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Abstract— This paper presents a novel approach to range-
based distributed cooperative localization (DCL) for robot
swarms in GPS-denied environments, relying solely on inter-
robot range measurements, specifically addressing the limita-
tions of current methods in noisy and sparse settings where
the geometric non-rigidity of the sensing graph creates flipping
(suboptimal) effects in the localization outcomes. We propose
a robust multilayered localization framework (DCL-Sparse)
that utilizes distributed 1-hop shadow edges (S1-Edge) to
address the non-rigidity problem and improve localization
convergence in sparse and noisy sensing graphs. Our approach
leverages the advantages of distributed localization methods,
enhancing scalability and adaptability in large robot networks.
We establish theoretical conditions for the new S1-Edge that
ensure solutions exist even in the presence of noise, thereby
validating the effectiveness of the new shadow edge localization.
Extensive simulation and real-world experiments confirm the
superior performance of our method compared to state-of-the-
art techniques, resulting in a reduction of up to 93% in the
localization error in DCL. These experiments demonstrate sub-
stantial improvements in localization accuracy and robustness
to sparse graphs. DCL-Sparse increases the localizability of
large multi-robot and sensor networks, offering a powerful
tool for high-performance and reliable operations in challenging
large-scale environments.

I. INTRODUCTION

Multi-robot systems (MRS) [1], [2] play a crucial role
in various real-world applications, such as urban search and
rescue, mining, exploration, and environmental monitoring.
In scenarios like search and rescue missions in disaster-
stricken areas, robots can be deployed to explore inaccessible
environments, such as collapsed buildings, dense forests, or
underwater cave systems, where human intervention is dif-
ficult or dangerous. Specifically, in urban search and rescue
scenarios, limited infrastructure, such as the absence of GPS
and reliable communication networks, makes human teleop-
eration impractical due to input lag and weak connectivity.
Under such conditions, robot teams must rely on distributed
approaches for cooperative localization, as the lack of exact
coordinate information in a global frame of reference poses
a major challenge [3], [4]. To overcome this challenge, the
team of robots must decide on a common coordinate frame
of reference and localize themselves in that new frame of
reference, which will help achieve subsequent multi-robot
tasks such as formation control, object manipulation, etc.

As noted in [5], [6], a generic globally rigid (GGR) graph
is a subtype of graph that has been used in works such as
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Fig. 1: Illustration of the proposed multi-robot cooperative localization in
a large-scale deployment scenario. Here, the links shown in “White” are the
edges of the sparsely-connected sensing and/or communication graph, in the
Ground Truth frame. The second figure depicts the estimates, where the line
in ’Red’ represents ‘flipping’ of estimates due to the sparse graph setting.
We add new ’shadow edges’ (depicted in “Blue”) from inferred information
to recover the relative locations (right figure).

[7] to evaluate the rigidity of the inter-robot connection for
applications in distributed approaches. In [5], the authors
provide a theoretical foundation for determining the rigidity
of network graphs. For a unit disk graph with a sensing
radius R in a unit square area, if R > 2

√
2
√

log(n)/n,
with n being the number of robots, then there is a very high
probability that the graph is guaranteed GGR. In scenarios
where the rigidity of the graph is insufficient(r < R(GGR)),
the network consensus may not converge, but may possibly
remain perpetually stuck at a local minimum [8], [9], [10].
This is also possible in rigidly connected graphs due to low-
edge connectivity. These issues are coined as the “flipping”
phenomenon [11], where a vertex can be reflected across
a face and still preserve the relative distance constraints
(inter-robot range measurements) of the graph. In MRS,
this scenario can occur if there is limited connectivity to
preserve bandwidth or if the formation size (that is, the
configuration of the robot positions) exceeds the maximum
range of the robot sensors. This “flipping” can be caused by
the ambiguity in the pose estimate of the neighboring robot,
causing the cooperative localization estimates to converge at
a local optimum, satisfying the edge constraints but not truly
representing the ground truth conditions.

Another limitation in multi-robot localization is sensor
noise in range measurements, which impacts the accuracy
of position estimates. This noise can lead to inaccurate pose
estimates, ultimately degrading precision and reliability. In
practice, localization algorithms may be sensitive to these
inaccuracies, potentially causing robots to converge on in-
correct solutions. This can exacerbate flipping issues even in
a GGR guaranteed graph, where the system may converge
to a local minimum due to noisy range measurements.

Contributions: To overcome the limitations of existing
methods in noisy and sparsely connected environments, we
introduce a novel range-based distributed cooperative local-
ization (DCL-Sparse) framework for robot swarms in GPS-
denied settings. Unlike previous approaches, which often rely
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on leader selection [12] or edge connectivity manipulations
through robot mobility [7], [13] and struggle with conver-
gence in non-GGR guaranteed graph formations, our method
introduces the S1-Edge approach. The S1-Edge technique
addresses the rigidity challenges of sparse graphs by con-
sidering shadow (virtual) 1-hop edges, improving structural
stability by utilizing the underlying inferred information. See
Fig. 1 for a pictorial representation of this deployment. This
framework preserves the distributed nature of the solution
and offers improved scalability and adaptability for large-
scale MRS. Theoretical analysis establishes bounds on the
gain coefficient for shadow edges, ensuring the algorithm’s
stability and accuracy in the presence of noise. Our con-
tribution is further validated through extensive simulation
experiments, demonstrating significant improvements in lo-
calization accuracy and robustness over state-of-the-art.

II. RELATED WORK

In the literature, cooperative localization has been ex-
tensively studied, with various methods proposed for MRS
[14], [15], [16], [8], [17], [18], [19]. Range-only sensors
practical means to aid MRS operations [20]. Recent ad-
vances in range-based localization techniques have leveraged
ultra-wideband (UWB) technology for inter-robot distance
measurement, providing omnidirectional sensing and long-
range capabilities. Several works have demonstrated the
feasibility of deploying UWB-based relative localization for
robot swarms in real world settings [21], [22]. In addition
to UWB, other technologies such as visual-inertial odometry
(VIO) [23], LiDAR-based detection [24], and radar sensing
[25] have been explored for relative localization. However,
despite these advances, challenges remain in ensuring accu-
rate localization in sparse networks where robots have limited
direct observations of their neighbors or anchors, leading to
potential inaccuracies. In addition, the mobility of robots has
been exploited in relative localization [26], [27].

The authors in [7] proposed variants of gradient-based
approaches for localization in geometrically rigid formations,
using stationary beacons for accurate position information.
However, these methods require multiple specialized robots
(or anchor nodes) and rely on a fully connected (GGR
guaranteed) graph, making them less practical in sparse
settings. Cao et al. [12] developed an algorithm in which a
leader and two reference robots are elected, and trilateration
is used to determine the coordinates. This method assumes all
robots can communicate with reference robots and may need
to re-elect a leader if outlier robots cannot communicate.
Our distributed controller operates effectively in scenarios
with limited connectivity, using range-only measurements to
achieve localization in sparse graphs.

Oliva et al. [28] proposed a localization method using
shadow edges to relax the global rigidity condition in unit
disk graphs. They introduced an algorithm with a necessary
and sufficient localizability condition, showing that shadow
edge localization can succeed where trilateration fails. Their
method, effective in noisy settings, localizes more nodes and
achieves lower localization error compared to trilateration,

particularly after recursive least squares post-processing. But,
their shadow edges are centralized and not limited to 1-
hop neighbors, which limits the distributed application. Sim-
ilarly, in [29], the authors proposed the InferLoc localization
method using an optimization-based cooperative localization
mechanism that exploits Binary Flipping Graphs (BFG),
which improved the localizability of a network. However, it
is a centralized approach by design, suffers from high com-
puting requirements for its optimization, and the necessity for
pre-computing the BFGs of a graph limits its applicability
in time-varying graphs. In contrast, our method uses a dis-
tributed implementation of shadow 1-hop edges, remedying
issues with non-rigid graphs, and improving convergence and
accuracy. Our approach ensures robust performance in noisy
conditions and scales effectively in large networks.

Park et al. [22] proposed a multilateration approach
for positioning UAVs using UWB ranging to address flip
ambiguity caused by planar anchor configurations. Their
method involves an algebraic solution, flip correction through
symmetric reflection, and nonlinear optimization, collectively
enhancing positioning accuracy. Their approach relies heav-
ily on precisely known anchor locations and assumes a
relatively low level of noise in the UWB ranging measure-
ments. However, most real-world deployments involve sensor
noise and dynamic obstacles that can degrade range sensor
performance, leading to inaccuracies in positioning.

Moreover, these strategies generally assume ideal geomet-
ric anchor arrangements and do not account for irregular
or sparse node distributions, which are often encountered in
practical UAV navigation scenarios. This limitation makes
their solution less robust for dynamic and complex envi-
ronments where robot placement cannot always conform
to a predefined configuration. Furthermore, some of these
methods incur nonlinear optimization, which suffers from
computational overhead, limiting the method’s real-time
applicability for UAVs operating in time-critical missions.
Our approach addresses these shortcomings by implement-
ing a distributed protocol without specialized nodes. This
provides a scalable and efficient solution for MRS operat-
ing in GPS-denied environments. Instead of adding sensors
or relying on dense sensing graphs, we introduce shadow
edges—structured virtual constraints derived from existing
1-hop neighbors that exploit local geometric consistency
without increasing the communication burden. This method
achieves stability in extremely constrained communication
environments while avoiding flipping, representing a notable
advancement in enabling practical MRS applications.

III. BACKGROUND AND PRELIMINARIES

Problem Statement: In this paper, we are concerned with
the relative localization problem with range-only measure-
ments z, which can be represented as follows. Let there be a
set of n robots, denoted by V = {v1, . . . , vn}, arranged in a
fixed formation, meaning a static configuration. The positions
of these robots on the Cartesian plane are given by the set
X = {x1, . . . , xn}, where each position is represented as xi,
indicating the coordinates of the ith robot. For an expected,
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time-invariant formation, the main assumption is that each
robot has a range sensor that can provide readings within
a limited range. Based on the unit disk sensing model, the
robots form a connected sensing graph G = (V,E), where
the edge set E is determined by the proximity of the robots
such that E = {(i, j) | ∥xi − xj∥ ≤ R}. Here, R represents
the sensing range, and the neighborhood of the robot i is
defined as Ni = {j ∈ V | (i, j) ∈ E}, consisting of all
robots within the sensing range of robot i.

Each robot is equipped with a range sensor that receives
(noisy) distance measurements of its neighbors. The problem
is to estimate the relative positions xi of all robots in a com-
mon reference frame using only these inter-robot distance
measurements. The following assumptions are made.

1) All nodes start with a random position estimate x̂i(0).
2) For a node i ∈ {1, 2, ..., n}, the neighbors of i can be

measured, and the node adjusts its position estimate
based on this information.

3) In the graph G, only the relative distance measure-
ments are available, and if a node i can detect its
neighbor j, then j must also be able to detect i.

4) If a robot can sense its neighbor, both can communicate
information. i.e., the communication range is ≥ the
sensing range R.

5) A network of n nodes is generic globally rigid (GGR)
if it is defined by a set of pairwise distance measure-
ments {dij} such that the configuration of the nodes is
unique up to global rigid transformations (translations
and rotations), and the deviation in distance measure-
ments is minimal, meaning that the network has a
minimum sensing range that ensures this rigidity.

A. Distributed Range-only Localization

Through local neighborhood communication, robots iter-
atively update their position estimates x̂i at τ to establish
a common coordinate frame of reference by sharing current
estimates and range sensor readings with the neighbors using
the following update rule [7]:

x̂i(τ + 1) = x̂i(τ) +
∑
j∈Ni

[
αΛij(τ) ·

(
x̂j(τ)− x̂i(τ)

)]
(1)

The gain for direct edges is denoted by α. The term Λij(τ)
represents the inconsistency at time τ between the range
sensor readings zij(τ) (measurable for (i, j) ∈ E) and the
current position estimates x̂i(τ) and x̂j(τ) at time τ , and is
the objective being minimized in this process to solve the
cooperative range-only localization problem.

Λij(τ) = ∥x̂j(τ)− x̂i(τ)∥2 − z2ij(τ) (2)

Previous localization approaches, such as the one described
in Eq. (1), face significant challenges with incomplete sens-
ing and the absence of direct communication between robots.
These limitations can result in inaccurate or unstable local-
ization estimates due to the reliance on direct measurements
and the assumption of a fully connected network. Such

Fig. 2: Localization of robots in a network with a unit disk graph where
the associated graph G is not GGR. Robots ri, rj , and rk , represented by
nodes vi, vj , and vk . Robot ri can detect robot rj , but cannot detect robot
rk (i.e., node vk is outside the dashed circle). The blue dotted line indicates
a potential shadow edge that might be formed between vi and vk . Based
on the distances dij and djk , upper and lower bounds for dik are defined.

assumptions are often impractical in real-world scenarios,
where sparse sensing results in “flipping” problems.

IV. DCL-SPARSE APPROACH

We address the limitations of the previous localization
approach outlined in Eq. (1) and propose a new algorithm
based on the concept of distributed shadow edges for sce-
narios with sparse direct sensing. A significant challenge
in this process is the issue of sparsity. Without a global
reference frame (GPS) the robots need to establish a reliable
communication network to ensure that they can accurately
localize themselves and one another. Connectivity issues can
complicate the process, as some robots may be out of range
or unable to communicate with others, leading to incomplete
or unreliable distance information. To address this challenge,
we introduce the concept of shadow edge localization. In this
context, certain edges—like the one depicted by the blue
dotted line in Fig. 2, are referred to as S1-Edges.

These S1-Edges help address sparsity issues (especially in
non-GGR graphs) by providing additional reference points,
aiding the robots in defining their local coordinate frame and
achieving more accurate localization.

Definition 1: Shadow 1-hop edge (S1-Edge): In graph G,
a Shadow 1-Hop Edge exists between a pair (i, k) /∈ E when
robot k is indirectly connected to robot i via an intermediate
node j ∈ Ni, where Ni is the set of 1-hop neighbors of i.
For robots i, j, and k, where j ∈ Ni and k ∈ Nj \Ni, the
distance dik =

√
d2ij + d2jk − 2dijdjk cos (δik)., where δik

is the angle between robots i and k connected at j. dik is
bounded by dupper

ik ≤ dik ≤ dupper
ik :

Upper Bound:dupper
ik = dij + djk,

Lower Bound:dlower
ik = max

(
R,

√
d2ij + d2jk

)
,

(3)

where dij and djk are the Euclidean distances between
consecutive robots that share an edge E. Note, the absolute
bounds for dik are R ≤ dik ≤ 2R.

The S1-Edge concept enables flexible distance estimation
between non-adjacent robots via intermediate nodes. The
upper and lower bounds provide key insights into accuracy
and feasibility. These bounds ensure reliable estimation when
direct measurements are unavailable, with the upper bound
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covering worst-case scenarios and the lower bound reflecting
the shortest geometric distance. This approach guarantees
convergence and stability in MRS, especially where main-
taining communication is critical. Limiting shadow edges
to 1-hop neighbors simplifies implementation and ensures
scalability in distributed frameworks.
Distributed Protocol Our algorithm is defined by the fol-
lowing update rule, which allows distributed utilization of
the S1-Edges integrated in the distributed protocol of (1).

x̂i(τ + 1) = x̂i(τ) +

∑
j∈Ni

[
αΛij(τ) ·

(
x̂j(τ)− x̂i(τ)

)

+

∑
k∈Nj/Ni

βSik(τ)Λik(τ)
(
x̂k(τ)− x̂i(τ)

)]
, (4)

The set of shadow S1-Edges represented as k ∈ Nj \ Ni,
representing shadow edges that are not in the direct neigh-
borhood set Ni of robot i and Sik represents the virtual
interaction between robot i and robot k (i.e., k /∈ Ni if |xi−
xk| > R). Note that Sik(τ) = 1 if the robot i and robot k are
within the range R of each other as per the current estimate
x̂(τ) (but they are not in reality); otherwise, it is set to zero.
The gain for shadow edges is denoted by β.

Note that Λik(τ) is not directly available as zik is not
measurable per the sensing graph G since (i, k) /∈ E.
However, we leverage the knowledge of the S1-Edge bounds
(3) we established earlier to obtain an estimate ẑik of the
virtual edge (i, k) by considering the bounds of dik using
the range measurements of (i, j) and (j, k) ∈ E, which are
available or shareable in 1-hop (distributed) manner per G.
The ẑik is calculated as

ẑupperik = (zij + zjk); ẑlower
ik = max(R,

√
z2ij + z2jk) (5)

Now, to use appropriate ẑik, we note the fact that the
objective for the DCL problem (1) and the extended DCL
with S1-Edges (4) is to minimize the inconsistencies (2)
for all edges (direct and shadows). Therefore, we obtain the
minimum of the bounds that reduces the inconsistency with
the current estimates, as given by

ẑik = argmin
ẑik={ẑupper

ik ,ẑlower
ik }

(|∥x̂i(τ)− x̂k(τ)∥2 − ẑ2ik(τ)|) (6)

Accordingly, we use Λik(τ) = ∥x̂i(τ) − x̂k(τ)∥2 − ẑ2ik(τ).
Here, the information about x̂k(τ) is communicated to
the node i by its 1-hop neighbor node j to realize the
algorithm as a distributed implementation. The S1-Edge
term

∑
k∈Nj/Ni

βSikΛik(x̂k− x̂i) is essential for improving
localization performance by leveraging additional virtual
connections, thus enhancing estimate accuracy in sparse and
poorly connected graphs. In other words, the S1-Edge term
significantly compensates for the lack of direct measurements
by incorporating indirect (virtual) connections. This iterative
process allows robots to achieve consensus, aligning their es-
timates with range measurements and establishing a common
reference frame for relative positioning. The whole process
is summarized in the pseudocode of Alg. 1.

Algorithm 1: Distributed DCL-Sparse Localization
Initialize:
V ← {v1, v2, . . . , vn} ← Nodes (robots)
X = (x̂1, x̂2, . . . , x̂n)← Initial position estimates (random)
G← (V,E)← Graph based on sensing range
α, β ← Gain factors
Main Loop:

for τ = 0 to max iterations do
Distributed protocol applied at each robot i

for each i ∈ V do
Information Propagation of Self + 1-Hop Estimates

for j ∈ Ni do
Send: x̂i, (zij , x̂j) ∀j ∈ Ni to j
Receive: x̂j , (zjk, x̂k) ∀k ∈ Nj from j
for j ∈ Ni do
Λij ← ∥x̂j − x̂i∥2 − z2ij
x̂i ← x̂i + αΛij(x̂j − x̂i)

for k ∈ Nj \Ni do
if ∥x̂i− x̂k∥ < R and ∃j ∈ Ni ∩Nk then
Λik ← ∥x̂k − x̂i∥2 − ẑ2ik
x̂i ← x̂i + βSikΛik(x̂k − x̂i)

A. Theoretical Analysis

DCL-Sparse leverages the information inferred from S1-
edges to achieve stability in localization despite sparse and
noisy sensing graphs. We present the main results.

Lemma 1: Consider the cost

V (x̂) =
∑

(i,j)∈E

ϕ(∥x̂i − x̂j∥ − dij), (7)

with ϕ ≥ 0 minimized uniquely at zero. If x̄ is a strict local
minimum of V not congruent to the true configuration x⋆,
then there exists at least one edge (i, j) ∈ E such that the
estimated displacement (x̄j − x̄i) is flipped with respect to
the true displacement (x⋆

j − x⋆
i ).

Proof: Suppose, for contradiction, that all edge orienta-
tions are preserved, i.e.,

(x̄j − x̄i)
⊤(x⋆

j − x⋆
i ) > 0, ∀(i, j) ∈ E. (8)

Consider the interpolation y(t) = (1− t)x̄+ tx⋆, t ∈ [0, 1].
For each edge (i, j) the scalar projection

sij(t) = (yj(t)− yi(t))
⊤(x⋆

j − x⋆
i ) (9)

is continuous in t and strictly positive at both t = 0 and
t = 1. Hence sij(t) > 0 for small t > 0, meaning each
estimated edge (yj(t)− yi(t)) moves closer to the true edge
direction.

Because x̄ ̸∼= x⋆, at least one distance error ∥x̄j − x̄i∥ −
dij is nonzero. Moving along y(t) strictly decreases at least
one such error while not increasing the others. Since ϕ is
minimized at zero and nondecreasing away from zero, this
yields

V (y(t)) < V (x̄) for small t > 0, (10)

contradicting the assumption that x̄ is a strict local minimum.
Therefore, some edge must violate the orientation condition,
i.e., a flip occurs.

Lemma 2: Let V ′(x̂) = V (x̂)+β
∑

(i,k)∈S ϕ(∥x̂i−x̂k∥−
dik), and let HV and ∆H denote the Hessians of V and the
S1-edge term, restricted to the nonrigid subspace. Let x̄ be

16399



a spurious local minimum of V with eigenvalue λmin > 0
and µmin = λmin(∆H(x̄)) < 0. At the true solution x⋆, let
λ⋆
min > 0 and M⋆ = ∥∆H(x⋆)∥. If

λmin

−µmin
< β <

λ⋆
min

M⋆
, (11)

then x̄ ceases to be a local minimum of V ′ while x⋆ remains
stable. Consequently, the flips associated with x̄ (Lemma 1)
are eliminated, and the DCL update (4) converges toward the
global solution.

Proof: The Hessian of V ′ satisfies HV ′(x̂) = HV (x̂)+
β∆H(x̂). By Weyl’s inequality, the smallest eigenvalue at x̄
obeys

λmin(HV ′(x̄)) ≤ λmin(HV (x̄)) + β λmin(∆H(x̄))

= λmin + βµmin.
(12)

Since µmin < 0, if β > λmin/(−µmin) this bound is
negative, so HV ′(x̄) is not positive definite, and x̄ is no
longer a local minimum.

At x⋆, Weyl’s inequality gives

λmin(HV ′(x⋆)) ≥ λ⋆
min − β∥∆H(x⋆)∥ = λ⋆

min − βM⋆.
(13)

If β < λ⋆
min/M

⋆, then HV ′(x⋆) ≻ 0, so the true solution
remains a strict local minimum.

The admissible interval for β is nonempty when the
inequality holds. Thus, adding S1-edges with such β desta-
bilizes spurious minima (Lemma 1), eliminating their asso-
ciated flips, while preserving global stability of x⋆.

Theorem 1: Let G = (V,E) be the communication graph
of a multi-robot system, where robots ri ∈ V update their
position estimates x̂i according to the update rule (4). If the
graph G is connected, and the step-size parameters β satisfy:

0 < β <
2− αλ2(Ld)

λ2(Ls)
. (14)

then the localization error ei(τ) = x̂i(τ) − x∗
i converges

to zero in the noise-free case, i.e., limt→∞ ∥e(τ)∥ = 0. In
the presence of bounded noise ηij , the error converges to a
steady-state bound: E[∥e(τ)∥2] ≤ σ2, where η ∼ N (0, σ2)
represents the Gaussian noise in the range measurements,
with variance σ2.
Proof: Step 1: Shadow Edge Weight. The shadow edge
weight Sik is formulated based on the principle that the
localization confidence is inversely proportional to the to-
tal accumulated uncertainty along an indirect measurement
path. Given a three-node formation {i, j, k}, where direct
measurements are unavailable between i and k, the maximum
indirect measurement path as follows:

∥zik∥ ≈ ∥zij∥+ ∥zjk∥+ ηik, (15)

where ∥zij∥ and ∥zjk∥ are Euclidean distances obtained
from relative range measurements, and ηik accounts for
accumulated sensor noise and potential estimation errors.

By defining the shadow edge weight as the inverse of this
effective range uncertainty, we obtain the desired expression.

Sik(t) =
1

∥zik∥
=

1

∥zij∥+ ∥zjk∥+ ηik
, (16)

Step 2: Error Dynamics. Define the localization error:

ei(τ) = x̂i(τ)− x∗
i . (17)

Substituting into the update equation:

ei(τ + 1) = ei(τ) + α
∑
j∈Ni

Λij(τ)(ej(τ)− ei(τ))

+β
∑
k∈Ns

i

Sik(τ)(ek(τ)− ei(τ)).
(18)

Rewriting in matrix form: e(τ +1) = (I−αLd−βLs)e(τ),
where Ld is the Laplacian matrix of the direct communica-
tion graph, Ls is the Laplacian matrix of the shadow-edge
graph, and I is the identity matrix.

Step 3: Spectral Analysis. The Laplacian matrices Ld

and Ls are symmetric and positive semi-definite. Their
eigenvalues satisfy:

0 = λ1(Ld) ≤ λ2(Ld) ≤ · · · ≤ λn(Ld), (19)

0 = λ1(Ls) ≤ λ2(Ls) ≤ · · · ≤ λn(Ls). (20)

Since G is connected, the smallest nonzero eigenvalue of Ld,
denoted as λ2(Ld), is strictly positive.

The combined matrix L = αLd + βLs remains positive
semi-definite. The spectral radius of the update matrix is:

ρ(I − αLd − βLs) = max
i

|1− αλi(Ld)− βλi(Ls)|. (21)

For stability, we require ρ(I − αLd − βLs) < 1, which
implies: −1 < 1− αλi(Ld)− βλi(Ls) < 1.

Rearranging: 0 < αλi(Ld) + βλi(Ls) < 2.
Thus, a sufficient condition for stability is:

0 < β <
2− αλ2(Ld)

λ2(Ls)
. (22)

Step 4: Convergence to Zero Error. If α, β satisfy the
above bound, then the spectral radius satisfies ρ(I − αLd −
βLs) < 1. Iterating the error dynamics:

∥e(τ)∥ ≤ ρ(I − αLd − βLs)∥e(τ − 1)∥ ≤ · · · ≤ ρt∥e(0)∥.

Since ρ < 1, we obtain: limt→∞ ∥e(τ)∥ = 0.
Step 5: Convergence with Noise. If noise ηij is present,

the error equation becomes:

e(τ + 1) = (I − αLd − βLs)e(τ) + η(t), (23)

where η(t) is a disturbance term due to noise. In steady
state, the error is bounded by: E[∥e(τ)∥2] ≤ σ2, where
η ∼ N (0, σ2) represents the Gaussian noise in the range
measurements. Thus, the error is bounded by σ2.

Remark 1: The proposed localization framework ensures
robustness and stability by carefully bounding the gain
coefficient β associated with the shadow edges. The lower
bound on β prevents underutilization of shadow edge infor-
mation, maintaining efficiency even in the presence of noise.
Conversely, the upper bound prevents shadow edges from
dominating the localization process, ensuring that direct rel-
ative distances retain significance and the system is not desta-
bilized by excessive shadow edge corrections. The stability of
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the algorithm is guaranteed by ensuring that the eigenvalues
of the system matrix I+αLd+βLs remain within the range
(−2, 0), which supports convergence to true robot positions
despite noisy conditions. Theorem 1. proves that adding
the β term (with β satisfying our bound) strictly reduces
the worst-case spectral radius, thereby ensuring monotonic
decrease of the error norm and eliminating flips even under
moderate noise. Noise perturbations, both in direct distance
measurements and shadow edges are accounted for, and the
spectral radius condition ρ(I+αLd+βLs) < 1 ensures that
deterministic error components decay over time. As long as
the noise remains bounded, the algorithm maintains stable
convergence, with the final error confined within the noise-
defined limits. This approach effectively mitigates the impact
of noise, ensuring a stable and convergent localization.

Remark 2: The proposed S-1 edge approach increases the
size of the data packet exchanged between robots without
adding additional edges to the communication graph (i.e.,
no additional communication rounds). In a distributed algo-
rithm, each robot communicates only with its local neigh-
bors, whose number n is much smaller than the total system
size N . Consequently, the average communication cost scales
with n rather than N . Even when pseudo-neighbors are
incorporated, the effective neighborhood size remains limited
due to the sparsity of the network. Therefore, the added data
volume from S-1 edges does not significantly impact the
overall communication cost, even in large-scale robot teams.

Remark 3: The spectral condition obtained from Eq. (1)
guarantees contraction of the local error dynamics and hence
ensures stability of a solution, but it does not guarantee
that this solution is unique. When the sensing graph lacks
global rigidity, multiple non-congruent embeddings (e.g.,
a mirrored or “flipped” configuration) can yield identical
distance measurements. In such cases, the distributed up-
date may converge to any of these equilibria depending
on initialization, which explains the flipping phenomenon
observed in practice. Shadow edges mitigate this issue by
introducing additional virtual constraints derived from 1-hop
measurements. These extra constraints reduce the nullspace
of admissible displacements that preserve all measured dis-
tances, effectively removing ambiguous solutions. Moreover,
by selecting shadow distances within feasible upper and
lower bounds and weighting them according to path uncer-
tainty, the algorithm is naturally biased toward the geometri-
cally consistent realization. Thus, while spectral contraction
(via appropriate step-size choice) remains necessary for
convergence, the incorporation of shadow edges provides the
complementary mechanism needed to ensure uniqueness and
to suppress flipping in sparse communication graphs.

V. EXPERIMENTS

Experiment Setup: In our experimental setup, we set up a
varying number of robots in the Robotarium [30] simulation-
hardware testbed, which provides remote access to the hard-
ware multi-robot testbed. By default, robots are arranged in
a formation, such as a square lattice or a random formation,
bound within the coordinates of the 3mx3m testbed. The

Fig. 3: (a) Confirming the bounds of S1-Edge gain (i.e., β
in (4)) in the DCL-sparse approach.

Ground Truth Baseline [7] InferLoc [29] DCL w/ Power Node DCL-sparse

Fig. 4: Final localization results for square (top) and random
(bottom) static formations for N = 25 and 9 respectively,
using compared algorithms in R2. Our problem is to relative
localize robots without anchor tags/reference robots; it is
invariant to the orientation of the achieved formation shape.

figures shown in Fig.4 correspond to the estimate frame,
which represents the hypothetical positions of the robots as
they reach consensus on the shape of the formation. Due
to the leaderless approach, we use the algorithm in [7] as
the baseline distributed localization. We also implement the
centralized InferLoc [29] solution and adapt it to a semi-
distributed solution by precalculating the Binary Flipping
Graphs (BFG) and using a distributed optimization strategy
for the relative localization. We also implement and compare
with a semi-distributed heuristic-inspired baseline variant
(DCL w/ PN), where we assume a dedicated power nodes
exist in the system that can sense and communicate with all
robots. Here, strategic deployment of power nodes increases
graph rigidity at the cost of scalability, but we hypothesize
that adding a power node (e.g., strategically positioning a
powerful UAV node) to enhance rigidity does not necessarily
guarantee robust performance in sparse conditions.

Initially, we set the parameters β = 0.1, ηkj and ηij to
0.05, the number of robots to 25, and the radius of the robot’s
sensing range to R = 0.4 (which is less than R(GGR) for
N = 25) . The connectivity graph is defined as a unit disk
graph. We define the accumulation of absolute localization
error (ALE) as ALE =

∑N
i=1

∑N
j=1
j ̸=i

|∥(xi − xj∥ − ∥(x̂i −

x̂j)∥|, where x is the position of the robots expressed in the
ground truth reference frame and x̂ is the outcome of the
distributed localization.

As proven in [5], for a unit disk graph with a sensing
radius R in a unit square area, if R > 2

√
2
√

log(n)/n,
with n being the number of robots, then there is a very high
probability that the graph is GGR guaranteed. We use this
condition to set the R appropriately to simulate different
sparsity conditions in the sensing graphs. We represent the
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(a) R=0.4 (square, non-GGR graph) (b) R=0.4 (random, non-GGR graph) (c) R=0.67 (random, at GGR) (d) R=1.5 (random, GGR graph)
Fig. 5: Localization results with different graph sparsity with n = 25 and 10% sensor noise.

radius at which the GGR threshold is met as R(GGR).

A. Impact of S1-Edge Gain

We examine how ALE relates to β in (4) of DCL-
Sparse with N = 25 robots. According to Theorem 1,
increasing N enhances network density and connectivity, but
also introduces more noise (signal interference), which can
decrease the upper bound of ALE. Additionally, more robots
generally lead to closer distances between them, resulting in
a higher upper bound for ALE and a greater influence of
shadow edges. Despite these factors, the ALE for the DCL-
Sparse algorithm remains low when the S1-Edge Gain is
appropriately set within the bound, as shown in Fig. 3(a),
thus validating our theoretical analysis.

B. Performance, Scalability, and Formation Analysis

In our experiments, we consider three scenarios for the
rigorous analysis of distributed localization algorithms.
Qualitative Performance: We present the formation results
for different localization algorithms for a square and random-
shaped static initial configuration in multiple trials with a
sensing radius set to vary the GGR property of the sensing
graph. The results of the final ALE are presented in Table I.
As shown in Fig. 4, the baseline method suffers from flipping
ambiguity. InferLoc works better with fewer robots, but fails
when there are more robots in the system because of the
abundance of BFGs that sometimes restrict the convergence.
In contrast, the DCL-Sparse method shows no flipping ambi-
guity as it leverages the S1-edge concept to overcome local
minima conditions.

TABLE I: Final ALE after convergence in the DCL algorithms.
Square Formation Random Formation

(N = 16) (N = 25) (N = 36)
Approach r < ggr r = ggr r > ggr r < ggr r = ggr r > ggr r < ggr r = ggr r > ggr

Baseline [7] 41.4683 40.7047 41.4683 125.2651 127.7117 51.1091 342.1098 300.0647 271.2038
Inferloc [29] 81.9532 33.7895 6.3850 116.0955 113.3078 72.6564 271.7233 193.9938 122.4565
DCL w/ PN 106.3321 38.0405 6.8638 132.2151 8.3393 6.7625 211.4830 142.9652 126.5745
DCL-Sparse 3.0860 3.0552 3.0300 110.5973 7.7431 6.4051 157.7907 144.8878 12.422

Impact of Graph Sparsity: We assess the evolution of ALE
under different conditions of graph rigidity. Fig. 5 presents
these results. Note that for radii where 0.4 < R(GGR)
and 1.5 > R(GGR), the DCL-Sparse approach demonstrates
superior performance compared to other methods, providing
better convergence (up to 93% reduction in ALE). This
is particularly notable when compared to the performance
at radius 0.4 (non-GGR guaranteed sparse graph), where
typical algorithms fail. The DCL-Sparse approach not only
achieves superior performance at this radius but also exhibits
enhanced convergence across the broader range of radii.
Impact of Robot Configuration: We assess the ALE under
different ground truths (initial configurations) and radius

(sensing range). As the range of robots increases, the net-
work becomes denser, providing more connections between
robots. The DCL-Sparse algorithm is designed to handle this
increased connectivity efficiently. As shown in Fig. 6(a)-(b),
the overall ALE for the DCL-Sparse localization algorithm is
lower than for the other methods in both configurations and
converges to the minimum ALE faster as the range increases.
Impact of Noise: As shown in Fig. 6(c), adding Gaussian
noise to distance measurements (STD 0 to 0.3) results in
only slight changes in the ALE for the proposed DCL-sparse
localization algorithm, while the baseline localization method
experiences significant changes (from 50m to 150m). The
baseline method exhibits a high sensitivity to noise, whereas
the S1-edge alone performs effectively under low-noise
conditions. The power node enhances sensing density and
achieves a balance between low average localization error
(ALE) and consistent performance; however, it remains sus-
ceptible to the noise that also propagates through the edges of
the power node. Consequently, DCL-Sparse attains superior
robustness relative to the baseline localization method by
capitalizing on the benefits provided by the S1-edges.
Scalability: Fig. 6(d) shows that the baseline methods do
not scale well as the number of robots increases, since its
reliance on local neighborhood information alone results
in marked performance degradation. This limitation causes
the average localization error (ALE) to accumulate with
increasing team size. The flipping effect is also exacerbated
in larger teams, due to the greater likelihood of overlapping
estimates and entrapment in local minima. In contrast, our
method exploits additional inferred information through S1-
edges, whose number increases proportionally with team
size, thereby improving both scalability and robustness. For
small systems (N ≤ 25 robots), the Power Node baseline
retains competitive performance but deteriorates beyond 36
robots. DCL-sparse algorithm demonstrates superior scala-
bility, as it maintains lower ALE even for a larger number
of robots than other methods because it can better handle
network density and computational challenges that typically
increase after reaching a saturation point. Finally, in Fig. 7,
we demonstrate an example of the DCL-Sparse applied to
an in-house real-world robot testbed (more details on this
demonstration are presented in the attached video).

VI. CONCLUSION

This paper introduces a distributed multilayered approach
for achieving distributed cooperation localization for MRS
with sparse sensing graphs. It incorporates shadow edge
techniques to improve robot swarm accuracy in GPS-denied
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(a) Square shape formation (b) Random shape formation (c) Noise impact (d) Number of robots
Fig. 6: Impact of the robot configuration: square shape (a) and random shape (b) with n=25 and R(GGR) ≤ 0.67, (c)
sensing noise in a sparse graph with R=0.4 (non-GGR), and (d) scalability with no. of robots at R=0.67 (GGR boundary).

Fig. 7: Demonstration on an in-house swarm robotics testbed.

environments. The DCL-Sparse, validated through rigorous
theoretical and experimental analysis, outperformed existing
methods in reducing localization across different graph spar-
sity settings, initial robot configurations, and sensor noise
levels. The algorithm scales effectively with more robots,
further reducing errors.
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