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Abstract— Motion profile optimization is a powerful opti-
mization technique that allows to reduce the energy consump-
tion of robotic systems by changing the temporal profile of
the joint position setpoints. However, despite the extensive
exploration of these techniques for robotic systems following
constrained paths, many existing methodologies rely on complex
optimization processes or a larger number of design parame-
ters. This paper introduces a novel approach that leverages the
Chebyshev basis to optimize the motion along a fixed geometric
path, thereby achieving a measured torque difference of -15%
while requiring only a limited number of design parameters.
By employing the Chebyshev basis, the formulation leads to a
smooth objective function and enables the definition of linear
inequality constraints that accurately enclose the feasible design
space. This unique combination of features not only simplifies
the optimization problem but also enhances the probability
of locating the global optimum, particularly illustrated in the
two-dimensional case. The methodology is established in a
generic and model-independent manner, setting a promising
direction for future research in motion profile optimization for
constrained-path robotic systems.

I. INTRODUCTION

As the world is facing significant energy challenges and
clean energy sources remain scarce, every sector, including
robotics, must contribute to enhancing the energy efficiency
of its operations. This initiative not only fosters environmen-
tal sustainability but also reduces operational costs and is
often necessary to comply with increasingly stringent legal
requirements, as indicated in the recently updated ecodesign
directive [1]. For instance, electric motors such as the ones
deployed in robotic systems are estimated to comprise 50%
of the total electricity consumption [1], underscoring the
potential for major energy savings in this field.

One prevalent method for reducing the energy consump-
tion of robotic systems is the utilization of motion pro-
file optimization, which aims at finding an energy-optimal
trajectory for moving a robot from a specified start to
end position [2]. In the literature, robotic motion profile
optimizations can be categorized into two types. On the one
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hand, free-path optimizations consider only the start and end
pose, permitting the robot to move unconstrained between
these positions, albeit with considerations for physical robot
limits and potential collisions [3]. On the other hand, fixed-
path optimizations are focused on enhancing the motion
profile along a predetermined and constrained end-effector
trajectory. This geometric path may originate from various
requirements. For instance, a robot may need to adhere
rigorously to a defined path to execute a path-dependent task
or circumvent obstacles, as is often the case in manufacturing
processes such welding or spray-painting [4]. Furthermore,
a higher-level obstacle avoidance algorithm may have gen-
erated a series of collision-free paths that fulfil a task and
now require evaluation [5].

In this paper, we specifically focus on the optimization
of fixed-path or path-constrained motion profiles. The tradi-
tional approach to this type of problem involves introducing
a state variable s, symbolizing the robot’s distance along
the designated geometric path, followed by the optimization
of the temporal profile of this state variable s(¢) [6]. This
process effectively simplifies the multi-axis robotic optimiza-
tion into a one degree-of-freedom (DOF) motion profile
optimization [7]. Within the academic literature, a variety of
methods have been proposed for defining and optimizing the
path variable s. These methodologies range from employing
B-splines to achieve time-optimal execution, as introduced
by [8], [9], to utilizing B-splines in converting the problem
into a convex optimization challenge, as explored by [10].
Furthermore, the combination of cubic splines with genetic
algorithms to minimize motion time is investigated in [11].
Other strategies encompass the usage of quintic polynomials
for real-time optimization by [12], or the application of
asymmetric s-curves to attain time-optimality, as evidenced
in [13]. However, it’s noteworthy that many of these strate-
gies primarily concentrate on time optimality, which neglects
the fact that in many practical applications, the motion time
is often fixed by the process requirements.

Therefore, other approaches in the literature extend beyond
time optimality and engage with other assessments, such as
the trade-off between time and energy optimality. Specifi-
cally, Pontryagin’s maximum principle has been employed
to investigate this compromise in [14]. Along similar lines,
[15] has employed dynamic programming to analyze this
trade-off, while [16] has adapted the Pontryagin principle
for the time optimality of redundant robots. However, it must
be noted that these algorithms present certain challenges, as
highlighted by [6], [17]; they can be complex to implement,
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may encounter issues relating to numerical stability, and
might lead to suboptimal solutions. Furthermore, the absence
of guarantees for global optimality, as pointed out in [18],
further complicates the applicability and robustness of these
methodologies.

Another prevalent research direction involves discretizing
the control state s into a series of piecewise constant parts.
For instance, [18] employed a piecewise constant accel-
eration motion profile, enabling conversion into a convex
optimization problem with linear constraints. This approach
was further generalized to second-order systems by [5], who
also proposed an algorithm to reduce the computation time.
However, the convexity requirement restricts the applicability
to a limited set of objectives. Other researchers, such as
[19], have also employed discretization, specifically to find
time-optimal values based on torque limits. Further variations
include the use of piecewise rational functions by [7], and the
employment of reinforcement learning by [20] to minimize
tracking errors. Finally, [21] focused on optimizing the
discrete timings of a predefined end-effector path to reduce
the total motion time and energy, but only considered a
pseudo-power metric.

In general, prevailing methods tend to overlook energy
consumption, employ complex algorithms, or risk entrap-
ment in sub-optimal solutions. Moreover, they often resort
to discretized motion profiles that require a large amount of
design parameters. However, [22] delineated a novel motion
profile approach employing the Chebyshev basis, enabling
the straightforward optimization of these motion profiles with
a minimal set of design parameters, albeit only for single-
axis systems. This methodology was extended to multi-axis
robotic systems in [3], yet it did not address path-constrained
scenarios, which are particularly prevalent in industrial ap-
plications. By integrating the Chebyshev basis into path-
constrained optimization of robotic systems, this paper seeks
to contribute the following critical advancements:

o Although considerable research has been devoted to
time-optimality, the specific focus on energy minimiza-
tion for tasks with a predetermined motion time is
frequently neglected. Therefore, this paper introduces
the use of the Chebyshev basis for the energy optimal
fixed-path motion profile optimization.

o While numerous existing methods typically rely on
discretized states, demanding a substantial number of
design parameters, the employment of the Chebyshev
basis enables energy savings with a limited number of
design parameters.

o Using the Chebyshev basis in combination with a lin-
earized constraint formulation reduces the risk of con-
vergence to local minima compared to a classical poly-
nomial basis. Moreover, for certain tasks, this approach
can even reveal the global optimum, as evidenced in the
optimization involving two design parameters.

« To thoroughly evaluate the method’s flexibility, stability,
and feasibility, a series of optimizations and experiments
were conducted on a 7-DOF serial robot using four
distinct end-effector paths. These measurements were

designed to represent a variety of real-world scenarios,
thereby demonstrating the method’s performance under
diverse operating conditions.

The remainder of the article is structured as follows: Sec-
tion II defines the optimization problem and introduces the
rescaled path profile s(¢). In Section III, the kinematic and
dynamic models of the robot are outlined. Finally, Section
IV validates the feasibility of the method by presenting
the optimization results and measurements, followed by a
conclusion in Section V that summarizes the work.

II. OPTIMIZATION
A. Fixed-Path Definition

The initial step in a fixed-path optimization involves
outlining the necessary end-effector path. In this paper, an
approach similar to [21] is followed, where the end-effector
path is captured or defined as a set of Ny, discrete joint
position vectors Opan = {Opain,1, - - - » Opath, N, }- Using the
forward kinematics and Denavit-Hartenberg (DH)-matrices,
the Npqen corresponding end-effector positions ppan =
{ppath,h .-+, Ppath, Nmth} are then determined. Conversely, if
the end-effector positions ppan and rotations are specified,
the corresponding position vectors Op,n of a 6-DOF robot
can be identified using the inverse kinematics, as outlined in
Sec. III. This approach eliminates the need for an analytic
description of the path, allowing data collection from the real
robot executing the prescribed path, thus allowing to improve
the energy efficiency of existing systems.

Next, the path length L can be calculated by summing the
Euclidean distance between each pair of consecutive points:

Npath—1

L= Z | Ppath,i+1 — Ppath,i]
i=1

)

For the fixed-path optimization, a path variable s € [0, 1] is
introduced, signifying the relative position of the robot along
the path (Fig. 1). By utilizing the path length L from (1), the
path data points ppan can be mapped to the corresponding
path distance Sy = [Spatn,15 - - - » Spath, N, ]» Where each I-th
element is defined by its relative distance along the path:

-1
Zz‘:l”ppath,i—O—l - ppath,i”
L b)

l e 1727~-~7Npath'
2

Note that since each point in ppan corresponds to a point
in Op,n. This mapping creates a linkage between the path
state Spn and the path joint vectors Opyn, a connection that
is subsequently utilized in (3) for interpolation.

To optimize how the robot moves along the path, a time-
dependent function for the path variable s(t),t € [ta,t5]
can be defined, with ¢ 4 and ¢t representing the start and end
times of the motion, respectively. By sampling the function
s(t) with a specific sample time ¢, the discrete s-values can
then be used to linearly interpolate path data {Spath, Gpath}
and deduce the corresponding discrete joint angles ©. In
summary, for the [-th time sample ¢;, the path distance
sp = s(l-ts +ta) is determined, which is then used in the

Spath,l =
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Fig. 1. The end-effector path variable s(t),t € [ta,tpg] for a given end-
effector path.

subsequent linear interpolation to determine the new joint
position 0;:

9path,k—i—l - 9path,k

0; = Opamn,k (81— Spatnk),  (3)

Spath,k+1 — Spath,k

where k is the smallest index such that spynr < 5 <
Spath,k+1. By repeating this procedure for each time sample
t;, the new joint profiles ©(¢) are obtained, which can be
utilized in the dynamic model (12) or sent to the robot to
assess its performance. It should be noted that reducing the
sample time ¢4 leads to a finer resolution of the joint profiles,
but also necessitates more frequent evaluation of the dynamic
equation. Consequently, we proceed with a sample time of
ts = 0.01s, which emerges as the optimal balance between
accuracy and computational effort [3].

Furthermore, although interpolating the path in Cartesian
space would be more accurate, it would also necessitate
repeated inverse kinematics computations during the opti-
mization, substantially increasing the computational load.
For this reason, the end-effector path is interpolated in joint
space. Since the path is represented using a sufficiently dense
discretization, in this case Npa = 401 points, the resulting
approximation error is negligible.

B. Motion Profile

In the preceding section, a method was detailed for con-
verting a specific path profile s(t) into a set of joint angles
0, ensuring the robot’s end-effector stayed on the predefined
path. The remaining task is to determine the optimal temporal
profile for the function s(¢). To achieve this, the motion
profile is expressed as a linear combination of Chebyshev
polynomials of degree d, denoted by ¢(x):

d
$(x) = mTi(z), x€[-1,1], €

k=0

where each Chebyshev polynomial T} (x) is obtained using
the recurrence relation:

To(z) =1, Ti(x) ==,

Tk+1($) =2z Tk(,T) — T}gfl(l‘). (5)

However, since ¢(z) should be defined on the interval = €
[-1,1] — [-1,1], it cannot be directly applied to the path
function s(t). Following the approach in [3], we therefore
introduce a rescaled path profile:

4w=;¢<2“_“”—1>+;7 (6)

tp —ta

which sets up the mapping ¢(z) : [-1,1] — [—1,1] to the
rescaled motion profile s(t) : [ta,tp] — [0,1].

C. Constraints

The next phase in defining the optimization problem
involves defining the constraints. As the scenario under
consideration is a rest-to-rest motion, the subsequent position
0, speed O, and acceleration © requirements must be met
[23]:

0(ta) =04 , O(ta)=0 , O(ta) =0,
O(tgp) =0p , O(ty)=0 , O(tp) =0,

where 0(t4) = 04,0(tg) = Op represent the joint
positions of the robot’s start and end locations on the path.
In the optimization, however, it is more efficient to have the
constraints defined directly to this path profile s(t) to avoid
any added inaccuracy by interpolating according to (3). The
position requirements in (7) are automatically met by letting
s vary between [0, 1]. However, for the time derivatives in
(7), they are initially reformulated using the chain rule, as
described in [18]:

)

. 00(s) 020(s) .,
6 — " . 3
9s 9s T o 7 ®

from which it is evident that, to satisfy (7), the time
derivatives of s(¢) must also be zero. This results in the
updated path motion requirements:

s(ta) =0 , 5(ta)=0 , 3(ta)=0,
S(tB) =1 s S(tB) =0 s §(tB) = 0.

As pointed out in [24], these six requirements can be
incorporated into the motion profile definition (6) by symbol-
ically writing the six lower degree coefficients [py, .. ., ps]”
as functions of the remaining higher degree coefficients
[D6, - - -, pa)T. The latter forms the design parameter vector
o, which consists of ng, = d — 5 design parameters.

The second type of constraint relates to the monotonicity
of s(t). To prevent back-and-forth movement along the path,
the constraint s > 0 is imposed. However, as noted in
[3], by symbolically constructing (6) and discretizing it for
the predefined set of time instances ¢;, this single nonlinear
constraint can be transformed into a series of linear inequality
constraints $|t—¢, > 0, € [ta,...,tp], where $ can be
written as a linear combination of the design parameters in o
[3]. This conversion accelerates convergence, as the resulting

(©))
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linear constraints are easier for the optimization algorithm to
handle than a single nonlinear inequality constraint [25].

In addition, the manufacturer-specified limits on joint
velocity Qmax, acceleration 6p,,x, jerk 6 .x, and torque
Tmax are 1mposed as constraints.

D. Objective value

This paper aims to minimize the energy demand while
keeping the total motion time At fixed. Consequently, an
accurate quantification of the total energy consumption Eiy
requires an appropriate energy model. However, precise
predictions require knowledge of the joint motor parameters,
such as armature resistance R?; and torque constant k j,
which are often unknown. Nevertheless, for high dynamical
systems where friction is negligible, such as robotic manip-
ulators, the joint j root-mean-square (rms) tOIquUe Ty, j Can
still provide an accurate estimate of the joint energy E; [26].
Therefore, consistent with [27], the total rms torque 7,5, iot
is employed as the optimization metric:

-+ Tm,j2)7 (10)

N N
1 2
Trms,tot = E Trms,j = E E (Tl,j
Jj=1 Jj=1

with m the number of torque samples. This leads to the
formulation of the final optimization problem:

s.t. $li=¢, >0,
0 max < 0j(t) < 0 max,
0 max < 0j(t) < 0 max,
— 0 jmax < 05(1) < 6 jmax,

—Tj,max < 7_]( ) < Tj,max>
)

(1)

T] max < 7-] (t < 7.—j7IIIElX7
with j € [l,...,N],
t € [tA,...,tB].

Similar to [3], a zero initial design parameter vector o = 0
is selected for the optimization, causing the path function
s(t) to resolve to a classic 5th-degree polynomial, which is
also used as the reference point.

It should be emphasized that although the minimization
of the total rms torque Tymsior 1S presented here, the op-
timization of another metric could easily be integrated by
merely altering the objective function without necessitating
any changes to the previously described method. Addition-
ally, this approach does not place any requirements on the
dynamic model itself, allowing for easy substitution in the
future with a more sophisticated energy model or simulation.

III. SYSTEM MODELING

Although the methodology put forth is applicable across a
broad spectrum of robotic arms, its validation is performed
with the 7-DOF Panda robot from Franka Emika GmbH
(Fig. 1.) This serves to highlight both the universality of

the approach and its concrete applicability in a specific real-
world context. Here, we briefly recall the kinematic and
dynamic models of the robotic system necessary to compute
all components of (11).

The first step in setting up the kinematic model consists
of defining the Denavit-Hartenberg (DH) reference frames
and parameters a;, «; and d; for each joint j. Here, we
follow the classic (distal) convention [28] as reported in [3]
and make sure the N = 7 joint angles = [0 ...0x]" are
consistent with the Franka Control Interface (FCI).

However, considering the Panda robot’s redundancy with
its 7 DOF, the inverse kinematics that determines the
joint angles © from the end-effector position vector p =
[ps, Py» 2|7 lacks unique definition. Nonetheless, to main-
tain the paper’s focus, the redundancy exploitation will not
be our prime concern. Therefore, similar to [20] we assume
that this redundancy is handled by a higher level planning
algorithm and we will proceed under the assumption that
for every imposed end-effector path, the joint angle 63 = 0.
This allows the problem to be treated as a conventional 6-
DOF robot and enables a straightforward computation of the
inverse kinematics.

To compute the total rms torque Timstot, @ dynamic
model is required that can calculate the joint torque T =
[71...7n]T as a function of joint positions ©, velocities
0, and accelerations 6. Here, the Lagrangian formalism, is
utilized:

1(0,0,8) = M(0)6 +c(0,6)0 +g(8) + T4(8); (12)

with the robot’s mass matrix M(0) € RV*¥ | the Coriolis

and centrifugal terms c(0,0) € RVN*!, the gravity vector
g(0) € RV*1 and the joint friction vector ;(6) € RN¥1,

The inertial parameters for these matrices are obtained
from [29], along with the friction model for T, for which a
sigmoidal function was identified.

IV. RESULTS

This section details the experimental validation of the
fixed-path motion profile optimization on the Franka robot.
Following the approach outlined in [12], Task 1 is defined as
a straight-line horizontal point-to-point motion in Cartesian
space. To assess the algorithm’s adaptability across varying
motion types, Task 2 introduces a 1-meter vertical linear
motion, with the same start and end points taken from [3].
Furthermore, to account for curved end-effector trajectories,
a circular path with a radius of 0.5 meters is defined in Task
3 between the same start and end points as in Task 2. Task
4 is adopted from [30]. The corresponding initial and final
joint angles © 4, © 5, and the motion duration At =tg —ta
are provided in Tab. I. Fig. 2 depicts the robot configurations
along these paths, while Fig. 3 illustrates the resulting three
end-effector trajectories.

In Tab. II, both the virtual and measured optimization
results are displayed. The simulation data is generated us-
ing Matlab R2024a software and the gradient-based SQP
optimization algorithm from the fmincon function with

16483



TABLE I
START AND END JOINT POSITIONS 6, [rad], AND THE MOTION TIME
DURATION At, [s] OF THE CONSIDERED TASKS

joint j
1 2 3 4 5 6 7 At
[rad] s]
Task 1
0a,; -101 010 0 -151 0 1610 -0.23
0B, ; .01 010 0 -1.51 0 1610 1.80
Task 2,3
0a,; 0 0.14 0 -1.I1 0 1.26 0 4
0B,; 0 034 0 -221 0 255 0
Task 4
0a; 079 066 0 -210 0 276 0
0g,; 046 048 0 -251 0 299 1.25

Middle (s = 0.5)

Fig. 2. The start and end configurations of the robot, along with its position
halfway along the path.

default convergence criteria. The measurements are obtained
by transmitting the optimized joint setpoints #(¢) via Python
and ROS Melodic to the Franka robot, which operates in
position control mode and publishes data at a rate of 1 kHz.

The results presented in Tab. II validate the dynamic model
by demonstrating a strong correlation between the predicted
and measured root-mean-square (rms) torques Timsot. FOr
Task 1, Task 3 and Task 4, despite the constraint that the
robot must follow the same path within the same time dura-
tion, the measured 7yms ot Shows a notable difference of up to
—15%. This clearly highlights the effectiveness and potential
of the proposed optimization procedure. Furthermore, even
with only two design parameters ng, = 2, a substantial

Task 1

Task 4 (spline.)

X

Fig. 3. The various end-effector trajectories examined in this study.

energy reduction is already achieved, requiring only a limited
number of function evaluations and therefore enabling a
very fast optimization process. These findings emphasize the
benefit of using the Chebyshev basis, in contrast to classical
polynomial bases such as those used in [24], where two
design parameters did not lead to significant energy savings.

However, the results also indicate that the potential for
energy savings is highly dependent on the imposed end-
effector path. For instance, in the case of the linear path
of Task 2, both the theoretical and measured torque savings
are limited.

In Fig. 4, Fig. 5, Fig. 6, and Fig. 7; the measured profiles
of position 6(t), velocity 0(t), and torque 7(t) are presented
for the three respective tasks, along with the corresponding
path profiles s(t) for both the reference and the best-obtained
solution (ngp, = 8) as reported in Tab. II. For Task 1, Task
3 and Task 4, the comparison shows that to reduce the total
torque Tyms 1o, the optimized profile accelerates more rapidly
and then remains longer near the midpoint. This behavior
is expected since a less extended configuration requires less
torque to maintain position, as illustrated in Fig. 2, thereby
demonstrating the effectiveness of the method.

In contrast, for Task 2, the torque savings were signifi-
cantly lower. This is reflected here by the relatively stable
torque components throughout the motion, indicating that
no particular segment of the path exhibits a substantially
reduced torque demand that could be exploited by the al-
gorithm. This explains the limited potential for optimization
in this case. Readers are strongly encouraged to view the
supplementary research video, which includes recordings of
the robot performing this movement.

In addition, to demonstrate the effectiveness of the pro-
posed approach, the same optimizations were performed
using a conventional polynomial method [2]. In this formula-
tion, the motion profile, here represented by the path variable,
is defined using classical polynomials, s(t) = ZZ:O i tF,
as summarized in Table III. From these results, it becomes
evident that the polynomial representation in the Chebyshev
basis clearly outperforms the classical formulation. While
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TABLE 11
SIMULATED AND MEASURED RESULTS OF THE MOTION PROFILE
OPTIMIZATION AS DEFINED IN (11) FOR ALL CONSIDERED TASKS AND
DIFFERENT NUMBER OF DESIGN PARAMETERS nqp,, WHICH
DEMONSTRATES A CONVERGING SAVINGS POTENTIAL AND STRONG
CORRELATION BETWEEN THE SIMULATED AND MEASURED TORQUES

Trms,tot -
simulation measurement
Trmstot ~ Change Ny Trmstot ~ change
[Nm] [%] [ [Nm] [%]
Task 1
ng =0 42.74 ref. - 43.06 ref.
ng =2  39.20 -8.3 9 39.20 -9.0
ngp =4 3788 -11.4 163 37.85 -12.1
ng =6 3735 -12.6 432 37.31 -13.4
ngy = 8 37.17 -13.0 298 37.07 -13.9
Task 2
ng =0  47.37 ref. - 48.35 ref.
ng =2  46.75 -1.3 19 48.09 -0.5
ng, = 4 46.50 -1.8 21 47.00 -0.7
ngp =6 4644 -2.0 89 47.93 -0.9
ngp =8 4642 -2.0 207 47.97 -0.8
Task 3
ng =0 41.11 ref. - 41.99 ref.
ngp =2 3770 -8.3 26 38.52 -8.3
ng =4 3590 -12.7 70 36.27 -13.6
ngp =6 3523 -14.3 271 35.71 -15.0
ng =8  35.08 -14.7 595 35.68 -15.0
Task 4
ng, =0 45.49 ref. - 45.89 ref.
ng =2  43.00 -5.5 127 43.08 -6.1
ngp =4 4194 -7.8 280 42.02 -8.4
ngp =6 4175 -8.2 565 41.80 -8.9
ng =8  41.62 -8.5 375 41.64 9.3
for ng, = 2 the classical polynomials still manage to

reach comparable solutions, the optimization problem is
significantly more ill-conditioned and far more susceptible
to convergence to local minima, which is reflected in the
inconsistent and noticeably worse optimization outcomes for
higher number of design parameters ngp.

Finally, to demonstrate the influence of using the Cheby-
shev basis on the objective function Tymseor, We consider
the case where ng, = 2 of Task 1, leading to the design
parameter vector o = [pg,p7]” € [=2, 2]. However, while
this interval is guaranteed to include the global minimum
[25], by considering the linear inequality constraints §|;—;, >
0,t; € [ta,...,tp], the design space can be substantially
reduced, as depicted in Fig. 8, where the boundaries of these
linear equalities are plotted for 20 ¢; steps.

Furthermore, in Fig. 8, the objective function Tymsor 18
depicted within this feasible domain, underscoring the ab-
sence of local minima in the 2D case and affirming that the

TABLE III
COMPARISON OF CLASSICAL POLYNOMIAL OPTIMIZATION [2] AND THE
PROPOSED CHEBYSHEV-BASIS METHOD, SHOWING SUPERIOR
OPTIMIZATION PERFORMANCE OF THE LATTER.

Chebyshev basis classic polynomials [2]

Trms,tot ~ change Trms,tot change
[Nm] (%] [Nm] [%]
Task 1
ng, =0 42.74 ref. 42.74 ref.
Nngp = 2 39.20 -8.3 39.20 -8.3
ngp = 4 37.88 -11.4 39.19 -8.3
ng =6 37.35 -12.6 40.58 -5.05
ng = 8 37.17 -13.0 41.86 -4.04
Task 2
ng, =0 47.37 ref. 47.37 ref.
ngp = 2 46.75 -1.3 46.75 -1.3
ng =4 46.50 -1.8 46.60 -1.6
ngp = 6 46.44 -2.0 46.53 -1.8
ng = 8 46.42 -2.0 46.82 -1.2
Task 3
ng =0 41.11 ref. 41.11 ref.
ngp = 2 37.70 -8.3 37.70 -8.3
ng =4 35.90 -12.7 37.67 -8.4
ngy = 6 35.23 -14.3 37.82 -8.0
ngp = 8 35.08 -14.7 36.05 -12.3
Task 4
ng =0 45.49 ref. 45.49 ref.
ngp = 2 43.00 -5.5 43.00 -5.5
ng = 4 41.94 -7.8 43.06 -5.3
ngp = 6 41.75 -8.2 45.29 -0.4
ng = 8 41.62 -8.5 45.49 -0.0

[—j=1 —j=2 —j=3
reference

=4 —j=5 —j=6 —j=1
optimized

Fig. 4. The measured motion profiles 6;(t), joint torques 7;(t), and path
profile s(t) for both the reference poly5 (on the left) and the most optimal
profile with ng, = 8 (on the right) of Task 1.
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|[—i=1 —j=2 —j=3 —j=4 —j=5 —j=6 —j=T|
reference optimized
=2 T—1 2 ]
B op—— 0 —
< -2 -2
0 2 4 0 2 4
R I e—
E o= o=
RE) -1 £
0 2 4 0 2 4
— 20 20
§ 0 0
20120
= 40 -40 M
0 2 4 0 2 4
1 1
05 / 05 J
0 0
0 2 4 0 2 4
t [s] t [s]

Fig. 5. The measured motion profiles 6;(t), joint torques 7 (t), and path
profile s(¢) for both the reference poly5 (on the left) and the most optimal
profile with ng, = 8 (on the right) of Task 2.

j=4 —j=5 —j=6 —j=1|

reference optimized

e B ) S ——
0

[—j=1 —j=2 —j=3

2 \/—

20 20
0

E
%28/ \_-mf"\
0 2 4

-40 -40
1 1
=05 /0‘5 /_/
@
0 0

Fig. 6. The measured motion profiles 6;(t), joint torques 7;(t), and path
profile s(t) for both the reference poly5 (on the left) and the most optimal
profile with ng, = 8 (on the right) of Task 3.

achieved minimum (green dot) is the global minimum. While
visual detection is no longer feasible, a similar pattern is an-
ticipated for higher-dimensional problems, a belief reinforced
by the fact that in Tab. II, the objective value converges to
a fixed value.

V. CONCLUSIONS

In this paper, the Chebyshev basis was employed to
optimize the motion profile of a path-constrained motion
task. The kinematic and dynamic models were first detailed,
followed by introducing the fixed-path and rescaled Cheby-
shev basis. Subsequently, constraints were incorporated, cul-
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Fig. 7. The measured motion profiles 6;(t), joint torques 7;(t), and path
profile s(¢) for both the reference poly5 (on the left) and the most optimal
profile with ng, = 8 (on the right) of Task 4.

minating in the final optimization problem formulation. The
utilization of the Chebyshev basis and linearized constraints
resulted in a compact feasible design space and smooth
objective function, which increases the likelihood of reveal-
ing the global optimum, even with fast gradient-based algo-
rithms. The feasibility of the method was validated through
measurements on the actual setup for distinct motion tasks,
yielding RMS torque difference of up to -15%. Moreover, it
was shown that a substantial portion of the savings potential
could be attained with as few as two design parameters.
By opting for an approach based on discrete end-effector
path data, the method can be readily applied to existing
machines lacking a mathematical description of the end-
effector trajectory, thus demonstrating the method’s broad
applicability.
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