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Systematic design of the time-independent and computable controller
based on zero-division-avoidable smoother
for a desired orbit in phase space

Ken Masuya'.

Abstract— This letter proposes a method to systematically
design a time-independent controller for a desired orbit in
phase space. A time-independent controller is essential in robots
that physically interact with humans or the environment. An
approach to designing such a controller is based on the virtual
dynamics of the desired orbit (VDDO), in which the desired
orbit is assumed as a constraint. However, depending on the
desired orbit, zero-division happens, and then the computation
of control input breaks down. To address this issue, a zero-
division-avoidable smoother, which functions as a low-pass
filter and maintains computability even when the computation
includes zero-division, is applied to compute the controller input
based on the VDDO. This application establishes a systematic
design of a VDDO-based controller that avoids zero-division.
We investigated the performance of the proposed controller
via experiments and simulations for three given orbits: a
unit circle, super-ellipse, and spiric section. Results showed
that the proposed time-independent controller can avoid zero-
division while approaching the desired orbits. Furthermore, an
experiment in which a human forces a robot to stop showed that
the robot could restart from an unfavorable state and approach
the desired orbits once more.

I. INTRODUCTION

The rising demand for robots working in living environ-
ments has enhanced the opportunity for robots to physically
interact with humans or environments. For such robots, time-
dependent motion control is unsuitable because unpredicted
interactions cannot easily be predetermined, thus necessitat-
ing time-independent motion control.

Thus far, several time-independent motion controllers for
robots exhibiting physical interaction have been developed.
In particular, periodic or quasi-periodic motions have been
investigated to address human or legged robot motions, such
as walking and swinging. These motions are represented as
a desired orbit, and this letter designs a time-independent
controller that converges to the desired orbit representing
periodic or quasi-periodic motion. One method for designing
time-independent controllers for such motions is the use
of a preset state/output relationship that converges to the
desired orbit [1], [2], [3], [4], [S]. Although this method
is applicable if a suitable output is preobtained, such an
output cannot easily be predetermined. Another method is
to correspond the controller to be designed to an existing
limit cycle. This approach is widely employed in robotics [6],
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[71, 18], [9], [11], [12], [13]; however, most of those studies
are limited to periodic motion. Even when the desired orbit
can be extended to quasi-periodic motion, incorrect handling
of singularities when mapping the controller to the limit
cycle may cause computation failure. Other method involves
generating a vector field based on criteria such as the energy
field [10] or distance from the desired orbit [14], [15], [16],
[17], [18], [19]. However, for the former criteria, an energy
field cannot easily be obtained, depending on the given orbit.
Moreover, for the latter criteria, it is challenging to choose an
appropriate point on the desired orbit when multiple nearest
points are available. This dependency on the desired orbit
can be relaxed by considering a virtual constraint [20], [21].
However, the issue of avoiding computation failure due to
improper handling of singularities remains to be addressed.

To address this issue, this study designed a time-
independent controller that avoids zero-division. Hereinafter,
for ease, we consider a simple 1-DOF system with a revolute
joint and assume that the desired orbit is in a phase space
consisting of its angle and angular velocity. To this end, we
first focus on the virtual constraint approach [20], [21]. In
this approach, the control input is designed based on the
constraint corresponding to the desired orbit. Considering
the constraint stabilization by Baumgarte [22], this approach
can also be interpreted as setting the virtual dynamics of the
desired orbit (VDDO). Hereinafter, this controller is termed
the VDDO-based controller. However, as aforementioned,
this controller input still suffers from computation failure,
depending on the desired orbit. In particular, as zero-division
causes a fatal event for robotic motion, it should be avoided.
L2 regularization is often used to avoid zero-division. How-
ever, its input is likely to become zero as the state approaches
the conditions with zero-division, and then the robot cannot
restart alone after stopping at these conditions once.

Previously, the author proposed a filter that functions as
a low-pass filter (LPF) and maintains computability even
when the computation includes zero-division [5], [23]. Here-
inafter, we termed this filter a zero-division-avoidable (ZDA)
smoother based on its function. In this method, because
the LPF is obtained from the optimization of a specific
evaluation function, the calculations that may cause zero-
division were reconstructed into this function. Using this
idea, the center of rotation of the robot foot or the knee
joint was estimated in the previous studies [5], [23].

In this letter, we apply this idea to the design of the
VDDO-based controller. The computation of the control
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input is reconstructed into an evaluation function, and we
can systematically obtain the control input that avoids zero-
division by optimizing the function. That is, this letter’s main
contribution is to provide a systematic design of the VDDO-
based controller that avoids zero-division.

The remainder of this letter is as follows: Section II
presents the design of the VDDO-based controller for a 1-
DOF robot. In Section III, we propose a systematic design
of the VDDO-based controller that can avoid zero-division.
Through simulations for three types of closed orbit, we
compare the proposed controllers with VDDO-based con-
trollers in Section I'V. Then, the performance of the proposed
controller is experimentally demonstrated in Section V. Ad-
ditionally, we verify the behavior when human interaction
occurs. Finally, Section VI presents the conclusions and
future works.

II. CONTROLLER DESIGN BASED ON THE VIRTUAL
DYNAMICS OF CLOSED TRAJECTORY

A. Simple 1-DOF system

In this letter, we deal with a simple 1-DOF system such
as a robot with one revolute joint, as shown in Fig. 1. Let 6
and w be the joint angle and angular velocity, respectively,
its ideal state-space representation can be written as follows:

[l

where g = [0 w|" is the state of the robot, and wu is the input
angular acceleration.

B. VDDO-based controller

This letter aims to design a time-independent controller for
the system (1) that approaches a desired orbit in the phase
space. Let a formula £(q) = 0 be a desired orbit in the phase
space, and £(q) is assumed as a dimensionless quantity. A
controller that converges to £(q) = 0, can be designed based
on the VDDO as follows:

§=-K(q), )

where K(q) > 0 is the controller gain. Considering the
system (1), the left-hand side of (2) can be rewritten as

€= &0+ Euid
= §ow + Euu, 3)
where &y = %, and &, = %. By substituting (3) into (2),
a control input can be obtained as follows:
u=—&" (§ow+ K(q)f). )

(4) indicates that the state g approaches & = 0 as long as
K(q) > 0. This idea is also termed the virtual constraint
approach for orbital stabilization [20], [21] and is similar to
the constraint stabilization by Baumgarte [22]. As discussed
in Section IV, the modified van der Pol equation [24] can
also be derived from this idea. However, in practical cases,
&L L causes zero-division, and thus, the robot may become
out of control. Therefore, a design of the time-independent
controller that avoids zero-division is necessary.

Fig. 1. Simple 1-DOF robot dealt with in this letter.

C. VDDO-based controller with L2 regularization

Introducing an L2 regularization term can prevent such a
situation. In this design, (2) is assumed to have an error, and
this error is minimized while minimizing the L2 norm of the
input. From this viewpoint, the evaluation function is set as
follows:

1 2 1
=5 (Gut&w+ K@) +5wat, )

where w,, is the weight of the input regularization term. The
stationary condition of (5) for u leads the control input as
follows:

u = —wgi_tgz(feo.)—i-K(Q)f)o (6)

(6) indicates that the control input is always computable,
including when £, = 0. However, once the robot stops at
the state where &, = 0, restarting the motion autonomously
is difficult because of zero input. This situation can occur
when the robot physically interacts with its surroundings.

III. PROPOSED DESIGN OF THE COMPUTABLE AND
RESTARTABLE VDDO CONTROLLER

To design a computable and restartable VDDO controller,
we apply the ZDA smoother to the VDDO-based controller.
The ZDA smoother is detailed in Appendix, and the concept
of the proposed design is illustrated in Fig. 2. In this design,
we consider the following evaluation function instead of (5).

] 2
E= 3 (@,?kuk + o kwi + K (Qk)fk)
1 2
+ in (Uk - Uk—1) ) )

where the subscript & denotes the variable at the time kAT,
AT is the sampling interval, and wg is the weight of the
second term. By considering the stationary condition of (7)
for uyg, the control input is obtained as follows:

w — —PF
k — 'LUF"‘&%)’C k—1
- wpfiizz (fe,kwk + K(Qk)fk)~ ®)
w,k

Similar to (6), (8) indicates that the control input is always
computable even if £, = 0. By contrast, the previous input
uj—1 is maintained when &,, = 0 and helps restart the motion
autonomously. Additionally, (8) implies that the initial input
ug is allowable in the proposed controller. We investigate
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Fig. 2. Concept of the proposed design of the computable and restartable
VDDO-based controller. To prevent the input divergence due to zero-
division, we apply the ZDA smoother into the VDDO-based controller.

TABLE I
SUMMARY OF DIFFERENCES BETWEEN CONTROLLERS.
Initial input Previous input Weight for
ug [rad/s?] Uk—1 regularization [s2]
P-SW 50.0 Available 0.01
P-LW 50.0 Available 1.0
P-WO 0.0 Available 0.01
VDDO Not available Not available 0.0
VDDO-IR  Not available Not available 0.01

the effect of ug on the control performance in the simulation
described below.

IV. SIMULATION RESULTS
A. Simulation setup

We investigate the performance of the proposed controller
through simulations for three orbits: a unit circle, super-
ellipse, and spiric section. As real applications require the
different ranges of the angle 6 and angular velocity w, we
considered the normalized angle @ and angular velocity @.

That is,

0| | ap0—0.)

Q[W}[aw(w_wc)]a 9
where oy and « are the positive normalized factors for
0 and w, respectively. We set ap = 1.0 rad~! and a,, =
0.2 s/rad in the all evaluations below. Moreover, 6. and
w. denote the center of the motion range of # and w,
respectively. In the below evaluation, for ease, we set 6, =
0 rad and w. = 0 rad/s. To evaluate the effect of the initial
state o = [0 wo)T, we assigned several initial states to the
simulator. Herein, both 6, and @, were set from -2 to 2 every
1. In all simulations, the sampling interval AT was 2 ms,
and the end time ¢y was set to 5 s.

For each orbit, we compared the following five VDDO-

based controllers:

P-SW Proposed VDDO-based controller with initial
input and small weight (uy = 50.0 rad/s?> and wp =
0.01 s?)

P-LW Proposed VDDO-based controller with initial
input and large weight (ug = 50.0 rad/s? and wr =
1.0 s?)

P-WO Proposed VDDO-based controller without ini-
tial input and with small weight (uq = 0.0 rad/s?> and
wr = 0.01 s?)

VDDO  VDDO-based controller designed by (4)

VDDO-IR VDDO-based controller with input regular-
ization (6) and w, = 0.01 s>
Table I summarizes the differences between these controllers.
To qualitatively evaluate the orbit error £, we employed
the root-mean-square error (RMSE). In this letter, the RMSE
was computed from & of the last 2 s as follows:

1 AT U
NZTZ

*ic A, kEAT=t;—2

& (qr.i)

ey =

(x =W, WO), (10)

where g, ; is the state at the time kAT in the i-th locus. Aw
and Awo are the sets of trials including and not including the
computable trials that the state does not move from the initial
state, respectively, and both sets include the computable
results moving from the initial state. Ny and Nywo are the
numbers of trials in Aw and Awo, respectively.

B. Simulation result 1: Unit circle

First, we investigate the control performance when the

desired orbit is drawn as a unit circle represented as
E=0*+a*—1. (11)

As &y = 2090 = 20[39 and &, = 2a,w = 2afjw, a controller
(4) is designed as

1 2 242 2 2
u= 50w (2a99w + K(q) (056 + aZw?® — 1))
2
_ % K(q) [ 2,0 2 2
= _?39 ~ Salw (a56” + aZw® — 1), (12)

Although zero-division clearly occurs in (12) when w = 0,
it can be avoided by setting the gain as follows:

K(q) = K, (a,w)? >0, (13)

where K, > 0 is the gain parameter. By using the gain
design (13), the controller (12) can be rewritten as follows:

2
- _%

1
U 0 — §wa(a392 +a2w? — 1). (14)

af,
Note that the controller (14) corresponds to the modified van
der Pol equation [24].

We conducted the simulation using the condition K, =
10.0 s~!. Herein, we selected the gain such that P-SW
converges to the desired orbit around 1 s. Moreover, this
policy was applied to the other simulations. The resultant
phase portraits are shown in Fig. 3, and the time variation in
error is shown in Fig. 4. In both figures, red lines represent
the trajectories that are computable in a 5-s simulation. Table
IT presents the RMSEs of each controller in this case.

As illustrated in both figures, zero-division does not occur
in all controllers owing to (13). However, Fig. 3(e) shows
that the trajectories of VDDO-IR are trapped and stopped
in a region satisfying &, = 0; namely, w = 0 rad/s
because the input becomes smaller as the state approaches the
abovementioned region. Due to this trapping, both RMSEs
become larger as shown in Table II. Controllers, except for
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Fig. 3.

Simulation results of phase portraits for a desired orbit drawn as a unit circle. Red lines represent the results when the input u is computable in
the simulation period, and the black line represents the desired trajectory.
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Fig. 4. Simulation results of orbit error represented by |£| in the case of a unit circle.
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Simulation results of phase portraits for a desired orbit drawn as super-ellipse. Red lines represent the results when the input w is computable in
the simulation period, and the black line represents the desired orbit. Blue lines represent the results when the input is incomputable from the initial state.
Green lines represent the results that the input becomes incomputable during the simulation.
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Fig. 6. Simulation results of orbit error in the case of a super-ellipse. Red lines represent the results when the input is computable in the simulation

period. Blue lines represent the results that the input is incomputable from the initial state and the values in the graph are obtained from those initial
conditions. Green lines represent the results that the input becomes incomputable during simulation.

VDDO-IR, can converge to a state on a unit circle (11).

larger than that of P-SW because the previous input wuj_1
Moreover, the trajectories of those controllers are similar.

is prioritized by the large wr even if &, # 0. Additionally,
Meanwhile, as illustrated in Fig. 3(d), the result of VDDO the error ev of P_SW 15 alm(.)SF the same as that of VDDO.

has no trajectory from the initial state go = 0 = [0 O]T. Sim- Therefore, f(.)r the unlt c1¥“cle, it is validated .that the proposed

ilarly, as shown in Fig. 3(c), P-WO, the proposed controller controller yv1th an .1n1.t1a1 input and small.w.e.lght can converge

without ug, does not move from the initial state with wy = 0. to the desired orbit independent of the initial state.

This immobility accounts for the differences between ey and

ewo of these controllers in Table II. Compared with these ~C- Simulation result 2: Super-ellipse

results, the proposed controller with ug can converge to the

desired orbit, even in the above cases; consequently ey and

ewo have the same values.

We compared the abovementioned controllers for a super-
ellipse represented as follows:

Comparing Fig. 4(a) with Fig. 4(b), the error of P-LW is &= 10" + ™ -1, (15)
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Fig. 7. Simulation results of phase portraits for a desired orbit drawn as a spiric section. Red lines represent the phase portraits of the controllers, and
the black line represents the desired trajectory. Blue points denote the results that the input is incomputable from the initial state.
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Fig. 8. Simulation results of orbit error in the case of a spiric section. Red lines indicate the results when the input u is always computable in the

simulation period. Blue lines denote the results when the input « becomes incomputable in the simulation period, and the values in the graph are obtained
TABLE II
ROOT-MEAN-SQUARE ERROR OF SIMULATION AND EXPERIMENTAL RESULTS.

from those initial conditions.

Ellipse Super-ellipse Spiric section

€W ewo ew ewo €W ewo

P-SW 0.006  0.006 0.042 0.042 0.001  0.001

P-LW 0.096  0.096 0.234 0.234 0.015 0.015

Sim. P-WO 0.872  0.006 4.250 0.042 2.085 0.001
VDDO 0.200  0.005 321.363  321.363 0.218  0.001
VDDO-IR 2.155  2.203 35.518 39.425 4.109  3.959

Exp. P-SW 0.054 0.124 0.017

where n is a constant and is more than 2 in this letter. In
this case, the control input by (4) is represented as

= (18" + 12l = 1)),

~—

2 (gaw + K(q (16)

€ = nag ||0]|" ' sgn(0

)
€ = nag|lwl|" " sgn(w),

~—

where sgn(«) denotes the sign function. (16) indicates that
the zero-division occurs independently of the gain design
when w = 0 rad/s because n > 2.

We conducted the simulation under the condition that
K, = 10.0 s7! and n = 4.0. The resultant phase portraits
are shown in Fig. 5, and the time variation in error is shown
in Fig. 6. Similar to the case of the unit circle, trajectories
that are computable in the 5-s simulation are represented by
red lines in both figures. Blue and green lines represent the
results that become incomputable from the initial state and
the middle of the simulation, respectively. Table II presents
the RMSEs of each controller in this case.

As shown in Figs. 5(d) and 6(d), several trajectories of
VDDO diverge because of zero-division. This is because &gw
cannot cancel ¢,, even when using the gain design (13).
However, controllers, except for VDDO, show the red lines
in Figs. 5 and 6. Therefore, regularization is effective to avoid
zero-division.

Similar to the case of the unit circle, focusing on con-

trollers except for VDDO, the VDDO-IR and P-WO cannot
start from the initial state when £, = 0. Due to this
immobility, the difference between ew and ewo is observed
in Table II. Comparing P-SW with P-LW, P-LW exhibits
large errors due to the large weight. Therefore, the proposed
controller with an initial input and small weight shows the
best performance in the super-ellipse case.

D. Simulation result 3: Spiric section

Thirdly, we consider a spiric section to investigate the
control performance if the desired orbit has two loops and
cross points. The spiric section is illustrated by black lines
in Fig. 7 and is represented as follows:

€= (02 +@%)° —2C10° - 20,0% + G5, (I7)

where C7, C5, and C3 are dimensionless constants. In this
case, the control input by (4) is represented as

w= —Riu)(Rew—i-K(q)R), (18)

Ry = 4a9§(§2 + @ — 01)7
R, = 40,w(0° + 0% — C3).

Considering £, = 0, (18) becomes incomputable when w =
0 or 82 +@2 — Cy = 0. Between these conditions, the former
is avoidable if K is designed by (13); however, the latter
remains.
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We conducted the simulation with the condition K, =
100.0 s7%, Cy = 1.21, Co = 1.0, and C5 = 1.0. The
resultant phase portraits are shown in Fig. 7, and the time
variation in the trajectory error is shown in Fig. 8. Similar
to the abovementioned cases, we represented the trajectories
that are computable during the 5-s simulation by red lines
in both figures. Blue lines or points represent the results that
become incomputable from the initial state. Table II presents
the RMSEs of each controllers in this case.

As illustrated in Fig. 7(d), VDDO becomes incomputable
when 02 +©% —Cy = 0, as expected. Moreover, no trajectory
is formed through the inner loop, even when VDDO is
computable, because the resultant trajectories pass the outer
of the desired orbit. This trend is observed in the result
of P-LW. Meanwhile, P-WO and P-SW describe trajectories
through the inner loop, indicating that the proposed controller
with a small weight can pass near the entire points of the
desired orbit.

Focusing on the error shown in Fig. 8 and Table II,
VDDO exhibits the smallest error of ew. However, as
aforementioned, its result suffers from zero-division, and
then ew becomes large. Compared with the error except that
of VDDO, P-SW exhibits totally small errors. Therefore, P-
SW is the best controller for the spiric section.

V. EXPERIMENTAL RESULTS
A. Experimental setup

To investigate the performance of the proposed controller
in a real robot, we conducted experiments using the 1-DOF
robot presented in Fig. 1. As the joint axis corresponds to the
vertical axis, the robot dynamics is represented as follows:

. w

q= |: 171(7_ _ b(W)) :l ) (19)
where I is the joint inertia, 7 is the joint torque, and b(w)
is the friction term. To make (19) close to (1), we designed
7 as follows:

7= Tu+b(w), (20)

where % denote the identified value of * through preliminary
experiments. As friction remained slightly even when using
the friction compensation b(w), we re-tuned the gain K,
before each experiment to overcome the remaining friction.
By trial and error through preliminary experiments, the gains
for the unit circle, super-ellipse, and spiric section were set
to K, = 50.0 s~1, 100.0 s~!, and 200.0 s~!, respectively.
In the following experiments, we set the sampling interval
AT to 2 ms.

B. Experimental results for each trajectory

First, we evaluated the control performance of P-SW for
the same orbits in Section I'V. In the experiments, the initial
states were set to go = 0, and the end time t; was set
to 10 s. The resultant phase portraits are shown in Fig. 9,
and the time variations in the error are shown in Fig. 10.
Additionally, the time variation in the normalized angle § is
shown in Fig. 11. As the simulation results indicate that ey

and ewo of P-SW are the same, we present only ewo in
Table II.

Unlike the simulation results, the resultant phase portraits
shown in Fig. 9 are affected by the angular velocity noise.
This noise is mainly attributed to the slight variation in
sampling time. Because of this noise, eywo of experiments
are larger than those of simulations. Fig. 9 shows that the
trajectory described by the proposed controller can start from
do = 0, similar to the above simulations. Moreover, the
resultant portraits converged to approximately the neigh-
borhood of each desired orbit. Furthermore, the result of
the spiric section, shown in Figs 9(c) and 11(c), indicates
that the resultant trajectory can go around the desired orbit
with overlapping loops. Therefore, the proposed controller is
available in a real robot.

C. Experimental result with human interaction

Finally, to investigate the restartable characteristic of P-
SW, we conducted an experiment including physical inter-
actions with a human. The desired orbit is the same spiric
section as that discussed in Section IV. During the experi-
ment, the human forcibly stopped the robot and released it
repeatedly.

Experimental results are illustrated in Fig 12. As shown
in Fig. 12, the human attempted to stop the robot four
times: from 5.0 to 7.3 s, 124 to 13.6 s, 194 to 21.4 s,
and 25.5 to 26.8 s. Fig.12(b) shows that the error increases
during these periods. As shown in Fig. 12(d), the input
values just before the robot stops are maintained until the
human releases the robot. After those stopping periods, the
robot restarts and converges to the desired orbit again. In
particular, the first period is almost in a state that causes
zero-division. Therefore, the proposed controller can restart
from unfavorable states.

VI. CONCLUSIONS

In this letter, we proposed a method to systematically
design a time-independent and computable controller based
on the virtual dynamics of the desired orbit. To ensure
computability even when the computation includes zero-
division, we applied the ZDA smoother to the computation of
the control input. The performance of the proposed controller
was investigated through simulations and experiments for a
unit circle, super-ellipse, and spiric section. These results
confirmed that the proposed controller could avoid zero-
division while approaching the desired orbits. Furthermore,
a physical interaction experiment showed that the proposed
controller enabled the robot to restart from an unfavorable
state and approach the desired orbits again.

In future studies, we will develop methods for obtaining
the desired orbit. Notably, to use the proposed design, the
desired orbit must be predefined as a formula. However, the
curve fitting, e.g., the spline function or NURBS[14], will
be used to relax this limitation. Additionally, the simulation
results indicate that the gain value relates to the desired orbit.
Therefore, gain tuning is another essential area of future
work. Moreover, we will expand the proposed design to other
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Fig. 9. Experimental results of phase portraits. The red lines are phase portraits of the controllers, and the black line is the desired orbit.
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Fig. 10. Experimental results of the time variation of orbit error.
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spaces such as the configuration or three-dimensional spaces.
In these spaces, unlike the phase space considered in this
study, the flow direction should be defined in addition to the
converging direction.

APPENDIX
A. Zero-division-avoidable smoother

The LPF is a well-known smoother of data such as
measurement or control input. A 1st-order LPF is represented
in the following discretized form:

_ wg 1

T T wr
where y is the output from the LPF, and z is the input to the
LPF. The subscript k& denotes the variable at the time kAT,
and AT is the sampling interval. wr denotes the weight that
determines the internal division ratio between vy and Ty ;.
(21) can be derived from the following evaluation function:

Yk T, 1)

1 1
E= 5(% — )+ §wF(yk — Yp—1)’. (22)
Considering the stationary condition of (22) for yx, gTEI; =0,

leads (21). Note that (23) is also known as the Tikhonov
smoother [25].

Now, let us consider a case in which zj is represented
as T, = a,;lbk using the variables a; and by. If ap = 0,
zero-division occurs in the calculation of x, and thus, (21)

Time [s]

(b) Super-ellipse

6 8 10 0 2 4 6 8 10
Time [s]

(c) Spiric section

Experimental results of the time variation of the normalized angle 6.

will be incomputable. To address this issue, the author has
previously proposed a filter that functions like a LPF even
when zero-division occurs [5], [23]. This filter is based on
the idea of (22) and is derived from the following evaluation
function:

1 1
E= §(bk —arye)® + swrys —yk—1)®. (23)

2
Similar to the derivation of (21), the stationary condition of
(23) for yy, leads to the following filter:

wr ar
= ——Yp_ ——bp. 24
Yk a%+wak 1+az+ka 24)
Obviously, yi is equal to yr—; when ay = 0 in (24).

Therefore, y;, is always computable, and we termed (24) the
zero-division-avoidable (ZDA) smoother. If a; # 0, (24) can
be rewritten as follows:

Wq, 1
B 1+wayk71 + 14+ w,

where w, = a,pr. (25) indicates that (24) is a 1st-order
LPF with time-variable weight. Furthermore, the larger the
value of |a|, the smaller the value of w,, and the closer y
is to xp = a;lbk.

Yk Tk, (25)
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