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Abstract—Predicting the kinematics of bending pneumatic mus-
cles (BPMs) remains challenging due to the necessity for mod-
els that effectively address the pronounced hysteresis and creep
inherent in soft materials. While prior research has predomi-
nantly focused on phenomenological and data-driven modeling
approaches, this study introduces a viscoelasticity-based mecha-
nistic model (VBMM) and a feedforward-feedback hybrid con-
trol system tailored for BPMs. First, the VBMM is developed
by leveraging the principles of viscoelasticity—a common prop-
erty of soft materials and a mechanistic driver of hysteresis and
creep. Second, we address the computational challenge arising
from the history-dependent viscoelastic response of BPMs, where
the current state depends on the cumulative stress-strain history.
Conventional methods incur escalating computational costs over
time, rendering real-time control impractical. To resolve this, we
propose a sliding window-based long-term prediction mechanism
(long-term VBMM) that maintains model accuracy while signifi-
cantly reducing computational overhead. Finally, a hybrid control
system integrating the long-term VBMM as a feedforward compen-
sator with feedback correction is designed to achieve BPM motion
tracking. Experimental validation confirms the VBMM’s superior
predictive accuracy (error < 3.69%) and demonstrates the control
system’s effectiveness.

Index Terms—Viscoelasticity, hysteresis, modeling, control, and
learning for soft robots, soft sensors and actuators.

I. INTRODUCTION

PNEUMATIC muscles (PMs) exhibit various advantages
in human–robot interactions, such as excellent flexibil-

ity, high power-to-weight ratios, lightweight materials, holding
great potential for applications in grasping [1], flexible robotic
arms [2] and medical rehabilitation [3].

However, some inherent characteristics of PMs, e.g., strong
hysteresis [4] and creep [5], make it difficult to be modeled accu-
rately. Hysteresis manifests as an inconsistency in motion states
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Fig. 1. Hysteresis and creep properties of pneumatic muscles. (a) Hysteresis
loop. (b) Creep phenomenon.

corresponding to the same input air pressure during loading and
unloading cycles, resulting in characteristic hysteresis loops, as
shown in Fig. 1(a). Creep refers to the persistent motion of PMs
after pressure stabilization, as shown in Fig. 1(b). It is clear
that when the air pressure stops changing after 1 s, the BPM
still moves to 2.3 s (yellow curve). These properties lead to a
particular challenge for PM modeling.

Currently, the models of the PMs are categorized into three
main types: phenomenological models [6], [7], [8], [9], data-
driven models [10], [11], [12], [13] and mechanistic models [14],
[15], [16], [17], [18].

The generalized Prandtl-Ishlinskii (GPI) model [8], [9] is the
most widely used phenomenological approach, approximating
hysteresis via play operators to balance simplicity and accuracy.
For example, Zhang [8] employed GPI to linearize a PMs robot
system. Other methods include cubic functions [6] and three-
element models [7]. While phenomenological models partially
explain PMs hysteresis, their accuracy declines under variable
pneumatic loading conditions.

With the advancement of learning-based algorithms, data-
driven models have become more accurate. For instance, J.
Wang [10], [11] improved the Koopman-MPC framework for
BPM control, while S. Wang [12] used LSTM networks to
capture PMs’ historical dependence. However, despite their
accuracy, these methods require large training datasets for gen-
eralization and lack physical interpretability.

Mechanistic models fall into three categories: Lagrangian
dynamics, energy models, and microelement analysis. [16] mod-
eled BPM dynamics using Euler-Lagrange equations, while [1],
[15] derived energy models from the work-energy theorem.
Microelement analysis involves force, constitutive, and defor-
mation steps—[14], [17] used hyperelastic rubber relations to
approximate PMs’ nonlinearity, though this fails to explain
hysteresis or creep.
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Fig. 2. Fabrication process of the BPM. (a) Two plugs are stuffed into both
ends of the elastic tube. (b) A pneumatic quick coupler is installed and one
generatrix of the braided mesh tube is sewn. (c) The cross section of the BPM.

To address these critical limitations, we propose a novel
viscoelasticity-based mechanistic model (VBMM) for BPMs.
Viscoelasticity [19] is a property common to soft polymeric
materials. Viscoelastic constitutive models typically exhibit his-
tory dependence and are generally more computationally in-
tensive than hyperelastic models. Within moderate deformation
ranges, the generalized Maxwell model [20] remains the most
widely used linear viscoelastic approach based on the Boltzmann
superposition principle. For large deformations, Reese [21]
proposed a nonlinear framework using thermodynamic laws
and multiplicative decomposition. Bergström [22] introduced
a model separating stress into equilibrium and rate-dependent
parts. Bagley [23] later linked molecular theories of viscoelastic
fluids to fractional calculus.

The essence of viscoelasticity lies in energy dissipation dur-
ing deformation, causing strain to lag behind stress—meaning
deformation lags behind external load changes. This is a key
cause of hysteresis and creep in BPMs [24]. To address this,
we analyze BPM microelement forces in bending and derive a
high-precision model using viscoelastic constitutive relations.
However, the VBMM’s computational cost grows over time. To
reduce this burden and enable long-term predictions, we opti-
mize the VBMM with a sliding window mechanism (long-term
VBMM). Finally, we design a feedforward-feedback hybrid
control system, using the long-term VBMM as the feedforward,
achieving high control performance. The contributions of this
work are summarized as follows,
� A viscoelasticity-based mechanistic model to model the

hysteresis and creep of the BPM with high accuracy (error
< 3.69%).

� A long-term model prediction mechanism based on a
sliding window to reduce the computational time of the
VBMM (97% reduction).

� A feedforward-feedback hybrid control system using the
long-term VBMM as the feedforward, which can effec-
tively control the BPM’s bending motion.

II. VISCOELASTICITY-BASED MECHANISTIC MODELING

The fabrication process of the BPM is illustrated in Fig. 2.
Firstly, two plugs (3D printed) are stuffed into both ends of the
silicone rubber elastic tube (Fig. 2(a)). Elastic components are
color-coded yellow in subsequent figures for clarity. The elastic
tube is then covered with a braided mesh tube and tightened with
metal cable ties at both ends. A pneumatic quick coupler is in-
stalled at one end of the plug for connecting to an air compressor,
as shown in Fig. 2(b). Finally, one generatrix of the braided mesh

Fig. 3. Coordinate system of the BPM. The axial, circumferential, and radial
directions of the BPM are defined as directions 1, 2, and 3.

Fig. 4. Microelement force analysis of the BPM. (a) The isometric view of
the microelement. (b) The front view. (c) The side view.

tube is sewn with a non-stretchable thread (red line in Fig. 2(b)).
Upon pressurization, differential expansion occurs: while the
elastic tube undergoes axial elongation, the constrained suture
side restricts symmetric expansion, inducing controlled bending
deformation. Fig. 2(c) presents the cross-sectional configuration,
demonstrating the composite structure’s layered composition.

The deformation mode of BPMs depends on their initial
helix angle α0: α0 < 36.25◦ yields radial contraction and axial
elongation, while α0 > 36.25◦ produces radial expansion and
axial shortening [1], [25]. This study specifically focuses on the
elongating BPMs.

The coordinate system is set up in Fig. 3, with BPM axial
direction as direction 1, circumferential direction as direction 2,
and radial direction as direction 3. The grey transparent part in
Fig. 3 is the braided mesh tube.

A. Microelement Force Analysis of the BPM

Microelement force analysis of the BPM’s elastic tube [26]
is shown in Fig. 4. The microelement is subjected to axial
stresses σ1 on both axial sides and circumferential stresses σ2

on both circumferential sides. The element experiences internal
air pressure P and externally applied linear pressure Pe from
the braided mesh tube constraint. Since the radial deformation
is much smaller than the circumferential and axial deformation,
the radial stresses are neglected and the wall thickness th of the
elastic tube is considered to be fixed. The motion of the BPM
can be considered as a quasi-static process. Gravity is neglected
because the BPM’s mass is very light. Force equilibrium analysis
in the radial direction yields:

(P − Pe) dθ ·R · dϕ ·Rbend

= 2 sin
dθ

2
· σ2 · th · dϕ ·Rbend + 2 sin

dϕ

2
· σ1 · th · dθ ·R,

(1)
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Fig. 5. Schematic diagram of the linear pressure Pe exerted by the braided
mesh tube on the elastic tube. (a) The isometric view. (b) The side view. (c) The
cross section.

where Rbend denotes the bending radius of the whole BPM, R
denotes the inner radius, dθ and dϕ correspond to the microele-
ment bending angles in circumferential and axial directions. The
simplification leads to:

P − Pe

th
− σ2

R
− σ1

Rbend
= 0. (2)

Braided mesh tubes consist of multiple strands of threads
twisted in a spiral pattern. The pressurePe exerted by the braided
mesh tube on the elastic tube, as shown in Fig. 5(a), can be
derived from the linear pressure dT

dl exerted by a single thread
on the elastic tube, where T represents the thread tension. The
helix angle of the thread is denoted as α (Fig. 5(b)). The circum-
ferential component of T is T cosα, and the linear pressure can
thus be denoted as d(T cosα)

dl . Fig. 5(c) shows the cross section
of the BPM. A section of arc with radian θ is taken for analysis.
By balancing the vertical components of the thread-induced
pressure and the tension, it can be obtained:∫ θ

0

d (T cosα)

dl

Rdθ
′

cosα
cos θ

′
= T cosα sin θ. (3)

The simplification leads to:

Pe =
d (T cosα)

dl
=

T

R
cos2α. (4)

B. Viscoelastic Constitutive Relation

The constitutive relation describes the relationship between
stress σ and strain ε, expressed as σ = f(ε). Previous studies
have predominantly employed hyperelastic constitutive rela-
tions [14], [17]. However, these approaches predict identical
material responses during pneumatic loading and unloading,
failing to capture the hysteresis behavior intrinsic to BPMs. The
difference between the viscoelastic constitutive relation and the
hyperelastic constitutive relation is that the shear modulus G
and the bulk modulus K are no longer fixed but vary with time,
i.e., σ = f(ε, t), which causes hysteresis and creep. According
to the Boltzmann superposition principle, the linear viscoelastic
constitutive relation at varying air pressure is:

σij(t) = 2G∞εij (t0) + δij

(
K∞ − 2

3
G∞

)
εkk (t0)

Fig. 6. Schematic diagram of air pressure equilibrium. The air pressure P ,
circumferential stress σ2 and thread tension T cosα are balanced normal to the
longitudinal section.

+ 2
t∑

ti=t1

G (t− ti)∇εij (ti)

+ δij

t∑
ti=t1

[
K (t− ti)− 2

3
G (t− ti)

]
∇εkk (ti) ,

(5)

where ∇ denotes the backward difference operator, i.e.,
∇εij(ti) = εij(ti)− εij(ti−1), G∞, K∞ denote the shear mod-
ulus and bulk modulus as time t tends to infinity. G(t) and K(t)
are represented by the generalized Maxwell models [20]:

G(t) = G∞ +G1 exp

(
− t

τG

)

K(t) = K∞ +K1 exp

(
− t

τK

)
, (6)

where G∞, G1, τG, K∞, K1 and τK represent the parameters
to be optimized. The rationale for using a linear viscoelastic
constitutive model will be demonstrated in the experimental
section.

C. Air Pressure Equilibrium

The air pressure P , circumferential stress σ2 and the cir-
cumferential component of thread tension T cosα are balanced
normal to the longitudinal section, as illustrated in Fig. 6. This
equilibrium is described by the following air pressure equilib-
rium equations:

σθ=0
2 th · l0 + σθ=π

2 th · lθ=π + T cosα = P · 2R · lθ=π/2,
(7)

where σθ=0
2 , σθ=π

2 denote the circumferential stresses at circum-
ferential angles of 0◦ and 180◦, and l0, lθ=π and lθ=π/2 denote
the lengths at circumferential angles of 0◦, 180◦ and 90◦.

D. Geometric Deformation Analysis

Fig. 7 illustrates the cross section of the BPM, demonstrating
its radial expansion under decreasing air pressure (indicated by
color transition from transparent light yellow to deep yellow).
Assuming that the cross section of the BPM maintains a cir-
cular shape after deformation, the centre of the circle before
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Fig. 7. Schematic diagram of the relationship between radial displacement u3

and circumferential strain ε2.

Fig. 8. Schematic diagram of the relationship between radial displacement u3

and axial strain ε1.

deformation is denoted as O0 and the radius as R0. The centre
of the circle after deformation is denoted as O and the mean
radius as R. The radial displacement of a microelement at a
circumferential angle of 180◦ is denoted as uθ=π

3 , as shown in
Fig. 7(a). The mean radiusR after deformation can be calculated
in terms of the radial displacement uθ=π

3 :

R = R0 +
1

2
uθ=π
3 . (8)

Taking a section of arc microelement for analysis, as shown
in Fig. 7(b), the circumferential strain ε2 can be expressed as:

λ2 = 1 + ε2 =
l′arc
larc

, (9)

where λ2 denotes the circumferential stretch ratio, larc and
l′arc denote the arc length before and after the deformation.
Assuming that the radian of the arc microelement is constant,
the circumferential strain ε2 can be expressed as:

ε2 =
l′arc
larc

− 1 =
R′

R0
− 1 =

u3

R0
, (10)

where R
′
denotes the corresponding radius of the arc microele-

ment.
Compared to the elastic tube, the deformation of the braided

mesh tube is negligible. Therefore, the length of the thread
is fixed, denoted by BL, as illustrated in Fig. 8. During the
bending of the BPM, although the length l and the inner radius
R continuously vary, the thread length BL remains unchanged,
then there is:

BL2 = lθ=π/2
2 + (2πR · n)2

=
(
λ
θ=π/2
1 l0

)2

+ (2πR · n)2, (11)

Fig. 9. Side view of the BPM when bending. Red line represents the non-
stretchable suture.

Fig. 10. Changes in the mesh of the braided mesh tube during BPM bending.

where n denotes the number of turns the thread wraps around
the elastic tube. Combined with (8), this gives:

ε
θ=π/2
1 =

1

l0

√
BL2 − 4π2n2

(
R0 +

1

2
uθ=π
3

)2

− 1. (12)

Fig. 9 shows a side view of the BPM in bending. A non-
stretchable suture (red line) along one generatrix is defined as
the neutral layer with invariant length l0. The axial strain ε1 in
the offset generatrix (black line) positioned at vertical distance
h from this neutral layer can be derived through length variation
analysis. Given the initial length l0 and deformed length l, the
strain formulation becomes:

ε1 =
l − l0
l0

=
(Rbend + h)β −Rbendβ

Rbendβ
=

h

Rbend
, (13)

where β denotes the bending angle of the BPM. Under constant
bending angleβ, the axial strain ε1 depends solely on the vertical
distance h to the neutral layer. Equation (14) establishes the lin-
ear proportionality between ε1 and h, yielding εθ=π

1 = 2ε
θ=π/2
1 .

The bending angleβ can be expressed by the radial displacement
uθ=π
3 of the microelement at h = 2R:

β =
l0

Rbend
=

l

2R+Rbend
=

λθ=π
1 l0

Rbend + 2R0 + uθ=π
3

. (14)

The simplification leads to:

β =
εθ=π
1 l0

uθ=π
3 + 2R0

. (15)

It is assumed that the mesh of the braided mesh tube always
maintains a rhombic structure, as shown in Fig. 10. Since the
thread length remains constant, the side length of the rhombus
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also remains constant during the bending of the BPM. The initial
helix angle of the thread is denoted as α0 and the helix angle
after elongation as α. Then there is:

l20
cosα0

=
λ2l20
cosα

. (16)

The simplification leads to:

cosα = cosα0 (1 + ε2) . (17)

By combining equations (2), (4), (5)–(8), (10), (12), (15) and
(17), we derive the inverse VBMM P (β) as:⎧⎪⎨

⎪⎩
u3 = −2R0 +

2
√

Dβ2+E−2l0β
β2+4π2n2

P = th
R0+0.5u3

(
σ2 +

σ2G(u3)+σ1(F (u3)−1)
1−2G(u3)F (u3)

) , (18)

where D = l0
2 + 4π2n2R0

2, E = 16π4n4R0
2, G(u3) =

l0 cosα0(1 + u3/R0), F (u3) =
√
Au3

2 +Bu3 + 1, A =
−π2n2/l0

2, B = −4π2n2R0/l0
2, σ1 = f1(u3, t), σ2 =

f2(u3, t), u3 = {ut0
3 , ut1

3 , . . ., ut
3}. The forward VBMM β(P )

is resolved through numerical methods.

III. LONG-TERM MODEL PREDICTION MECHANISM BASED ON

A SLIDING WINDOW

The viscoelastic response of BPMs is history-dependent under
the Boltzmann superposition principle, where current states de-
pend on complete stress-strain histories. As evident from (5), this
formulation incurs linearly growing computational costs with
time evolution, fundamentally limiting long-term predictions
and real-time control. To reduce the computational burden, this
section proposes a long-term model prediction mechanism based
on a sliding window (simplified as long-term VBMM).

Equation (6) reveals that both the shear modulus G and the
bulk modulus K exhibit time-dependent decay governed by
negative exponential functions of time t. When t is sufficiently
large, the shear modulusG and bulk modulusK tend to constant
values. In other words, the shear modulus G and bulk modulus
K corresponding to the initial moment t0 and the truncation
moment ts (ts < t) are nearly the same. Therefore, when calcu-
lating the stress at the current moment t, a sliding window can
be set up so that only the strains within the window duration
Twin (Twin = t− ts) are involved in the iterative calculation,
as illustrated in Fig. 11. Equation (5) is improved as:

σij(t) = 2G∞εij (t0) + δij

(
K∞ − 2

3
G∞

)
εkk (t0)

+ 2

t∑
ti=ts+1

G (t− ti)∇εij (ti)

+ δij

t∑
ti=ts+1

[
K (t− ti)− 2

3
G (t− ti)

]
∇εkk (ti)

+ 2G (ts) [εij (ts)− εij (t0)]

+ δij

[
K (ts)− 2

3
G (ts)

]
[εkk (ts)− εkk (t0)] .

(19)

Fig. 11. Schematic diagram of long-term model prediction mechanism based
on a sliding window. Only the strains within the window duration Twin are
involved in the iterative calculation.

Fig. 12. Control block diagram of the feedforward-feedback hybrid control
system with the long-term VBMM as the feedforward.

IV. FEEDFORWARD-FEEDBACK HYBRID CONTROL SYSTEM

The long-term VBMM is used as the feedforward and com-
bined with a PI controller to form a feedforward-feedback hybrid
control system (simplified as VBMM-PI), which is more suit-
able for real-time control than the VBMM. The control block
diagram is shown in Fig. 18. The mathematical expression for
the VBMM-PI controller is:

Pout (k + 1) = P (βin(k)) + P · e(k) + I ·
k∑
0

e(k), (20)

where e(k) and βin(k) represent the feedback error and the
expected bending angle at step k, Pout(k + 1) represents the
output air pressure at step k + 1 and P (·) represents the inverse
of the long-term VBMM ((18)). P and I denote adjustable
parameters of the PI controller.

V. EXPERIMENTAL RESULTS

This section describes the BPM experimental platform and
a series of experiments used to verify the precision of the
viscoelasticity-based mechanistic model and the validity of the
feedforward-feedback hybrid control system.

A. System Overview

The BPM system is shown in Fig. 13. The inlet port of
the proportional valve (Festo VPPE-3-1, Germany) connects to
the air compressor, and the outlet port connects to the BPM.
The flex sensor (Bendlabs, USA) detects the bending angle
and feeds back to Simulink Desktop Real-Time, where the
model prediction and control algorithm are executed. Simulink
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Fig. 13. System connection diagram. Grey arrows represent airflow pathways.
Blue arrows represent electricity pathways. The solid black line represents
physical connections.

TABLE I
GEOMETRY PROPERTY PARAMETERS OF THE BPM

Desktop Real-Time generates analog voltage signals via a data
acquisition card (DAQ, Advantech PCIe-1824, China) to control
the proportional valve, thus regulating the internal air pressure
of the BPM. System sampling frequency and control frequency
are both 10 Hz.

The BPM’s geometric parameters are listed in Table I. Uniax-
ial tensile stress relaxation tests were conducted on an Instron-
685 C machine at loading rates of 300 and 400 mm/min,
matching pneumatic muscle operational strain rates. Specimens
were stretched to 15–40% strain (covering the working range of
15–30%), with each strain level held constant for 1 min. Since
significant changes only occur within the first 10 s, we only
present the initial 10 s curve (Fig. 14). The material exhibited
significant stress decay during holding, confirming viscoelas-
ticity. The derived relaxation modulus (Fig. 14(c)) shows nearly
overlapping curves across all tested strains and rates (Mean Stan-
dard Deviation: 0.00179 MPa, Mean Coefficient of Variation:
6.53%), adhering to the Boltzmann superposition principle. This
consistency justifies the adoption of a linear viscoelastic model
for strains within 15–40%.

We employed E(t) = E∞ + E1e
−t/τ1 to fit the relaxation

modulus curves, where E∞, E1 and τ1 represent the mate-
rial property parameters to be determined. Using nonlinear
least-squares optimization with the experimental data shown in
Fig. 14(c), we obtained E∞ = 0.0272× 106, E1 = 0.0549×
106 and τ1 = 0.399 (Fig. 14(d)). Error analysis yielded the
following metrics: RMSE = 0.00192MPa, R2 = 0.873, and
MAPE= 5.472%. The fitting errors confirm the linear viscoelas-
tic model’s accuracy in characterizing the material behavior.
As silicone rubber is an incompressible material, its Poisson’s
ratio approaches 0.5. The parameters G∞ = 0.00905× 106,

Fig. 14. Results of uniaxial tensile stress relaxation test. (a) 300 mm/min. (b)
400 mm/min. (c) Relaxation modulus curves for all tests. (d) Fitting results.

G1 = 0.0183× 106, K∞ = 6.753× 106, K1 = 13.639× 106

and τG = τK = τ1 = 0.399 required for (6) can be calculated
from E∞, E1 and τ1. Specimens were sectioned from commer-
cial tubes, possibly introducing residual stresses that could affect
experimental accuracy to some extent. To address this, we used
stress relaxation test parameters as initial values and fitted mo-
tion data via the VBMM. The BPM was cyclically pressurized
(1.2–1.6 bar, ± 0.2 bar/s), while time t, pressure P and bend-
ing angle β were recorded. Nonlinear least-squares optimiza-
tion yielded the material parameters: G∞ = 0.00905× 106,
G1 = 0.0183× 106, K∞ = 6.434× 106, K1 = 13.645× 106

and τG = τK = τ1 = 0.213.
The window duration Twin is set to 20 s through empirical

analysis, based on the observed convergence of G(t) and K(t)
beyond this temporal threshold (t > 20 s). This configuration
achieves computational efficiency while preserving model ac-
curacy.

B. Experiment 1: Viscoelasticity-Based Mechanistic Model
Prediction

Two experiments validate the VBMM. First, with fixed load-
ing rate (± 0.2 bar/s), three pressure cycles were performed:
1.2-1.8, 1.2-2.0, and 1.2-2.2 bar (Fig. 15). Second, with fixed
pressure range (1.2-2.0 bar), three loading rates were tested:
± 0.114, ± 0.16, and ± 0.267 bar/s (Fig. 16). Five replicates
were collected for each case. VBMM predictions used material
parameters from relaxation tests (VBMM-mat.) and fitted pa-
rameters (VBMM-fit). Blue lines in Fig. 15(b) and Fig. 16(a)
show experimental means, with transparent bands indicating
standard deviations.

The VBMM-fit demonstrated high precision in vari-
able amplitude tests (Fig. 15), accurately capturing hystere-
sis and creep dynamics (RMSE=2.122◦, MAPE=3.339%,
R2=0.936). It maintained robustness in variable loading rate
tests (RMSE=2.137◦, MAPE=3.686%, R2=0.928; Fig. 16).
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Fig. 15. Results of the variable amplitude experiment (1.8, 2 and 2.2 bar). (a)
Pressure-angle graph. (b) Time-angle graph. (c) Time-error graph.

Fig. 16. Results of the variable loading rate experiment (± 0.114, ± 0.16, and
± 0.267 bar/s). (a) Time-angle graph. (b) Time-error graph.

The VBMM-mat. showed slightly lower accuracy (amplitude
tests: RMSE=3.388◦, MAPE=5.459%, R2=0.836; rate tests:
RMSE=3.416◦, MAPE=6.021%, R2=0.815) but retained rea-
sonable predictive capability (Figs. 15(b) and 16(a)).

Collectively, these results confirm the VBMM’s ability to
simultaneously characterize both amplitude-dependent hystere-
sis and rate-dependent creep phenomena with less than 3.69%
MAPE across operational extremes.

Fig. 17. Results of the long-term experiment (1800 s, VBMM vs. long-term
VBMM). (a) Time-error graph. (b) Time-calculation time graph.

Fig. 18. Results of the control experiment (PI vs. VBMM-PI). (a) Time-angle
graph. (b) Time-error graph.

C. Experiment 2: Validation of the Effectiveness of the
Long-Term Model Prediction Mechanism

To validate the effectiveness of the long-term model pre-
diction mechanism, we conducted a 1800 s test (60 repeated
cycles of the variable amplitude experiment). The error curves
for VBMM and long-term VBMM coincide exactly (Fig. 17(a)).
Both VBMM and long-term VBMM achieved identical accuracy
(RMSE=2.148◦). There is no difference in accuracy on the
order of 10−3. However, while VBMM’s computation time grew
linearly, the long-term VBMM maintained about 4 μs (97%
reduction, Fig. 17(b)). This demonstrates its real-time control
capability without sacrificing precision.
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D. Experiment 3: Control Performance

To validate the control performance of the feedforward-
feedback hybrid control system (simplified as VBMM-PI),
we designed challenging reference signals including step sig-
nals (45◦-75◦ in 15◦ increments), variable amplitude sawtooth
signals (15◦/30◦) and variable frequency sinusoidal signals
(0.042/0.083 Hz), as shown in Fig. 18(a). Using identical PI
gains (P=0.04, I=0.01), VBMM-PI reduced RMSE by 52.9%
(2.411◦ vs. 5.116◦) versus baseline PI, maintaining consistent
tracking across all signal types (Fig. 18(b)). Experiment 3
demonstrates that using the long-term VBMM as a feedforward
significantly improves the control performance of the PI con-
troller, while laterally reflecting the high precision of VBMM.

VI. CONCLUSION

This paper proposes a viscoelasticity-based mechanistic
model and a feedforward-feedback hybrid control system for
bending pneumatic muscles. The VBMM combined with the
viscoelastic constitutive relations explains the hysteresis and
creep properties of BPMs from a mechanistic point of view.
Further, we propose a long-term model prediction mechanism
based on a sliding window, which reduces the computational
burden while maintaining accuracy. Leveraging this model, we
develop a feedforward-feedback hybrid control system. Several
experiments are performed, including the variable amplitude
experiment, the variable loading rate experiment, the long-term
experiment, and the control experiment. These experiments
demonstrate that VBMM is capable of predicting the strong
hysteresis and creep properties of BPMs with high accuracy,
and that the feedforward-feedback hybrid control system using
the long-term VBMM as the feedforward achieves BPM motion
tracking. Our future work will focus on the application of BPMs
in the field of rehabilitation.
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