fig. 4, it is clear
that initializing randomly causes convergence to camera base-
line values that are completely incorrect. By contrast, both our
approach and Theseus with ground-truth initialization converge
to a low level of error in a shorter number of iterations. Note
that the individual trajectories of these two approaches are very
close to each other. This is confirmed by the investigation of the
gradients and inner optimization error. This is to be expected,
since both approaches converge to the global minimum and thus
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Fig. 5. Diagram of our Pytorch pipeline (based on the pipeline in [35]) that we use to estimate the relative pose between two images (i.e., localize a target image
to a (stored) source image). Orange blocks denote the deep neural networks whose weights are tuned during training (VGG16 network and UNet Decoder network).
Blue blocks denote blocks that are part of the pipeline, but do not have trainable parameters. Red blocks indicate key PyTorch tensor variables. Green blocks and
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Fig. 6. Scores and keypoint matches for two selected stereo-image pairs from the In-The-Dark dataset after RANSAC filtering. Image pair (a) corresponds to
source (Run 27, Frame 2182) and target (Run 8, Frame 1886) and demonstrates “lens flare.” Image pair (b) corresponds to source (Run 21, Frame 2057) and target
(Run 27, Frame 1830) and demonstrates a night-day match. The keypoint-match images (center two columns) display the source and target images with the 50
highest-weighted keypoint matches overlaid. The score columns show the score map from the neural network corresponding to their adjacent images.
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Fig.7.  General algorithm for tightening an SDP relaxation of a POP. Given a
POP. (a) QCQP can be formulated using the methods discussed in [76] or [13].
(b) Tightness of the relaxation can be assessed using the SDPRLayer presented
herein (see Section A3). (c) If the relaxation is not tight, SDPRLayer provides a
method to find all possible constraints to improve tightness based on [25]. If the
relaxation is still not tight, then variables can be added (i.e., move to a higher
level of Lasserre’s hierarchy).

return almost exactly the same gradients (subject to numerical
precision of solvers).

Our investigations suggest that the divergence of the randomly
initialized Theseus approach is exactly because the inner opti-
mization converges to local minima for some poses. In turn,
this leads to gradients that push the baseline in the wrong
direction. Initial experimentation suggests that the “kinks” in
the red trajectories of Fig. 4 occur because some poses of the
batch are able to escape local minima and converge to better
solutions as the baseline parameter changes.

The aggregate results in Table V corroborate our findings
in Fig. 4; random initialization leads to poor tuning overall,
increasing the number of required iterations, the average error
and variation of tuned parameter. Again, our approach and
Theseus with ground-truth initialization match very closely.

C. Deep Learned Visual Features for Localization

Our goal in this section is to demonstrate that the SDPRLayer
can be used to train deep neural networks for large, real-world
robotics problems. We consider the task of supervised learning
of visual features for robot localization when environment light-
ing conditions can change drastically. In particular, we adopt and
modify the learning pipeline introduced by Gridseth and Barfoot
[35] for stereo-vision-based robot localization and show that the
SDPRLayer enables matrix-weighted localization, which leads
to increased accuracy.

Our adaptation of this fully differentiable pipeline is shown
in Fig. 5. A convolutional neural network (VGG16 and UNet
Decoder) is used to extract keypoints along with descriptors
and scores for source and target RGB, stereo-images (i.e., four
images total). Then, 2-D keypoints are detected in the left
source and target images and matched. The keypoints in each
stereo-image pair are then converted to 3-D coordinates using a

OPTIMIZATION PROBLEMS IN ROBOTICS

stereo camera model and disparity between left and right images.
Finally, the 3-D matched coordinates are used to compute a
relative pose between source and target with a differentiable pose
estimator. Relative (scalar) weighting of the keypoint pairs in the
estimation are determined based on the scores and descriptor
alignment (see [35, eq. (5)]).

The pose-estimation stage of the original pipeline used an
SVD since, as mentioned above, it provides a closed-form
and differentiable solution. However, since this method only
supports scalar weights in the cost function, it cannot fully
incorporate the (directional) uncertainty of keypoints that are
derived from stereo images [51].

Properly accounting for depth uncertainty has been shown
to be important for accurate state estimation in robotics [49],
[51], [73]. This can be accomplished by replacing the pose-
estimation block of the baseline pipeline with the (nonconvex)
matrix-weighted pose estimation given in Problem (P6). As
shown in Section VI-B, solving this optimization with local
solvers can subject the network training to erroneous gradient
information. To avoid this issue, we solve the optimization using
the SDPRLayer with Mosek as the internal solver. As before, the
matrix weights are computed based on the inverse covariance of
each 3-D keypoint, which is known based on camera model and
assumed pixel-space covariance.?* The matrix weights are also
scaled by the scalar weights provided by the matching block in
the pipeline.

Finally, similar to Chen and Barfoot [16], we replace the
encoder segment of the neural network with a VGG16 network
[64] (truncated at conv_5_3 layer) that has been pretrained
on ImageNet [20] to facilitate faster training. We also retrained
the baseline (SVD) pose estimation with the VGG16 encoder
network to ensure a fair comparison.

1) Training: We kept as many parameters unchanged as pos-
sible between the baseline training setup and our setup. The
feature detector network was trained for 30 epochs (10 000
samples in each epoch) on an NVIDIA Tesla V100 DGXS GPU
using the same keypoint and pose-estimation training loss (with
the same relative weights) as in [35] [see (7) and (8) therein].
The pose-estimation loss was not used for a “warm-up” period
of 10 epochs (i.e., only keypoint loss in this period).

For training, we used 100 000 training samples and 20 000
validation samples from the “In-The-Dark” dataset,’* which was
also used for training by Gridseth and Barfoot [35] and has many
instances of severe lighting changes. Using the Adam optimizer
withalearning rate of 1 x 10~%, the decoder network was trained
from scratch and the VGG16 network was fine-tuned from its
pretrained weights.

2) Testing: It is assumed that ground-truth data is unavail-
able during inference. As such, a random sample consensus
(RANSAC) was used in the matching block to find the cor-
rect set of inliers based on reprojection error. In all cases, the
pose estimation within the RANSAC algorithm was performed

23We assumed an isotropic, pixel-space, noise distribution with a standard
deviation of 0.5 pixels.

24Dataset publically available at: http://asrl.utias.utoronto.ca/datasets/2020-
vtr-dataset/.
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using SVD to minimize runtime, with the final pose refinement
performed with either SVD (scalar weighted) or SDPR (matrix
weighted).

We compare our pipeline (Ours) against the baseline pipeline
(Baseline) proposed in [35] and the baseline with VGG16 (Base-
line (w. VGG16)) on a set of test runs that were held out of
the training and validation data. In particular, we tested the
localization pipelines on all source-target stereo-image pairs>
from all combinations of runs 2, 11, 16, 17, 23, 28, and 35
from the In-The-Dark dataset and assessed the error based
on comparison with ground truth. Test runs for the baseline
were performed using the available code and network weight
parameters associated with [35].26

The original test set involved only small relative-pose changes
between source and target viewpoints since the localization
pose graph was quite dense. As such, the original ground-truth
relative-pose changes were 6.36 cm and 0.56° on average in
translation and rotation, respectively. However, we also gener-
ated a more challenging test set by forcing the relative-pose
change between map and live frames to be strictly greater than
either 0.5 m translationally or 4° rotationally. For this challeng-
ing dataset, the average relative-pose change was 55.6 cm and
1.39° in translation and rotation, respectively.

3) Results: Tables VI and VII show number of inliers (from
RANSAC), longitudinal position error, lateral position error,
heading (yaw) error,”’ and inference time per pose, averaged
across all runs. In both test sets, it is clear that our pipeline
performs best in terms of longitudinal, lateral, and heading
error, although the difference in heading error is negligible. We
posit that the improved longitudinal and lateral error are due
to appropriate accounting of the stereo-based depth uncertainty
when matrix weights are used.

The average inference time differs between the two tables be-
cause the challenging dataset typically requires more RANSAC
iterations to converge to an acceptable solution. The base-
line pipeline with VGG16 took substantially longer than with
the original encoder from [35], likely due to larger network
size of VGG16. Interestingly, we note that, since the SDP used
to globally solve Problem (P6) is relatively small, the average
inference time with the SDPRLayer was only about two times
longer than inference with the closed-form, SVD-based pose
estimation.

The qualitative performance of the pipelines (with VGG16
encoder) is assessed in Fig. 6, which provides the scores and
most-highly weighted keypoint matches on two samples from
the In-the-Dark dataset. Both pipelines successfully find a good
set of keypoint matches and manage to avoid problems induced
by drastic lighting changes (i.e., “lens flare” and night-day
matching).

We note that the baseline consistently focuses on keypoints in
the foreground. We speculate that this is because, during training,

25The image data association between different runs was also performed using
the code from [35].

26Code publically available at https://github.com/utiasASRL/deep_learned_
visual_features

2T All errors are average RMSE values relative to ground-truth vehicle pose
frame from [56].

the network cannot separate the high depth uncertainty from the
low lateral uncertainty in faraway measurements and, therefore,
reduces the weighting on the background keypoints.

On the other hand, our pipeline characterizes this directional
uncertainty using the matrix weights. It is, therefore, able to
weight the background keypoints more heavily than the baseline.
We note in passing that this can be quite advantageous in local-
ization because keypoints that are farther away typically provide
better information about orientation and, as long as the problem
is matrix weighted, will not corrupt the translation estimate.
Both pipelines seem to use the background keypoints to achieve
good heading estimates, but our implementation does so without
adversely affecting the translation estimates.

The experiments shown in this section clearly demonstrate
that our SDPRLayer can be used to train neural networks in
real-world robotics pipelines. The bottleneck of the SDPRLayer
approach is computational cost of solving the SDP. However, this
localization problem can be solved quickly due to its small size
and is useful in a practical context since it can provide globally
optimal image registration with a large of numbers of features.

VII. CONCLUSION

In this article, we have presented the SDPRLayer, a dif-
ferentiable optimization layer for POPs with tight semidef-
inite relaxations. We have demonstrated that differentiable
optimization approaches with local solvers can provide gradient
information that does not correspond to the global solution
(due to convergence to spurious local minima). By extension,
the training/optimization process may be lengthened or even
fail entirely to achieve its objective. On the other hand, we
provided theoretical and experimental results showing that the
SDPRLayer efficiently computes certified gradients, in the sense
that they correspond to the certified, global minimum of the
optimization problem.

The first two examples shown in this article have demonstrated
the potential pitfalls of naive application of differentiable opti-
mization. The final example demonstrates that the SDPRLayer
can be used for real-world robotics applications that combine
deep-learned and model-based components. This method could
be readily extended to train more recent feature-detection-and-
matching pipelines (e.g., SuperGlue [62] or its variants [44],
[47]) with pose registration error.

Currently, our theory is limited to SDP relaxations that are
exactly tight (i.e., solution has a rank of one). For problems that
do not have such relaxations, we have suggested an alternative
approach using backpropagation through the KKT conditions
of the relaxation (see Section V-C), but note that this approach
is subject to theoretical limitations. An interesting direction of
future work includes alleviating these limitations as well as
further experimentation with problems that are not exactly tight.

Another current limitation of our approach is that the forward
(optimization) and backward steps currently take place on the
CPU, leading to costly memory transfers when combined with
training with a GPU. A parallel GPU implementation of our ap-
proach necessary for the application of SDPRLayers—and more
generally, certifiable methods—to larger robotics problems.

Authorized licensed use limited to: The University of Toronto. Downloaded on March 09,2026 at 17:49:40 UTC from IEEE Xplore. Restrictions apply.



HOLMES et all.: SDPRLAYERS: CERTIFIABLE BACKPROPAGATION THROUGH POLYNOMIAL

EEE Transactions on Robotics (T-

Finally, we believe that SDPRLayers could be applied to other
areas of robotics apart from the perception methods demon-
strated in this article. In particular, differentiable MPC is an
exciting problem that has been recently studied in the literature
[59] and may benefit from certifiable gradients in practice.

APPENDIX

A. Jacobians of KKT Conditions

In this section, we derive the expressions for the Jacobian
of the KKT conditions with respect to the (vectorized) input
parameters {Qg, Ag;}. Throughout this section, we adopt the
notion of differentials and notation from Magnus and Neudecker
[48]. We will make use of the following properties.

Proposition 4: Let B € R™"™ and let a,b € R™ be fixed
vectors. Then, we have the following differential relationships:

d(z"Bx) = vec(zzx") "vec(dB) (30)

d(Bzx) = (I ® 2" )vec(dB). (31)

Proof: The first property can be verified easily using the
trace operator and its relation to vectorized matrices, trATB =
vec(A)"vec(B). We have

d(z'Bz) = tre' dBz = trez ' dB
= vec(zzx ") vec(dB).
We consider the second property element-wise

(d(Bz)); = d(e;Bx) = vec(e;z " )vec(dB)

where e; is a vector of zeros with a one at index 7. Collecting
the differentials into a vector, we have

vec(ejz ")

d(Bzx) = vec(dB) = (I @ « " )vec(dB).

vec(e,z ')
We note that the differential of the certificate matrix is given
by

m

dH =dQp + Y  dAg;h:.

i=1

(32)

Applying Proposition 4, the differential of the KKT conditions
in 11 are given by

d2Hz) =2(I®x") (VGC(ng) + f: )Livec(dAgi)>

i=1
d(z' Agix) = vec(zx " )vec(dAg;).

Letting

dv' = |vec(dQg)T vec(dAg)T VeC(dAgm)T:|

(33)
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The differential of the KKT conditions is given by
d(2H=x)
d(z" Ag1x)
dk(z, 0) = : (34)
d(x" Agmx)
0

We have the following differential relationship (when z is con-

stant):
dk(z,0) = Ndv

where applying (30), (30), and (32), the Jacobian is given by

20@z") Ve@RIozx)
N = 0 I ®vec(zx) (35)
0 0

where A’ is the vector of Lagrange multipliers with Ao removed.

B. Proof of Theorem 2

In our context, the presence of redundant constraints causes
the primal-dual solution, S(0), to be necessarily set-valued
(due to the nonuniqueness of the Lagrange multipliers). This
fact complicates the application of the classical IFT. However,
when we find a globally optimal solution, we implicitly select a
solution, z € S(0), from this set. This local selection is formally
defined in [23] as follows.

Definition 5 (Local Selection): Given a set-valued mapping
S : R = R+ and a pair, (2, 6), such that z € S(0), a
function w : R — R™"+™*1 is said to be a local selection of S
around @ for z if w(@) = z and, for a neighborhood V C R?
containing 6, we have that w(8) € S(0) forall 6 € V.

It turns out that the local selection function has a well-defined
Jacobian, as shown by the next theorem, drawn from [23, Exer-
cise 1E.9].

Theorem 6 (Implicit Selections): Consider a function k :
R! x RY — RP, where p < [, along with the associated solution
mapping

S:0— {zeR'|Kk(2,0) =0} for@cR% (36)

Let k(z,0) = 0, so that z € S(0). Assume that k is strictly
differentiable at (2, @) and suppose further that the partial Jaco-
bian V_.k(z, ) is of rank p. Then, the mapping S has a local
selection w around @ for 2 that is strictly differentiable at 6 with
Jacobian

Vw(@) =M (MM")"' N
where M = V,k(z,0) and N = Vok(z,0).

Here, the equation k(Z,0) = 0 corresponds to the param-
eterized KKT conditions, where z is the primal-dual solution
((x, 1)) and O are the parameters.

Remark 2 (Strict Differentiability): The notion of strict differ-
entiability at a given point is rigorously defined in Dontchev and
Rockafellar [23] and is equivalent to continuous differentiability
at every point in an open set containing the point (c.f. [23,

(37)
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Exercise 1D.8]). For our purposes, this distinction is tautalogical,
since we will consider continuously differentiable functions.

Our approach to proving Theorem 2 is inspired by [17,
Appendix A] and involves applying Theorem 6 to the KKT
conditions of Problem (P1) at a globally optimal, primal-dual
solution.

Proof: To apply the theorem we must first modify the KKT
conditions so that M has full row rank. Let g,(x,0) be a
maximal subset of the constraint equations in g(x, 0) such that
the rows of the corresponding Jacobian, G,. € R™*", are linearly
independent, where28

G, = vmgr(ajv 0) = Aerw]T

[Agiz - (38)

Under assumptions 2 and 3 in the theorem statement, [17,
Lemma A.8] guarantees that the feasible set induced by g, (x, 0)
is locally equivalent to the feasible set of Problem (P1), £29. Our
solution mapping can, therefore, be re-expressed as follows:

S:0—{zeR""|Hzx =0, g.(z,0) = 0}. (39)

The Jacobian of this mapping with respect to z is exactly M.,
as given in (17).

We now show that M, has linearly independent rows. Let
th = [vT UT} be such that Mt = 0. We have

Hv+Glu=0
Gv =0.

The second line implies that v € ker G = ker G,.. Multiplying
the first equation by v ", we have

v Hv+v Glu=v Hv=0

since v € ker G. The SOSC assumption implies that v Hv >
0 for all nonzero v € ker G. Combined with the equation above,
we must have that v = 0.

It follows that w = 0 since G/ u = 0 and G, has linearly
independent columns by construction. Thus, the only vector t €
ker M | is the zero vector, so M ,. has linearly independent rows.

Continuous differentiability of the KKT conditions with re-
spect to z and 6 holds by the quadratic nature of the parameter-
ized input matrices and by assumption, respectively.

All the conditions of Theorem 6 are satisfied (since M ,. has
full row rank) and, applying the theorem, there exists a local se-

= wi (0),
we have that the Jacobian of x; with respect to € is given exactly
by (16).

It remains to show that this Jacobian is, in fact, unique and
not specific to the local selection w1. Let ws be any other local
selection of S around @ for z and let {m; X;} = wl ().

Since w1 (@), w2 (@) € S for all @ in a neighborhood about 6,
both selections satisfy the differential relationship given in (8).

lection w; of S around O for z. Defining {azf XIT}

28Note that here we have reordered the constraints such that the first 7 are
linearly independent.

Subtracting, it follows that
d.’El — d:vg N
“lda —day |
Letv = dxy — dxy and u = dh; — dAy. Then, v € kng and
Huv + GTu = 0. Multiplyingby v ", we have that v ' Hv = 0,
which implies that v = 0 (since the SOSC holds). Therefore, it
must be that dx; = das. It follows that the differential dx; is
unique and has a unique Jacobian with respect to @ given by (16).
Finally, it is well known that H > 0 is sufficient to guarantee

global optimality of & [17]. By extension, (16) is the Jacobian
of a globally optimal minimum.

(40)

C. Addressing Tightness

For the convenience of the user, we have added two functions
to the SDPRLayer module to address the tightness of the SDP
solution. The first function (check_tightness) computes
the ratio of the maximum two eigenvalues of the SDP solution

_ M(X7(9))
A2(X*(0))

where for A € R", %;(A) denotes the ith eigenvalue of A,
where Ay > --- > A,,. If the ratio exceeds a given threshold then
the solution can be considered to be rank-1, and the relaxation
is tight. Empirically, we have found a ratio of r = 1 x 10° to be
a good indicator of relaxation tightness.

If the specified SDP relaxation is not initially tight, the pro-
cedure proposed by Diimbgen et al. [25] can be used to find a
set of redundant constraints that may tighten the problem. Fig. 7
provides a visual representation of this procedure. Note that the
approach outlined here is similar to the Moment-SOS hierarchy.
However, the hierarchy does not necessarily find all possible
constraints at each a given level before proceeding to the next
level and adding new variables.

As mentioned, there are some guarantees on when this
procedure—or more generally, the Moment-SOS hierarchy—
results in a tight relaxation, but it can also lead to intractably
large SDPs. Finding efficient, tight relaxations for POPs remains
an active area of research.

D. Modifications to CVXPYLayers

CVXPYLayers parses user-provided DCPs into a canonical
form and solves the DCP using a convex program solver (default
solver is Splitting Conic Solver or SCS [53]). This canoni-
calization can often lead to inefficiencies when converting a
DCP to a cone program. We have observed this empirically for
the SDPs studied in robotics, depending on the solver to be
used. This issue can be avoided by formulating the problem in
dual form, but the implementation of CVXPYLayers did not
previously support differentiation of slack or dual variables.
As such, we have modified the interface of CVXPYLayers
(and its underlying dependencies) to expose the (differentiable)
Lagrange multipliers and slack variables as outputs, which are
already computed by the underlying solvers.

We also extended the interface to allow the requisite primal,
dual, and slack solution variables to be provided directly by the
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user. In this case, the forward pass simply injects the solution
variables from the external solver, bypassing the optimization.
On the backward pass, the stored variables are used by the
existing implicit differentiation machinery. This allows users
to opt to use external solvers rather than the solvers in the
CVXPYLayers codebase. We have used this approach to solve
and differentiate SDPs with Mosek [6], which is often faster and
more robust than the default solver.
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