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Customize Harmonic Potential Fields via Hybrid
Optimization over Homotopic Paths

Shuaikang Wang!, Tiecheng Guo' and Meng Guo'

Abstract—Safe navigation within a workspace is a fundamen-
tal skill for autonomous robots to accomplish more complex
tasks. Harmonic potentials are artificial potential fields that
are analytical, globally convergent and provably free of local
minima. Thus, it has been widely used for generating safe and
reliable robot navigation control policies. However, most existing
methods do not allow customization of the harmonic potential
fields nor the resulting paths, particularly regarding their topo-
logical properties. In this paper, we propose a novel method
that automatically finds homotopy classes of paths that can be
generated by valid harmonic potential fields. The considered
complex workspaces can be as general as forest worlds consisting
of numerous overlapping star-obstacles. The method is based on
a hybrid optimization algorithm that searches over homotopy
classes, selects the structure of each tree-of-stars within the forest,
and optimizes over the continuous weight parameters for each
purged tree via the projected gradient descent. The key insight
is to transform the forest world to the unbounded point world
via proper diffeomorphic transformations. It not only facilitates
a simpler design of the multi-directional D-signature between
non-homotopic paths, but also retain the safety and convergence
properties. Extensive simulations and hardware experiments are
conducted for non-trivial scenarios, where the navigation poten-
tials are customized for desired homotopic properties. Project
page: https://shuaikang-wang.github.io/CustFields.

Index Terms—Motion and Path Planning, Autonomous Vehicle
Navigation, Autonomous Agents.

I. INTRODUCTION

Safe navigation within a given complex workspace is es-
sential for autonomous robots to accomplish more tasks, i.e.,
to drive the robot from an initial state to the target state
while staying within the allowed workspace and avoiding
collision with obstacles. As a long-standing research field,
many powerful methods have been proposed, such as opti-
mal control theory [1], probabilistic sampling [2], potential
fields [3], [4], [5], [6] and so on. These methods have been
successfully applied to different dynamic systems including
mobile robots and manipulators, for various applications such
as navigation and manipulation. Moreover, in many cases, the
end-users might have preferences over the final paths such as
their topological properties, i.e., the sequence of gates between
obstacles that the path should (or not) pass. For instance, a
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Fig. 1. The proposed hybrid framework for customizing harmonic potentials,
where the forest structure and weight parameters are optimized (second row).
The resulting paths in the derived potentials (third row) can be selected given
the desired topological properties (first figure), compared with the default
harmonic potential and the resulting path (second figure).

service robot might navigate through as many rooms during
surveillance tasks; might not pass the meeting room with an
ongoing conference; and should avoid the kitchen when taking
the trash out. However, it remains a challenge to design a
navigation policy that can both ensure safety and convergence,
while accommodating for such user customizations.

A. Related Work

As the most relevant to this work, navigation functions (NF)
pioneered by Rimon and Koditschek [3] provide an intuitive
yet powerful framework for motion planning. Compared to the
traditional artificial potential field (APF) methods [2], [7], [8],
which rely on attraction fields near the goal and repulsion
fields near obstacles but suffer from the local minimum,
the NFs are proven to possess the goal as the sole global
minimum with a set of isolated saddle points of measure zero.
This framework is further expanded to harmonic potential
fields as proposed in [4], [6], [5]. Via a novel diffeomor-
phic transformation to point worlds, harmonic potentials are
constructed more efficiently without parameter tuning, while
retaining safety and global convergence. These methods have
been applied successfully to various dynamic systems [5], [9]
and different workspace or obstacle representations [4], [10].
Recent work in [11], [12] adopts a wider set of harmonic
basis functions to address more complex workspaces, which
however requires solving parameterized optimizations online,
instead of providing analytic solutions. Partially-unknown
workspaces are considered in [12], [13], [14], [15], [16], via
recursive adaptation of the underlying potentials and paths
given online measurements. The generated potentials have
been combined with numerous feedback controllers [5], [17]
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for online execution. However, most of these methods focus
on the convergence and safety of the resulting paths, while
neglecting how the harmonic potentials can be customized to
generate paths with different topological properties.

On the other hand, homotopic paths are paths that connect
the same start and goal points, and can be continuously
deformed into each other, without leaving the workspace
or intersecting any obstacles. It incorporates the topological
properties of the paths within the obstacle-cluttered workspace,
in addition to the commonly-used geometric properties such
as length and smoothness. It has been widely adopted as
a classification of paths in robot navigation [18], [19], and
object manipulation [20]. Paths within the same homotopy
class are considered close in the cluttered environments, and
paths in different classes are considered far apart. Thus,
homotopy distances have been used to measure the similarity
between paths, and further guide the path planning process to
generate paths with diverse homotopic properties, e.g., in [18].
Howeyver, there has been limited research on the customization
of potential fields to generate paths with desired homotopic
properties, nor to find all homotopy classes of paths that can
be generated by valid potential fields.

B. Our Method

This work tackles the customization of harmonic potential
fields, to generate paths with desired topological properties.
As shown in Fig. 1, the proposed hybrid optimization algo-
rithm, consists of three interleaved layers: (I) simplifies the
representation for homotopy classes from the forest world
to the point world, via diffeomorphic transformation; (II)
selects different structures for each tree-of-stars within the
forest world, including the roots and parent-child relationships;
and (IIT) optimizes the continuous weight parameters of each
purged tree, via approximated gradient descent over a multi-
directional distance metric, subject to feasibility constraints.
The derived harmonic potential can be used to guide a robot as
navigation policies, by which the resulting paths are validated
for safety, convergence and topological properties. The homo-
topy properties of the harmonic potentials can be customized
through user specification of a D-signature or automatically
given the prioritized regions.

Main contribution of this work is threefold: (I) A new
problem as the customization of harmonic potential fields
is introduced, according to the homotopic properties of the
resulting paths; (II) Theoretical results regarding the invariance
of homology under diffeomorphic transformation are derived
formally; (III) The hybrid optimization algorithm is proposed
that can automatically generate valid harmonic potentials for
desired homotopy properties. To our knowledge, this is the
first work that provides such results.

II. PRELIMINARIES
A. Diffeomorphic Transformation and Harmonic Potentials

Consider a forest world F < R2, which has an outer
boundary of the workspace W < R? and inner boundaries
of M tree-of-stars obstacles O; < R2? for i ¢ M =
{1,2,---, M}. The forest world F can be mapped to a point

world P = R?\ Uﬁl P; by a diffeomorphic transforma-
tion ®r_,p : W — P, such that ®r_,p(p) € P, ¥p € F;
and (I)]:_,P(Oi) = P;, Vo; € Oi and Vi e M.

Definition 1 (Harmonic Potential). The parameterized har-
monic potential function ¢p : P — R* is defined as:

M
op(q, W) = wyd(q, 45) — Y wid(g, B), (1)
i=1

where ¢ : R? x R? — R is the harmonic term: ¢(q, P) =
In (¢ — P|?) for g, P € R?; ¢(q, q5) is the potential for the
goal g, € P and ¢(q, P;) for the point P; € R? and i € M;
w = [wg, w1, - ,wp]T > 0 are weight parameters. [ ]

Then, the harmonic potentials within the actual forest
world F can be constructed as:

or(p) = oo0dppodrp(p) (2)

where ®x_,p and ¢p are defined above, and o(x) = ﬁ

for x € R maps the unbounded range of ¢p to a finite
interval [0, 1]. The exact definition and detailed derivations
for the transformation in (2) are omitted here. The readers are
referred to [3], [5], [21] and our previous work [15].

Definition 2 (Resulting Forest Path). Given the harmonic
potentials @x(p) in F, its resulting forest path from an
initial point ps € W), is derived b%/ following its negated
gradient =V, ¢z, ie., 7(t) = ps — | Vppor(r(§))dé. 1

Similar definitions apply to the resulting path of the har-
monic potential ¢p(g) in (1), denoted by 7(¢). Without loss
of generality, the infinite time interval ¢ € [0, +00) for both
7(t) and T(¢) are mapped to [0, 1].

B. Homotopy and Homology Classes of Paths

Homotopy and homology classes are common tools to dis-
tinguish different paths within the same workspace, see [18],
[22]. Compared to homotopy, homology offers a computation-
ally more tractable alternative.

Definition 3 (Homotopic Paths). Given two paths 71,72 :
[0, 1] — R? that 71(0) = 72(0) and 71(1) = 72(1), then 7,
and 79 are homotopic if there is a continuous map x : [0, 1] x
[0, 1] — R? that x()\, 0) = 71(\), VA € [0, 1] and x(u1, 1) =
To(p), Y € [0, 1]. [ ]

Definition 4 (Homologous Paths). Given two paths 71,75 :
[0, 1] - R2 that Tl(O) = 72(0) and Tl(l) = Tg(l), then T1
and 7o are homologous if there are no obstacles within the
closed 100p L12 = (’T1 L —TQ), i.e., Il’lt(ng)ﬂOi = Q,
Vi € M, where Int(-) is the interior of a closed-loop. W

Homotopy indicates that two paths 71 and T2 can be
continuously deformed into the other without intersecting
any obstacle, whereas homology implies that the closed loop
formed by 71 and 75 does not enclose any obstacle. It has been
proven in [18] that homotopic paths are also homologous since
there always exists a homomorphism map from the homotopy
groups to the homology groups. Besides, various measures
have been proposed to classify paths into homotopy classes,
e.g., H-signature [18] and visibility sequence [19].
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Fig. 2. Left: 71 and T2 belong to the same homotopy class, but 73 belongs
to a different homotopy in forest world F; Right: homotopy classes are kept
in point world P after the diffeomorphic transformation ® r_,p.

III. PROBLEM DESCRIPTION

Consider a forest world F as defined earlier within a
connected and compact workspace YW < R2. It contains M
non-overlapping internal obstacles O; < Wy, Vi € M.
Specifically, each obstacle O; has a tree-of-stars structure
composed of several star-shaped obstacles [3], [S5], [21].
A particular type of star-shaped obstacle called squircle is
considered in this work. As shown in Fig. 1, a squircle
interpolates smoothly between a circle and a square, while
avoiding non-differentiable corners [10], i.e., O(p) = {p €
B2 [ 8(p) = (Ip|? + +/Ip[* = 4x [(pTer) (pTea)]?) /2 — 1 <
0}, where x € (0, 1) is a positive parameter, || - || is the
Euclidean norm, and ej,es; are two base vectors in R2.
Non-unit squircles can be derived by scaling, translation and
rotation, i.e., Opn, = SQ(Cn,, Wn,, hn,, On,), Where c,, € R?
is the center; w,,, h,, > 0 are the width and height; and
0,, € (—m, 7| is the orientation, Vn; € {1,2,--- ,N;} = N,
where N; is the depth of the tree in O;.

Given the start and goal ps,p, € JF, the objective is
threefold: (1) construct valid harmonic potentials ¢z (p) as
defined in (2); (I) find potentials that the resulting path
belongs to a desired homotopy class; and (III) determine all
homotopy classes of paths that result from valid potentials.

IV. PROPOSED SOLUTION

The proposed solution consists of two main components:
(I a simplified representation for homotopic paths in the
point world, via diffeomorphic transformation; (II) a hybrid
optimization algorithm to customize the harmonic potentials
in the point world, given a desired homotopy class.

A. Homotopy Classes in Forest World

1) Invariance of Homology under Diffeomorphism: Via
the diffeomorphic transformation, the forest world F can be
mapped into a point world P, which has a much simpler
geometry. Thus, the complexity of finding homotopic paths
can be reduced in P, as shown in Fig. 2. For correctness,
it is proven formally below that the homology properties of
a path remain unchanged after the transformation. Without
loss of generality, both R? and C represent the 2D plane
interchangeably. Then, the obstacle marker function and H-
signature function are defined following [18]:

Definition 5 (Obstacle Marker). Given M obstacles

01,03,--+ ,0p in the 2D complex plane C, the obstacle
marker function T'(z) : C — CM is defined as:
71(2) Y (2)
I'(z) = s Ty Ta (3)
(2) [Z—Q Z—CM]

where v, : C — C is analytic; {; € O, is any marker point
within each obstacle Oy; and ~,({e) # 0, V£ € M. [ ]

Definition 6 (H-signature). Given M obstacles in the 2D
complex plane C, the H-signature of the path T € C is defined
as the vector function Hs : C — CM that:

Ho(r) = f I(2)dz, @

where C is the set of all paths in C; I'(z) is the obstacle marker
function from Def. 5. |

Given a smooth path T within the forest world F, the asso-
ciated path in point world P after the transformation ® r_,p
from the forest world to the point world is given by: 7 =
®(t) = {®r_p(p)|p € T}, which is also smooth. The
details of the transformation ®(-) is given in Sec. IV-B. The
following lemma shows that the homology is invariant under

diffeomorphic transformations.

Lemma 1. Consider two paths 71,72 < F that 71(0) =
72(0) and 71(1) = T2(1), of which the associated paths after
the diffeomorphic transformation ® x_,p in the point world P
are T1 and To. Then, T1 and T2 are homologous if and only
if T1 and To are homologous.

Proof. By definition, the marker points ¢, € F and Eg eP
are related by (o = ®({), V¢ € M. Assume that 71 and 7
are homologous paths, but 7; and 79 are not homologous.
According to Lemma 2 in [18], the following holds:

Ha(F1) — Ha (o) =f

L2

(3)dZ # 0, )

where L5 = (F1 U —73); and I'(3) is defined in (3). Then,
since 71 = ®(71) and T2 = ®(732) holds, it follows that:

f r(z)dz:f [jl(‘i)
Lis Liz Z2—C1
) f MEEIVAE)  w@E)V-A()
L ®(2)—2(G) T T @(2) — 2(Cur) ’
where Lis = (71 u —72), and V,®(z) is the Jacobian.
Since ®(z) is analytic, V®(z) is non-singular and (, ¢
Int(Li2), V¢ € M. It in turn indicates that %
is analytic, for all z € Int (L) and £ € M. By the Cauchy
Integral Theorem [23], the above integral equals to 0, which
contradicts the assumption in (5). Therefore, 71 and 75 are
homologous. Given that @ is diffeomorphic, the sufficiency
can be proven similarly. O

3

"YM(E) ]T dz

Z—Cu

2) D-Signature: The H-signature of a given path in the
forest world by (4) requires integration over the entire path,
which is computationally expensive for general harmonic
potentials. Thus, a multi-directional distance signature is in-
troduced to distinguish homology classes more effectively in
the point world. Consider a point world P with M point
obstacles Py, P, -+, Py. The path 7 with 7(0) = ¢ and
7(1) = ¢4 has a D-signature defined below.

Definition 7 (D-Signature). The D-signature for path 7 within
the point world P is given by:

D(7) = S(7) © D(7), (6)
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Fig. 3. Left: computation of the D-signature D(7) in (6); Right: 71 and
T2 are homologous, but not homotopic.

where the signed distance D(¥) € RM; the sign S(7) €
{+1, —1}M; the distance D(7) € RY; and the symbol ©
denotes the Hadamard product [24]. |

As illustrated in Fig. 3, the D-signature D(7) can be
computed in three steps: (I) A circular area that covers all
the point obstacles, as well as the start and goal points, is
computed, denoted by C(7), centered at Q. = (gs + ¢g)/2
and a radius R.. Namely, it holds that 7 < Int(C) and P; €
Int(C), Vi € M; (II) Denote by qé the intersections of the
ray from ¢s to gy on the boundary 0C, similarly ¢ for ¢s.
Thus, the interior Int(C) is divided into two parts:

CH(T) = Int(‘T‘u LEZ U q/{;\q’s u qs—qg),
C(ENCT(T),

where C*(7) is the area enclosed by the anticlockwise loop
formed with the path 7 from ¢5 to gy, the line ¢,q; from ¢, to

)

B
X
b

q(;, the arc q/g\ from qg to ¢., and the line ¢ ¢ from ¢s to ¢.;
and C~(7) is the complement of C* () within C; (IIl) The
sign S(T) = [s;] is given by s; = 1if P, € C*(7F), while s; =
—1if P, e C~ (%), Vi € M. Moreover, the distance D(7) =

[d;] is given by d; = min,ez|q — P;|, Vi e M.

Lemma 2. Consider two paths T1,T2 < P that 71(0) =
T2(0) = ¢qs and T1(1) = T2(1) = q,, then Ty and To are
homologous if and only if S(71) = S(T2).

Proof. (Sufficiency): The proof is by contradiction. First,
assume that 79 and 7, are homologous but S(71) #
S(72). Due to Def. 7, there exits K > 1 point obstacles
PpyyPpyy- o Py such that Pme e C*(F1) and P, ¢
Ct(F2), ¥ € {1,2,--- K} = K < M. Furthermore, it

follows that: C*(71)\C*(F2) = Int (7-1 U qgqy U ngs U

¢sqs) \Int <7~'2 U Ggqy U q/{;]’S L qsqs) = Int (7’1 L —7~'2) =
L5, which implies that P,,, € Int(L1s), ¥/ € K. Via Def. 4
and the Residue Theorem [23], it holds that:

Ha(F1) — Ha(Fa) = f r(z>dz—L2r(z)dz

T1

1(2) Y (2) ®)
=2 1 - P, yrr T
WJEZ—EII}}WZ [)[Z—Pl Z—P]yj
:[ , ’7771,1(Pm1)7 7'7mK(PMK)7 ]T # 0,

which contradicts the assumption that 71 and 75 are homol-

ogous. Thus,S(71) = S(72) and the sufficiency holds.
(Necessity): Assume that S(71) = S(72) holds and no

obstacles exist in CT(F1)\CT(T2) = Int(T1 u —T2) =

Fig. 4. Different tree structures representing the same overlapping squircles,
where the squircle (in blue) is chosen as the root.

Int(ilg) By the Cauchy Integral Theorem [23], Ho(7T1) —
Ho(T2) SL Z)dz = 0, which concludes the proof. [J

Lemma 3. Consider two paths T1,7T2 < P that 71(0) =
T2(0) = g5 and T1(1) = T2(1) = g If S(T1) # S(7T2)
holds, then T1 and T2 belong to different homotopy classes.

Proof. Assume that S(71) # S(T2) but 7, and T, are
homotopic. It has been shown [18] that homotopic paths are
homologous, thus 7; and 75 are homologous. By Lemma 2,
S(71) = S(72), which contradicts the assumption. O

Remark 1. Lemma 2 states that the sign function S(7) is
equivalence to a homology class, while Lemma 3 implies that
each distinct S(7) corresponds to a different homoropy class.
However, the necessity of the condition in Lemma 3 does not
hold, as some different homotopy classes share the same sign
function S(7), as shown in Fig 3. ]

3) Synthesis of Homotopic Paths: To find paths of different
homotopy classes within P, it is essential to first generate
reference paths of different classes for optimization. Since
each sign S(-) represents one class, the set of D-signatures
associated with potential homotopy classes is given by:

= [d; (51}
1P =Pl vie m;

—_—%

o* = {S*@E*\S* e{+1, -1}, D

. 9
2:(5") = ®

min
JEM, st +5%5=

. [d]. The second condition
implies that the closest obstacle P; with the opposite sign
is found for each obstacle P;, Vi,j € M, between which
the relative distance is used as the distance measure for the
path. Consequently, any D-signature D* € Z* is associated
with a homotopy class, which is the objective for the hybrid
optimization scheme in the sequel.

where S* = [s!] and D™ =

B. Hybrid Optimization of Harmonic Potentials

Given a homotopy class associated with the D-signature D*,
it remains a question whether there exists a harmonic poten-
tial @ (p), of which the resulting path from the same initial
point belongs to the same homotopy class.

1) Structure Selection for Tree-of-Stars: As introduced
in [3], [15], a forest world consists of several disjointed groups
of obstacles as trees-of-stars. As shown in Fig. 4, each group
is a finite union of overlapping obstacles whose adjacency
graph is a tree with a unique root. The choice of these tree
structures determines the locations of the obstacles in the point
world, which in turn changes the underlying potential fields.
Consequently, the tree structure can be customized based on
the desired homotopy classes.
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Definition 8 (Tree-of-Squircles). A tree-of-squircles is a di-
rected acyclic tree 7 = (O, E, O*), where: (I) O is the set
of obstacles within 7; (I) £ < O x O is the set of directed
parent-child relations, i.e., (O}, O;) € E if squircles O} and
Oy overlap; and (IIT) O* € O is the root. [ |

A tree 7; = (O, E;, OF) is valid if each squircle has
exactly one parent squircle, except for the root. Moreover, a
valid tree 7; can be re-rooted by choosing a different root,
and the rest of the nodes are re-structured according to their
adjacency relation via a breadth-first search, yielding a new
tree 7;, as shown in Fig. 4. The lemma below ensures that the
re-rooted tree is unique and remains valid.

Lemma 4. Given a valid tree Ti = (O;, E;, OF), the re-
rooted tree T; = (O;, By, OF) is unique and valid for any
chosen new root OF € O;.

Proof. There is a unique path from the original root O} to any
othe£ node O, € O; within 7T;. Given the new root 6: , denote
by OF = {0 € 0;|(0F,0) € E; v (0,07) € E;} its set of
parents and children of 5: within 7;. Since each squircle Oy €
Oy shares a common center with 5; , Oy is re-assigned as
the children of O in 7;. Thus, it holds that (O, 0,) € E;
within 7~; This process is repeated until all nodes in O; are
re-assigned in 7:. Since 7; is acyclic and each node has one
parent, the re-rooted tree 7; is unique and remains valid. [

Given a forest structure F, the transformation ® _,p from
forest world to point world in (2) is determined via several
diffeomorphic transformations [5], [15], i.e.,

Qrp(p) 2Yo®,  F0oPs pmoPros(p), (10

where ®r_,s(p) is the purging transformation: ®r_,s(p) =
D ppo--- Pyo®q(p). Here, B;(p) = fi10fi2---ofin,(p) is the
purging map for the i-th tree 7;, Vi € M, where f; ,,, (+) is the
transformation for the n;-th leaf with n; € {1,2,--- , N;} =
N; and the depth N; > 0, ie., fin,(p) = p (1 — On, (p)) +
On,(p) Tn, (p), where T,,,(p) is a scaling function mapping
the boundary of the child squircle to its parent; and o, (p)
is the analytic switch that attains value of one and vanishes
nears other squircles and the goal. Moreover, ®s_,»( and
®,, .5 are the transformations from star world to sphere
world and sphere world to bounded point world. The exact
derivations are omitted here due to limited space. Note that
p;i = @, 5 0Ps om0 Pros(p;) holds for p; being the
center of the root O for 7;. Lastly, the function ¢(§) =
m (G—qo)+qo transforms the bounded point world P to
the unbounded point world P, where pg and g are the radius
and center of the sphere world. Therefore, the point obstacles
in P are given by & = {P,;} with P, = ¢(p}),Vie M.
Note that there are M trees-of-squircles {71, 7z, -, Tar}
within the forest world F. Since the root of each tree can be
re-selected as described, yielding a large variety of possible
forests, denoted by .#. For a given reference homotopy
class D* € *, the Fisher distance [24] is proposed below.

Iteration Steps

600

Fig. 5. Evolution of the resulting paths 7 (¢, w) in F and P as the weights w
are optimized by (14) given the desired D* (in black).

Definition 9 (Fisher Distance). Given the forest F and the

homotopy class D*, their Fisher distance is defined as:
[Py — Py?

(21)% + (22)%

where &7 = {P; E‘QZLSZ' = —1,i e M}, Py = {P; €

Pls; = 1,i € M}; Py and 3 are the mean and variance of

the point obstacles within &, respectively for £/ = 1,2. W

J(D*, F) = (11

The Fisher distance measures the spatial distribution of
point obstacles {P;} relative to the given homotopy class D*.
A higher Fisher distance indicates that the obstacles tend to be
separated into two groups on either side of the trajectory T,
given the desired homotopy class. Therefore, this separation
renders the desired class easier to find by the subsequent
parameter optimization. Consequently, the candidate forest
structure can be selected:

F* = maxrczJ(D*, F), (12)

where .# is the set of all tree structures described earlier;
and F* is the best structure for the class D*. Once the tree
structure is selected, the diffeomorphic transformation ® »_,p
from the forest world to the point world in (2) is determined
via the purging process in (10).

2) Parameter Optimization for Harmonic Potentials: Once
the forest structure F™* is selected, the associated point world P
is derived. Thus, it remains to design the weight parameters w
for the harmonic potential ¢ (g) in (1), such that the resulting
path in P has a D-signature close to the desired D*. To begin
with, the weights are constrained for ¢p(g) to be valid.

Lemma 5. If the weights w in ¢p satisfy that wg >
Diesm Wit 1, its resulting path T in P converges to the goal qq4
without intersecting the obstacles in P = {P;}, from almost
all initial point q5 € P.

Proof. Given the above condition, it follows from (1) that:

lg — g4
op(g) = Il( , )
& lal=o N[TM g — Byl 2w

— lim In (HqHz(wg—Zﬁl“’”) > lim In (|q]?),

[[ql|—o00 [[ql|—c0

i
lall—oc0

which reaches infinity. Thus, the path 7 can not escape to
infinity. Moreover, the inner product between —V,¢p(q) and
q — P; as q approaches P; € P is given by:

. . — . — i T'
oy = Vtnla) = 2 = iy (o

(¢—P) = (g—Pu)
lg=Pi>" g — Parl?

*(Q*Qg)
lg — aq?”
T

:I 7q7PZ>: 2wl>07
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which indicates that the negated gradient directs outwards
in the close vicinity of each point obstacle P; € P. Thus,
the path 7 is guaranteed to avoid intersection with all point
obstacles. Lastly, Theorem 1 from [21] has shown that the
potential ¢p(g) has a unique global minimum at ¢y and
more importantly, a set of isolated saddle points of measure
zero due to its harmonic properties. Therefore, the path T is
collision-free and converges to gy asymptotically under the
aforementioned constraint. This completes the proof. O

Next, the objective is to optimize the weights w such
that the D-signature of the path 7 is close to the desired
signature D*, i.e., as a constrained optimization problem:

w* £ min |DF(t, w)) — D*|, (13)
where W = {w > 0lwg > >,_\ w; + 1}; and w is added
as an explicit parameter to the path 7. Note that the point
obstacles in P are fixed given the forest structure F*. Thus, the
resulting path 7 (¢, w) is fully determined by the weights w.
Thus, a projected gradient descent method [24] is adopted:

T0D(T(t, wy))

s 0r;  (14a)

Wi = wi — (D(F) - D)

Wi1 = argmin |w — w)_ |,
weWw,,

(14b)

where the second term in (14a) is the Jacobian of D(7(t, w))
with respect to w; d; > 0 is the step size; and the optimization
in (14b) is the Euclidean projection that maps w,_ ; back to
the feasible region W with a certain margin 7 > 0.

Since the resulting path 7 (¢, w) does not have an analyt-
ical solution, its D-signature and the Jacobian W €
RM*(M+1) in (14a) is approximated numerically by:

0d;(T(t,w))  di(T(t,w+e¢€5)) —di(T(t,w—¢5))
dw; B 2e ’

where €; = [0,--- ,¢,---,0]7 with € > 0 at the j-th index,
for i € M and j € {0} U M, i.e., the first column is the
partial derivative for wy; 7(¢t,w + €;) is the new resulting
path after the weights are changed to w + €, which should be
computed numerically, i.e., via the Runge-Kutta methods [23];
the same applies to 7(t, w — €;); and their D-signatures D(-)
are computed by (6). Lastly, the solution of (14b) can be
derived analytically through the Lagrange equation and the
KKT conditions [24], of which the details are omitted here due
to limited space. The iteration terminates after the Jacobian is
less than a given threshold or after certain number of iterations.
As shown in Fig. 5, the resulting path 7(t,w) gradually
converges to the desired homotopy class.

Remark 2. Although the resulting path 7(¢, w) is continuous
w.r.t. the parameter w, the discrete change of homotopy class
is related to the phenomenon of bifurcation in nonlinear
differential equations [23], when the path intersects with the
neighborhood of the saddle points of the potential ¢p. |

C. Overall Framework

1) Customization over Homotopic Paths: As summarized in
Alg. 1, all homotopy classes that can be generated by the re-
sulting path of valid harmonic potentials within the workspace

Algorithm 1: Customization over Homotopic Paths
Input : (W,{O;,ie€ M}), (ps,pg)-
Output: {(¢%, (F*, w*), 7%)}.

1 Determine all forest structures .%;

2 Set . = F;
3 for F € % do

/* Structure Selection */
4 Compute transformation ® r_,p» and P by (10);
5 Compute Z* by (9);
6 for D* € 2* do
7 Compute F* by (12);

/+ Weight Optimization */

8 Compute ®%_,» and P* by (10);
9 Optimize w* by (14);
10 if S(7(t,w*)) = S* then
11 Compute ¢% and 7* by (2);
12 Add (@%, (F*, w*), %) to 7;

is determined by the proposed hybrid optimization scheme.
More specifically, given the workspace configuration with the
start and goal positions, the set of all forest structures .# can
be determined by iterating through all choices of roots for each
tree-of-stars. Then, for a chosen structure JF, its associated
transformation ®»_,p» and point world P are computed, of
which the set of all D-signatures Z* is given by (9). After-
wards, for each class D*, the hybrid optimization scheme of
structure selection via (12) and weight optimization via (14) is
applied to derive the potential %, the parameters (F*, w*),
and the resulting path 7*, which is stored in the set of valid
solutions .#. Note that due to the condition at Line 10, only
paths with different signs S(-) in (6) are added to .7, i.e., they
belong to different homotopy classes.

2) Complexity Analyses: The number of all homotopy
classes is given by 2, where M is the number of obstacles.
For a given reference homotopy class, the complexity to deter-
mine the optimal forest structures is O(M N), where N is the
maximum depth over all trees {7;}. Moreover, the complexity
to construct the diffeomorphic transformation given a forest
structure is O(M?2 + M N?). The parameter optimization has
polynomial complexity as both the objective and constraints
are convex. Lastly, the overall complexity to find all homotopic
paths is bounded by O(2M (M N + M? + M N?)).

V. NUMERICAL EXPERIMENTS

For further validation, extensive numerical simulations are
conducted. The algorithm is implemented in Python3 and
tested on a laptop with an Intel Core i7-1280P CPU. Simula-
tion videos, experiment videos and source code can be found
in the supplementary files.

A. System Description

Two different environments are tested: (I) a polygon
workspace of 10m x 10m as shown in Fig. 6 featuring 6
tree-of-squircles with a maximum depth of 3; (II) an office
workspace of 15m x 10m as shown in Fig. 1 featuring 10 tree-
of-squircles with walls, sofas and tables. The weight parameter
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Fig. 6. (a-e) Resulting paths of different homotopic classes under different
weights but the same forest structures (roots in blue). (f) paths of 17 different
homotopic classes found in the polygon workspace.
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w in ¢p(x, w) is initialized as 1.0 for each obstacle O;
and 12.0 for the goal. The step size and the lower bounds
in (14) are set as 6, = 0.01 and n = 0.1.

B. Results

1) Polygon workspace: To begin with, the hybrid opti-
mization process for a specific homotopy class is investi-
gated. As shown in Fig. 5, the start and goal poses are set
to (5,1) and (8,8), respectively. The desired D-signature is
given by D* = (0.19,-0.18,0.22, -0.39,—0.53, —0.62). To
solve (12), in total 54 forest structures are generated, of which
the maximum Fisher distance J(D*, F*) = 1.82 is found
within 0.12s with the forest /* shown in Fig. 5. Subsequently,
the parameter w is optimized via (14) in 0.47s. The interme-
diate paths in the forest world and point world during different
iterations are shown in Fig. 5, which transits through various
homotopy classes S(-) from the initial sign (1,1,1,1,1,1)
to (1,—1,1,—1,—1, —1). It shows in Fig. 5 that D(-) changes
discontinuously at iterations 79, 127, 302 and 732, as the re-
sulting path intersects the neighborhood of saddle points. The
final value of w is (9.56, 0.765,0.321,0.727,1.33,1.45, 1.08).
Moreover, the set of all homotopic paths are generated by
Alg. 1. For the start at (2.5,9) and goal at (9,1), the final
results are summarized in Fig. 6. In total, 64 D-signatures
are generated as the homotopy classes given by (9) For each
homotopy class, the optimal forest structure F* and weight
parameter w* are computed, with an average time of 0.11s
and 0.4s. Finally, a total of 17 homotopy classes are found
within 32.9s. It is interesting to note that the homotopic
classes generated under different forest structures are often
different, as clustered in Fig 6. Additionally, the final harmonic
potentials and the resulting paths are shown in Fig. 5.

2) Office workspace: The office workspace consists of four
areas that include one restricted region and three bonus regions
as the user preferences, as shown in Fig. 1. Due to the
larger number of obstacles, approximately 600 forest structures
are evaluated based on the 2'° candidate homotopy classes
in 2 within 75.1s. In total 42 homotopic paths are found
via optimizing w of dimension 10 within 237.8s, where each
homotopy class takes in average 0.25s. Among these paths,
10 paths that satisfy the preferences are returned, as shown in

(a) (b) (c)

Repulsi A i
Fig. 7. Comparison between the proposed hybrid framework and basic

1elds 1elds
methods that apply attractive or repulsive fields directly to regions of interest.

(d)

TABLE I
SCALABILITY ANALYSIS

(M,N) | 5.2 (5.4 | (10,2) (10,4) | (20,2) (20, 4)
7] | 9 17 | 43 72 | 152 276
Tovg [s1 | 2.6 19 | 52 37 ] 295 212

Fig. 1. It is worth noting the potentials by the default choice
of forest structure and weights would result in a path close to
the boundary and away from all obstacles.

3) Scalability Analysis: The proposed method is evaluated
w.r.t. the number of trees M and their depth NV, as summarized
in Table I. As M increases from 5 to 10 and 20, the number
of potential homotopy classes would grow exponentially. The
average planning time 77,4 for each homotopy class increases
from about 2.6s to 5.2s and 29.5s, with the total number
of homotopic paths || being 9, 43 and 152, respectively.
Moreover, as N increases to 4, the number of paths roughly
doubles due to the increased variety of forest structures, e.g.,
276 paths for M = 20 and N = 4.

C. Comparisons

The proposed framework (as Qurs) is compared against five
baselines: (I) Exhaustive, which enumerates all combinations
of weights and forest structures; (II) RRT from [2], which
samples from all possible paths; (IIl) HM from [4], which
partitions the workspace into 6 subsets and selects different
intermediate goals; (IV) ReRoot, which optimizes the forest
structure only with the default weights; (V) ParamOpt, which
optimizes weights only with the default forest structure. A
maximum computation time of 100s applies to all methods. As
summarized in Table I, the metrics for comparison include the
number of homotopic paths |.#|, the total planning time T,
to find all homotopy classes, and the planning time 7,5 to
find a specific homotopy class.

Notably, for the same polygon workspace as above, both
Exhaustive and RRT reach the maximum planing time, yield-
ing 11 and 13 paths, respectively, and requiring approximately
44s and 38s for a given class. In contrast, HM constructs
the harmonic potential within 25s, yielding 8 classes via
different goal selections, and an average of 8s for a feasible
class. Moreover, ReRoot finds 6 paths in approximately 8s
and the selection of the optimal forest structure only for a
given class takes 3.5s, while ParamOpt identifies 8 classes
within 26s, taking 8.4s to optimize the weights only. In
contrast, our method generates up to 17 distinct homotopy
classes in 32.9s, validating the effectiveness of the proposed
hybrid optimization scheme, with around 5s to derive the
complete potentials for a desired class.

The proposed method demonstrates superior performance
compared to simple potential-based methods that apply at-
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Fig. 8. Final robot trajectories with different homotopy properties, given the
harmonic potentials found for the office environment.

TABLE II
COMPARISONS WITH BASELINES

Methods ‘ Ours Exhaustive  RRT HM ReRoot ParamOpt

4 17 11 138 6 8
Tion [s] | 329 100 100 252 79 26.1
Tews [s] | 5.2 435 383 76 35 8.4

tractive or repulsive fields directly within regions of interest,
as illustrated in Fig. 7. The repulsive-field approach fails
to prevent detours through the avoidance region (Fig. 7(c)),
and the attractive-field approach is attracted to local minima
(Fig. 7(d)). In contrast, the proposed strategy successfully
avoids the avoidance region (Fig. 7(a)) and traverses the bonus
region while maintaining global convergence (Fig. 7(b)).

D. Hardware Experiments

The proposed method is deployed to a differential-driven
robot operating within an office environment of 40m x 30m.
The robot with a radius of 0.35m is controlled using the
nonlinear tracking controller from [15], with control gains
ky, = 0.2 and k, = 0.5. As shown Fig. 1 and 8, the robot
is equipped with a 360° Lidar sensor with a range of 10m
to create a point cloud map of the environment using SLAM
technology for robot localization. Based on the accumulated
point clouds, a total of 24 cluttered obstacles are modeled to
construct harmonic potential fields. Five experimental trials
are conducted with distinct user-defined homotopy references.
In each trial, the robot is initialized with random start and
goal positions. Then, harmonic potentials are generated via
the proposed framework given the desired homotopic class for
each start-goal configuration, yielding the optimal (F*, w*)
within an average of 6.7s. Lastly, the robot is controlled by
tracking the negated gradient of the associated harmonic fields,
and the resulting trajectories are shown in Fig. 8.

VI. CONCLUSION

This work presents a systematic framework for customiz-
ing harmonic potential fields to generate paths with desired
homotopic properties, offering a novel solution to task-driven
path and motion planning in complex environments. Via si-
multaneously optimizing the forest structure and the weighting
parameters, it provides a flexible and customizable planning
scheme for practical robotic applications such as service
robots, search and rescue operations. Future work involves
online optimization within unknown scenes.
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