
IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 22, 2025 19051

MMD-OPT: Maximum Mean Discrepancy-Based
Sample Efficient Collision Risk Minimization

for Autonomous Driving
Basant Sharma , Graduate Student Member, IEEE, and Arun Kumar Singh

Abstract—We propose MMD-OPT: a sample-efficient approach
for minimizing the risk of collision under arbitrary pre-
diction distribution of the dynamic obstacles. MMD-OPT is
based on embedding distribution in Reproducing Kernel Hilbert
Space (RKHS) and the associated Maximum Mean Discrepancy
(MMD). We show how these two concepts can be used to define a
sample efficient surrogate for collision risk estimate. We perform
extensive simulations to validate the effectiveness of MMD-OPT
on both synthetic and real-world datasets. Importantly, we show
that trajectory optimization with our MMD-based collision risk
surrogate leads to safer trajectories at low sample regimes than
popular alternatives based on Conditional Value at Risk (CVaR).

Note to Practitioners—Autonomous Driving software stacks
have dedicated modules for predicting trajectories of the obsta-
cles(neighboring vehicles). Typically, these predictors provide a
set of possible future motions for the obstacles, each of which can
have different likelihoods of happening. Thus, a key challenge is
to reason about collision risk in a given scene based on predicted
trajectories, but without being overly conservative. For example,
treating each predicted trajectory as a separate obstacle, without
any attention to their likelihood, may not allow any feasible
motion to the ego-vehicle. Our work addresses this challenge by
proposing a probabilistic approach for modeling and minimizing
collision risk. Our core impact lies in improving sample efficiency:
that is assessing and minimizing collision risk based on just
a handful of predicted trajectories for a given obstacle. Our
approach can be easily integrated with any deep neural network
based trajectory predictors which have become the de facto
standard in autonomous driving industry. Our formulation easily
extends to applications like indoor navigation with mobile robots,
since human trajectory predictors have structural similarity with
those deployed in autonomous driving. A practical limitation of
our approach is that it requires additional computing power (in
the form of GPU accelerators) to achieve real-time performance.

Index Terms—Autonomous driving, planning under uncer-
tainty, collision risk, obstacle avoidance, motion planning.

I. INTRODUCTION

ENSURING collision avoidance between the ego vehicle
and the dynamic (neighbouring vehicles) obstacles is a
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fundamental requirement in autonomous driving. This in turn,
requires predicting the trajectories of the latter over a time
horizon. It is often difficult to predict just one deterministic
trajectory for the dynamic obstacles because of the uncertainty
associated with its intentions and the deployed sensors. Thus,
existing works [1], [2], [3] are focused on predicting a dis-
tribution of trajectories that can capture their various likely
motions.

The objective of this paper is to leverage the predic-
tions from off-the-shelf trajectory predictors in the best
possible manner for safe motion planning. Specifically, the
core emphasis is on developing a risk cost that captures
the probability of collision given trajectory predictions of
the dynamic obstacles. This collision risk cost can then
be minimized with any off-the-shelf optimizer along with
other costs associated with control, smoothness and lane
adherence.

A. Existing Gaps

There are two core challenges with regards to developing
a collision risk cost. First, the analytical form of prediction
distribution may be intractable or unknown. For example,
the state-of-the-art trajectory predictors like [1], [4], [5], [6]
characterize the predicted trajectory distribution in the form
of deep generative models that can be arbitrary complex with
multiple modes. Thus, existing collision risk derived from
chance-constraints under Gaussian uncertainty [7], [8], [9],
[10] become unsuitable.

Second, due to the complex nature of the predicted distri-
bution, we often just have access to samples drawn from it.
In such a case, the collision risk cost should be amenable to
sample efficient estimation. That is, it should capture the true
probability of collision with just a few samples of predicted
obstacle trajectories. The sample efficiency is also directly
related to computational run-time. The use of higher number
of predicted trajectory samples translates to an increase in
the number of collision checks between the ego and the
obstacles.

B. Contributions

In this paper, we propose MMD-OPT that has two novel
components: (i) a sample efficient surrogate for collision risk
cost that can work with arbitrary prediction distribution of
obstacle motions, (ii) a trajectory optimizer for minimizing
the developed surrogate cost.
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Fig. 1. The figure shows a scenario where an obstacle has multiple intents
(lane-change vs lane-following), each associated with a trajectory distribution.
However, both intents have wildly different probabilities. In this particular
example, the probability of lane-change is higher. For safe navigation, the ego-
vehicle needs to consider this multi-modal nature of obstacle trajectories while
planning its own motions. Our proposed approach estimates the more likely
samples (the reduced-set) from a set of obstacle trajectories sampled from an
unknown distribution. This allows us to plan probabilistically safe motions
while appropriately discriminating the low and high-probability obstacle
manoeuvres.

The foundation of our work is built around estimating
how different two given distributions are. For example, in the
case of Gaussian, this can be calculated using the Kullback-
Liebler (KL) divergence. However, computing the dissimilarity
between arbitrary distributions is often intractable. One pos-
sible workaround is to compute the difference between two
distributions in the Reproducing Kernel Hilbert Space (RKHS)
[11], [12]. Specifically, given only drawn samples, we can
represent the underlying distribution as a point in RKHS.
Moreover, the difference between the two embedding can be
easily captured by the so-called Maximum Mean Discrepancy
(MMD) measure.

1) Algorithmic Contribution: MMD-OPT uses the concept
of RKHS embedding and MMD in two novel ways which also
forms our core algorithmic contribution. First, given a set of
predicted obstacle trajectories, we embed the underlying distri-
bution of collision constraint residuals in RKHS. Subsequently
we define a collision risk surrogate as the MMD between the
RKHS embedding of collision constraint residuals and Dirac-
Delta distribution. The advantage of our MMD-based surrogate
is that we can systematically improve its sample efficiency by
leveraging the underlying properties of RKHS embedding and
MMD. To this end, we propose a bi-level optimization problem
that tells us which of the obstacle trajectory samples can be
disregarded without compromising the ability of our MMD-
based surrogate to capture the true probability of collision
(see Fig. 1). This in turn, reduces the number of collision
checks required to reliably produce safe trajectories and adds
to the overall sample and computational efficiency of MMD-
OPT. Finally, we propose a custom sampling-based optimizer
to minimize MMD-based collision risk surrogate along with
driving discomfort in the form of sharp accelerations and lane
boundary violations.

2) State-of-the-Art Performance: We empirically compare
planning with our MMD-based collision risk surrogate with

Fig. 2. The image shows that nonlinear reference paths (such as curvy roads)
are represented by straight lines on the s-axis in Frenet coordinates. However,
motions that do not exactly follow the reference path result in nonlinear
motions in Frenet coordinates. Instead, such motions result in an offset from
the reference path and therefore the s-axis, which is described with the d
coordinate.

that achieved using popular risk-cost alternatives derived from
Sample Average Approximation (SAA) [13] and Conditional
Value at Risk (CVaR) [14]. We show that our approach leads
to safer trajectories for a given number of samples of obsta-
cle trajectories. The difference is more prominent when the
underlying prediction distribution departs significantly from
the Gaussian form. We also demonstrate that our approach is
computationally fast enough for real-time applications.

C. Organization of the Paper

The paper is structured as follows: Section II defines
the motion model, formulates risk-aware trajectory optimiza-
tion, and introduces exact and sample-based collision risk
approximations. Section III provides an overview of RKHS
embeddings, kernel functions, and the Maximum Mean Dis-
crepancy (MMD) metric. Section IV presents MMD-OPT,
including an MMD-based risk surrogate, reduced-set selection,
bi-level optimization, and a sampling-based trajectory opti-
mizer. Section V discusses connections to chance-constrained
optimization, risk-aware planning, and RKHS applications.
Section VI details implementation, evaluates performance in
static and dynamic settings, compares MMD-OPT with CVaR
and SAA, and analyzes scalability. Section VII concludes with
key findings and future research directions.

II. PROBLEM FORMULATION AND PRELIMINARIES

Symbols and Notations Scalars will be represented by
normal-font small-case letters, while bold-faced variants will
represent vectors. We will use upper-case bold fonts to repre-
sent matrices. Symbol k will represent the discrete-time step
while T will represent the transpose operator.

A. Motion Model in Frenet Frame

We formulate trajectory planning of the ego-vehicle in
the road-aligned reference frame known as the Frenet frame
(Fig 2). In this setting, the curved roads can be treated as ones
with straight-line geometry. This is achieved by aligning the
longitudinal and lateral motions of the ego-vehicle with the
axes of the Frenet frame. Specifically, in Frenet coordinates,
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we use two variables, namely, s representing longitudinal
displacement or the distance along the reference path and d
representing the lateral displacement or perpendicular offset
from the reference path. The s coordinate starts with s = 0 at
the beginning of the reference path. Lateral coordinates on the
reference path are represented with d = 0. Depending on the
convention used for the Frenet frame, d is positive to the left
or right of the reference path.

We adopt the following bicycle model in the Frenet frame
for the ego-vehicle [15], where in the subscript k represents
the time-step.

sk+1 = sk + ṡk∆t, dk+1 = dk + ḋk∆t (1a)
ψk+1 = ψk + ψ̇k∆t, vk+1 = vk + ak∆t (1b)

ṡk+1 =
vk cosψk

1 − dkκ(sk)
, ḋk+1 = vk sinψk (1c)

ψ̇k+1 =
vk tan(θk)

B
− κ(sk)

vk cosψk

1 − dkκ(sk)
(1d)

where ψk is the heading of the ego-vehicle in the Frenet Frame
and B is the wheelbase of the car. The ego-vehicle is driven
by a combination of longitudinal acceleration ak and steering
input θk. The variable κ(sk) is the curvature of the reference
path at the longitudinal coordinate sk.

1) Differential Flatness: The motion model (1a)-(1d) is
differentially flat. That is, we can represent the control inputs
as a function of position and its derivatives. More precisely,
we have

vk =

q
(ṡk(1 − dkκ(sk)))2 + (ḋk)2, ak =

vk+1 − vk

∆t
(2)

ψk = tan−1(ḋk, ṡk), ψ̇k =
ψk+1 − ψk

∆t
(3)

θk = tan−1
�

(ψ̇k + κ(sk)ṡk)B
vk

�
(4)

Remark 1: Eqns.(2)-(4) is leveraged later in the paper
(Eqn. (32)) to express control costs over θk and ak in terms of
position-level trajectory (sk, dk) and their derivatives.

B. Risk-Aware Trajectory Optimization

Let τk represent the obstacle position at time-step k. Let
τ ∈ R2H denote the obstacle trajectory formed by stacking
time-stamped way-points over a planning horizon H. In the
stochastic case, τ is a random variable with distribution pτ.
With these notations in place, we can leverage differential
flatness to formulate risk-aware trajectory optimization directly
in the trajectory space as shown below:

min
s,d

c(s(q),d(q)) + r(s,d, τ) (5)

s.t. h(s(q),d(q)) = 0 (6)

g(s(q),d(q)) ≤ 0,∀k

s(q) = (s(q)
1 , s(q)

2 , . . ., s(q)
k , . . ., s(q)

H )

d(q) = (d(q)
1 , d(q)

2 , . . ., d(q)
k , . . ., d(q)

H ), q ∈ {0, 1, 2} (7)

The first term in the cost (5) minimizes some function
c(·) defined over the qth derivative of the position variable.
We can use the differential flatness property to roll any state
and control dependent cost into this term (e.g, see (32)).

The second term, r(·) models the collision risk of the ego-
vehicle colliding with the obstacle following the predicted
trajectory τ. Since obstacles move unpredictably, τ represents
a random variable, which can attain many potential instan-
tiations. The risk cost r(·) evaluates the likelihood of the
ego-vehicle’s planned motion intersecting with any of the
potential instantiations of τ. The equality constraints enforce
the initial and final boundary conditions on the planned ego
trajectory. The inequality constraints (7) model the different
kinematic and geometric constraints (e.g. lane boundary) that
need to be satisfied by the optimal trajectory. We provide the
exact mathematical form for these constraints in Section VI.

Remark 2: For ease of exposition, the problem formulation
(5)-(7) only considers the case of a single neighbouring vehicle
that acts as an obstacle to the ego-vehicle. Thus, we only have
one random obstacle trajectory τ. The extension to arbitrary
traffic density is trivial.

Remark 3: The Optimization (5)-(7) is solved under the
assumption that the probability distribution pτ of τ can be
arbitrary. But we can draw samples from pτ. Moreover,
sampling is relatively cheap compared to the computational
cost of estimating the risk r(defined below) from the predicted
samples of obstacle trajectories.

Remark 4: The Optimization (5)-(7) represents a single
instance planning problem. We can use the optimizer in a
receding horizon a.k.a the model predictive control setting by
solving (5)-(7) from the current state at each control cycle.

C. Exact Collision Risk

Let fk(sk, dk, τk) represent the collision constraint function
at time step k, such that fk ≤ 0,∀k ensures collision avoidance.
Then, we can define the worst-case collision-constraint value
(f ) in the following manner.

f (s,d, τ) = max
k

( fk(sk, dk, τk)) (8)

where we recall that τk = (so,k, do,k) is the position of the
obstacle at time-step k and is obtained from the trajectory
predictor. Stacking τk at different time steps gives us τ. There
are several ways to define fk(sk, dk, τk). In the most general
setting, this can be an unknown function derived from 3D
occupancy maps [16]. We can also derive an analytical form
for fk(sk, dk, τk) if we approximate the shape of the ego vehicle
and the neighboring vehicles in terms of geometric primitives
such as ellipses.

In the stochastic setting, when τ is a random variable, f
provides a distribution of the worst-case collision-constraint
value. Thus, using (8), we can define collision risk through
(9), wherein P denotes the probability.

r = P( f (s,d, τ) ≥ 0). (9)

The r.h.s of (9) maps the ego and the obstacle trajectory to
the probability that the worst-case collision-constraint value
is greater than zero and thus, indicating an imminent colli-
sion. Thus, minimizing r within (5)-(7) will produce safer
trajectories. However, the main computational challenge stems
from the fact that for arbitrary obstacle trajectory distribu-
tion, pτ, the r.h.s of (9) does not even have an analytical
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Fig. 3. Figure shows the distribution (p f ) of worst-case collision constraint
value (f ). The distribution (p f ) shows the distribution of collision-constraint
residuals. Note that by definition, the mass of p f lies to the right of f = 0.
We want the mass of p f to lie completely to the left of f = 0. Thus, the risk-
aware trajectory optimization is essentially finding the ego-vehicle trajectory
that reshapes the distribution of p f in appropriate form. Moreover, as the
mass of p f shifts to the left, the distribution p f converges to a Dirac-Delta
distribution.

expression. This necessitates the development of approxima-
tions/surrogates that can achieve a similar effect as r while
being computationally more tractable. This is discussed next.

D. Sample Approximation of Risk Metric

In this sub-section, we will use the samples of obstacle tra-
jectories to approximate r. We begin by defining the collision
constraint residual function f in the following manner

f = max(0, f (s,d, τ)) (10)

The f as defined in (10) maps the distribution over ego and
obstacle trajectories to a distribution over collision constraint
residuals. The relationship between the probability distribution
of f and f is shown in Fig. 3. Now, assume that we have access
to N samples of obstacle trajectories jτ,∀ j = 1, 2, . . .N drawn
from pτ. The different approximations of r revolve around
using the obstacle trajectories to obtain samples of f and
computing appropriate empirical statistics on them.

1) Sample Average Approximation (SAA) Risk Estimate:
A simple yet effective approximation of collision risk r (9)
can be obtained by simply averaging the collision constraint
residuals across different samples of the predicted trajectories
[13], [17]. That is we have

rS AA =
1
N

NX
j=1

I
� j f (s,d, jτ) > 0

�
(11)

where I(·) is an indicator function returning 1 when the
conditions in the operand are satisfied and 0 otherwise. In
essence, (11) minimizes the frequency of constraint violation
over the samples of predicted obstacle trajectories. Although
conceptually simple, estimates of the form (11) have proved
useful in the existing literature [13].

2) Conditional Value at Risk (CVaR) Based Risk Estimate:
An alternative sample approximation of collision risk can be
obtained by computing the empirical/sample estimate of CVaR

Fig. 4. Kernel mean embedding of probability distributions pδ and p f into
RKHS H.

of f , using the samples { j f } j=N
j=1 [14], [18], [19]. That is we

define the risk metric as

remp
CVaR = CVaRemp

α ( f ) (12)

where α is some tuneable parameter associated with CVaR.
We can follow the approach in [14] to compute CVaRemp

α ( f )

III. PRELIMINARIES ON KERNELS AND REPRODUCING
KERNEL HILBERT SPACE(RKHS)

This section introduces the concept of a kernel, feature
map and Reproducing Kernel Hilbert space (RKHS) which
forms the backbone of our approach MMD-OPT. For a detailed
exposition of these topics, refer [20].

A. Feature Maps and Kernels

Let X be a measurable input space. Consider a vector z ∈ X
and a non-linear transformation φ called feature-map. We can
use φ to embed z in the RKHS H([20] Section II-B) as φ(z).
A positive definite real-valued kernel function K : X ×X → R
is related to the feature map through the so-called kernel
trick K(z, z′) = 〈φ(z), φ(z′)〉H ([20] Definition 2.1), where
〈·, ·〉H is an inner product in H. Intuitively, the inner product
provides the distance between z, z′ in RKHS. The kernel trick
has the following implication: to compute the inner product
〈φ(z), φ(z′)〉H, we do not have to explicitly compute φ(z).
Instead, we just need to evaluate the kernel function over
the pair z, z as K(z, z′) and this will give us the required
inner product. We use the Laplace Kernel throughout our
implementation. It is given by:

K(z, z′) = exp
�
−
‖ z − z′ ‖1

σ

�
(13)

where ‖ · ‖1 denotes the l1 norm(also known as the Manhattan
or Taxicab norm). Here σ > 0 is a tuneable bandwidth
parameter.

B. From Data Points to Probability Distributions

We can generalize the concept of a feature map, kernel
function and RKHS embedding to work on probability dis-
tributions as well (see Figure 4). Let u be a random variable
with probability distribution pu. The RKHS embedding of u
(or pu) is given by the following.

µ[u] = Eu∼pu [φ(u)] = Eu∼pu [K(u, ·)] (14a)

=

Z
K(u, ·)dpu(u) (14b)

Essentially, (14a)-(14b) map probability distribution to a
function in RKHS. For arbitrary distribution pu, it is often
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Algorithm 1 Reduced-Set Selection and Weight and Kernel Parameter Optimization using Cross-Entropy Method (CEM)

intractable to compute the r.h.s of (14b). Thus, instead, we
can resort to the empirical estimate of the RKHS embedding.
Let ju be samples of u drawn from pu. The empirical estimate
of µ[u] is given by the following.

bµ[u] :=
NX

j=1

1
N
φ( ju) =

NX
j=1

1
N

K( ju, ·) (15)

1) Functions of Random Variables: We can extend the
concept of RKHS embedding to functions of random variables
as well. Let g(u) ∈ X → Z be an arbitrary function of a
random variable u with pg denoting the probability distribution
of g(u). Its RKHS embedding µ[g] and its empirical estimate
µ̂[g] is given by

µ[g] = Eu∼pu [φ(g(u))] = Eu∼pu [K(g(u), ·)] (16a)

=

Z
K(g(u), ·)dpu(u), (16b)

bµ[g(u)] :=
NX

j=1

1
N
φ(g( ju)) =

NX
j=1

1
N

K(g( ju), ·) (16c)

Note that K in the above expressions (16a)-(16c) is the same
as that used in (15).

One of the attractive features of RKHS embedding is
that when constructed with characteristic Kernels (Gaussian,
Laplacian, etc.), it can capture information about mean and
moments of u and g(u) up to infinite order. Furthemore,bµ[u],bµ[g] are consistent estimators. That is they converge to
the true RKHS embedding as we increase the sample size
N. The RKHS embeddings bµ[u],bµ[g] are also tightly coupled
through the following theorem from [11].

Theorem 1: Suppose g is a continuous function and the ker-
nel functions are continuous and bounded. Then, the following
holds

if µ̂[u]→ µ[u], then µ̂[g]→ µ[g] (17)

The proof can be found in the Appendix of [11].

C. Maximum Mean Discrepancy and Improving Sample
Efficiency

One of the core applications of RKHS embedding lies
in quantifying similarity/difference between two probability
distributions through a concept called Maximum Mean Dis-
crepancy (MMD) defined in the following manner.

Definition 1: Let u and ũ be two random variables with
probability distributions pu and pũ respectively. The MMD
between the two distributions is given by

MMD(pu, pũ) = ‖µ[u] − µ[ũ‖2H
= 〈µ[u] − µ[ũ], µ[u] − µ[ũ]〉 (18)

where ‖(.)‖H is the RKHS norm and can be expressed through
inner products, which in turn can be evaluated using the Kernel
trick. The distribution pu and pũ are same if and only if
‖µ[u] − µ[ũ‖2H = 0 [11], [21]. Typically, it is intractable to
obtain the exact MMD and thus, we resort to its empirical
estimate given by the following

MMDemp(pu, pũ) = ‖µ̂[u] − µ̂[ũ‖2H (19)

IV. MAIN ALGORITHMIC RESULTS

This section presents our main algorithmic contributions. An
overview of our approach is shown in Fig. 5. The cornerstone
of our work is the reduced-set selection (Alg. 1) which allows
us to use only a subset of predicted obstacle trajectories to
compute our MMD-based collision risk surrogate. This in
turn, drastically reduces the number of collision-checks that
we need to perform. The optimal reduced-set is then passed
to the downstream sampling-based optimizer (Alg. 2) wherein
we sample ego-vehicle trajectories in the Frenet-frame from
a Gaussian distribution and evaluate their associated costs
(including collision risk). The sampling distribution is updated
in an iterative fashion to drive the costs down at each iteration.
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Fig. 5. Overview of MMD-OPT. It consists of two main parts. The first part is the so-called reduced-set algorithm that tells us which obstacle trajectories can
be discarded without compromising the ability of our MMD-based surrogate to capture the collision risk in a given scene. The second part is a sampling-based
optimizer the minimizes the MMD-based collision risk cost. Our sampling based optimizer also consists of novel components that exploits the problem
structure for computational efficiency.

Algorithm 2 Sampling-Based Optimizer to Solve (5)–(7) With
remp

MMD as the Risk Cost

In the next few sub-sections, we present the different
components from Fig. 5. We begin by presenting our surrogate
for collision risk.

A. Collision Risk as Difference of Two Distributions

The distribution of f and f , denoted by p f and p f respec-
tively, cannot be characterized analytically, even if we assume
that the predicted trajectory of the neighbouring vehicle is
drawn from a Gaussian distribution. In general, pτ can be
arbitrarily complex, making it even more challenging to make
any assumption on the nature of p f and p f . However, we can
intuitively reason about some desired characteristics that the
latter two distribution should have.
• As shown in Fig. 3, we want to shift the mass of

distribution p f to the left of f = 0. The higher the mass
is to the left of f = 0, the lower the risk r = P( f ≥ 0).

• As the mass of p f gets shifted to the left of f = 0, p f
converges to a Dirac-Delta distribution pδ. This follows
directly from the definition of f in (10).

• We can re-imagine risk-aware trajectory optimization as
the problem of finding the optimal ego vehicle trajectory
(s,d) that re-shapes p f to look similar to a Dirac-Delta
distribution. This, in turn, would ensure that the mass of
p f gets shifted to the left of f = 0.

Based on the above insights, we propose the following novel
surrogate for collision risk

rMMD = MMD(p f , pδ) =


µ[ f ] − µ[δ]



2
H (20)

where µ[ f ] is the RKHS embedding of f (or p f ) defined in
the following manner

µ[ f ] =

Z
K( f , .)dp f ( f ), bµ[ f ] =

NX
j=1

1
N
φ( j f ) (21)

It is connected to the RKHS embedding of obstacle trajec-
tory distribution pτ defined as:

µ[τ] =

Z
K(τ, .)dpτ(τ), bµ[τ] =

NX
j=1

1
N
φ( jτ) (22)

Similarly, µ[δ] is the RKHS embedding of a random variable
δ ∼ pδ. As rMMD decreases, p f becomes similar to pδ. In the
limiting case, as rMMD → 0, the distribution p f → pδ and
consequently P( f ≥ 0)→ 0.
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Since the true rMMD is intractable to compute for arbitrary
pτ, we will be working with the following empirical estimate-
computed through sample-level information

remp
MMD =



µ̂[ f ] − µ̂[δ]


2
H (23)

Remark 5: By Theorem 1, µ̂[τ]→ µ[τ] implies µ̂[ f ]→ µ[ f ]
and consequently remp

MMD → rMMD

Remark 6: We can approximate pδ through a Gaussian
N (0, ε), with an extremely small covariance ε (≈ 10−5).

1) Finite Sample Guarantees: A key advantage of remp
MMD

is that it inherits the excellent convergence and finite sample
guarantees associated with RKHS embedding and MMD.
Specifically, how far remp

MMD is from the true rMMD can be
quantified by the following Theorem that is a direct application
of the result presented in [12].

Theorem 2: Let f , δ be the collision constraint violation
and Dirac-Delta random variables respectively. Let p f , pδ be
the respective probability distributions of f and δ. Given
samples X := { j f } j=N

j=1 and Y := {δ j}
j=N
j=1 i.i.d from p f and

pδ, respectively, and assuming 0 ≤ K(ξ1, ξ2) ≤ co,∀ξ1, ξ2 and
some constant co, then:

PX,Y

n
|remp

MMD − rMMD| ≤ 2
�

2(co/N)
1
2 + ε

�o
> 1 − exp

�
−ε2N
4co

�
(24)

where PX,Y denotes the probability over the N-sample X and Y,
and ε > 0 is an arbitrary parameter controlling the probability
bound. K(x, y) denotes the kernel function.

Theorem 2 ensures that as the sample size N increases,
the probability that the absolute difference between remp

MMD and
rMMD tends to a small value approaches 1. In other words, with
increase in samples, not only the estimate remp

MMD improves, the
stochasticity or the variance associated with it also reduces. In
Section VI, we show Theorem 2 directly translates to lower
worst-case collision-rate with remp

MMD as compared to remp
CVaR and

rS AA.

B. Advantages of rEmp
Mmd as a Collision Risk Surrogate

Just like rS AA (Eqn. (11)) and rCVaR (Eqn. (12)), our
remp

MMD also requires evaluating the collision constraint residual
function f over predicted obstacle trajectories. This can be
computationally intensive if the collision checks are expensive.
The key feature that differentiates remp

MMD from rS AA and remp
CVaR

is that we can use the tools from RKHS embedding and
MMD to systematically improve its sample complexity. In
other words, we can use only a subset N′ � N of the predicted
obstacle trajectories to evaluate f and yet incur only minimum
degradation in estimation of remp

MMD. We call this subset as
reduced-set following the notation from [11] and [12].

Let lτ′, l = 1, 2, 3, . . .N′ be the reduced-set formed by sub-
selecting N′ samples out of N samples of τ. Moreover, let us
attach weights lβ with every lτ′ such that

P
l

lβ = 1. Let l f ′
be the samples of f evaluated on lτ′. The empirical RKHS
emebeddings of pτ and p f computed using lτ′ and l f ′ are
given by:

µ̂[τ′] =
X

l

lβφ(lτ′), µ̂[ f ′] =
X

l

lβφ(l f ′) (25)

Now, [11] showed that Theorem 1 can also be leveraged to
ensure that if µ̂[τ′] is close to µ̂[τ] in MMD metric, then µ̂[ f ′]
will be close to µ̂[ f ] in the same metric. Consequently, remp

MMD
computed using µ̂[ f ′] which requires N′ predicted obstacle
trajectories will be closer to that computed using µ̂[ f ] on the
larger set of N samples. Alternately, if we reduce the sample
size in a way that we minimize ‖µ̂[τ′] − µ̂[τ]‖2H, the loss of
accuracy in estimation of remp

MMD will be minimal. In the next
sub-section, we present several ways by which this can be
achieved.

C. Reduced-Set

There are three ways to minimize ‖µ̂[τ′] − µ̂[τ]‖2H. First, we
can choose the reduced-set in a careful manner. Second, we
optimize the values of lβ. Finally, we can also the choose the
right set of kernel parameters σ. In the subsequent subsec-
tions, we first present a simple method that adopts only the
second approach and is a straightforward application of [11].
Subsequently, we present our key result that adopts all three
ways to minimize ‖µ̂[τ′] − µ̂[τ]‖2H.

1) Fixed Reduced-Set, Optimal Weights: In this approach,
we assume that the N′ reduced-set samples lτ′ are simply a
random sub-selection from N samples of τ. We then optimize
the weights of the lτ′ through the following optimization
problem.

min
lβ






 1
N

i=NX
i=1

φ(iτ) −
l=N′X
l=1

lβφ(lτ′)







2

H

(26a)X
l

lβ = 1 (26b)

Using the kernel-trick, optimization (26a)-(26b) can
be rephrased as an equality-constrained QP. Essentially,
(26a)-(26b) can be seen as distilling the information from a
significantly larger sample set of predicted obstacle trajectories
to the reduced-set by re-weighting the importance of the
samples of the latter.

2) Optimal Reduced-Sets, Weights and Kernel Parameters:
In this approach, we simultaneously optimize the selection
of the reduced-set, the weights of its individual samples and
kernel parameters. Our approach takes the form of a bi-level
optimization (27a)-(27c), wherein O is a matrix with N rows,
each containing a sample of τ drawn from pτ.

min
λ,σ






 1
N

i=NX
i=1

φ(iτ) −
l=N′X
l=1

lβ∗φ(lτ′)







2

H

(27a)

Fλ(O) = (1τ′,2 τ′, . . .,N
′

τ′) (27b)

lβ∗ = arg min
lβ






 1
N

i=NX
i=1

φ(iτ) −
l=N′X
l=1

lβφ(lτ′)







2

H

s.t.
X

lβ = 1 (27c)

In (27a)-(27c), Fλ is a selection function that chooses N′

rows out of O to form the reduced-set. It is parameterized
by λ. That is, different λ leads to different reduced-set. We
discuss the algebraic form for Fλ later in this section. But, it
is worth pointing out that if we fix λ and consequently Fλ (e.g
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Fig. 6. Validation of performance of Alg. 1. Fig. (a) shows the progression of outer-level cost (27a) across iterations. Fig. (b) validates the efficacy of our
optimal reduced-set selection. We sampled different random reduced-sets and computed the average, minimum and maximum of MMD ‖µ̂[τ′] − µ̂[τ]‖2H. As
shown in Fig. (b), our optimal reduced-set leads to an ‖µ̂[τ′]− µ̂[τ]‖2H that is very close to what can be achieved by exhaustively trying out different randomly
selected reduced-set. Fig. (b) validates our hypothesis based on Theorem 1 and insights from [11]. As µ̂[τ′]→ µ̂[τ], the MMD ‖µ̂[ f ]− µ̂[ f ′]‖2H → 0. We can
once again observe that our optimal reduced-set performs close to the best-case performance than can be hoped to be achieved by trying-out different random
reduced-sets. Fig. (c) verifies that our optimal reduced-set selection ensures minimal loss in estimation of remp

MMD while reducing the sample size. To this end,
we computed ∆rMMD through (29) which captures the estimation error between remp

MMD computed over a large set and the smaller reduced-set. As can be seen,
remp

MMD computed over the optimal reduced-set samples perform close to the average performance that can be achieved by exhaustively trying out different
random choices of the reduced-set. It should be noted that in real-world setting, exhaustive sampling is not possible and our bi-level optimization (27a)-(27c)
provides a one-shot solution that is as good as exhaustive sampling in expectation.

just a random λ) and the kernel parameter σ, then we recover
the earlier approach described in (26a)-(26b).

As can be seen, the inner optimization (27c) is defined over
just the weights lβ for a fixed λ and kernel parameter σ. The
outer optimization in turn optimizes in the space of λ and
kernel parameter in order to reduce the MMD cost associated
with optimal lβ∗. Our bi-level approach provides two pronged
benefits. First, it gets rid of the variance associated with
randomly selecting the reduced-set. Second, our approach
leads to µ̂[τ′] that has lower MMD difference from µ̂[τ]
as compared to that achieved from the previous method of
Section IV-C1. This in turn, improves the embedding of µ̂[ f ′]
and consequently the estimate of remp

MMD.
a) Selection Function Fλ: Let λ ∈ RN be an arbitrary

vector and λt be its tth element. Assume that |λt | encodes the
value of choosing the tth row of O to form the reduced-set.
That is, the larger the |λt |, the higher the impact of choosing
the tth row of O in minimizing (27a). With these constructions
in place, we can now define Fλ through the following sequence
of mathematical operations.

S = Argsort{|λ1|, |λ2|, . . .|λN |)} (28a)
O′ = [Ot1 ,Ot2 , . . .,OtN ],∀te ∈ S (28b)

Fλ(O) = O′tN−N′ :tN
= (1τ′, 2τ′, . . ., N′τ′) (28c)

As can be seen, we first sort in increasing value of |λt | and
compute the required indices te. We then use the same indices

to shuffle the rows of O in (28b) to form an intermediate
variable O′. Finally, we choose the last N′ rows of O′ as our
reduced-set in (28c). Intuitively, (28a)-(28c) parameterizes the
sub-selection of the rows of O to form the reduced-set. That
is, different λ gives us different reduced-sets. Thus, a large part
of solving (27a)-(27c) boils down to arriving at the right λ.
We achieve this through a combination of gradient-free search
and quadratic programming (QP). We present the details of
our approach next.

b) Solution Process: Our approach for solving
(27a)-(27c) is presented in Alg. 1 that combines gradient-free
Cross-Entropy Method (CEM) [22] and QP. The input to the
algorithm is the set O and the required size of the reduced-set
N′. The output is the reduced-set samples, their weights and
the optimal kernel parameter σ. Alg. 1 begins by initializing
a Gaussian distribution (Line 2) with mean νe and covariance
Σe at iteration e = 0. The loop defined between lines 3-15
is the outer CEM optimizer. At each iteration of CEM, we
sample ncem batch of λ and σ. Note that the dimension of λ is
equal to the number of obstacle trajectory samples contained
in O. Subsequently, between Lines 7-12, we loop through
each sampled mλ and mσ and use them to formulate and
solve the inner optimization problem. First, we use Fλ(O)
as defined in (28a)-(28c) to obtain the reduced-set samples.
These are then used to solve optimization (27c) along with mσ
as the kernel parameter to obtain lβ∗. At line 10, we compute
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the optimal MMD resulting from our choice of lτ′ samples,
lβ∗ and mσ and append it to our cost-list. Lines 13-14 refines
the sampling distribution of the outer loop. We select the top
nelite samples of mλ and mσ that led to the lowest MMD cost
and call it the EliteSet. Line 14 estimates the empirical mean
and covariance over the mλ and mσ contained in the EliteSet.
Alg. 1 uses GPU parallelization to achieve computational
efficiency. Specifically, the inner QP loop in lines 7-12 can
be performed in parallel over different m. Moreover, we
also leverage the fact that the equality constrained QP (27c)
have a closed-form solution. Fig. 6 validates the efficacy of
Alg. 1 in solving (27a)-(27c): the outer-level cost gradually
decreases with iterations.

c) Validating the Efficacy of the Optimal Reduced-Set:
To empirically showcase the importance of our optimal
reduced-set, we sampled 500 obstacle trajectories to form O.
We then sub-selected N′ rows from it, either randomly or by
solving the bi-level optimization (27a)-(27c). We perform a
large number of random sub-selections to compute the average,
minimum and maximum of ‖µ̂[τ′] − µ̂[τ]‖2H. Moreover, we
compute the same MMD over the optimal reduced-set as well.

As can be seen from Fig. 6 (b), ‖µ̂[τ′] − µ̂[τ]‖2H over the
optimal reduced-set performs close to the best-case perfor-
mance that we can obtain by exhaustively trying out different
random reduced-sets. The performance difference is more stark
at lower N′. It should be noted that in real-world setting,
exhaustive search is prohibitive and thus, (27a)-(27c) provides
a computationally efficient one-shot solution. Fig. 6 (c) shows
that the advantages of optimal reduced-set translates to empiri-
cal embedding µ̂[ f ′] as well, with



µ̂[ f ] − µ̂[ f ′]


2
H being only

slightly inferior to the best-case value obtained with exhaustive
sampling of reduced-set. Fig. 6 validates our hypothesis that
minimizing ‖µ̂[τ′] − µ̂[τ]‖2H and



µ̂[ f ] − µ̂[ f ′]


2
H ensures min-

imal loss in the estimation of remp
MMD. To this end, we computed

∆rMMD =

ˇ̌̌̌
ˇ̌








NX
j=1

1
N
φ( f

j
) −

NX
j=1

1
N
φ(δ j)








2

H

−






 N′X
l=1

βlφ( f ′
l
) −

N′X
l=1

1
N′
φ(δl)







2

H

ˇ̌̌̌
ˇ̌ (29)

The first term is the remp
MMD computed on the larger set of N

samples, while the second term is the same computed on the
smaller reduced-set. Like before, we constructed the reduced-
set either randomly or by solving (27a)-(27c). As shown in
Fig. 6, the ∆rMMD obtained with the optimal reduced-set is close
to the average error that can be achieved by exhaustively trying
different choices of the reduced-set.

d) Physical Manifestation of Optimal Reduced-Set: We
now present additional empirical analysis which sheds more
light into the concept of optimal reduced-set. Specifically,
we analyze if the obstacle trajectory samples contained in
the optimal reduced-set have a physical significance. To this
end, consider Fig. 7 which shows a synthetic multi-modal
obstacle trajectory distribution that spans two different lane-
change intents. This distribution was generated by sampling
set-points for lateral offsets (from the lane center-line) and

Fig. 7. The figures demonstrate the physical significance of the trajectory
samples used to form the optimal reduced-set. We generate a synthetic multi-
modal trajectory distribution that captures the different lane-change intents of
a dynamic obstacle (orange rectangle). More importantly, due to our specific
generation procedure, we know the approximate probability of each lane-
change intent. When Alg. 1 starts, the optimal reduced-set in the first iteration
consists mostly of the less likely samples due to the random initialization of
the Gaussian distribution from which λ is sampled. For example in the
left figure, the reduced-set samples are mostly formed by the left lane-
change maneuvers which is less likely. But as Alg. 1 makes progress,
the composition significantly changes. For example, in the right figure, the
majority of the reduced-set samples switch from left-lane to the right-lane
maneuvers. Thus, by just minimizing MMD between two sets of trajectory
samples, Alg. 1 is able to implicitly infer which trajectory samples are
more likely and accordingly split the composition of the optimal reduced-
set between the less and more likely samples.

forward velocity from a binomial distribution and a Gaussian
Mixture Model respectively and mapping those to trajectory
distribution using the planner presented in Appendix A. Due
to discrete nature of the lateral offset set-point distribution, we
can approximately infer which of the lane-change maneuvers
of Fig. 7 are more likely. We now apply Alg. 1 to choose a
subset of trajectory samples to form the optimal reduced-set.
We visualize the chosen samples in Fig. 7. As can be seen, at
the first iteration of Alg. 1, the optimal reduced-set is primarily
formed by less likely samples from the distribution. But as
Alg. 1 progresses and the outer MMD cost (27a) goes down,
the composition of the optimal reduced-set drastically changes.
Specifically, more samples of more likely trajectories are found
in the optimal reduced-set at later iterations. In fact, the split
into more and less likely trajectory samples in the optimal
reduced-set closely follow the ground-truth probability. We
observed this trend consistently across all our simulations,
and we believe, it points to an interesting emergent behavior
in Alg. 1. To summarize, although, Alg. 1 does not use the
actual probability of a trajectory sample in any way, it finds
an implicit way of inferring the more likely samples by just
minimizing the MMD between two sets of trajectory samples.
This in turn, ensures that remp

MMD constructed on the optimal
reduced-set demonstrates excellent ability to capture collision
risk and thus lead to safer motions.

D. Trajectory Optimizer

We minimize (5) subject to (6)-(7) with remp
MMD as our risk

cost, through sampling-based optimization that combines fea-
tures from CEM [22], Model Predictive Path Integral (MPPI)
[23] and its modern variants [24]. This class of optimizers
operates by drawing at each iteration, a batch of ego-vehicle
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trajectories from a parametric distribution and evaluating the
cost over all of them. Subsequently, the cost values are used to
adapt the parameters of the sampling distribution for the next
iteration. Typically, these optimizer are used in unconstrained
setting. Thus, to account for inequality constraints (7), we
embed a projection optimizer into the sampling pipeline that
is responsible for pushing the sampled trajectories towards
feasible region (e.g lane boundary) before evaluating their cost.

Our proposed sampling-based optimizer is presented in
Alg. 2.1 The input to our algorithm is the allowable iteration
limit and the optimal reduced-set samples computed from Alg.
1. We leverage the problem structure by sampling trajectories
in Frenet-Frame. To this end, we first sample n behavioural
inputs bi such as desired lateral offsets and longitudinal
velocity set-points from a Gaussian distribution (line 4). These
are then fed into a Frenet space planner inspired by [25] in
line 6, effectively mapping the distribution over behavioural
inputs to that over trajectories. We present the details about the
Frenet planner in Appendix. The obtained trajectories are then
passed in line 7 to a projection optimization that pushes the
trajectories towards a feasible region. Our projection optimizer
is built on top of [26], [27] and can be easily parallelized over
GPUs. In line 8, we evaluate the constraint residuals over the
projection outputs (si,di). In line 9, we select top nc(< n)
projection outputs with the least constraint residuals. We call
this set the ConstraintEliteSet. In line 10, we form caug that
consists of the primary cost (5) augmented with the constraint
residual. In line 11-12, we append caug to the CostList. In
line 13, we extract the top nelite(≤ nc) trajectory samples form
ConstraintEliteSet that led to the lowest caug. We call this the
EliteSet. In line 14, we update the sampling distribution of
behavioural inputs based on the cost samples collected in the
EliteSet. The exact formula for mean and covariance update
is presented in (30a)-(30b). Herein, the constants γ and η
are the temperature and learning rate respectively. The notion
of EliteSet is brought from classic CEM, while the mean
and covariance update follow from MPPI [23], and [24]. An
important feature of Alg. 2 is we have effectively encoded long
horizon trajectories with a low dimensional behavioural input
vector samples bi. This, in turn, improves the computational
efficiency of our approach.

ν̃e+1 = (1 − η)ν̃e + η

Pi=nelite
i=1 ωi biPi=nelite

i=1 ωi
, (30a)

Σ̃e+1 = (1 − η)Σ̃e + η

Pi=nelite
i=1 ωi

�
bi − ṽe+1

� �
bi − ṽe+1

�TPi=nelite
i=1 ωi

(30b)

ωi = exp
−1
γ

�
caug (si,di)

�
(30c)

E. Extension to Multiple Obstacles

We follow a very basic approach for extending our planning
pipeline to multiple obstacles. For each obstacle, we compute
individual optimal reduced-sets and kernel parameters through

1We use right subscript to denote ego trajectory samples generated at each
iteration of Alg. 2 and left superscript to denote obstacle trajectories sampled
from the trajectory predictor.

Alg. 1. Since each obstacle computation is decoupled from the
others, this step can potentially be parallelized. In Alg. 2, we
compute remp

MMD for each obstacle and add them to estimate the
total collision risk.

V. CONNECTIONS TO EXISTING WORKS

In this section, we connect our approach to current state-
of-the-art (SOTA), while also pointing out how we go beyond
them.For the ease of exposition, we have classified the related
works into specific categories.

A. Deterministic Approaches

Motion Planning is one of the most well-studied problems
in autonomous driving. A variety of techniques based on
potential-field based methods [28], spatio-temporal corridor
generation [29] and trajectory optimization [27] have been
proposed. A large section of the existing works including
those cited here assume a deterministic environment, where
the future trajectories of the obstacles/neighboring vehicles are
precisely known. However, such assumptions do not hold in
real-world setting as the intents of the other vehicles cannot
be known a priori.

Improvement over SOTA: Our proposed approach provides
a stronger safety guarantee in a more realistic setting where
the trajectories of the obstacles have a general structure in
the form of a probability distribution.

B. Chance Constrained Optimization

Instead of minimizing risk r (as defined in (9)), if we add
constraints of the form r ≤ ζ in (5)-(7), for some constant ζ, we
obtain the setting of chance-constrained optimization (CCO).
The core effort in CCO lies in computing tractable surrogate of
the chance-constraints. To this end, rS AA ≤ ζ, based on (11) is
one such potential surrogate used in works like [13]. Similarly,
a CVaR estimate defined over the collision constraint function
f (recall eqn. 8) is used in [18] as a substitute for chance-
constraints.

An alternative surrogate for chance-constraints namely the
so-called scenario approximations is also often used [30], [31],
[32], [33], [34]. Here r ≤ ζ is replaced with deterministic
scenario constraints of the form j f (s,d, jτ) ≥ 0, defined
with jth sample of obstacle trajectory prediction. Although
conceptually simple, scenario-approximation requires adding
a large number of constraints to the optimization problem
that can be computationally prohibitive. Moreover, as we
accommodate more scenario constraints, the overall solution
quality can drastically deteriorate [35].

Improvement over SOTA: Our approach can be seen as
a relaxation of CCO where we minimize risk instead of
constraining it to γ level. This alleviates the problem of
infeasibility in case γ is set too low. Moreover, our approach
puts no restriction in the underlying distribution of the uncer-
tainty, which in our case stems from the obstacle trajectory
prediction. In Section VI-G, we also show that our approach
outperforms baseline scenario approach for CCO.
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C. Risk-Aware Planning

Our work defines collision risk using the collision constraint
residual function f (recall (10)). A similar set-up can be found
in [14], wherein the authors used the empirical CVaR estimate
of f as a risk estimate. Authors in [36] define risk in terms of
spatio-temporal overlap of ego-vehicle and obstacle footprint
and severity of collision. It is simple to observe that f actually
captures the footprint overlap in space and time. Several other
risk metrics like time-to-collision [37] can also be used as
a risk metric. However, estimating it for a given complex
distribution of obstacle trajectories could be challenging.

Improvement over SOTA: One key differentiating feature
between our approach and all the above cited works is the
focus on sample complexity. In fact, we show in Section VI
that our collision risk remp

MMD can ensure safety with much fewer
number of samples of obstacle trajectories than existing risk
metrics based on CVaR and SAA.

D. RKHS Embedding for Stochastic Trajectory Optimization

There have been prior works that have also tried to leverage
some concepts from RKHS embedding and MMD for either
chance-constrained or risk minimization. The authors in [35]
use an MMD based rejection sampling to make the scenario
approximations of chance-constraints less conservative. A
recent work [38] uses the MMD to define ambiguity sets in
distributionally robust chance-constrained problems.

Improvement over SOTA: Our work departs from [35] and
[38] in a way that it constructs the risk surrogate itself on the
top of MMD. This opened the doors to leveraging the power of
reduced-set in a much more prominent manner than [35], [38].
Our current work extends [16], [39], [40], to simultaneously
optimize the reduced-set selection, weights of the individual
sample and the kernel parameters. Especially, in [39], the
reduced-set selection and weights optimization were decoupled
from each other with the kernel parameter being manually
tuned to a fixed value. Our current approach not only leads
to a better collision risk estimate but is also superior in terms
of the final trajectory quality.

VI. VALIDATION AND BENCHMARKING

This section aims to answer the following research questions
1) Q1: How is the sample efficiency of remp

MMD as compared
to CVaR and SAA estimate of collision constraint resid-
ual distribution? This is covered in Sections VI-C, VI-D,
VI-E

2) Q2: What is the improvement in sample efficiency
obtained by defining remp

MMD over an optimal reduced-
set as compared to randomly selected one? Refer to
Section VI-F

3) Q3: What is the scalability of remp
MMD based risk-aware

trajectory optimization with respect to the number of
obstacles (Section VI-J) ?

A. Implementation Details

We implemented our optimal reduced-set selection Alg. 1
and Alg. 2 in Python using JAX [41] library as our GPU-
accelerated linear algebra back-end. Our collision constraint

function fk is designed assuming that the ego-vehicle and the
obstacle are modeled as axis-aligned ellipses with size (a1, a2).
Thus, it has the following mathematical form

fk := −
(sk − so,k)2

a2
1

−
(dk − do,k)2

a2
2

+ 1 (31)

where τk = (so,k, do,k) is the position of the obstacle at time-
step k and is obtained from the trajectory predictor. Stacking
τk at different time steps give us τ.

The cost term c in (5) has the following form

c(s(q),d(q)) = cθ + cv + ca + clane (32)

with

cθ=wθ,1

X
k

max(0, |θk | − θmax) + wθ,2θ
2
k + wθ,3θ̇

2
k + wθ,4θ̈

2
k

(33)

The variable θk as defined earlier, is the steering angle.
Using the motion-model (2)-(4), we can express θk as a
function of the the first and second derivatives of the position
level trajectory. The different wθ,i are weights used to trade-
off the effect of the cost terms with respect to each other.
The derivatives of the θk are approximated through finite
differencing.

The cost, cv, ca, clane are defined as

cv =
X

k

(ṡk − vdes)2, ca =
X

k

(s̈2
k+d̈2

k ), clane =
X

k

(dk − ddes)2

(34)

where vdes, ydes is the desired longitudinal velocity and lane-
offset to be tracked by the ego-vehicle.

The equality constraints h(s(q),d(q)) = 0 from (6) have the
following components

(s0, ṡ0, s̈0) = (0, vx,init, ax,init) (35a)

(d0, ḋ0, d̈0, ḋH) = (dinit, vy,init, ay,init, 0) (35b)

where the r.h.s in (35a)-((35b) consists of the initial and
terminal values of position variables and their derivatives along
the axes of the Frenet-Frame.

The inequality constraints g(s(q),d(q)) ≤ 0 have the following
components.

dmin ≤ dk ≤ dmax,∀k (36a)q
ṡ2

k + ḋ2
k ≤ vmax,∀k (36b)q

s̈2
k + d̈2

k ≤ amax,∀k (36c)

The first inequality (36a) is the lane-boundary con-
straint. The parameters (dmin, dmax) are defined with respect
to the lane center-line or a reference path. The inequalities
(36b)-(36c) bounds the magnitude of the velocity and accel-
eration respectively.

1) Benchmarking Environments: We consider the following
collision avoidance scenarios for validating our approach as
well as comparing against existing baselines.

a) Static Obstacles: We consider a two-lane driving
scenario with static obstacles. We consider uncertainty in the
location of the obstacles and three different choices for its
underlying distribution: Gaussian distribution and Gaussian
Mixture Model with two and three modes.

Authorized licensed use limited to: University of Tartu Estonia. Downloaded on February 27,2026 at 11:36:04 UTC from IEEE Xplore.  Restrictions apply. 

IEEE Transactions on Automation Science and Engineering (T-ASE) paper, presented at ICRA 2026, Vienna, Austria. 



19062 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 22, 2025

Fig. 8. The top figure shows an ego-vehicle avoiding a uncertain static obstacles. The blue shaded region shows the uncertainty in the location of the obstacle.
The trajectory in red depicts the output from Alg. 2 at different iterations. The bottom figure shows the histogram of collision-constraint violation function f
across iterations. We also fit a KDE to the histogram to approximately represent p f . As can be seen, p f gradually converges to a Dirac-Delta distribution.

b) Dynamic Environments with Synthetic Trajectory Gen-
erator: In this benchmark, we consider a single dynamic
obstacle whose future trajectory has two modes representing
the different intents in its motions (e.g lane following or
change). Moreover, we also consider uncertainty within the
execution of each intent. We generate the trajectory distribu-
tion by sampling lane and desired velocity set-points from a
discrete and a tri-modal GMM respectively, and passing them
through the Frenet Space planner described in Appendix A.
The scenarios considered cover the typical conflicts observed
in autonomous driving.

c) nuScenes Dataset with Trajectron++ Predictor: In
this benchmark, we consider the driving scenarios contained
in the nuScenes [42] dataset. The scenarios cover a diverse
set of conflicts, e.g those arising in un-signaled intersections
(see Fig. 11). We use an off-the-shelf pre-trained trajectory
predictor Trajectron++ [1] to generate obstacle trajectory
distribution. The goal is to generate a safe trajectory for
the ego-vehicle that avoids the obstacle trajectory distribution
with high probability. Although originally meant for trajectory
forecasting, the NuScenes dataset has also been extensively
used to validate safe motion planning, including approaches
specifically based on risk-aware trajectory optimization [43],
[44].

2) Baselines and Benchmarking Protocol: We compare our
approach with two baselines obtained by just replacing our
remp

MMD with rS AA and remp
CVaR in the trajectory optimizer of Alg. 2.

Our aim is to primarily compare the effectiveness of each risk
cost at given sample size N′. Thus, to ensure that the planner
biases has no influence on the result, we ensure that optimal
trajectories resulting from the baselines and our approach

indeed achieve zero risk cost. For example, optimal trajectory
resulting from minimizing remp

CVaR would achieve remp
CVaR = 0

in all benchmarking examples. By adopting such a protocol,
we facilitate explicitly comparing the finite-sample estimation
error associated with each risk cost.

We split the sampled obstacle trajectories into two sets
namely: optimization and validation set. The former set con-
tains the trajectories from which we construct the remp

MMD
(including reduced-set computation), rS AA and remp

CVaR. The vali-
dation set trajectories are never seen by the planner. Moreover,
the number of trajectories in validation set are at least two-
orders of magnitude larger than the optimization set.

For our approach, we sample 100 obstacle trajectories and
then select N′ out of those as our reduced-set through Alg. 1.
We perform collision-checks along only N′ to estimate remp

MMD.
Since rS AA and remp

CVaR do not have any notion of reduced-set,
we directly sample N′ obstacle trajectories to estimate their
values.

3) Metrics: We primarily focus on the collision percentage
on the validation set which is computed as follows. We check
the computed optimal ego-trajectory for collision with each
obstacle trajectory sample in the validation-set and divide the
collision-free cases with the size of the validation set. We per-
form analysis for different sample size (N′) of the optimization
set. Thus, implicitly N′ is also one of our comparison metrics.

B. Qualitative Analysis of Risk-Aware Planning With rEmp
Mmd

Figure 8 shows the iteration-wise evolution of the optimal
trajectory resulting from our optimizer in Alg. 2 while using
remp

MMD as the collision risk cost. A static obstacle is placed
at an arbitrary position and we introduce uncertainty by
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Fig. 9. The figure shows the quantitative analysis (in the form of box plots) of collision rates achieved with different risk costs. We experiment with different
types of obstacle trajectory distribution and for each type, we perform analysis across different sample sizes. In the case of Gaussian distribution (a), and
N′ = 5, we observe that remp

MMD leads to a worst-case collision-rate that is two times lower than that achieved using rS AA. The performance gap between remp
MMD

and the other two baseline is more enhanced when the underlying obstacle trajectory distribution departs significantly from Gaussian. An example of this is
show in (b) that is based on bimodal obstacle trajectory distribution. We observe that remp

MMD leads to a worst-case collision-rate that is around five times lower
than that achieved using remp

CVaR/rS AA.

Fig. 10. The box plots show the lower collision-rate achieved by minimizing remp
MMD over the baseline risk cost rS AA and remp

CVaR for the dynamic obstacle
avoidance scenario involving multi-modal obstacle trajectories.

adding noise to its ground-truth position. As the iterations
progress, the optimal trajectory shifts away from the potential
obstacle locations making the trajectory increasingly safe. In
the histogram plot of constraint violations, we observe that
with each iteration, the probability of constraint violations
goes down and by the 10th iteration, the distribution p f of the
collision constraint violation function f has already converged
to the Dirac delta distribution pδ.

C. Benchmarking in Synthetic Static Environments

In this benchmark, we randomly generated, 100 different
obstacle configurations, each with 3 static obstacles. We
introduced noise in the positions of all the obstacles. Three
different types of noises were used: Gaussian, Bimodal GMM
and Trimodal GMM. The initial position of the ego vehicle
was fixed at the same value for all experiments. Similarly,
the initial velocity of the ego vehicle was chosen as 3m/s in
every experiment. We report the collision statistics (Number of
collisions of the optimal trajectory with the obstacle samples
from the validation set (recall Sections VI-A2 and VI-A3).

We present the qualitative results in the complimentary
video. The statistical benchmarking is presented in Fig. 9. The
following points are worth noting. First, the remp

MMD trajectories
show far lower number of collisions on the validation set than
that computed using remp

CVaR and rS AA risk costs at all sample
sizes. For example, under Gaussian noise, remp

MMD leads to a
worst-case collision-rate that is two times lower than that
achieved using rS AA. Second, the difference in performance
between remp

MMD and remp
CVaR/rS AA becomes more stark as the

underlying obstacle trajectories become increasingly more
multi-modal. This showcases the ability of remp

MMD to leverage
RKHS embedding of distributions to capture the underlying

probability distribution of obstacle trajectories and collision
constraint residual function p f with very few samples. Finally,
remp

MMD leads to fastest reduction in collision-rate with increase
in sample size.

D. Benchmarking in Synthetic Dynamic Environments

In this benchmark, we introduced a single dynamic obstacle
with uncertain multi-modal future trajectory. The quantita-
tive results are summarized in Fig. 10a-10c. We once again
observe that optimal trajectories obtained by minimizing remp

MMD
provides the best collision-avoidance performance across all
sample-size N′. In particular, while using N′ = 5 obstacle
trajectory samples, the median collision-rate achieved by min-
imizing remp

MMD is 3 times lower than that resulting from remp
CVaR

and rS AA. The performance difference shown in Fig. 10b, is
even more stark with remp

MMD demonstrating zero collisions on
the validation set.

E. Benchmarking on nuScenes Dataset Using Trajectron++

Predictor

We evaluated a total of 160 scenes in this dataset. Each
scene comes with a reference center-line and a designated
ego vehicle. Any vehicle other than the ego was treated as an
obstacle. We considered two settings namely, in-lane driving
and lane-change. In the former, the ego-vehicle needs to avoid
collisions by just changing the speed, while the latter allows
for the full set of maneuvers to the ego-vehicle. We report the
collision statistics in Fig. 12. We used Trajectron++ [1] as a
deep neural network based trajectory predictor. We observed
that for both scenarios (in-lane and lane-change), our approach
based on remp

MMD has the lowest worst-case collision-rate among
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Fig. 11. Risk-Aware trajectory planning in an unprotected intersection. The
blue trajectories show the trajectory predictions of the neighboring vehicles.
As can be seen, the predictions are highly multi-modal capturing different
driving intents. Typical ego-vehicle trajectories resulting from different colli-
sion risk costs are also shown. It can be seen that remp

MMD correctly understands
that the cyan-vehicle is more likely to turn left. Hence, it shows least deviation
from the recorded ground-truth (black), human-driven trajectory in the dataset.
In contrast, remp

CVaR and rS AA incorrectly puts more emphasis on the less likely
scenario of cyan vehicle turning right. As a result, the resulting trajectories
show a more deviation from the ground-truth trajectory.

all the approaches. The improvement is approximately two-
times in the lane-change scenario when using N′ = 25 samples
from obstacle trajectory distribution. The median collision-rate
for our approach and the baselines were zero.

A typical example of trajectories obtained in this benchmark
is shown in Fig. 11 which demonstrates an unprotected inter-
section. In this setting, the ego-vehicle must safely navigate
through cross-traffic while avoiding dynamic obstacles. Unlike
standard intersection maneuvers with dedicated traffic signals
or stop signs, an unprotected intersection requires the ego-
vehicle to make real-time decisions based on surrounding
vehicle behavior. The primary challenge in this setting is accu-
rately estimating the risk of collision while ensuring smooth
and efficient trajectory execution. As can be seen in Fig. 11
the ego-vehicle approaches the intersection while multiple
obstacles follow stochastic trajectories across its path. The
predicted trajectories cover multi-modal intents (e.g turn left
or right). The trajectories resulting from minimizing remp

MMD is
closest to the ground-truth (human-driven) recorded trajectory
in the same scenario. This in turn can be attributed to the
ability to remp

MMD to correctly identify (through its reduced-
set, recall Fig. 7) the more likely maneuvers. For example,
consider the cyan obstacle/vehicle. The predicted trajectories
cover both left and right turns. But the ground-truth motion
for the obstacle is the left turn maneuver and remp

MMD is able
to correctly give more importance to left-turn predictions. In
contrast, the rS AA, remp

CVaR show overly conservative maneuver
driven by the trajectory samples that predict right-turn for the
cyan obstacle.

Fig. 12. Comparing how well different risks remp
MMD, rS AA, remp

CVaR perform
on real-world datasets with Neural Network based trajectory predictors
(Trajectron++ [1] in this case). Typically, these predictors define a very
complex distribution over the possible trajectories of the neighboring vehicles
(obstacles). Hence, it is challenging to estimate the collision risk with a few
predicted samples drawn from the distribution. As can be seen, our surrogate
remp

MMD leads to optimal trajectories with lowest collision-rate in both in-lane
driving and lane-change scenarios.

F. Ablation Results

Fig. 13 performs an ablation when instead of using Alg. 1,
we form the reduced-set by random sub-selection (recall
Section IV-C1). It can be seen that constructing remp

MMD on
the optimal reduced-set leads to lower collision-rate across all
scenes. The difference between the random and the optimal
variant is particularly stark when the underlying trajectory
distribution is much more complex than a Gaussian. Moreover,
the variance in the collision-rate across the benchmarking
scenes is lower when using the optimal reduced-set.

G. Comparison With a Scenario Approach

Fig. 14 presents an ablation study in a dynamic obstacle
avoidance setting, comparing our approach to the classical
scenario approach for risk-aware planning. This approach boils
down to solving the following deterministic problem

min
s,d

c(s(q),d(q)) (37)

h(s(q),d(q)) = 0 (38)

g(s(q),d(q)) ≤ 0 (39)

fk(sk, dk,
jτk) ≤ 0,∀k, j (40)

The inequality constraints (40) enforces a deterministic
collision avoidance condition for the jth sampled obstacle
motions scenario jτk (recall Section II-C). We solve the
scenario approach with CasADi [45]. For a fair comparison,
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Fig. 13. Comparison of collision-rate achieved by minimizing remp
MMD constructed with the optimal and random reduced-set of size N′ = 5. The former

set-up leads to safer trajectories with a significantly better median and worst-case statistics. The difference is particularly stark when the obstacle trajectory
distribution departs significantly from a Gaussian.

Fig. 14. The box plots show the lower collision-rate achieved by minimizing remp
MMD over the noise-ignorant deterministic baseline for the synthetic dynamic

obstacle avoidance setting, involving multi-modal obstacle trajectories.

we impose as many obstacle avoidance constraints as the
reduced-set samples used in minimizing remp

MMD. The exact
mathematical form of the cost and constraints is provided
in Section VI. Fig. 14 demonstrates that minimizing remp

MMD
achieves significantly lower collision rates than the scenario
approach, underscoring the effectiveness of our approach in
handling multi-modal uncertainty, improving collision avoid-
ance, and enhancing planning robustness.

H. Impact of Using an Optimal Reduced-Set for Baselines

The baselines remp
CVaR and rS AA do not incorporate the concept

of a reduced-set, which is mathematically well-founded only
for remp

MMD. This distinction arises due to the kernel-based
distributional properties of MMD, as discussed in [20]. To the
best of our knowledge, no equivalent reduced-set formulation
exists for remp

CVaR or rS AA. However, for the purpose of fairness in
comparison, we conducted an additional ablation study on the
nuScenes dataset. In this experiment, we applied the optimal
reduced-set of obstacle trajectories—originally derived for
remp

MMD—to the computation of remp
CVaR and rS AA. The results,

presented in Figure 15, confirm that the introduction of the
reduced-set does not provide a significant advantage to these
baselines. This outcome is expected, as remp

CVaR and rS AA rely
on independent random sampling from the underlying obstacle
trajectory distribution, rather than optimizing over a subset

Fig. 15. Ablation study on the nuScenes dataset: Comparison of performance
of remp

CVaR and rS AA with and without the use of optimal reduced-set of obstacle
trajectories. The results show that the collision-avoidance performance of the
baselines remp

CVaR and rS AA remains largely unaffected with the introduction of
the optimal reduced-set, reinforcing the theoretical distinction between MMD-
based risk estimation and conventional risk metrics.

of the samples in a manner mathematically consistent with
remp

MMD. Consequently, while remp
MMD is bound to benefit from

the reduced-set formulation, the baselines remain largely unaf-
fected by this modification. This experiment further highlights
the theoretical distinction between MMD-based risk estimation
and conventional risk metrics such as CVaR and SAA.

Authorized licensed use limited to: University of Tartu Estonia. Downloaded on February 27,2026 at 11:36:04 UTC from IEEE Xplore.  Restrictions apply. 

IEEE Transactions on Automation Science and Engineering (T-ASE) paper, presented at ICRA 2026, Vienna, Austria. 



19066 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 22, 2025

Fig. 16. Dynamics bicycle model.

TABLE I
COMPUTATION TIME (IN SECONDS) VS NUMBER OF

REDUCED-SET SAMPLES

I. Risk-Aware Planning With Dynamics Model

Our proposed risk surrogate remp
MMD just requires the informa-

tion about the ego-vehicle and the obstacle motions. Thus, it
is agnostic to the actual motion model of the ego-vehicle. The
results shown in the previous subsection assumed kinematic
bi-cycle model. However, we can get similar results even if we
use a more complex dynamics for the ego-vehicle that includes
tire forces and side-slips. To further validate this assertion, we
adapted our Alg. 2 to work with the dynamics model derived
from [46], [47]. For comparison, we also minimized remp

CVaR and
rS AA under the same dynamics.

The results are summarized in Fig. 16 for the nuScenes
dataset with Trajectron++ as the trajectory predictor. As can
be seen, remp

MMD still outperforms remp
CVaR and rS AA, even when

the underlying motion model is more complex. The pattern is
very similar to what we observed in Fig. 12 for the bi-cycle
kinematic model.

J. Computation Time

Table I shows the computation time required for our
reduced-set optimization Alg. 1 and Alg. 2 for different sample

sizes on an RTX 3090 Desktop with 16 GB RAM. We report
the timing separately for Alg. 1 and 2. The former depends
on the number of obstacles and also on the size of the optimal
reduced-set (N′) that we want to construct. At any given N′,
Alg. 1 show almost linear growth in the computation-time
with respect to the number of obstacles. However, once Alg.
1 is done, the subsequent computation of estimating remp

MMD
for a given ego-vehicle trajectory can be suitably parallelized.
Hence the increase in computation-time for Alg. 2 with respect
to the number of obstacles is very minimal. The run-time
indicates that our approach can be used for fast re-planning in
a receding horizon fashion.

VII. CONCLUSION AND FUTURE WORK

Estimating and minimizing collision risk based on predicted
obstacle trajectories is one of the fundamental problems in
autonomous driving. Existing works have used techniques
like SAA (rS AA, Eqn. 11) and CVaR (remp

CVaR, Eqn. 12) to
estimate the collision constraint residual function (recall (10))
and define a risk surrogate conditioned on the ego-vehicle
and obstacle trajectories. Although effective, a key limitation
of these techniques is the lack of a systematic approach to
maximize their effectiveness at a given finite sample size.
To address this gap, we proposed using the MMD between
the distribution of collision-constraint residuals and the Dirac-
Delta distribution to model collision risk (remp

MMD, Eqn. 23).
The choice of our risk surrogate allows us to use the

notion of reduced-set to maximize its effectiveness at a given
sample size. In other words, the reduced-set enables selecting
only a subset of predicted obstacle trajectories to formulate
our risk surrogate while minimizing accuracy loss. However,
fully leveraging its potential requires moving beyond the
conventional approach of constructing reduced-sets through
random sub-selection [11]. Motivated by this, we proposed
a novel bi-level optimization method to construct reduced-sets
while ensuring minimal loss in downstream risk estimation. As
a byproduct, the bi-level optimizer also provides an optimal
kernel parameter.

We compared the effectiveness of remp
MMD, rS AA, and remp

CVaR
when used as a risk-cost in trajectory optimization. The
results show that remp

MMD significantly improves performance,
particularly at lower sample sizes. This improvement is
especially evident when the underlying prediction distribu-
tion deviates substantially from a Gaussian. Our findings
demonstrate the suitability of remp

MMD for use alongside large
neural network-based predictors, which induce unknown or
intractable distributions over obstacle trajectories. We also pro-
vided preliminary results on driving scenes from the nuScenes
dataset [42] using Trajectron++ as our trajectory predictor.

MMD-OPT is designed for real-time applicability while
improving sample efficiency for risk-aware planning. The
reduced-set selection mechanism keeps computational costs
manageable, and our GPU-accelerated implementation ensures
practical feasibility. Validations on nuScenes with state-of-the-
art trajectory prediction models further demonstrate MMD-
OPT’s effectiveness in handling dynamic, multi-obstacle
interactions. Though our current formulation just covers an
open-loop optimal planning, it can be trivially extended to
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a Model Predictive Control (MPC) setting by invoking the
planner (Alg. 2) at each control cycle. The fast computation-
times shown in Table I indicate that the resulting MPC can
run at around 50 Hz.

Our approach is not limited to autonomous driving, and
future efforts will focus on extending it to 3D drone navigation
and manipulation in cluttered environments. We also aim
to extend our MMD-based risk surrogate to model collision
risk under uncertain vehicle dynamics. Future work will also
focus on optimizing MMD-OPT for embedded systems and
extending its applicability to dense urban traffic environments.

APPENDIX

A. Frenet Planner

Let b = (bd, bv) be the lateral offset and desired velocity
setpoints. Our Frenet planner inspired from [25] boils down
to solving the following trajectory optimization.

min
X

k

cs + cl + cv (41a)

h(s(q),d(q)) = 0 (41b)

cs(s̈k, d̈k) = s̈2
k + d̈2

k (42a)

cl(dk, ḋk, d̈k) = (d̈k − κp(dk − bd) − κvḋk)2 (42b)

cv(ṡk, s̈k) = (s̈k − κp(ṡk − bv))2 (42c)

The first term cs(.) in the cost function (41a) ensures
smoothness in the planned trajectory by penalizing high
accelerations at discrete time instants. The last two terms
(cl(.), cv(.)) model the tracking of lateral offset (bd) and for-
ward velocity (bv) set-points respectively with gain (κp, κv).
The above optimization is an equality constrained QP that have
a closed-form solution.

B. Simplification of rEmp
Mmd Based On Kernel Trick

We expand equation (23) in the following manner

bµ[ f ′] −bµ[δ]


2
H = 〈bµ[ f ′],bµ[ f ′]〉 − 2〈bµ[ f ′],bµ[δ]〉

+ 〈bµ[δ],bµ[δ]〉 (43)

Substituting RKHS embeddings of f ′ (25) and δ ∼ pδ in
(43)

〈bµ[ f ′],bµ[ f ′]〉 = 〈

N′X
i=1

iβK(i f ′, ·),
N′X
j=1

jβK( j f ′, ·)〉 (44a)

〈bµ[ f ′],bµ[δ]〉 = 〈

N′X
i=1

iβK(i f ′, ·),
1
N′

N′X
j=1

K( jδ, ·)〉 (44b)

〈bµ[δ],bµ[δ]〉 = 〈
1
N′

N′X
i=1

K(iδ, ·),
1
N′

N′X
j=1

K( jδ, ·)〉 (44c)

where the computations are done over the reduced-set intro-
duced in Section IV-C. Substituting (44) in (43) and using the
kernel trick introduced in Section III-A, we can now derive an
optimization friendly expression for the r.h.s of (23) as follows

bµ[ f ′] −bµ[δ]



2
2 = CβK f ′, f ′C

ᵀ
β −2CβK f ′,δC

ᵀ

β
+CβKδ,δC

ᵀ

β
(45)

where Cβ and Cβ are weight vectors given by

Cβ =
�1β, 2β, . . ., N′β

�
,Cβ =

�
1
N′
,

1
N′
, . . .,

1
N′

�
and K f ′, f ′ ,K f ′,δ and Kδ,δ are kernel matrices defined as

K f ′, f ′ =

26664
K(1 f ′,1 f ′) . . . K(1 f ′,N

′

f ′)
K(2 f ′,1 f ′) . . . K(2 f ′,N

′

f ′)
...

. . .
...

K(N′ f ′,1 f ′) . . . K(N′ f ′,N
′

f ′)

37775

K f ′,δ =

26664
K(1 f ′, 0) . . . K(1 f ′, 0)
K(2 f ′, 0) . . . K(2 f ′, 0)

...
. . .

...

K(N′ f ′, 0) . . . K(N′ f ′, 0)

37775 ,Kδ,δ = 1N′×N′
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