5604

IEEE TRANSACTIQNS ON ROBOTICS, VOL 41, 2025

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO pap

Plan Optimal Collision-Free Trajectories With
Nonconvex Cost Functions Using Graphs
of Convex Sets

Charles L. Clark

Abstract—The recently developed approach to motion planning
in graphs of convex sets (GCS) provides an efficient framework
for computing shortest-distance collision-free paths using convex
optimization. This new motion planner is notably more computa-
tionally efficient than popular sampling-based motion planners, but
it does not support nonconvex cost functions. This article develops a
novel motion planning algorithm, graph of convex sets with general
costs (GCSGC), to solve this problem. A given nonconvex cost
function is accurately approximated by a multiple-layer ReLLU
neural network and the configuration space is decomposed into
a set of linear-cost regions using the hidden layers of the neural
network. These linear-cost regions are intersected with a set of
collision-free regions, and the resulting collision-free linear-cost
regions are intersected to form the vertices and edges of the mo-
tion planner’s underlying graph structure. The edge costs have a
closed-form solution within each collision-free linear-cost region,
but it is nonconvex, so the McCormick relaxation is applied to
convexify the edge costs. Finally, a graph preprocessing technique
is developed to compute a representative graph structure that acts
as a heuristic for the edge costs of the underlying GCS and then
simplify the underlying graph structure by removing cycles and
high-cost paths, which can significantly improve the efficiency of
the planner and quality of the produced trajectories. The proposed
motion planner is first validated in a 2-D configuration space with
comparisons between different sized neural networks with and
without preprocessing, comparisons between optimal trajectories
from GCSGC with shortest-distance trajectories, and comparisons
between GCSGC and GCS-Sequential linear programming (SLP).
The GCSGC planner is further validated in a complex 7-D config-
uration space by comparing to state-of-the-art multiquery (PRM*,
GCS-SLP) and single-query (TrajOpt, BIT*, AIT*, RRT*) plan-
ners. The results show that the proposed motion planner is very
competitive in terms of computational efficiency, trajectory cost,
and memory footprint. Two physical experiments further validate
the effectiveness of the proposed motion planner in real-world
motion planning applications.

Index Terms—Collision avoidance, convex optimization, motion
and path planning, optimization and optimal control.
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1. INTRODUCTION

WIDE variety of systems, such as robot arms, drones,

and autonomous vehicles, require safe paths that avoid
collisions with environmental obstacles and optimal paths that
minimize the path cost, such as distance or energy. This problem
is highly challenging because it is difficult to ensure that the
entire path is collision-free in complex and high-dimensional
search spaces. In addition, optimizing an entire path is also a
very difficult problem, as there are infinitely many potential
paths. Many different motion planning algorithms have been de-
signed to compute such paths, and these methods can be divided
into three general categories: 1) graph-based motion planners;
2) sampling-based motion planners; and 3) optimization-based
motion planners.

Graph-based motion planning is the most traditional form
of motion planning, which is based on fixed graph structures.
These approaches, such as Dijkstra’s [1] and Floyd-Warshall [2],
solve for optimal paths between two vertices in a graph using
breadth-first search and the shortest distance between all pairs of
vertices, respectively. A fundamental drawback of these methods
is their extremely large runtimes when searching through large
graphs. Heuristic-based planners, such as A* [3], [4] and D*
Lite [5], [6] algorithms, utilize heuristic functions to explore
low-cost paths first, offering a balance between optimality and
computational efficiency. A considerable drawback for both
graph-based and heurisitc-based planners is that these methods
discretize the configuration space into grids, which makes solu-
tions suboptimal for continuous configuration spaces.

An alternative to graph-based methods for continuous spaces
are sampling-based approaches, such as rapidly-exploring ran-
dom trees (RRT) [7], [8], [9] and probabilistic roadmaps
(PRM) [10], [11], [12], which stochastically explore the configu-
ration space to find feasible paths, and can solve for complicated
paths even in high-dimensional spaces. While these methods do
not provide any optimality guarantees, several variants including
RRT* and PRM* produce optimal paths asymptotically [13],
[14], [15], [16]. However, RRT* relies on an inefficient rewiring
process of the underlying tree structure, and PRM* relies on an
exhaustive nearest-neighbor search to add new edges to the un-
derlying graph structures, to provide this guarantee. In addition,
the computational efficiency of sampling-based planners greatly
decreases as the dimension of the configuration space increases.
The batch informed trees (BIT*) algorithm and its improved
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variants (such as AIT* and EIT*) [17], [18], [19], [20], [21],
improve upon RRT* and PRM* by incorporating heuristic-based
searching to improve the efficiency of sampling-based planners
in high-dimensional spaces. However, these algorithms’ reliance
on heuristic-based searching can make them sensitive to the
choice of heuristic, especially for highly nonlinear cost func-
tions.

Finally, optimization-based approaches have proven to be
another effective method for planning optimal paths, especially
in high-dimensional spaces. These methods have the important
benefit of easily incorporating dynamic costs and constraints,
such as joint torques, when solving for optimal paths. In re-
cent years, several methods have been developed to efficiently
solve for smooth and low-cost paths using covariant gradient
descent [22], stochastic optimization [23], and sequential convex
optimization [24] to minimize the cost of a quickly computed
naive path. The recently developed CuRobo trajectory optimiza-
tion algorithm [25] combines parallelized stochastic gradient
descent and parallelized traditional gradient descent to quickly
produce collision-free minimum-jerk trajectories. While these
methods have several important advantages, their generated
paths are not guaranteed to be globally optimal.

Learning techniques can also be integrated with the above
three categories of motion planners to generate trajectories
quickly online. One method to achieve this is to replace indi-
vidual planner components with learning methods. The most
common example of this is using learned sampling distributions
to replace sampling strategies of existing sampling-based mo-
tion planners [26]. The goal of these methods is to reduce the
number of samples required to plan trajectories in complex and
high-dimensional spaces while preserving the guarantees of the
underlying planner. These samplers can be constructed using
feedforward neural networks with dropout [27], convolutional
neural networks [28], or transformers [29], where all of these
approaches can greatly improve sample efficiency. However,
when using these samplers, the underlying planner can fail to
generate valid trajectories even when solutions exist, and they
also inherit the computational complexities of the underlying
planner. An alternative to replacing individual planner com-
ponents is to generate entire trajectories directly using neural
networks. Examples include using neural networks to iteratively
generate path waypoints [30], [31], using neural networks to
represent reactive policies [32], [33], and using diffusion models
to sample feasible trajectories that satisfy task constraints [34],
[35]. These methods can adapt to unseen environments, and they
produce trajectories extremely efficiently. Because these meth-
ods generate trajectories using complicated neural networks,
there are currently no optimality or completeness guarantees.
Furthermore, all of the above methods must be trained using
trajectories collected by existing motion planners, thus they
cannot be considered standalone motion planners.

All of the above motion planning algorithms demonstrate
an unideal compromise between computational efficiency and
optimality [36]. To take advantage of the best features of each
category, a new motion planning framework called motion plan-
ning in graphs of convex sets (GCS) was developed in [37].
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This method combines concepts from graph-based, sampling-
based, and optimization-based motion planning to efficiently
plan collision-free trajectories with minimal time, length, and
energy. To guarantee collision avoidance, obstacles in the task
space are transferred to the joint space using nonlinear opti-
mization to grow collision-free polytopes in the joint space [38].
Based on these collision-free regions, a graph structure is created
to act as a collision-free roadmap for motion planning, where the
vertices correspond to overlapping regions and the edges connect
vertices belonging to the same collision-free polytopes [39].
After obtaining this roadmap, the motion planning problem
can be formulated as a convex optimization problem, where
the objective function is the sum of the trajectory edge costs
weighted by the likelihood that they belong to the optimal
path. These trajectory edges are constrained to be within the
collision-free regions. Several variations of the GCS algorithm
have been developed to handle motion planning problems in
non-Euclidean spaces [40], solve motion planning problems
with a small class of nonconvex objectives and constraints [41],
and efficiently solve for optimal trajectories with several target
locations [42].

A fundamental drawback of the GCS planner is its inability
to handle arbitrary nonconvex cost functions. In addition, when
planning using dense graph structures with many cycles and a
large number of edges, the computational efficiency of the GCS
planner will greatly decrease. Furthermore, the quality of the
computed paths can severely decline because it is difficult to
accurately determine the likelihood that each edge belongs to
the optimal trajectory with minimal cost in these dense graph
structures [39]. To overcome these limitations, this work pro-
poses a new motion planner based on the GCS planner, called the
graph of convex sets with general costs (GCSGC) planner. This
method can optimize nonconvex cost functions for more general
applications and establishes a method to efficiently simplify
the underlying graph structure of the GCS planner. The main
contributions of this work are as follows.

1) Developing a method to optimize nonconvex cost func-
tions by dividing the configuration space into locally
linear-cost regions using neural networks and build a graph
of convex sets based on the intersection of collision-free
linear-cost regions.

2) Transforming the nonconvex edge cost functions to be
convex using the McCormick relaxation.

3) Proposing an online strategy to preprocess the underlying
graph structure of the planner by removing cycles and
high-cost paths to improve the efficiency and optimality
of the motion planner.

It should be noted that while the proposed method uses neural
networks when constructing its graph of convex sets, it is unlike
learning-based motion planners because it does not rely on
existing motion planners to produce training data.

The rest of this article is organized as follows. Section II
introduces the background on computing the collision-free re-
gions and planning trajectories using the GCS planner. The new
motion planner proposed in this work is introduced in Section III.
A graph preprocessing technique to simplify the underlying

Authorized licensed use limited to: UNIVERSITY OF KENTUCKY. Downloaded on February 19,2026 at 23:38:58 UTC from IEEE Xplore. Restrictions apply.



5606

IEEE TRANSACTIQNS ON ROBOTICS, VOL 41, 2025

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO pap

graph of convex sets is developed in Section I'V. Results to vali-
date the effectiveness of the proposed method and comparisons
with state-of-the-art planners are given in Section V. Finally,
Section VI concludes this article.

II. BACKGROUND ON GCS PLANNER
A. Computing Collision-Free Regions

Obstacles typically exist in the workspace with simple shapes,
while the shapes of these obstacles in the configuration space are
extremely irregular and difficult to compute. This complicated
collision-free configuration space can be approximated by a set
of simple collision-free polytopes. To compute each of these
collision-free polytopes, the IRIS-NP algorithm is developed
in [38], which repeats a two step process to grow a polytope until
all of the joint configurations within the polytope are collision-
free and the volume of the polytope is maximized.

The first step of this algorithm adds hyperplanes to a polytope
representing the robot’s joint limits to remove any configurations
where the robot’s links are colliding with each other or the
environment. To achieve this goal, a counterexample search is
performed to find a configuration that is not collision-free and
is closest to the center of the largest inscribed ellipse by solving
the following nonlinear program:

min (q-d) C'C(q-d) (1a)
st. Aq<b (1b)
FK(q, 8%) N FK(q, BY) # 0 (Ic)

where q is the joint configuration, C and d are the shape and
center of the largest inscribed ellipse, respectively, A and b
represent the polytope, and FK(q, B(*)) represents the points
inside of body B(*) when the robot is at joint configuration
q. Conceptually, constraints (1b) and (lc) ensure that q is
not a collision-free configuration despite being inside of the
current polytope. If a valid counterexample exists, the following
hyperplane

C'C(q-d)
[CTC(a—d)ll,’

where ¢ is a small positive constant, is added to the current
polytope. This hyperplane separates the polytope from the con-
figuration q. This procedure is repeated until several consecutive
unsuccessful counterexample searches are performed.

After these hyperplanes have been added to the polytope,
the largest inscribed ellipse of the polytope computed using
the above counter-example search is determined by solving the
following convex program:

a; = bj = aqu -0 2)

max logdet C (3a)
C,d

st.Cest, (3b)

Héai Fald<b,1<i<i 3e)

where C = C1, the set §1 . is the set of positive definite and
symmetric n X n matrices, and [ is the number of rows in A

Fig. 1. Planar 2R robot with one spherical obstacle in its workspace is shown
in (a). The corresponding collision-free space of this robot is shown in (b)
represented by four colored polytopes.

and b. Both of these steps are repeated until the volume of the
largest inscribed ellipse does not change.

An example of collision-free regions computed by the above
algorithm is shown in Fig. 1. These regions are used to approxi-
mate the collision-free configuration space of the planar 2R robot
with one spherical obstacle in its workspace shown in Fig. 1(a).
The corresponding collision-free regions are represented as the
four colored polytopes shown in Fig. 1(b).

B. GCS Motion Planner

Based on the above computed collision-free regions, the
GCS motion planner was developed in [37] to solve for op-
timal collision-free paths. First, the GCS planner develops a
graph structure to represent the connections between different
collision-free regions in the configuration space. Next, the GCS
planner solves for a set of potentially optimal edges between
collision-free regions by minimizing the costs of the paths in
the graph structure, which are defined as the sum of the costs
of the edges belonging to each path. This can be accomplished
by turning off high-cost edges and minimizing the cost of the
remaining edges. This procedure is represented as the following
convex program:

min Z le(2e,2., ) (4a)
Zewzc!d)e ecs
St ge=> =1 (4b)
ec&t ee&hn
> b <1 VoeV\{s g} (4o
ecEM
z!, Ze
Z [¢e] = Zﬂm [(bj VoeV\{sg} (4d)
ec&n ee&y
ze € Qu(de), 7, € Qu(@e) Ve=(u,v) €E (de)
0<¢. <1 Vec& (4)

where £ and V are the edge and vertex sets of the underlying
graph structure, the variables ¢, is the flow associated with the
edge e which represents the likelihood that this edge belongs to
the optimal trajectory. The variables z, = ¢.q. and z, = ¢.q..,
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where q. and ¢, are the start and end configuration of the
edge e, respectively. The function /. (Ze, 2L, 0c) = Le(Qe, d)) de
represents the perspective of the cost of edge e with respect to ¢,
the vertices s and g represent the start and goal configurations,
respectively, and Q,, (¢, ) is the perspective cone of Q,, (intersec-
tion of collision-free regions) with respect to ¢.. After solving
(4), the resulting values of ¢, can be interpreted as the likelihood
that the edge e belongs to the globally optimal path. Therefore,
a set of paths P between the start configuration and the goal
configuration can be constructed by randomly sampling edges
based on the probability distribution induced by the solution
to (4). This procedure can be repeated until P is sufficiently
large. Then, the optimal vertices associated with the above
computed paths and constrained within the intersections of the
collision-free regions are determined by solving the following
lightweight convex program:

i Ze (] /e 5
min ; (e, ) (5a)
st.peP (5b)
qe € Qu, 4. € Qy Ve=(u,v)€&  (50)
4y = Qe, d= (u,0), e=(v,w) €&, (5d)

where the set &, is the set of edges belonging to the path p.
Finally, the optimal trajectory computed by the GCS motion
planner is the lowest cost trajectory after solving the above
optimization problem for all of the potential paths.

III. GCSGC MOTION PLANNER
A. Overview

This recently developed GCS planner provides a very efficient
framework for solving optimal collision-free trajectories, but
it can only optimize convex cost functions. A new motion
planner, called the GCSGC planner, is proposed in this section
to plan optimal collision-free trajectories with nonconvex cost
functions. To optimize nonconvex cost functions, they are first
approximated by piecewise linear functions, and the configura-
tion space is divided into linear-cost regions in Section III-B.
The underlying graph structure of the planner is developed
based on the intersection of these linear-cost regions with the
collision-free regions in Section III-C. While the cost of each
configuration is then linear within each linear-cost region, the
cost of each edge in the graph structure is nonconvex. Thus, a
convex relaxation based on McCormick envelopes is developed
in Section III-D. The optimal collision-free trajectories are fi-
nally computed by solving two convex optimization problems
based on the developed graph of convex sets in Section III-E.

B. Linearizing Nonconvex Cost Functions and Dividing
Configuration Space Into Linear-Cost Regions

A key feature of neural networks that use the ReLU activa-
tion function is their ability to approximate complex nonlinear
functions as piecewise linear functions, as proved in [43] and
[44]. Therefore, these neural networks can be used to linearize
nonconvex cost functions. Given a neural network with multiple
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hidden layers using the ReLU activation function, the neural
network output z € R, i.e., the nonconvex cost function relative
to each individual configuration q € R", can be computed by
the following steps:

yP =0 (W(l)q + b(l)) (6a)
v = (WOyE D4 b@) for2<i<L  (6b)
2= (w)Ty =D 4 p) (6¢)

where L represents the number of hidden layers, W) ¢
RN:xNi-1 represents the weights of the ith hidden layer and NV;
is the number of neurons in the ith hidden layer, b() € RV rep-
resents the bias of the ith hidden layer, o(x) = max{0, 2} is the
ReLU activation function applied elementwise, w(*) € RVt
represents the output weights, and 5(%) € R represents the output
bias.
It is apparent from (6b) that if (wgi))Ty(Fl) + b;i) <0,
where w;l) is the jth row of W () and b;z) is the jth element

of b9, then yg-l) = 0. As a result, wy) and b;l) do not effect
the output of the ith hidden layer. Thus, the output of the first
hidden layer can be rewritten as a linear function of q, expressed
as follows:

vy = wWlq+p® (7

where W and b represent W) and b(!) with the rows
satisfying (wj(-l) )'q+ b;l) < 0 set to zero. Likewise, the output
of the th hidden layer can be rewritten as a linear function of
y (=1 expressed as follows:

y© = Wiyl 4 5 ®
where W) and b represent W) and b(®, respectively, with
the rows satisfying (wy))Ty(i’l) + bgft) < 0 set to zero. Thus,

the neural network output z can finally be written as a linear
function of q, expressed as follows:

L—-1 L—-1
. <W<L>>T[<H Wm) o (H ww) O
i=1 1=2

L WEDRE-2) L {E-D | 4 p0). )

If a set of configurations 7 have the same W () and b for all
of the hidden layers 1 < ¢ < L, then these configurations form a
region where the nonconvex cost function can be simplified as a
linear function of the input configuration, as shown in (9). These
regions are referred to as linear-cost regions. A linear-cost region
‘H can be determined by analyzing the effect of the weights
and biases on the neural network output for the configurations
within . For each hidden layer i, if (w§l))Ty(i’1) < —bgl),
where y(=1) is a linear function of q € H, then the weight
vector and bias will not affect the linear cost function, but the
linear cost function is still only valid when this inequality is
satisfied. Alternatively, if this inequality is not satisfied, then
this weight vector and bias will affect the network output.
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As such, there are two types of inequalities which form # for
each hidden layer i, the first is any row j of W() and b® such

that (w§i) ) Ty=1 < —bg.i) and the second is any row k of W (?)
and b(¥) such that (w,(f) )Ty > fb,(j). The inequalities of all
of the hidden layers form the linear-cost region # as follows:

SOwqg S
» SEW @)y (1) S@)p1)
=44 <
S(Lfl)w(.Lfl)y(L72) S(Lfl).b(Lfl)
(10)
where S is a dlagonal matrix such that s\ = —1 if

27

() — 1 otherwise. Conceptually,

(w (Z)) y(l 1 < b and st =

the matrix S() acts to convert the inequality (w (@ )) yi-1b >

fb;- " to the inequality —( § )) (i-1) < b]( ), Wthh allows H
to be defined in the standard form Ax < b. Furthermore, each
linear-cost region A can be uniquely determined by the S(*)
matrices, for 1 < ¢ < L, alone.

Based on the above definition of linear-cost regions, the
configuration space can be divided into many polytopes by the
neural network hyperplanes, where the nonconvex cost function
becomes a linear function of the configurations within each
polytope. To solve for all of these polytopes, an arbitrary configu-
ration is first used to solve for an initial linear-cost region that this
configuration belongs to. Once this polytope has been computed,
all of its potential neighbors can be solved for by flipping each
diagonal element of all of its associated S(*) matrices. For each
potential neighbor, if no configurations satisfy (10), then this
neighbor is not valid. Otherwise, this neighbor represents a valid
linear-cost region, and its unvisited neighbors will be generated
and checked for validity. This process concludes when there are
no more unvisited neighbors left to check.

A simple example in a 2-D configuration space with the non-
convex eggbox cost function f(q1, g2) = sin(qy) sin(gz2) + 1.25
shown in Fig. 2 is used to illustrate the above concepts. This
cost function is used to train three different neural networks of
increasingly large size. The first network uses a single hidden
layer with seven neurons, and its output is shown in Fig. 3(a), and
its estimation error is shown in Fig. 3(b). The second network
uses three hidden layers with seven neurons each, and its output
is shown in Fig. 3(c), and its estimation error is shown in
Fig. 3(d). The largest neural network uses four hidden layers
with ten neurons each, and its output is shown in Fig. 3(e),
and its estimation error is shown in Fig. 3(f). The range of
the cost function is [—1,1], and the mean absolute error of
each neural network is 0.048, 0.008, and 0.005, respectively.
The maximum absolute error of each network is 0.21, 0.11,
and 0.036, respectively. The configuration space divided by
each neural network into linear-cost regions is shown in Fig. 4,
where the small network produces 12 regions, as shown in
Fig. 4(a), the medium network produces 336 regions, as shown
in Fig. 4(b), and the large network produces 655 regions, as
shown in Fig. 4(c). It is clear that the error decreases with
increases in the complexity of the neural network, however, the

Fig. 2. Eggbox function, f(q1,q2) = sin(q1)sin(g2) + 1.25, is given,
where the output of the function at a configuration (q1,q2) is demonstrated
by its associated color.

number of linear-cost regions can quickly become quite large.
An appropriate neural network structure can be chosen based on
the tradeoff between the number of linear-cost regions and the
accuracy of the approximated cost function.

C. Building Graph of Convex Sets and Computing Optimal
Trajectories

These linear-cost regions are intersected with collision-free
regions to build a graph of convex sets used to solve for collision-
free paths that minimize a nonconvex cost function. The first step
in building this graph structure is intersecting the linear-cost
regions, as shown by the colored regions H,; in Fig. 5(a), with a
set of previously computed collision-free regions, as shown by
the pink regions Q; in Fig. 5(b). These computed intersections
represent collision-free linear-cost regions, as shown by the six
colored regions in Fig. 5(c). Next, these collision-free linear-cost
regions are intersected to form the vertices of the underlying
graph structure of the motion planner, as shown by the white
areas V; in Fig. 5(d). Because the linear-cost regions intersect
only at shared hyperplanes, these regions can be expanded a
small amount to ensure their intersections have some volume
such that all of the vertices in the underlying graph structure
can be represented using only inequality constraints. The dashed
lines in Fig. 5(d) represent the connectivity between these convex
sets. Together, these vertices and their connections form the
underlying graph of convex sets, denoted as G = (V , &), where
YV is the set of vertices and £ is the set of edges representing the
connectivity between these vertices. A region path p represents
a sequence of intersections of collision-free linear-cost regions
that a trajectory will travel through. For example, the region path
of the blue trajectory, which starts at the green configuration and
ends at the red configuration, is (V1, Va, V3, V4, Vs ) in Fig. 5(e).

After the graph of convex sets is built, the optimal trajectory
between a given start configuration and goal configuration can be
computed in a similar fashion to the GCS motion planner. First,
a set of region paths that most likely contain the globally optimal
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Fig. 3. Performance of three different neural networks used to approximate
the eggbox function is shown. The output of the small, medium, and large neural
networks are shown in (a), (c), and (e), respectively. The approximation error
of the small, medium, and large neural networks are shown in (b), (d), and (f),
respectively.

trajectory must be determined. After this set has been computed,
the lowest cost trajectory within each region path is computed.
Finally, the costs of the computed trajectories are compared,
and the lowest cost trajectory is selected as the globally optimal
trajectory.

To compute the set of region paths that most likely contain
the globally optimal trajectory, the minimum network flow
problem and shortest path problem are combined into a single
optimization problem, which minimizes the costs of the trajec-
tories within different region paths [39]. To accomplish this,
flow variables ¢, are used to represent the likelihood that the
globally optimal trajectory moves through the edge e = (u,v)
which connects regions V,, and V. In addition, to convexify
this optimization problem after introducing these flow variables,
perspective functions are used to combine joint configurations
with the edge flow variables into a set of new decision vari-
ables, denoted z. = ¢.q. and z, = ¢.q, for each edge e. This
optimization problem is almost identical to (4), where only the
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Fig. 4. (a) Configuration space is divided into 12 linear-cost regions by the
small neural network. (b) 336 linear-cost regions by the medium neural network.
(c) 655 linear-cost regions by the large neural network.

intersections of collision-free regions, Q,, and Q,, from (4e), are
replaced by the intersections of collision-free linear-cost regions,
V. and V,, as follows:

Ze € Vu(de), 2. € V() Ve = (u,v) €€  (11)
where iu(@) is the perspective cone of V,, with respect to ¢..
After solving this optimization problem, the region paths that
potentially contain the globally optimal trajectory are computed
by randomly building region paths from the start configuration
to the goal configuration based on the flow variables. The prob-
ability that a region V), is added to a region path currently at ),
is equal to the flow between these two regions normalized by the
flow between V,, and all of its neighbors [37]. This process is
repeated until sufficiently many region paths have been solved
for.

After asetof region paths, denoted as P, are computed, the op-
timal trajectory within each region path p € P can be computed
by determining the configuration within each vertex V; € p to
travel through which minimizes the cost of the trajectory. This
optimization problem is almost identical to (5), where only the
intersections of collision-free regions, Q,, and Q,, from (5c¢), are
replaced by the intersections of collision-free linear-cost regions,
V. and V,, as follows:

Qe €V, 4. EV, Ve= (u,v) €E, (12)
where the set &, is the set of edges in the region path p. The
globally optimal collision-free trajectory can then be solved for
by performing the above optimization for all p € P.
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Fig. 5. Process of constructing the graph structure for the proposed motion
planner is given. A set of four linear-cost regions in (a) are intersected with three
collision-free regions in (b) to create the six collision-free linear-cost regions
in (c). The intersections of these six collision-free linear-cost regions form the
vertices of the graph structure, as shown by the white regions in (d), and the
dashed lines represent the connections between these vertices. These vertices
and connections form the graph of convex sets used by the proposed motion
planner. An example trajectory from the green starting configuration to the red
goal configuration is given in (e).

D. Convexifying Edge Costs Using McCormick Relaxation

For a general cost function c, the cost function of an edge e
along a path is defined as follows:

aca) = [Ce((1-7)at o) o

where L = ||q. — d.||2 represents the length of the edge, the
variables q. and g/, represent the start and end configurations
of the edge. Conceptually, this edge cost function represents
the accumulation of the cost function ¢ while traveling along a
straight line between q. and ¢’,. This formulation is the most
common definition of trajectory costs for general cost functions
in motion planning. For example, it is used to maximize obstacle

13)

clearance, maximize global dexterity, and minimize energy con-
sumption [45], [46]. This edge cost function can be complicated
based on the properties of the cost function ¢, and thus there
is no general closed-form solution. Because the edges in the
underlying graph structure lie completely in the same linear-cost
region, as defined above, the edge cost function can be easily
computed as follows:

le(Qe, d,) = /OL P. ((1 - %) qe + %q’e

where p. and o, are the parameters of the linear cost function
inside of the region containing both q. and q.. This function
has the following closed-form solution:

) + 0. dr  (14)

1
fulaca) = (57 @+ ) 4o ) lac— Ll 09

This closed-form solution can be treated as the product of
two convex functions, the linear cost of edge e, defined as
fe(de,qc) = %PZ(qe +dq.) + 0. and the length of edge e,
defined as h.(qe,q.) = ||qe — d.||2- This edge cost function
is nonconvex as the product of the two convex functions is not
necessarily convex. If this edge cost function is used in (4a),
the trajectory optimization problem is no longer convex. To
convexify this motion planning problem, an auxiliary variable £,
is first introduced to represent edge cost function (15), such that
te = £e(qe, q,). This nonconvex equality constraint can then be
replaced by several convex inequality constraints by applying
the McCormick relaxation of factorable functions as follows:

te <Ce(qe,q.)Vec&
te >C.(qe,q)Vee&

(16a)
(16b)

where C.(qe,q,) and C.(q.,q.) represent the McCormick
envelope of the decision variable .. As stated in Section III-C,
to incorporate the flow variables with this new edge cost formu-
lation and retain the convexity of this optimization problem, the
perspective of the edge cost ¢, with respect to the flow variable ¢,
must be used, i.e., f. = ¢.t.. Therefore, t. must be constrained
by the perspective of the McCormick envelope with respect to
¢. as follows:

(17a)

<Cel2e, 2, 0c) Ve €E
C. (17b)

Z (ze,Z;,gﬁe)VeGE.

To compute these constraints, the convex and concave envelopes
of f. and h. need to be computed. The intersection of both
concave envelopes is the upper limit of ., and the intersection
of both convex envelopes is the lower limit. The convex and
concave envelopes of f. and h. can be computed by using the
following formulas [47]:

i

te < fe(ze, 2 )M + he(ze,2,) 1" — ¢ fI"RY (182)
te < Folze, 2L )N + he(ze,2,) fM — e f2RY (18b)
te > [ (Ze, 2 )M + ho(2e,2,) [ — b "R (18c)
te > [ (2e, 2B + ho(ze,20) [ — ¢ f2TRYT (184)
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where the functions f, and h, are the concave overestimators of
fe and h,, respectively. The functions f and h, are the convex
underestimators of f, and h,, respectlvely The variables f"
and A7 are the minimum values of f. and h., respectively. The
variables fM and hM are the maximum values of f. and h.,
respectively. Inequalities (18a) and (18b) represent the concave
envelope of the edge cost function, while inequalities (18c) and
(18d) represent the convex envelope. Because f. is a linear
function being concave and convex simultaneously, f. is its
own concave overestimator f, and convex underestimator S

In addition, its minimum value f7 and maximum value f can
be solved for using convex optimization, ensuring that q, and
q, are always contained within their respective intersections of
collision-free linear-cost regions. Because h. is convex and not
concave, its convex underestimator /, is itself, and its concave
overestimator h, is defined as the largest possible distance
between the starting and end configurations of the edge e. In
addition, its minimum value h* can also be computed using
convex optimization. Its maximum value h*! can be determined
by comparing all of the combinations of the extreme points of
the region containing q. with the extreme points of the region
containing q,.

An illustrative example of the application of the McCormick
relaxation to convexify the edge cost in (15) is given. This ex-
ample uses two connected 1-D vertices ¢, and ¢., bounded from
—0.8 t0 0.5 and 1.5 to 2.5, respectively. The linear cost of con-
figurations along the edge between these two vertices is defined
as ¢(q) = 0.3¢ + 0.1. Using (15), the edge cost function can
be obtained as £¢(qe, q.) = [0.15(qe + ¢.) + 0.1] - ||ge — . ||2-
The corresponding optimization problem to minimize the edge
cost is given as follows:

min Le(ge, ¢.) = (015 (ge + ;) +0.1] - [|ge — qcll, (192)

Ge,qe
s.t. ge € [—0.8, 0.5]
e [1.5, 2.5].

(19b)
(19c¢)

Fig. 6(a) shows the optimization landscape of this problem,
where the gray box represents the valid values of the two vertices
qe and ¢, the colored surface represents the edge cost for all
possible combinations of ¢. and ¢, and the red point represents
the global minimum of this problem.

By applying the proposed McCormick relaxation, the above
optimization problem can be reformulated as follows:

min t, (20a)
e qe
s.t.ge € [-0.8, 0.5] (20b)
q, € [1.5, 2.5] (20c)
te <0.50 (qe + ¢.) +0.33 +0.21 (¢, — ¢.) — 0.68
(20d)
te <0.15(ge +¢.) + 0.1+ 0.55 (¢, — g.) — 0.55
(20e)
te >0.15(ge +¢.) + 0.1 +0.21 (¢, — q) — 0.21
(20f)

CT ONS

2026, Vienna, Austria. Cite as T-RO paper.

Fig. 6. Illustrative example of the McCormick relaxation applied to convexify
the edge cost function of two connected 1-D vertices is shown. The edge costs
of all possible combinations of the two vertices are shown in (a), where the red
point represents the global minimum of the edge cost function. The McCormick
relaxation of this edge cost function is shown as the four colored hyperplanes in
(b), where the red point represents the global minimum within the McCormick
envelopes.

te > 0.50 (qe + ¢.) + 0.33 +0.55 (¢ — q) — 1.82.

(20g)

The concave envelopes of the auxiliary variable t. from (20d)
and (20e) are shown in Fig. 6(b) as the blue and green hy-
perplanes, respectively. The convex envelopes from (20f) and
(20g) are shown as the red and orange hyperplanes, respectively.
Finally, the global minimum is shown as the red point, which
coincides with the global minimum of the original nonconvex
optimization problem. This illustrative example demonstrates
the effectiveness of the proposed convex relaxation of the edge
cost function.

For motion planning problems that require a robot’s motion
to satisfy certain differential constraints, such as velocity and
acceleration limits or continuous differentiability, Bezier curves
are an effective method to model such trajectories. Thus, an
extension of the above McCormick relaxation to edges repre-
sented by Bezier curves is briefly discussed. A Bezier curve r,
is defined as follows:

2L
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where 0 <t <1 represents the normalized time parameter
along the curve, qg) represents the ith control point of the Bezier
curve, and f3; 4(t) represents the ith Bernstein basis polynomial
of degree d evaluated at ¢. The first derivative of r.(¢) with

respect to ¢ is also a Bezier curve, defined as follows:

Zd ﬁjd 1

where Aq(] ) — 9 +) _ q(ej ). Given an edge e that travels
completely within a linear cost region with a configuration cost
function ¢(q) = p/ q + o., the edge cost of the Bezier curve
can be computed as follows:

Aq (22)

€

1
l(ro() = / (PIre(t) +00) - [Ee(®)]l, dt. (23

The upper bound of this edge cost can be computed as fol-
lows [37]:

' HAqgj)Hz'/old'ﬁi,d(t) Bja1(t)dt. (24)

This upper bound can be expressed in the form £, (r.(-)) <
fTBh, where f € Rd+1 and f; = plq'” + o.; B € Ri+1xd

and b; ; fo d- Bia(t) - Bja-1(t)dt, which has a closed-form
solution [48];and h € R%and hj; = |AqY’||,. Letg" := B,
then the edge cost is upper bounded by
d—1
le(re(-)) <g'h =) gi-hi. (25)
i=0
Then, the auxilliary variable 7, can be defined as
d-1 d-1
To=> t0=) gi h (26)
i=0 i=0

Finally, the same McCormick relaxation from (16)—(18) can
be applied to each of the d nonconvex equality constraints
8) = g; - h;, where tgi) is constrained within the concave and
convex envelopes of g; - h; and is used to estimate g; - h;. This
McCormick relaxation can be used to minimize the edge cost of
an edge represented by a Bezier curve.

E. Formulating Convex Problems to Solve for Optimal
Trajectories

By applying the methods above to linearize the configuration
cost function, build the graph of convex sets, and convexify the
edge cost functions, the motion planning problem can be finally
formulated as two convex optimization problems. First, by ap-
plying the McCormick relaxation, the optimization problem in
(4) that determines the optimal region paths is reformulated as
the following convex program:
> L

ecé

(27a)

min
Ze, 2 Peyte

SUY ge= > =1 (27b)
ecEom ee&n
Y e <1 VoveV\{sg}
ec&out
(27¢)
z!, Ze
Dol = 2 g YreVMsgr @)
ec&in € ecEu ¢
ze € Vu(de), 7, € Vo(¢e)  Ve=(uv)€E
(27e)
0<¢. <1 Vee&
(27f)
te < fo(ze,ZL)RY + he(Ze, 2zl ) f" — pe fIRY
(27g)
Veef&
fe < To(ZesZL)WT + (2, 2L) fM — e AT
(27h)
Veecf&
te> [ (2e,2)h] + ho(2e,2,) [ — Ge [ BT
(27i)
Veef&
te> f (2,2 )WY + he(e,20) )1 — ¢ f2 R
Veef.
(27))

Then, the optimization problem in (5) that optimizes the trajec-
tory within a given region path p can also be reformulated as
follows:

i t, 28a
2 (28)
st.peP (28b)
quVu7 q/e€Vu ve:(“?”)egp
(28¢)
q) = e, d= (u,v), e = (v,w) € &,
(28d)
te < folde,dl)hY + he(qe, al) " — fh!
(28e)
Veef
te < Fel@erdo)h™ + he(Qe, o) fM — fMRM
(28f)
Veef&
te> [ (de, @)Y + he(ae, a0) [ = fIPRT
(28g)
Veef
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te > f (e, a)he’ + he(ae, ao) £ — f2 Y

Veeck.
(28h)

The final optimal collision-free trajectory generated by the
proposed GCSGC motion planner is the lowest cost trajectory
among the trajectories optimized using (28) that are contained
within the region paths computed by (27).

IV. SIMPLIFYING THE GRAPH OF CONVEX SETS TO IMPROVE
ONLINE COMPUTATIONAL EFFICIENCY

A. Overview

The graph structure developed in Section III-C is more com-
plicated than the graph structure of the original GCS motion
planner as the collision-free regions are further divided into
collision-free linear-cost regions. This is particularly true when
high approximation accuracy of the nonconvex cost function is
required, as seen in Fig. 4(c). This complicated graph structure
can greatly decrease the online computational efficiency of the
motion planner because the graph structure contains many edges
that are unlikely to belong to the optimal trajectory. Therefore,
a graph preprocessing technique is developed in this section
to simplify the graph of convex sets. To simplify the underlying
graph structure of the planner, a representative graph structure is
first computed in Section IV-B to provide a heuristic for the edge
costs of the graph of convex sets. Using this representative graph
structure, an online graph preprocessing technique is developed
in Section I'V-C to remove high-cost paths and cycles once a start
and a goal configuration have been provided. Finally, the optimal
trajectory is computed by the GCSGC algorithm in (27) and (28)
using the above simplified graph structure. The flowchart of the
entire proposed motion planner is shown in Fig. 7.

B. Solving for the Representative Graph Structure

Because the vertices of the graph of convex sets are the
intersections of the collision-free linear-cost regions, the edge
costs are not known until a point inside each of these regions
is determined. To determine the optimal points inside these
regions that provide an effective heuristic for the edge costs,
the edge costs between a point and all of its neighbors should
be minimized. This is equivalent to minimizing the sum of all
of the edge costs of the entire graph structure, which is defined

as follows:
min Y le(du, au) (29a)
(u,v)e€
s.t. qu € Vu YV, EV. (29b)

The above optimization problem is large and nonconvex because
the number of vertices in the graph of convex sets can be
very large and the edge cost is nonconvex. Sequential linear
programming (SLP) is an effective choice to solve this large
nonconvex problem [49].

A 2-Dillustrative example is given to demonstrate the concept
of the representative graph structure. The four collision-free
regions of the planar 2R robot from Fig. 1(b) are intersected
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Fig. 7. Flowchart of the proposed motion planner GCSGC is shown.

with the 12 linear-cost regions from Fig. 4(a) to produce the
graph of convex sets shown in Fig. 8(a). The resulting graph
of convex sets contains 49 vertices and 167 edges. The centers
of the intersections of the collision-free linear-cost regions and
their respective edges used to initialize the above sequential
linear program are shown in Fig. 8(b). The representative graph
structure solved by (29) is shown in Fig. 8(c). The nodes of
both graph structures are shown as white dots, while the edges
are shown as colored lines, where the color corresponds to the
edge’s cost. It can be seen that the nodes in the top-right corner
(a high-cost region) in Fig. 8(c) attempt to optimize their edge
costs by moving close to each other to reduce their distance,
while also avoiding moving into the highest cost region. The
nodes spread out in the top-left corner (a low-cost region) in
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Fig. 8. (a) Graph of convex sets created by intersecting the collision-free
regions in Fig. 1(b) and the linear-cost regions in Fig. 4(a). (b) Initial repre-
sentative graph structure whose nodes are the centers of the intersections of the
collision-free linear-cost regions. (c) Final representative graph structure after
minimizing the graph’s collective edge costs.

Fig. 8(b) move to the lowest cost region to reduce both their
distance and individual configuration cost.

C. Simplifying the Graph of Convex Sets by Removing Cycles
and High-Cost Paths for a Given Task

Based on the edge costs in the representative graph structure,
an online graph preprocessing technique is developed to simplify
the graph of convex sets once a start and a goal configuration
have been provided. To accomplish this, the method removes
high-cost paths to reduce the number of candidate paths that
the GCSGC planner needs to handle. In addition, this method
removes cycles by solving for directed paths, which removes
many of the cycles contained in the complex undirected graph
of convex sets. This method will finally produce a much simpler
and directed graph of convex sets, which significantly improves
the online computational efficiency of the GCSGC planner.

The procedure to simplify the graph of convex sets is as
follows. First, after the start and goal configurations, q and
dg4, are given, they are added to the representative graph struc-
ture. Next, the minimum path cost between each vertex in the
representative graph and the goal is then computed using the
Dijkstra’s algorithm. Then, the k-shortest directed paths from
the start configuration to the goal configuration are estimated
based on the minimum path cost from each vertex to the goal.
Finally, all of the edges that are not in the k-shortest paths are
removed from the original graph of convex sets, which results in

a much smaller graph structure containing very few cycles and
keeping the potentially optimal paths.

Because this procedure must be done online and directly
computing the k-shortest paths is not efficient enough for large
graphs [50], [51], a method for estimating the k-shortest paths is
developed. This method iteratively builds low-cost paths, start-
ing at q, by randomly adding neighboring vertices based on the
lowest-cost path from these neighbors to the goal configuration
q, until this goal configuration is reached. At the most recently
added vertex u, all of its neighboring vertices {v : (u,v) € £,}
are checked to determine if the lowest potential cost when
traveling down each of these vertices is within a certain range of
the lowest cost in the representative graph using the following
inequality:

C(s,0) + C(v,9) < - Chin (30)

where the function C'(s, v) represents the cost from the starting
configuration to v, the function C (v, g) represents the minimum
path cost from v to the goal g, and Cly;, represents the cost of
the lowest cost path from s to ¢ in the representative graph. The
value o > 1 is used to determine the largest allowed path cost
with respect to Cpiy. In addition, to avoid creating paths with
cycles, vertices that have already been added to the current path
cannot be added again. After any infeasible neighboring vertices
have been removed, one of the remaining vertices is randomly
selected and added to the path using the following probability
distribution:

exp(—C(u,v) — CA'(v,gA))
Z(u,w)e&j eXp(—C(u, w) - C(wvg))

where the edge set £ represents all of the edges (u, v) beginning
with the vertex w which satisfy constraint (30) and v is not
in the current path. The likelihood of a vertex being added to
the currently computed path is inversely proportional to the
minimum potential path cost when traveling through this vertex.
The above method for building paths is then repeated & times
to produce a set of edges that are used during the trajectory
optimization process.

An illustrative example of implementing this method to sim-
plify the underlying graph structure of Fig. 8(a) is shown in
Fig. 9. The simplified graph structures using o« = 1.0, o« = 1.02,
and o = 1.11 are shown in Fig. 9(a)—(c), respectively. All three
of these examples use & = 1000. The gray regions represent
the vertices of the simplified graph structures, while the red
arrows connecting these vertices are the directed edges of the
simplified GCSs. The original graph of convex sets containing
49 vertices and 167 undirected edges (equivalent to 334 directed
edges) is simplified to graph structures with 10 vertices and 9 di-
rected edges when o = 1.0, 29 vertices and 107 directed edges
when o = 1.02, and 43 vertices and 211 directed edges when
« = 1.11. The optimal trajectory from the green starting config-
uration to the red goal configuration can be efficiently computed
using the respective simplified graph structures, as shown by the
blue curves, which takes 0.002, 0.08, and 0.22 s for o« = 1.0,
a = 1.02, a = 1.11, respectively. The costs of these optimal
trajectories for the respective values of « are 10.37, 10.25, and

p(vfu) = (€29
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Fig. 9. Example of the graph preprocessing method is shown for a 2-D
configuration space. The graph structure from Fig. 8(a) is simplified in (a)—(c),
with @ = 1.0, @ = 1.02, and o = 1.11, respectively. The gray regions are the
vertices of the simplified graph structures and the red arrows represent the
directed connections between these vertices. Optimal trajectories are planned
using the simplified graph structure in (a)—(c) from the green configuration to
the red configuration, shown by the blue curves, which takes 0.002, 0.08, and
0.22 s, respectively.

10.26. These results indicate that it is important to choose an
appropriate value for cv. In this case, « = 1.02 produces a simple
enough graph of convex sets while also producing the lowest cost
trajectory. When « is too small, such as in Fig. 9(a), it is highly
likely that the above graph simplification method will remove
too many regions and potentially optimal region paths that the
truly optimal trajectory might belong to. Conversely, when «
is too large, such as in Fig. 9(c), the simplified graph structure
will retain too many regions and suboptimal region paths that
can decrease the online computational efficiency of the motion
planner. In addition, the added complexity of the underlying
graph structure can cause the relaxations in (27) to loosen, and
thus, decrease the quality of the produced trajectory.

V. RESULTS
A. Two-Dimensional Experiments

1) Comparison Between Different Sized Neural Networks
With and Without Preprocessing: To demonstrate the effects of
different sized neural networks and the benefits of preprocessing
on the proposed GCSGC motion planner, the collision-free
regions from Fig. 1(b) are intersected with the small, medium,
and large neural networks from Fig. 4 to create three different
GCS. The small graph of convex sets contains 49 vertices and
167 edges, the medium graph of convex sets contains 881 ver-
tices and 4039 edges, and the large graph of convex sets contains
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Fig. 10.  Trajectories produced by the GCSGC algorithm using small, medium,
and large neural networks both with and without preprocessing are shown for
an example task. The green point represents the starting configuration for the
task, and the red point represents the goal configuration.

1272 vertices and 5110 edges. Using a fixed start configuration,
1000 goal configurations were randomly sampled to create a
set of planning tasks, where the eggbox cost function should be
minimized while moving from the start to the goal.

First, the optimal trajectories are computed using the original
GCS. The average trajectory costs and average planning times
for the three different graph structures are shown in Table I.
In terms of computational efficiency, the online computational
time increases with increases in the size of the neural networks
and their corresponding GCS. In addition, the accuracy of the
approximated cost function increases with increases in the neural
network size. However, this does not lead to lower trajectory
costs because larger GCS reduce the tightness of the convex
relaxation of the flow variables in (27f). This can be seen by the
fact that the small graph of convex sets notably outperforms the
two larger GCS.

Next, the preprocessing techniques from Section IV are ap-
plied, and the optimal trajectories are computed using each
simplified graph of convex sets, as shown in Table I. The
values o = 1.02 and k£ = 1000, o« = 1.001 and k£ = 1250, and
a = 1.0005 and k& = 1500 were used during the preprocessing
stage of the small, medium, and large GCS, respectively. For
each graph of convex sets, both the trajectory costs and compu-
tational efficiency significantly improved when preprocessing
was applied. In this experiment, it can be seen that the medium
and large GCS perform almost identically, and both outperform
the small graph of convex sets.

Fig. 10 shows the trajectories produced by each of the GCS
both with and without preprocessing for one of the tasks. The
large graph of convex sets with preprocessing produced the
lowest cost trajectory, which is shown as the purple curve. It can
be seen that this trajectory quickly moves out of the high-cost
region in the bottom left, and then moves into the lower cost
region in the top left.

2) Comparison Between Optimal Trajectories From GCSGC
With Shortest-Distance Trajectories: Although the trajectory
cost depends on the length of the trajectory, low-cost trajectories
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TABLE I
COMPARISON BETWEEN DIFFERENT SIZED NEURAL NETWORKS WITH AND WITHOUT PREPROCESSING
Metric No Pre-processing Pre-processing
Small (¢ = 00) | Medium (o« = o0) | Large (¢ = o0) | Small (a = 1.02) | Medium (o = 1.001) | Large (o« = 1.0005)
Trajectory Cost 7.03 + 2.63 8.97 + 4.81 8.00 £ 4.39 6.02 + 2.17 5.75 + 2.04 5.75 £ 2.03
Online Time [s] 0.23 + 0.07 8.97 + 1.95 9.94 + 1.07 0.12 + 0.08 0.42 £+ 0.29 0.44 + 0.26
. . . . . . Fig. 12. Number of trajectories within different ranges of the relative differ-
Fig. 11. Trajectories for 1000 planning tasks with a fixed start location and  ¢pce i trajectory cost between GCSGC and the shortest distance trajectories

random goal locations are given, where the blue trajectories in (a) are the lowest
cost trajectories computed by the GCSGC motion planner and the red trajectories
in (b) are the shortest distance trajectories computed by the GCS motion planner.

do not necessarily minimize distance. Thus, optimal trajecto-
ries must make a tradeoff between traveling shorter distances
and moving through lower cost configurations. To analyze the
proposed method’s ability to effectively make this tradeoff, the
trajectories produced by the proposed GCSGC motion plan-
ner are compared with the shortest distance trajectories. The
medium-sized graph of convex sets is used in this experiment,
where this graph structure and its representative graph were
computed in 15.9 s. Using a fixed start configuration [—3, —3],
1000 goal configurations were randomly sampled to create a set
of planning tasks. The proposed planner, GCSGC, was used to
compute the optimal collision-free trajectories using o« = 1.001
and k£ = 1500. To provide a baseline for comparisons, the
original GCS motion planner is used to compute the shortest
distance collision-free trajectories for each task. The average
online computational time for the GCSGC motion planner and
the GCS motion planner to compute each trajectory was 0.62
and 0.017 s, respectively.

The trajectories computed by the GCSGC motion planner are
shown as the blue curves in Fig. 11(a), while the trajectories
computed by the GCS motion planner are shown as the red
curves in Fig. 11(b). Itis clear from these figures that the GCSGC
planner produces much more complicated trajectories as it at-
tempts to avoid high-cost regions (the bottom-left and top-right
regions) and move into low-cost regions (the bottom-right and
top-left regions). The costs of the resulting trajectories from both
planners are computed using the actual eggbox cost function.
The differences in the trajectory costs are grouped into different
ranges, and the number of trajectories within each range is shown
in Fig. 12. A positive difference corresponds to the trajectory
computed by GCSGC having a lower cost than the trajectory
computed by GCS, and a negative difference corresponds to the
opposite case.

are shown.

Fig. 13. 7% of tasks where the trajectories computed by the GCSGC planner
(a) are higher cost than the shortest-distance trajectories (b) are shown.

Over 93% of the trajectories computed by GCSGC have a
lower cost than the trajectories computed by GCS. For the other
7% of the tasks, the GCSGC trajectories are shown in Fig. 13(a)
and the GCS trajectories are shown in Fig. 13(b). It can be
seen that this is only the case when the distance between the
start and goal locations is very short, and thus, it is lower cost
to directly move through the high-cost region, as opposed to
taking a long motion around it. The GCSGC planner does not
exactly produce these short straight-line trajectories because
it uses an approximation of the eggbox function. However,
the produced GCSGC trajectories are still very similar to the
straight-line trajectories. In contrast, approximately 22% of the
GCSGC trajectories have costs more than 10% lower than the
corresponding GCS trajectories, which are shown in Fig. 14(a)
and (b), respectively. It can be seen that these tasks typically
have a large distance between the start and goal locations, and
the lowest cost trajectories quickly move out of the high-cost
region in the bottom left and enter into the low-cost regions in
the top left and bottom right. These 2-D experiments show the
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Fig. 14.  22% of tasks where the trajectories computed by the GCSGC motion
planner (a) are more than 10% lower in cost than the shortest distance trajectories
(b) are shown.

Fig. 15.  Trajectories for 1000 planning tasks with a fixed start location and
random goal locations are given, where the blue trajectories in (a) are the
lowest cost trajectories computed by the GCSGC motion planner and the purple
trajectories in (b) are the lowest cost trajectories computed by the GCS-SLP
motion planner.

advantages of the trajectories computed by the proposed motion
planner compared to the shortest-distance trajectories.

3) Comparison Between GCSGC and GCS-SLP: The ben-
efits of the proposed GCSGC motion planner, which uses lin-
earized cost functions and McCormick relaxations to convexify
this complicated nonconvex problem, are demonstrated against
the direct application of nonlinear programming methods to
compute optimal trajectories. The baseline nonlinear program-
ming approach used in this experiment is constructed by com-
bining the traditional GCS formulation to handle collision avoid-
ance with an SLP-based approach to minimize the nonconvex
edge costs. In particular, SLP is used to locally optimize the
nonconvex edge costs within the original GCS formulation.
SLP is an effective and efficient choice for this nonconvex
optimization problem, where all of the constraints are linear
in these experiments.

To compare the performance of the GCSGC motion planner
with the GCS-SLP algorithm, the same 1000 tasks from the
previous experiment are used. Therefore, the results for the
GCSGC planner are identical to the results of the previous
experiment, as shown in Fig. 15(a). The optimal trajectories
computed by the GCS-SLP algorithm using the HiGHS linear
program solver [49] are shown in Fig. 15(b). The average online
computational time for the GCSGC motion planner and the
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Fig. 16.  Number of trajectories within different ranges of the relative differ-
ence in trajectory cost between GCSGC and GCS-SLP.

GCS-SLP motion planner to compute each trajectory was 0.62
and 3.56 s, respectively. This almost six-times improvement in
computational efficiency demonstrates the large performance
benefits that can be achieved by the proposed GCSGC planner
over nonlinear programming approaches. The differences in the
trajectory costs are grouped into different ranges, and the number
of trajectories within each range is shown in Fig. 16. A positive
difference corresponds to the trajectory computed by GCSGC
having a lower cost than the trajectory computed by GCS-SLP,
and a negative difference corresponds to the opposite case. It
can be seen that the difference in trajectory cost is very small,
where 95% of all of the comparable trajectories have a 5% or
less relative difference in cost. However, some trajectories pro-
duced by the GCS-SLP algorithm have relative costs over 20%
larger than the costs of the comparable trajectories computed by
GCSGC. This is because the GCS-SLP algorithm can become
stuck in local minima based on the initial conditions provided
to the algorithm.

B. Seven-Dimensional Experiments

1) Experiment Setup: To further validate the performance
of the proposed motion planner in high-dimensional spaces,
several experiments are performed using a 7-DoF Kinova Gen3
robot arm. The GCSGC motion planner in (27) and (28) is
implemented using the CVXPY library [52], a popular library
for formulating convex optimization problems in the Python
programming language. Once formulated, it is solved using the
Mosek solver [53]. All of the graph computations, such as their
representation, storage, and preprocessing, are performed using
the NetworkX library [54], a popular and efficient graph analysis
Python library.

The tasks in these experiments are designed to test the motion
planner’s ability to reorganize a bookshelf while simultaneously
avoiding collisions and minimizing some cost function. There
are five tasks in total, the first task requires the robot arm to move
from a start configuration outside the bookshelf to a goal con-
figuration inside the bookshelf to grab a large toy bear. The next
task is to move the large toy bear to the top of the bookshelf. After
this, the robot arm moves back into the bookshelf to grab a small
toy bear. This small toy bear is then moved to the shelf below
it. Finally, the fifth task moves the robot arm back to its starting
position. The environment for these experiments is shown in
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Fig. 17.  Environment for the bookshelf reorganizing tasks.

Fig. 17. To represent the collision-free configuration space for
this environment, six collision-free regions were computed in
986 s using the IRIS-NP algorithm introduced in Section II-A.

To show the effectiveness of the proposed motion planner, it
is compared to several other state-of-the-art motion planners,
which are divided into the categories multiquery and single-
query. These motion planners are compared in terms of their
computational efficiency, memory footprint, and the quality of
their produced trajectories. To ensure that the computational
efficiency of the tested motion planners is fairly compared, all
of the planners are tested using the same computer, with an Apple
M2 Pro CPU and 16 GB of RAM.

2) Comparison With Multiquery Algorithms: Because the
underlying graph structure of the GCSGC motion planner can
be reused for any tasks within the same environment, it is
classified as a multiquery planner. Therefore, it is first compared
to the current state-of-the-art asymptotically optimal multiquery
algorithm, PRM*. The PRM* algorithm uses an offline stage to
build a planning roadmap by randomly sampling joint configu-
rations and testing for collision-free connections between these
sampled configurations. The online stage of the PRM* algorithm
is performed by adding the start and goal configurations to
the roadmap and then using a graph search method, such as
the Djikstra’s algorithm, to compute an optimal collision-free
trajectory within the roadmap. The PRM* algorithm in these
experiments is implemented using the OMPL library [55], which
is a popular open-source motion planning library. In addition,
similar to the 2-D experiments, the GCSGC planner is also
compared to the GCS-SLP algorithm.

A highly nonlinear and nonconvex cost function, the postfail-
ure dexterity after an arbitrary joint is locked, is used in this
comparison. It is defined as follows [56]:

K(q) = mln {fam(q)} (32)

f_

where 7 is the number of joints, fom (q) is the minimum singular
value of the robot’s Jacobian at configuration q after joint f is
locked, which represents the worst-case dexterity after joint f
fails. Based on this metric at each configuration, the cost of the

entire trajectory is defined as follows:

T
) = / B K(r(t)) dt

where the function r represents a trajectory as a function of time
t with duration 7', and 3 is chosen such that it is greater than the
largest possible value of K(q), thus ensuring the trajectory cost
is always positive. It can be seen that a trajectory with a lower
cost represents a safer trajectory after an arbitrary joint failure.

To approximate the above cost function, a neural network with
4 hidden layers and 6, 6, 8, and 8 neurons in each respective
layer was used. The network is trained using collision-free
configurations as the inputs and the respective costs at the con-
figurations as the outputs. The mean squared error loss function
is minimized using the Limited-memory Broyden—Fletcher—
Goldfarb—Shanno (L-BFGS) algorithm, and the neural network
reaches a minimum loss of 0.009, after 55 s of training, which
is an acceptable level of accuracy . The above neural network
divides the configuration space into 5118 linear-cost regions,
and these linear-cost regions are then intersected with the six
collision-free regions to form the underlying graph of convex
sets used by the GCSGC motion planner in this experiment.
This graph of convex sets contains 30 973 vertices and 390 997
edges. After the underlying graph structure was constructed, the
representative graph structure was computed, where these steps
were completed in 4337 s, and the entire offline process took
5378 s.

The construction of the PRM* roadmap in this experiment
is similar to [37], where this process is divided into two offline
phases. The first phase connects the centers of the intersections
of collision-free regions together to form a basic skeleton for
the roadmap. This basic skeleton is further developed in the
second phase by randomly sampling configurations inside the
six collision-free regions and testing for collisions along the con-
nections between these configurations also using the collision-
free regions. The final roadmap contains 103 692 vertices and
3 378 980 edges. The total offline time of the PRM* algorithm
is 5407 s, which is almost identical to the offline time of the
GCSGC planner.

The trajectory costs, online computational time, and memory
footprint of the GCSGC planner with £ = 1000 and o = 1.0,
a = 1.02, and o« = 1.05, PRM*, and GCS-SLP are shown in
Table II . The trajectory costs of the proposed GCSGC planner
are significantly lower than the trajectory costs of PRM* for all
values of o, and in particular the trajectory costs when o« = 1.02.
The trajectory costs of the GCSGC planner for all values of o
are lower than the trajectory costs of the GCS-SLP planner for
four of the five tasks, where GCS-SLP performs slightly better in
task 2. The online computational time of the GCSGC planner has
two parts: 1) the time used by the graph preprocessing stage; and
2) the time taken to solve the two convex optimization problems,
(27) and (28). The online computational time of the GCSGC
planner with o = 1.0 is the lowest for four of the five tasks, and
it is roughly 10 to 15 times faster than PRM* in these cases.
PRM* is the fastest algorithm in Task 4, however it is only
0.003 s faster than the GCSGC planner with o« = 1.0. This fast
runtime is due to the extremely short distance trajectory for this

(33)
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TABLE II
COMPARISON BETWEEN GCSGC PLANNER! AND MULTIQUERY PLANNERS PRM*2 AND GCS-SLP3

[ Task | Metric [ GCSGC (a=1.0) [ GCSGC (a=1.02) [ GCSGC (o =1.05) [ PRM* | GCS-SLP |
Trajectory Cost 2.03 1.98 2.06 2.73 2.08
1 Online Time [s] 0.012 + 0.008 = 0.02 023 + 1.33 =156 027 +35=3.77 0.28 3377
Memory [MB] 167 + 0.94 = 167.94 167 + 32 = 199 167 + 81 = 248 1217 4.64
Trajectory Cost 3.29 3.24 3.28 4.44 3.09
2 Online Time [s] 0.021 + 0.007 = 0.028 022 +092=1.14 0.35 + 3.1 =3.45 0.42 352.6
Memory [MB] 167 + 0.71 = 167.71 167 + 12 =179 167 + 48 = 215 1217 4.28
Trajectory Cost 1.78 1.70 1.70 3.71 2.31
3 Online Time [s] 0.014 + 0.006 = 0.02 0.18 + 032 =0.5 0.21 + 1.47 = 1.68 0.30 466.9
Memory [MB] 167 + 0.59 = 167.59 167 + 49 =171.9 167 + 29 = 196 1217 4.28
Trajectory Cost 0.5 0.49 0.58 1.69 1.15
4 Online Time [s] 0.006 + 0.004 = 0.01 0.15 + 0.056 = 0.206 | 0.16 + 0.41 = 0.57 0.007 314.5
Memory [MB] 167 + 0.44 = 167.44 167 + 2.7 = 169.7 167 + 12 =179 1217 4.33
Trajectory Cost 1.86 1.78 1.81 227 2.67
5 Online Time [s] 0.025 + 0.009 = 0.034 031 +2.16 =247 038 + 5.1 =548 0.35 417.9
Memory [MB] 167 + 0.96 = 167.96 167 + 45 =212 167 + 79 = 246 1217 4.69

'The training time for the neural network approximating the post-failure dexterity cost function was 55 s; the time taken to compute the collision-free regions was 986 s; and
the time taken to compute the graph of convex sets for the GCSGC motion planner was 4337 s. The total offline time for the GCSGC motion planner was 5378 s.

*The offline time for the PRM* motion planner was 5407 s.

*The offline time (computing the collision-free regions) for the GCS-SLP motion planner was 986 s.

task, where the PRM* trajectory is comprised of only four nodes
including the start and goal configurations. The GCS-SLP is
significantly slower than both the GCSGC and PRM* planners
for all five tasks, where GCSGC (« = 1.0) is at least 12 000
times faster than GCS-SLP. For the GCSGC planner, it can be
seen that increases in « can cause an increase in the algorithm’s
online runtime due to the increase in the complexity of the
simplified graph structure, but even the slowest runtimes are
still reasonable for many applications. This leads to a tradeoff
between the quality of the computed trajectory and the time
taken to plan it. The optimal value of « can be determined based
on the priority of the trajectory quality versus the computational
efficiency for a specific application.

For low-resource systems, although GCS-SLP is quite mem-
ory efficient, it is not a feasible choice due to its computational
inefficiency. As both the GCSGC and PRM* motion planners
rely on large graph structures in order to produce high quality
trajectories, their memory footprints must be considered. The
GCSGC memory entries in Table II contain two parts: 1) the
memory used by the representative graph structure; and 2) the
memory used during the optimization stage. It can be seen that
the GCSGC motion planner uses significantly less memory than
the PRM* motion planner. This is because the representative
graph structure is used during the graph pre-processing which
requires much less memory than the entire underlying graph
of convex sets. In addition, only the regions needed to repre-
sent the simplified graph structure are loaded into memory for
solving the optimization problems. On the contrary, the PRM*
graph structure contains roughly three times more vertices and
nine times the number of edges than the representative graph
structure. This experiment demonstrates the advantages of the
proposed GCSGC motion planner in terms of trajectory quality,
computational efficiency, and memory footprint.

Example end-effector trajectories obtained by following the
joint trajectories produced by the tested motion planners for the
above experiment are shown in Fig. 18. These trajectories were
planned to complete Task 2, which requires the robot to move a

Fig. 18.  End-effector trajectories computed by the GCSGC planner, the PRM*
planner, and the GCS-SLP planner for Task 2 of the multiquery comparisons
experiment are shown as the blue, purple, and red curves, respectively.

toy bear from the middle shelf to above the bookshelf. The blue,
purple, and red curves represent the end-effector trajectories
computed by the GCSGC planner with o = 1.02, the PRM*
planner, and the GCS-SLP planner, respectively. It can be seen
that all of these trajectories are collision-free. However, the
trajectory produced by the PRM* planner moves closer to the
boundary of the reachable workspace, which are regions with
low postfailure dexterity. The simulation video of the robot
motions planned by both planners for all five tasks is available
on YouTube.!

3) Comparison With Single-Query Algorithms: Some addi-
tional comparisons are conducted between the GCSGC motion
planner and several state-of-the-art single-query motion plan-
ners. There are two main categories of single-query planners
used in this experiment: 1) optimization-based (TrajOpt); and

![Online]. Available: https://youtu.be/9VPRXp06uKk
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TABLE III
COMPARISON BETWEEN GCSGC PLANNER! AND SINGLE-QUERY PLANNERS

[ Task [ Metric “ GCSGC (a =1.0) [ GCSGC (a = 1.04) [ GCSGC (a = 1.075) [ TrajOpt [ BIT* [ AIT* [ RRT* ]

Trajectory Cost 2.88 2.89 2.88 2.72 3.01 2.97 3.01

1 Online Time [s] 0.0017 + 0.003 = 0.0047 0.13 + 0.59 = 0.72 0.09 + 1.01 = 1.1 63.4 420 660 420
Valid Yes Yes Yes No Yes Yes Yes

Trajectory Cost 1.67 1.68 2.16 1.75 2.71 2.44 1.95

2 Online Time [s] 0.015 + 0.008 = 0.023 0.43 + 55 =593 0.47 + 8.6 =9.07 86.7 900 1080 1020
Valid Yes Yes Yes No Yes Yes Yes

Trajectory Cost 0.9 0.91 1.26 1.08 0.94 1.24 0.94

3 Online Time [s] 0.003 + 0.005 = 0.008 0.14 + 1.4 = 1.54 0.32 + 7.92 = 8.24 19.3 780 480 1260
Valid Yes Yes Yes Yes Yes Yes Yes

Trajectory Cost 1.92 1.13 1.11 0.9 1.29 1.33 N/A

4 Online Time [s] 0.003 + 0.008 = 0.011 0.26 + 0.33 = 0.59 02+092=1.12 22.4 540 480 3600
Valid Yes Yes Yes No Yes Yes No

Trajectory Cost 3.43 2.78 2.8 2.34 2.64 2.92 2.15

5 Online Time [s] 0.002 + 0.003 = 0.005 0.12 + 0.32 = 0.44 0.14 + 0.94 = 1.08 74.3 1200 1140 1500
Valid Yes Yes Yes Yes Yes Yes Yes

"The training time for the neural network approximating the gravity vector cost function was 33 s; the time taken to compute the collision-free regions was 986 s; and the time taken to compute the
graph of convex sets for the GCSGC motion planner was 3241 s. The total offline time for the GCSGC motion planner was 4260 s.

"Note that boldface is used to represent the optimal result only for valid trajectories.

2) sampling-based (BIT*, AIT*, RRT*). A custom implemen-
tation of TrajOpt is used, where the sequential convex programs
are solved using Mosek, and the continuous collision detection
method in [24] is implemented using PyBullet [57]. The fol-
lowing hyperparameters are used: 25 nodes per trajectory, the
safe distance 0.005 m, the collision check distance 0.05 m, the
initial penalty coefficient 0.1, the penalty scaling 25.0, and all
tolerances are set to 0.0001. The OMPL implementations of the
BIT*, AIT*, and RRT* algorithms are used with the following
hyperparameters: k-nearest neighbors search, rewiring factor
equal to 1.001, and the maximum range and goal bias for
RRT* are set to w/2 and 0.1, respectively. These sampling-based
methods attempt to solve for the lowest cost trajectory until 300
s pass without finding a better trajectory, with an upper limit of
1 h of planning time.

Another highly nonlinear and nonconvex cost function, the
norm of the gravity vector, is used in this experiment. It is the
function g in the following dynamic equation for arobot arm [58]

M(q)4 + C(q,q)q +g(q) =T (34)

where q is the velocity of the robot arm, q is the acceleration, T
is the applied joint torques, M (q) is the inertia matrix, C(q, q)
is the centrifugal and Coriolis matrix, and g(q) is the gravity
vector of the robot arm. Based on this configuration cost, the
cost of the entire trajectory is defined as follows:

T
ce() = [ Il d (35)
Minimizing this trajectory cost will reduce the energy required
to compensate for gravity.

To approximate the above cost function, a neural network
with 3 hidden layers and 7 neurons in each layer was used.
Using the mean squared error loss function, the network reaches
a minimum loss of 0.003 in 33 s, which can approximate the
given cost function very accurately. This neural network divides
the configuration space into 3659 linear-cost regions, and these
regions are intersected with the six collision-free regions to form
the underlying graph of convex sets with 23 973 vertices and

363 519 edges, where these steps were completed in 3241 s. The
total offline time used by the GCSGC planner in this experiment
is 4260 s.

The trajectory costs, online computational time, and the valid-
ity (collision free) of the computed trajectories for the GCSGC
planner with £ = 1000 and o« = 1.0, « = 1.04, and o = 1.075,
TrajOpt, BIT*, AIT*, and RRT* are given in Table III. For
Tasks 1, 2, and 3, the GCSGC planner with o = 1.0 produces
the lowest cost trajectories among the valid trajectories. In
Task 4, the GCSGC planner with o = 1.075 produces the lowest
cost trajectory among the valid trajectories. Even though the
GCSGC planner with av = 1.04 does not produce the lowest
cost trajectories, it is always very close to the lowest cost. In
Task 5, RRT#*, BIT*, and TrajOpt produce lower cost trajectories
because some low-cost configurations were not contained within
the six collision-free regions used to build the graph of convex
sets, and thus they are not reachable by the GCSGC motion plan-
ner. This problem can be solved by computing an approximate
cover of the entire collision-free configuration space by using
the method introduced in [59].

Regarding the online computational efficiency, GCSGC ob-
viously performs the best because of the useful information
provided by the graph structure computed offline. If the of-
fline computational time (4260 s) were to be factored into the
GCSGC results, the combined times for all of the five tasks for
each sampling-based method would be close to the cumulative
offline and online times of the GCSGC planner. This shows that
single-query algorithms are effective choices for a single task
or dynamic environments, but the GCSGC planner is a more
powerful planner when several tasks need to be completed in the
same environment. TrajOpt also performs well both in terms of
computational efficiency and trajectory quality. However, it can-
not guarantee that the computed trajectories are collision-free,
as it only successfully plans two trajectories in this experiment.
This is because the continuous collision detection checks in
TrajOptuse the convex hull of the link geometries at two adjacent
waypoints, which does not necessarily enclose all of the link
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Fig. 19. End-effector trajectories computed by GCSGC, TrajOpt, BIT*, AIT*,
and RRT* for Task 2 of the single-query comparisons experiment are shown as
the blue, purple, green, pink, and red curves, respectively.

geometries between these two waypoints. In addition, RRT*
could not find a collision-free trajectory after 1 h for Task 4.
Example end-effector trajectories obtained by following the
joint trajectories produced by the tested motion planners for
Task 2 of the above experiment are shown in Fig. 19. The blue,
purple, green, pink, and red curves represent the trajectories
computed by the GCSGC planner with o = 1.04, TrajOpt, BIT*,
AIT*, and RRT*, respectively. It can be seen that the trajec-
tories computed by GCSGC and the sampling-based methods
are collision-free, while the trajectory computed by TrajOpt
collides with the top shelf. In addition, in contrast with the other
trajectories, the trajectory computed by the GCSGC planner
moves out of the shelf very quickly and immediately moves
into an upright position. At these positions, the associated joint
configurations have gravity vectors with very small magnitudes,
and thus only a small amount of torque is required to compensate
for gravity. The simulation video of the robot motions planned
by all of the planners for all five tasks is available on YouTube.?
4) Physical Experiments: Two physical experiments are con-
ducted on a real Kinova robot to further demonstrate the effec-
tiveness of the proposed motion planner. In the first physical
experiment, the cost function optimized by the motion planner
is the norm of the gravity vector defined in (35). The robot first
moves from an arbitrary configuration, as shown in Fig. 20(a),
to a given initial configuration outside of the bookshelf, as
shown in Fig. 20(b). Meanwhile, two toy bears are placed at
arbitrary locations inside the bookshelf, shown in Fig. 20(b). An
Azure Kinect RGB-D camera is then used to detect the bears
and estimate their poses by employing the YOLOv11 computer
vision algorithm [60], as shown in Fig. 20(c). Once the positions
of these bears are determined, the corresponding goal configura-
tions are computed by solving the inverse kinematics constrained
within the six collision-free regions. The GCSGC planner with
a = 1.0 s used to plan an optimal collision-free trajectory from
the initial configuration to the goal configuration corresponding

2[Online]. Available: https://youtu.be/9VPRXp06uKk
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Fig. 20. Physical experiment of the bookshelf reorganizing tasks is shown,
where the nonconvex cost function is the norm of the gravity vector. (a) The
robot at an arbitrary configuration and the object detection camera are shown in
(a). The robot moves to a given initial configuration while two bears are being
placed at arbitrary locations inside of the bookshelf in (b). The camera system
then determines the location of the bears and the GCSGC planner computes the
trajectory to grasp the lower bear in (c). The robot reaches the first bear in (d),
and a trajectory to move the bear to the top of the bookshelf is computed. This
trajectory first moves the arm to an upright position to reduce the norm of the
gravity vector, as shown in (e), before placing the bear on top of the bookshelf
in (f). Finally, the robot grasps the second bear in (g) and moves it to the middle
shelf in (h).

to the bear at the lower position. By following this trajectory,
the robot moves into the bookshelf and grabs the bear, as seen
in Fig. 20(d). After finishing this trajectory, the GCSGC planner
immediately computes a new trajectory to move the bear to the
top of the bookshelf. In this computed trajectory, the robot first
moves to an upright position to reduce the norm of the gravity
vector, as seen in Fig. 20(e), before finally moving the bear to
the top of the bookshelf, as seen in Fig. 20(f). After dropping the

Authorized licensed use limited to: UNIVERSITY OF KENTUCKY. Downloaded on February 19,2026 at 23:38:58 UTC from IEEE Xplore. Restrictions apply.



5622

IEEE TRANSACTIQNS ON ROBOTICS, VOL 41, 2025

IEEE Transactions on Robotics (T-RO) paper, presented at ICRA 2026, Vienna, Austria. Cite as T-RO pap

bear above the bookshelf, another trajectory is computed to reach
the second bear inside of the bookshelf, as shown in Fig. 20(g).
A final trajectory is computed to move this bear to the middle
shelf, as shown in Fig. 20(h). The second physical experiment
is identical to the first, except the cost function optimized by the
GCSGC planner is the postfailure dexterity, as defined in (33).
Videos for both physical experiments are available on YouTube.?
From the videos, it can be seen that the GCSGC planner can
compute high-quality trajectories very efficiently.

VI. CONCLUSION

This article develops a new motion planner called the GCSGC
planner to compute low-cost and collision-free trajectories for
nonconvex cost functions. This planner is created by building
a graph structure whose vertices and edges are obtained by
intersecting a set of collision-free regions with a set of linear-cost
regions obtained from an ReLU neural network used to ap-
proximate the nonconvex cost function. A graph preprocessing
technique is then developed to improve the efficiency of the plan-
ner and the quality of the computed trajectories. This proposed
motion planner is first validated using a simple 2-D configuration
space, where the GCSGC planner is constructed from different
sized neural networks and tested with and without preprocessing.
This experiment demonstrates that medium-sized neural net-
works with preprocessing can produce optimal trajectories with
relatively small online runtimes. The trajectories produced by
the GCSGC planner are then compared with the shortest distance
trajectories. Over 93% of the 1000 trajectories computed by the
GCSGC planner are lower cost than the comparable shortest
distance trajectories. Finally, the GCSGC planner is compared to
anonlinear programming method GCS-SLP, where the GCSGC
planner produced similar quality trajectories roughly six times
faster than GCS-SLP.

The proposed motion planner was further tested in a com-
plicated 7-D configuration space (Kinova Gen3 robot) using
two different cost functions. The results show that with a sim-
ilar offline computational cost to another multiquery planner,
PRM*, the GCSGC planner performs better in terms of online
computational efficiency, trajectory cost, and memory footprint.
In addition, the GCSGC planner produced lower cost trajectories
than GCS-SLP in four of five tasks, while also computing these
trajectories around 12 000 times faster. Compared to several
state-of-the-art single-query algorithms (TrajOpt, BIT*, AIT*,
and RRT#*), the GCSGC planner is able to compute the optimal
collision-free trajectories for four of the five tested tasks. In this
other task, RRT*, TrajOpt, and BIT* are able to compute lower
cost trajectories because the collision-free regions used in the
GCSGC planner do not cover some of the low-cost regions that
the other trajectories computed by the single-query algorithms
traveled through. In terms of computational efficiency, the cu-
mulative offline and online time for all five tasks of the GCSGC
motion planner was close to the cumulative time of each of
the sampling-based planners. Finally, two physical experiments

3[Online]. Available: https://youtu.be/9VPRXp06uKk

were conducted to demonstrate the proposed method’s effec-
tiveness in real-world motion planning applications. In future
works, the proposed GCSGC motion planner will also be ex-
tended to operate in dynamic environments by using nonconvex
constraints to handle dynamic obstacles [41].
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