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Line-Search Filter Differential Dynamic Programming for Optimal
Control with Nonlinear Equality Constraints

Ming Xu', Stephen Gould? and Iman Shames?

Abstract— We present FilterDDP, a differential dynamic
programming algorithm for solving discrete-time, optimal
control problems (OCPs) with nonlinear equality constraints.
Unlike prior methods based on merit functions or the augmented
Lagrangian class of algorithms, FilterDDP uses a step filter in
conjunction with a line search to handle equality constraints. We
identify two important design choices for the step filter criteria
which lead to robust numerical performance: 1) we use the
Lagrangian instead of the cost in the step acceptance criterion
and, 2) in the backward pass, we perturb the value function
Hessian. Both choices are rigorously justified, for 2) in particular
by a formal proof of local quadratic convergence. In addition
to providing a primal-dual interior point extension for handling
OCPs with both equality and inequality constraints, we validate
FilterDDP on three contact implicit trajectory optimisation
problems which arise in robotics.

I. INTRODUCTION

Discrete-time optimal control problems (OCPs) are used
in robotics for motion planning tasks such as minimum-
time quadrotor flight [1], autonomous driving [2], locomotion
for legged robots [3]-[5], obstacle avoidance [6]-[8] and
manipulation [9]-[12]. The differential dynamic programming
(DDP) class of algorithms [13] are of interest to the robotics
community due to their efficiency, as well as other benefits for
control, such as dynamic feasibility of iterates and a feedback
policy provided as a byproduct of the algorithm [14], [15].

To date, extending DDP for nonlinear equality constraints
is relatively underexplored. Equality constraints are required
for OCPs involving inverse dynamics [15], [16], challenging
contact implicit planning problems [10], [11], [17]-[20] and
minimum time waypoint flight [1]. Most existing algorithms
for handling equality constraints adopt an adaptive penalty
approach based on the augmented Lagrangian (AL) [21]-
[23]. However, AL methods yield limited formal convergence
guarantees [24, Ch. 17], motivating a DDP algorithm based
on a framework with stronger convergence properties, i.e., a
line-search filter approach [25], [26], which is adopted in the
popular nonlinear programming solver IPOPT [27].

As a result, we propose FilterDDP, a DDP line-search
filter algorithm which complements existing works based on
merit functions for handling equality constraints [15], [28].
We identify two important design choices when designing
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the filter algorithm which are essential for robust numerical
performance: 1) we replace the cost with the Lagrangian as
one of the two filter criterion and, 2) for the stopping criteria
and backward pass Hessians, we replace the value function
gradient with an estimated dual variable of the dynamics
constraints. Both 1) and 2) are justified rigorously, with 2)
via a proof of local quadratic convergence. We also validate
1) and 2) with an ablation study in the simulation results.
Another contribution of this paper relates to the aforemen-
tioned theoretical analysis of constrained DDP algorithms.
First, we mathematically show that one of FilterDDP’s
sufficient decrease conditions is analogous to the Armijo
condition [24, pg. 33] in unconstrained optimisation. Second,
we provide a proof of local quadratic convergence of the
iterates within a neighbourhood of a solution. This proof
generalises the existing proof of local quadratic convergence
of unconstrained DDP for scalar states and controls [29] to the
the constrained, vector-valued setting. Our final contribution
is a primal-dual interior point extension to FilterDDP for
handling inequality constraints as well as equality constraints.
An implementation of FilterDDP is provided in the Julia
programming language'. Our numerical experiments evaluate
FilterDDP on 300 OCPs derived from three challenging
classes of motion planning problems with nonlinear equality
constraints: 1) a contact-implicit cart-pole swing-up task with
Coulomb friction [19], 2) an acrobot swing-up task with
joint limits enforced through a variational, contact-implicit
formulation [19] and, 3) a contact-implicit non-prehensile
pushing task [10]. Our experiments indicate that FilterDDP
offers significant robustness gains and lower iteration count
compared to the existing state-of-the-art equality-constrained
DDP algorithms [15], [22], while being faster (and more
amenable to embedded systems) compared to IPOPT [27].

A. Notation used in this paper

Let [N] = {1,2,...,N}. A function p(z) : X — P for
some sets X’ and P is defined as being O(||z||¢) for positive
integer d if there exists a scalar C such that ||p(z)|| < C||z||¢
for all x € X'. A vector of ones of appropriate size is denoted
by e. Denote the collection of indexed vectors {y;}4_, by
Y. and we use the convention (z,u) = (z7,u')T. Denote
the element-wise product by ©. Finally, we use the following
convention for derivatives: If f is a scalar valued function f :
R"™ x R™ — R, then V, f(z,u) € RY*™ and V2, f(z,u) €
R™ ™ If g : R™ x R™ — R€ is a vector valued function,
then V,g(z,u) € R®" and V2, g(z,u) € RX"xm,

Thttps://github.com/mingu6/FilterDDP,jl.git
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II. DISCRETE-TIME OPTIMAL CONTROL

In this section, we provide some background on equality
constrained discrete-time optimal control problems (OCPs).

A. Problem Formulation

We consider OCPs with a finite-horizon length N with
equality constraints, which can be expressed in the form

J(x1:n,u1:N) = Zivzl Uy, up)

T = 21, (1)
Ti41 = f(.Tt,’lLt) for t € [N - 1]7
c(xe,up) =0 fort € [N],

where x1.y and wuy.y are a trajectory of states and control
inputs, respectively, and we assume x; € R"* and u; € R™*
for all ¢. The costs are denoted by ¢ : R"» x R"* — R and
the constraints are denoted by c : R"» x R™* — R"c where
ne < n,. The mapping f : R™* x R™ — R™= captures the
discrete time system dynamics and &, is the initial state. We
require that ¢, f, ¢ are twice continuously differentiable.

minimise
x,u
subject to

B. Optimality Conditions

The Lagrangian of the OCP in (1) is given by

LW, ) =M (&1 —a1) + S0 Lwe, ug, ér)

N-1
+ i1 M (f(@e,ue) = 2e4),

where ¢1.xy and A = Ay.ny are the dual variables for
the equality and dynamics constraints in (1), respectively.
Furthermore, w; = (x¢,ut, ¢r), W = wi.y and finally,
Lz, ug, ¢r) = U, up) + ¢f c(@e, uy).

The first-order optimality conditions for (1) (also known
as Karush-Kuhn-Tucker (KKT) conditions), necessitate that

trajectories x1.n,u1.y can only be a local solution of (1) if
there exist dual variables A\;.y and ¢;.5 such that

@

Ve LW, A) = Ly = A + 01 /i =0, (o)
Vu, L(w,X) = L, + A\, fi =0, (3b)
P— )T = t=1
vAt‘C(Wa)\> = (‘Tl ajt) 0 T )
(fli—r,upm1) —a) =0 t>1
(c)
Vo, LW, A) = c(z,u) | =0, (3d)

where L, Lt fi f! are partial derivatives of L and f at w,
and noting that for ¢t = N, we implicitly set A\;y; = 0 since
there are no dynamics constraints for step ¢ = N.

ITII. BACKGROUND AND DERIVATION OF DDP
We now provide some background on the derivation of our
constrained differential dynamic programming algorithm.
A. Dynamic Programming for Optimal Control

Optimal control problems are amenable to being solved
using dynamic programming (DP), which relies on Bellman’s
principle of optimality [30]. Concretely, for the OCP in (1),
the optimality principle at time step ¢ € [N] yields

V(@) = min C(ag,ue) + Vil (f (20, ue))

s.t. ez, ug) =0,

“

where V;* is the optimal value function with boundary
condition V| (z) := 0. By duality, (4) is equivalent to

Vi (ze) = f%ifnn}ﬁax L(zt,ue, o) + Vi (f(z,ue)),  (5)

implying that, 1) we can decompose (1) into a sequence
of sub-problems, which are solved recursively backwards in
time from ¢t = N and, 2) V;*(x) is the optimal value of the
Lagrangian of the subsequence starting at step ¢ and state xy.

B. Differential Dynamic Programming

A core idea used to derive the FilterDDP algorithm,
analogous to [31], is to replace the intractable optimal value
function V;* with a tractable sub-optimal V'*. As a result, the
intractable problems defined in (5) are replaced with

minn(lﬁax Q" (¢, ug, P1), 6

where QF (¢, ut, ¢¢) = L(xs, ur, ¢r) + VL f (24, up)).

The FilterDDP algorithm alternates between a backward
pass and forward pass phase as in unconstrained DDP [13].
The backward pass applies a perturbed Newton step for (6)
to determine the nonlinear update rule applied in the forward
pass. We defer formally defining V* to Sec. IV-E.

IV. FILTER DIFFERENTIAL DYNAMIC PROGRAMMING

We now describe the full FilterDDP algorithm. FilterDDP
generates a sequence of iterates {(wg, Ax)} by alternating
between a backward pass and forward pass.

A. Termination Criterion

Let w; = (x4, us, ¢¢) and A together, represent the current
iterate at time step ¢. The optimality error used to determine
convergence, letting ¢! := c(x¢, uz), is defined to be

E(w, ) = mﬁxmax{ﬂvutﬁ(w, Mlloos Ilac }- (1)

The algorithm terminates successfully if E(w,A) < ¢ for
a user-defined tolerance €, > 0. We omit V, £ in (7) since
for the iterates under the FilterDDP algorithm, it will be 0O
under the definition of A; to be presented in (13a).

B. Backward Pass

The backward pass computes the first and perturbed second
derivatives of V' around the current iterate w, denoted by
Vi e R and V!, € R %"=, backwards in time. Next, an
update rule is derived using a perturbed Newton step applied
to the KKT conditions of (6). The perturbation allows us to
establish local convergence of FilterDDP in Sec. V.

Notation: For a function h € {{, f,c¢,L,Q'} and y €
{z, u}, let bl := V,h(Z, Gy, ¢1). We use similar notation for
second derivatives of h. Furthermore, let h! == (T, Uty Bt).

The backward pass sets the boundary conditions

3 v N+1 FN+1
)\N+1:01><nwy Vg; + :lenwa Vg;;p+ :Onzxnma (8)

and proceeds backwards in time, alternating between the
perturbed Newton step and updating V!, Vi and \;.

a) Update Rule: We first present the unperturbed
Newton step to the KKT conditions of (6), given by

Vi Q' (e, u, 8¢) =0,  c(w,ur) = 0. 9)

Let dw; = (dx¢,0us,0¢;) represent an update to ;.
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Newton’s method applied to (9) yields

7iu A ou _z T 73“6
o A (] e o
where A; = (&) 7, Qf, = Lt + VIt ft,
= Db BTV AV e
we = Liw + (F) VI o+ VI fl (11b)
.= Liz (FOTVE Ly Vit ft (11c)

and - denotes a tensor contraction along the first dimension.
Equation (10) implies that du; = oy + Sz, and d¢y =
Yy + wdx, for some parameters o, B¢, ¢, wi. To determine
the update rule, FilterDDP applies the perturbed Newton step
given by

[Ht+6wl Ay } {at 6@ _ {(QZ)T B,

A;r *(SCI d)t Wt Et Et :| ’ (12)
K

where H,;, B, C; are Quu, L s QL. resp., after replacing
V! with A, and V!, with V! . Motivated by global conver-
gence [25], we set d,,, 0. > 0 following Alg. IC in [27] so
that K; has an inertia> of (n,,n.,0). We factorize K; and
recover its inertia using an LDLT factorization [32], [33].
b) Updating the Value Function Approximation: After
solving (12), V!, Vi and )\, are updated according to

ng = Q; + Qtuﬁt + (Et)—rwtv A = f/;, + 5\t+1f_1t;
V;gc = C; +B;|—Ht6t + B:ﬁt +5;—Bt

The time step is then decremented, i.e., t <~ t — 1 and a)
is repeated. We will defer defining the value function V'*
from which V! and V!, are derived until Sec. IV-E, since
the forward pass in Sec. IV-C must be described first.

c) Differences to prior works e.g., [22], [23], [31]:
Both the perturbed Newton step (12) and replacing ||Q% ||
with (7) for the termination criteria are novel inclusions of
FilterDDP, motivated by the convergence result in Sec. V.

C. Forward Pass
The forward pass generates trial points for the next iterate.
For a step size v € (0, 1], the trial point is given by applying

viy = falul (@, 7),

uf (@) = Uy 4+ yar + Bie(x) — 7)),

o (z,7) = b + vy + w2 — 7),

forward in time starting from ¢ = 1. A trial point w™ (),

where wf () = (7, ui (a7 ,7), 67 (27 ,7)) is accepted as

the next iterate if step acceptance criteria described below are
satisfied. The backtracking line search procedure sets v = 1,
setting y < 37 if the trial point w(v) is not accepted.

b) Step acceptance: A trial point must yield a sufficient
decrease in either the Lagrangian of (1) or the constraint
violation compared to the current iterate, concretely,

N
)= Il
t=1

2The inertia is the number of positive, negative and zero eigenvalues.

x

(13a)
(13b)

il'f = jjlu
(14)

N
=Y Lz, 60), 0w (15)
t=1

We adopt the sufficient decrease condition given by
O(w' (7)) < (1—)0(W) or
LW (7)) < L(W) = 70(W),

for constants g, v, € (0,1). Furthermore, (16) is replaced

by enforcing a sufficient decrease condition on £ if both
O(W) < Omin for some small 0,5, and the switching condition

(16a)
(16b)

ym <0 and (—ym)*cytT5e > 5(0(w))* (17)
holds, where 6 > 0, sy > 1, s, > 1 are constants and
N
me=3" (Qhai +v ). (18)
t=1

The aforementioned decrease condition on L is given by
LW (7)) < L(W) +neym (19)

for some small 1, > 0. Accepted iterates which satisfy (17)
and (19) are called L-type iterations [27].

FilterDDP maintains a filter, denoted by F C {(0,L) €
R2:.60> 0}. The set F defines a “taboo” region for iterates,
and a trial point is rejected if (01, L£1) € F. We initialise
the filter with F = {(0, L) € R? : § > Opax } for some Oy
After a trial point w (vy) is accepted, the filter is augmented
if either (17) or (19) do not hold, using

Fr=Fu{(6,£) eR*: 0> (1—)0(w),
L>L(W)—~0(w)}.

a) Differences to [31], [15]: In contrast to existing non-
AL DDP methods, FilterDDP uses the Lagrangian within the
step acceptance criteria instead of the cost. We motivate this
by formally showing in Sec. IV-E that (19) is analogous to
the well-known Armijo condition [24, pg. 33] . We note that
global convergence of line-search filter methods for general
nonlinear programs is preserved under this change [25, Sec.
4.1].

(20)

D. Complete FilterDDP Algorithm

Below, we present the full FilterDDP algorithm.
Algorithm 1:
Given: Starting point wo; Opmax € (0,00]; 79,72 € (0,1);

€tol, 6, 7™, max_iters > 0; sg > 1; sz > 15 mz € (0, 3).

1. Initialise. Initialise the iteration counter k < 0 and

filter F := {(0,£) € R? : 0 > Ornax }.

2. Backward pass. Set value function boundary conditions,

i.e., (8) and set time counter ¢ <+ .

2.1. If t =0, go to step 3.

2.2. Compute blocks in (12), i.e., H;, B, etc. using wy,
A and solve for ay, B¢, ¥, wy. If the matrix in (12)
is too ill condmoned, terminate the algorithm.

2.3. Update V!, V!, X, using (13).

T’

24. Sett<+t—1 and go to 2.1.

3. Check convergence. If E(wy, Ag) < €01 then STOP
(success). If k = max_iters then STOP (failure).
4. Backtracking line search.

4.1. Initialise line search. Setl < 0 and vy, = 1.
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4.2. Compute new trial point. If the trial step size ;
becomes too small, i.e., v, < 'ymin, terminate the
algorithm. Otherwise, compute the new trial point
wT(v,) using the forward pass, i.e., (14).

Check acceptability to the filter. If (16) does not
hold, reject the trial step size and go to step 5.

4.4. Check sufficient decrease against the current iterate.

4.4.1. Case I: ~; is a L-step size (i.e., (17) holds). If the
Armijo condition (19) holds, accept the trial step
and go to step 6. Otherwise, go to step 5.

Case 1I: ~; is not a L-step size, (i.e., (17) is not
satisfied): If (16) holds, accept the trial step and
go to step 6. Otherwise, go to step 5.

4.3.

4.42.

5. Choose new trial step size. Choose v;41 = %71, set
l <1+ 1 and go back to step 4.2.

6. Accept trial point. Set v .=~y and W41 = W;('y).

7. Augment filter if necessary. 1f k is not a L-type iteration,
augment the filter using (20); otherwise leave the filter
unchanged, i.e., set Fg41 = Fg.

8. Continue with next iteration. Increase the iteration
counter k£ < k + 1 and go back to step 2.

E. Definition of the Sub-Optimal Value Function V'*

We conclude the section by defining the value function V.
In doing so, we also provide intuition on (13) and (19).

Theorem 1: A value function V* which has associated
first and second-order derivatives given by (13a) and V! =
Ot + B QLB+ QLB+ B QF, (i.e., unperturbed (13b)),
respectively, is given by VN*1(z ~) := 0, and

Vt(x77) = Qt(x7uj(x7’7)7¢zr(‘r>’7))'

Note that V1(%1,7) = L(w™'(v)), i.e., the updated L.
Proof: Evaluating the first and second-order derivatives
of (21) with respect to x (the chain rule is required) and
evaluating at * = z; and v = 0 yields the desired result. B
Corollary 1: m = G L(w™(0)), i.e., m is similar to the
directional derivative in the Armijo condition [24, pg. 33].
Proof: Differentiating (21) w.r.t. v and evaluating at
v =0and z = Z yields V! = Q% a; 41, &'+ V1. Applying
an inductive argument yields V) = m. Since V'(&1,7) =
L(wT (7)), it follows that V.! = %ﬁ(w*(O)). [
Corollary 1 motivates using £ for step acceptance in (19).

2n

V. CONVERGENCE ANALYSIS OF FILTERDDP

In this section, we establish the local quadratic convergence
of FilterDDP within a sufficiently small neighbourhood of a
solution. We simplify our analysis by assuming all iterates
with full step size v = 1 are accepted by the filter criteria in
Sec. IV-C, leaving the more general analysis (with a second-
order correction step [26]) for future work. We first establish
that an optimal point w* satisfies KKT conditions (3) if and
only if it is a fixed point of FilterDDP. We then prove local
quadratic convergence to w*.

Assumptions 1. For all ¢ € [N] there exists an open
convex neighbourhood N; containing w} and the current
iterate w;, such that for all w; € N; and all t € [N],

(1A) functions ¢, f, ¢ and their first derivatives are Lipschitz
continuously differentiable;
(1B) the minimum singular value of A; is uniformly bounded
away from zero; and
(1C) €T H £ > 0 for all £ in the null space of A,.
Assumption (1C) ensures that no inertia correction is
applied and that the iteration matrix K; is non-singular.
Furthermore, Assumption (1B) holds under suitable constraint
qualifications on (1) (e.g., LICQ [24, Definition 12.4]).
Theorem 2: Let w be a feasible point which satisfies
ZTir1 = f(ZTy,0t), Ty = &1 and (T, 4;) = 0. Then w
is a fixed point of FilterDDP (i.e., oy = 0, ¢y = 0 for all
t € [N]) if and only if it also satisfies KKT conditions (3).
Proof: Suppose w is a fixed point of FilterDDP. Then
by non-singularity of K;, Q! = 0, & = 0. By (13a) and
the definition of Qf, V! = ), for all ¢ € [N]. It follows
that V,,, L(W, ) = L!, + \y1 £t = Q! = 0. Substituting
the update rule for )\; into (3a) yields V., £L(W, A) = 0. The
remaining conditions in (3) are satisfied by assumption.
Now suppose that W satisfies (3). Then V,,L(W, ) =
L+ X\ fl =0and & = 0. Since ¢¥ = 0 and LY =0,
by (13a) it follows that V¥ = Ay. Since ¢¥~! = 0 and
LY=L 4+ AL fN=1 = 0, by (13a) it follows that VN~ =
An_1 and consequently Q¥ = 0. An inductive argument
yields Q!, = 0 for all ¢+ € [N], which with & = 0 and K;
non-singular implies that w is a fixed point of FilterDDP. ®
We now establish local quadratic convergence. Denote an
optimal point by w* and let R abbreviate O(||w* — w||?).
Proposition 1: Let \N*1(w) =0, and for t € [N],

N(w) " = Vo L(ze,ur, é) + X (W) Vo f (20, u). (22)
Note that AX*(w) = (A\;) ". Under Assumptions I,

MN(w*) = (VHT + V2 (xF — ) + R. (23)

Proof: We proceed with an inductive argument. The

base case t = N + 1 holds since AN +1 =0, VN+! =0 and

Vw];’“ = 0. Suppose (23) holds for some step ¢ + 1. By Ass.
(1A), we can apply Taylor’s theorem to f and c, yielding

Ti = Tepr + folaf — T) + fi(uf — @) + R, (24)
0=cl(a},uf) = + Al (uf —uz) +c (xf —2) + R. (25)

In addition, by Ass. (1A), the_ derivatives 9f )\t_exist (locally)
and are Lipschitz, given by \! = (fHTA+L and

Wt41:N Wt4+1:N
S‘Zz = Etty + AL _atvyv y € {z,u}, A = (E;)Tv (26)

also noting that derivatives of A\' w.r.t wy for s < t are zero.
Applying Taylor’s theorem to (22) for step ¢ yields

Mw*) = M+ A (w"—w)+R
@ N4 AL (wf — )
+(fH) TN (wr —w) + R
22)

(L3) T + AL, (wf — @)
+H() A (W) + R
FUEVQL)T + X, (wi — @) + (FH) TV
fi(ar = o) + fi(uf — @) + R
COUDQNT 1 Cylaf — 20) + B (uf — ur)
+(@,) (67 — én) + R.

27)
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By Theorem 2, V,,, L(w*,A(w*)) = 0. Applying Taylor’s
theorem to this expression around w yields,

0 = L, +L,,,w —w)

+£_utwt+1: (wz+1:N - wt-&-l:N) +R
(L) 4+ (FD) T A1 + Eztu,t (wy — wy)
+(f)" ()‘fuﬁl Wiy — WN)) + R

(th) + Lt + (f2) TV

(3b)

(23),(24) * _
= U W (wj - wt)
fal@i = @) + fo(uf —w)) + R
= R+ (Qt )"+ A9} — )
H(Liyy + (Fo) TV i+ M - fow) (uf — 12e)
( ux (ft)TVt+1ft +>‘t+1 f )(I: 7Et)
= QL) + Hi(u; — ) + Bi(xf — 24)
+At(¢t ¢t) + R.
- (28)

Rearranging (28) for (Q!)", substituting the resulting
expression into (13a) and substituting the resulting expression
for (Q)T into (27) yields
AN(w*) = (V)T +(Ce+ B By)(af — 7¢) —wy' &

+(BT Hy + B )(up — )

+HAf B +e) (67 —9) + R
(V)T —w, AT(“t — )

+(Cy + B B (zF — ) —w/ &+ R
2V (ot BT Bt w )@ —a) + R
2 VHT +(Cy + 8] B,

~w A Bi)(xf —z) + R
(VT + Vi (ar — ) + R,

(12)

(12),(13b)

(29)
as required. [ ]
Remark 1: Stacking (28) and (25) yields the identity

(%] 5[] o

Finally, we present our main result, which shows that when
the current iterate is sufficiently close to an optimal point w*,
FilterDDP converges at a quadratic rate. Let w™ be shorthand
for wt (1), i.e., a full forward pass step where v = 1.

Theorem 3: Under Assumptions 1, there exists positive
scalars € and M such that if [|[w* — w|| <,

)+ R. (30)

[w* —wh|| < M||w* —w|?, @31
and furthermore,

[w* =W < |lw* —wl. (32)
Proof: Assumptions (1C) and (1B) ensures K; in (12)
is non-singular for all ¢ € [N]. The forward pass yields

{Zg - ij Zj + m (xf — 24)
=-) [( fﬂ — () [f] (a) —2)

(33)
noting that the Z; terms cancel in simplifying line 3 of (33).

Since (K;)~!, B; and ¢ are uniformly bounded by
Assumptions 1, it follows after rearranging (33) that

uf —uy =0 (max(||lz;| — 27, [w* — w|*)) (34)
¢f — o) = O (max(|lzf — a7, [w* —w[")).

It remains to show that z;” —z} = R for all ¢ € [N], which
we do using an inductive argument. The base case of t =1
holds since % =z = ;. Now suppose z;” — zF7 = R for
some t € [N —1]. Then by (34), it follows that w; —w} = R,
thus w;” — w; = w} —w; + R and so w;} —w; = |[w* —w||.

In addition to (24), Taylor’s theorem applied to f yields

T = T+ (@l =30 + fulwf —w) + R, (39)

from which we subtract (24) and use w;” — w;} = R to yield

i, — 25, = R Additi+0nally, it follows from (341 that
ugyp —uzy; = Rand ¢ —¢;; = R, and so w;, | —
wf,; = R. We conclude that w* — w* = R, and by setting

M as the constant in R, we have shown that (31) holds.
Finally, to show (32), we select ¢ < 1/M and substitute

lw* — w]|| < e into (31) for the desired result. [ |
Remark 2: Replacing A! with V' invalidates Prop. 1, since

(22) evaluated at w is in general, inconsistent with (13a).

VI. EXTENSION FOR INEQUALITY CONSTRAINTS

In this section, we present an extension of Alg. 1 for
solving inequality constrained problems of form

minimise  J(z1.n,u1.N8) = Zfll O(xy, ug)

subject to x1 = 27, (36)
Ti41 = f(xt,ut) for te [N — 1]7
c(xy,u)) =0, uw>0, forte][N].

A simple way to extend Alg. 1 is to use a (primal) barrier
interior point method as in [28], which approximately solves
a sequence of equality constrained barrier sub-problems,
indexed by barrier parameters {1, }, with the property that
lim;_, pt; = 0. Each sub-problem is given by (1), after
replacing running cost ¢ with the barrier cost

uZln

Instead, our proposed extension adopts a primal-dual
interior point framework, similar to [31] and [27]. Concretely,
we introduce dual variables for the inequality constraints
denoted by z := z;.n. The barrier sub-problems described
above are then replaced with the perturbed KKT conditions
given by (3), zf ©® uy — puje = 0 and z; > 0. Primal-dual
methods are in general, numerically better conditioned than
their primal counterparts e.g., see [24, Ch. 19] and [27], [31].

O, (e, up) = (2, uy) 37

A. Changes to the Backward and Forward Passes

The primal-dual extension of FilterDDP requires minor
changes to various equations in Sec. IV, which are described
in this section. First, the termination criteria (7) for sub-
problem j is replaced by E,, (W, X) < kcfi;, where

E,;(w, ) == max {E(w,)\),mtax |zt © ue — uje||} ,
(38)
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Fig. 1: Results for the three planning tasks. For a)-c), the x-axis represents iteration count and the y-axis is the number of
OCPs which converged to the error tolerance of 10~7 for Filter DDP and IPOPT and 10~—° for ProxDDP and IPOPT (B).

and k. > 0 is a parameter. Simply put, the perturbed
complementarity slackness conditions are added.
If (38) is satisfied for the current iterate, then the sub-
problem is considered solved and p; is updated using
Hjt1 = max { @, min {fwm o }} ; (39)
10 J
where x, € (0,1) and 6, € (1,2). This formula was
proposed by [34] and used in IPOPT [27], and encourages a
superlinear decrease of ;. The algorithm is deemed to have
converged if Eo(wg, Ax) < €ql-
a) Backward Pass: We replace (12) with

Hi+ % +60] A ) [ae 8] [(Q)T B,
Al M} Lpt WJ B _{ ¢ -J’
(40)
where U, = diag(,), Z; = diag(z), ¥ == U; *Z, and
QL= Q —ne U .
b) Forward Pass: In addition to (14), we apply the
update rule for dual variables z; given by

2 (@) = 2+ yxe + Glaf — 7)),

where x; = pU ‘e — Z, — Sy and § = —X6;. Also, a
fraction-to-the-boundary condition [27] given by

uf (zf ) > (1=7)ay,  zf(xf,7) > (1-7)z Vi, 42)

o

(41)

where 7 = max{Tmin, 1l — p} for some 7,;, > 0 must be
satisfied for a step size vy to be accepted as the next iterate.
Finally, for filter condition (15), we replace ¢ with oy, for
sub-problem j and replace Q’, with Q' in (16b).
c) Barrier sub-problem update step: The final modifi-
cation to Alg. 1 is that Step 3. of Alg. 1 is replaced with:
3. Check comvergence of overall problem. If Ey(wy,
Ak) < €01 then STOP (converged). If k& = max_iters
then STOP (not converged).
3.1. Check convergence of barrier problem.
Ak) < Keptj then:
3.1.1.

If B, (wy,

Compute f1j41 and 7541 from (39) and (42) and
set j «— 7+ 1.

Re-initialise the filter
{(9,5) cR2:0> Hmax}.

If £ =0, repeat step 3.1., otherwise continue at 4.

3.1.2. fk =

3.1.3.

Finally, Alg. 1 requires additional parameters 7, > 0,
Hinit > 0, ke >0, K, € (0,1) and 6, € (1,2).

VII. NUMERICAL SIMULATIONS

We evaluate FilterDDP on three planning tasks with
nonlinear equality constraints: 1) a contact-implicit cartpole
swing-up task with Columb friction, 2) a contact-implicit
acrobot swing-up task with hard joint limits and, 3) a contact-
implicit non-prehensile manipulation task.

A. Comparison Methods

FilterDDP is compared against IPOPT [27] with full second-
order derivatives and an L-BFGS variant which we refer to
as IPOPT (B), as well the AL-DDP algorithm ProxDDP [22].
FilterDDP uses the Julia Symbolics.jl package [35], ProxDDP
uses CasADi [36] and IPOPT uses the JuMP,jl package [37]
for computing function derivatives. In our experiments, we
report total wall clock time for FilterDDP and IPOPT. For
ProxDDP, we do not report timing results since we used the
(slower) Python interface. We note that the C++ interface will
likely be faster per iteration compared to FilterDDP since it
only requires first-order derivatives.

B. Experimental Setup

The solver parameters selected for FilterDDP across
all experiments are identical to their IPOPT counterparts
described in [27], except we reduce the superlinear barrier
update term to 6, = 1.2 and increase the default barrier
parameter to piniy = 1. FilterDDP are limited to 1,000
iterations while ProxDDP and IPOPT (B) are limited to
3,000 iterations. Optimality error tolerances are set to 1077
for IPOPT and FilterDDP and 10~° for ProxDDP and IPOPT
(B). For ProxDDP, we applied a grid search per planning task
to select the initial AL parameter py to minimise constraint
violation, while default parameters were used for FilterDDP,
IPOPT and IPOPT (B). All specific parameter values are
provided in the Julia code. For each task, we create 100
individual OCPs by varying the dynamics parameters (e.g.,
link lengths and masses for acrobot) and actuation limits. All
experiments were limited to one CPU core and performed
on a computer with a 4.7GHz AMD Ryzen 9 7900X 12-core
processor, Ubuntu 22.04.2 LTS and Julia version 1.11.2.

C. Cartpole Swing-Up with Coulomb Friction

The first task is the cartpole swing-up task with Coulomb
friction applying to the cart and pendulum, introduced by [19].
Frictional forces obey the principle of maximum dissipation,
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and the resultant OCP is derived by a variational time-stepping
framework [17], [20]. Frictional forces are resolved jointly
with the rigid-body dynamics by introducing constraints.
The states € R* include the prior and current configura-
tions of the system, while u € R'® includes the cart actuation
force, the next configuration of the system, frictional forces
and finally, dual and slack variables relating to the contact
constraints [17]. For each OCP, we vary the mass of the cart
and pole, length of the pole and friction coefficients. See [19]
and the supplementary for a detailed description of the OCP.

D. Acrobot Swing-Up with Joint Limits

This task is an acrobot swing-up task, where limits at +/2
and —m /2 are imposed on the elbow joint, introduced by [19].
The joint limits are enforced by an impulse, which is only
applied when a joint limit is reached. Intuitively, the acrobot is
allowed to “slam” into a joint limit, and the impulse takes on
the appropriate value to ensure the joint limits are not violated.
Similar to cartpole, a variational time-stepping framework
[17], [19] is applied to encode the contact dynamics.

The states © € R* include the prior and current config-
urations of the system, while u € R7 includes the elbow
torque, the next configuration, impulses at the joint limits
and slack variables for the complementarity constraints [17].
For each OCP, we vary the link lengths. See [19] and the
supplementary for a description of the OCP. An example
trajectory of impulses at the joint limits is given in Fig. 2.

Fig. 2: Acrobot example. s, is the signed distance to the /2
and — /2 joint limits and A; denotes the impulses. Around
the 4s mark, the acrobot is “leaning into” the joint limit.

E. Non-Prehensile Manipulation

Our final task is a non-prehensile manipulation planning
task, described in detail in [10], where a manipulator (the
pusher) is tasked with using its end-effector to push a rectan-
gular block (the slider) from a start to a goal configuration,
while avoiding an obstacle. The dynamics of the pusher-slider
problem includes multiple sticking and sliding contact modes,
which are encoded through complementarity constraints.

The states 2 € R* include the pose of the slider and pusher
in a global coordinate frame. Controls u € RS includes
contact forces between the pusher and the slider, relative
pusher/slider velocity and slack variables for the obstacle
avoidance and complementarity constraints. We also apply
inequality constraints to bound the contact force magnitudes
and pusher/slider velocity and include an obstacle avoidance

0.0

Fig. 3: Pusher and slider trajectories for two instances of the
non-prehensile manipulation problem. The pusher and slider
trajectories are marked by the blue and brown lines.

(a) Cartpole Friction (b) Acrobot Contact

(c) Manipulation

Fig. 4: Local quadratic convergence of FilterDDP. The x-axis
measures iteration count and the y-axis measures ||,y —
u}. y|l2, where u7, 5 is the optimal point found by FilterDDP.

constraint. The objective function is a sum of a quadratic
penalty on contact force and a high weight linear penalty on
the slack variables (a so-called exact penalty [17]). For each
OCP, we vary the coefficient of friction, obstacle size and
location. Fig. 3 illustrates sample trajectories.

F. Summary Discussion of Results

We present the results in Fig. 1, including the success
rate per planning task across all 100 OCPs as a function of
iteration count, as well as wall clock times. FilterDDP is faster
per iteration, yielding wall clock times of 37-55% per iteration
compared to IPOPT and 22-32% per iteration compared to
IPOPT (B), with reliability comparable to IPOPT and either
similar or much fewer iterations. Furthermore, ProxDDP fails
to solve the acrobot example, yielding feasible but degenerate
solutions despite extensive parameter tuning, and iteration
count for the remaining tasks (along with IPOPT (B)) is
significantly higher even with a relaxed termination tolerance.
In Tab. I, we report the results of ablating the two critical
design choices for the FilterDDP algorithm, 1) replacing the
cost with the Lagrangian for step acceptance in (15), (19)
and, 2) replacing V! with X; in (11) and (7). Finally, Fig. 4
plots the convergence of FilterDDP for all OCPs across all
planning tasks. Local superlinear convergence is observed in
practice, validating the formal result in Sec. V.

Remark 3: We experimented with a Gauss-Newton approx-
imation to H, (e.g., as in [15]), however, it is significantly less
reliable than using full second-order derivatives, analogous
to the performance gap between IPOPT and IPOPT (B).

VIII. CONCLUSION AND FUTURE WORK

In this paper, we have presented a line-search filter
differential dynamic programming algorithm for equality
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L—J At — VI Lo — J, VI
Cartpole (I) 66 — 66 66 — 76 66 — 77
Acrobot (I) 181 — 179 181 — 209 181 — 265
Manip. (F) 1—5 1—78 1 — 63

TABLE I: Ablation of algorithm design. (I) and (F) indicates
that iteration count and no. of failures, resp. are reported.

constrained optimal control problems. Important design
choices for the iterates and filter criterion are proposed and
validated both analytically and empirically on contact-implicit
trajectory planning problems arising in robotics. Furthermore,
a rigorous proof of local quadratic convergence is provided,
generalising prior results on unconstrained DDP [38]. Future
work will investigate applying FilterDDP to high-dimensional
locomotion problems in legged robots, by integration of
efficient rigid-body dynamics libraries [39] and demonstrating
FilterDDP in a control policy on hardware. Furthermore,
formally establishing the global convergence of FilterDDP is
another promising direction for future work.
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