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RE-Formation: Resilient and Efficient Formation Planning in
Large-Scale Distributed Aerial Swarms

Yuan Zhou, Lun Quan, Chao Xu, Guangtong Xu, and Fei Gao

Abstract—Due to the limited online computational resources
and the inherent probability of hardware and software failures
of real-world robots, large-scale formation planning faces two
common challenges: computational intractability and agent
failures. Based on the theory of sparse graphs and the maximum
clique, we achieve a resilient and efficient formation planning
(RE-Formation) to address these issues. To improve the
computational efficiency of trajectory planning while ensuring
flexible formation maneuvers, we introduce sparse graphs to
describe connection relationships and present a sparse graph
construction method with closed-form solutions. The sparse
graphs ensure the Global Rigidity for uniquely corresponding
to a geometric shape and Preserve the main Features of
complete graphs, denoted as the GRPF sparse graph. To
prevent the impact of abnormal agents, the problem of elimi-
nating abnormal agents is transformed into an outlier rejection
problem that can be solved by computing the maximum
clique. We approximate the maximum clique by periodically
triggering the calculation of the maximum k-core to meet the
real-time computational demands of large-scale swarms. We
validate the performance through real-world experiments and
implement formation planning with 100 drones in simulation.
Benchmark comparisons and ablation experiments demonstrate
the effectiveness of our method.

Abstract—In this paper, we address the challenges of large-
scale aerial swarm formation planning, focusing on compu-
tational efficiency and resilience to agent failures. Real-world
swarm robots often face limitations in computational resources
and are prone to hardware and software failures, which can
severely impact formation coordination. Our proposed method
uses sparse graphs that are globally rigid to reduce computa-
tional complexity while ensuring flexible formation maneuvers,
and employs outliers rejection to eliminate abnormal agents,
ensuring resilient collaboration.

Index Terms—Large-scale formation, resilient swarms, effi-
cient planning, sparse graphs, outlier rejection.

I. INTRODUCTION

Formation planning is a fundamental requirement for
swarm robots. Robots in real-world scenarios are inherently
imperfect [1], [2], often limited by computational resources
and a non-negligible probability of hardware and software
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Fig. 1. Simulation results of the resilient and efficient formation planning

that maintaining the shape of a jet aircraft with 100 drones while avoiding
obstacles.

failures. As the scale of formation increases, the addi-
tional constraints imposed by the collaborative relationships
among agents challenge the finite computational resources.
Moreover, abnormal status information induced by agent
failures, which is prone to occur in large-scale swarms,
can propagate through the collaborative network to other
agents and significantly impact the formation coordination
of the remaining agents. Therefore, a reasonable cooperation
relationship becomes the key to ensuring the performance of
the large-scale formation.

Numerous works have demonstrated various cooperative
relationships. Intuitive methods include collaboration that
only considers information from neighboring agents. It is
simple and effective that agents do not need to process and
rely on the information from all agents, which facilitates the
formation of extensive swarms, and failure of agents does
not significantly affect overall cooperation [3], [4]. However,
such swarm systems suffer from protracted recovery time
to reestablish the desired formation when responding to
disturbances. Some works use density to abstractly represent
the overall formation state and still struggle to adequately
characterize the entire formation, making it hard to respond
to disturbances quickly [5], [6]. Conversely, a distinct cat-
egory of methods utilizes the state information of all other
agents [7], [8]. Agents can assimilate the overall state of
the swarm, enabling coordinated navigation through com-
plex environments while maintaining formation stability and
achieve timely recovery from disruptions. Nonetheless, the
entire formation becomes highly vulnerable to the dispropor-
tionate impact of a few failed agents under a fully-connected
collaborative network, while typically requires considerable
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computational resources as the increasing constraints lead
to an extended solving time when the scale escalates. In
summary, current formation systems struggle to simultane-
ously achieve large-scale swarm motion planning in complex
environments and tolerance to agent failures.

In nature, individuals within a flock of birds only need to
consider the movements of a few individuals to cooperate,
allowing them to form and maintain large-scale flocking [9].
Even if some individuals stray from the flock, it does not
significantly affect overall cooperation [10]. The objective
of this paper is to establish a resilient and large-scale
formation navigation system in complex environments like
a flock of birds based on sparse collaborative relationships.
To achieve obstacle avoidance and formation keeping while
ensuring flexible maneuvers, we adopt the framework of
distributed trajectory optimization [1], and employ graphs to
measure formation similarity. The overall framework of our
algorithm flow is shown in Fig. 2. To reduce the excessive
constraints caused by large-scale swarms, we use the sparse
graph to replace the computationally demanding complete
graph, which means that agents only need to consider the
information from a subset of other agents. After determining
the sparsification rate based on the actual ability of the com-
putation resource on board, we transform the construction
of a sparse graph into the problem of submatrix selection
[11] of the Laplacian matrix. To prevent the abnormal state
information of failed agents from affecting the majority,
we eliminate edges with significant disparities and compute
the maximum clique that minimizes the error between the
graph of desired formation and the current formation. By
optimizing trajectories with the normal agent states in the
maximum clique and applying the sparse graph as formation
constraints, we achieve Resilient and Efficient larger-scale
Formation called RE-Formation. The ablation experi-
ments demonstrate the resilience of our abnormal state elim-
ination method in formation flight. Physical experiment and
extensive benchmarks verify the efficiency and performance
superiority of our sparse graph for differentiable metric in
formation planning. Compared to the cutting-edge distributed
formation planning method [1], planning efficiency is im-
proved by approximately an order of magnitude when the
number of drones exceeds 80. Moreover, we achieve the
real-time formation planning of 100 agents in a complex
environment through simulation as shown in Fig. 1. The
contributions of this paper are as follows:

1) We propose a GRPF sparse graph construction method
for formation planning by submatrix selection. We ex-
plore metrics in submatrix selection related to achieving
formation performance, with the quantification of Max-
Trace as the optimal metric. Moreover, a closed-form
solution is derived utilizing Max-Trace, enabling the
real-time construction of a GRPF sparse graph.

2) We analysis that the GRPF sparse graph is globally
rigid for uniquely corresponding to a formation shape,
and preserve the main structural feature of the complete
graph to guarantee formation performance. Through

computational complexity analysis and experimental
validation, GRPF sparse graph exhibits superior com-
putational efficiency in formation planning.

3) We transform the agent failure tolerance into the prob-
lem of rejecting outliers and solve it by computing
the maximum clique. Furthermore, we compute the
maximum k-core to identify the approximation of the
maximum clique efficiently due to its linear complexity
[12]. By incorporating the method of eliminating abnor-
mal state information into formation trajectory planning,
we achieve a resilient formation.

II. RELATED WORKS

Numerous research focus on developing swarm and for-
mation systems [1], [3], [13], [14]. We conduct a review
of existing research on large-scale formation generation. In
addition, a survey of the existing literature on formation
navigation is conducted in this paper. Furthermore, we ex-
tend the investigation to resilience enhancement strategies,
particularly those incorporating agent failures.

A. Lager-scale Formation Generation

Achieving large-scale swarm coordination has always been
one of the research hotspots. An strategy formulates the
target configuration as a set of probability distributed bins,
utilizing the Markov chain algorithm to converge toward
the specified formation [5], [15], [16]. Bandyopadhyay et
al. [5] propose a probabilistic swarm guidance algorithm
using inhomogeneous Markov chains, which controls the
density distribution of autonomous agents through real-time
feedback, achieving the desired formation shape with sim-
ulations involving up to one million agents. However, the
slow convergence to desired configurations and reliance on
obstacle-free environments render it inadequate for complex
scenarios. Artificial potential fields (APF) are used to define
target geometries [3], [6], [17], guiding agents through APF
attractive and swarm repulsive forces to achieve formation
generation. Nagpal et al. [3] utilize robots with a simple
structure, achieving the self-assembly of 2D shapes through
programmable local interactions and local sensing. Zhao et
al. [6] develop a shape assembly strategy for robot swarms
based on the mean-shift algorithm, similarly based on density
control methods, enabling the swarms to form complex
shapes with high adaptability. However, these approaches
exhibit inefficient convergence, lack explicit obstacle avoid-
ance, and fail to meet real-time planning demands in complex
environments.

B. Formation Navigation in Complex Environments

There are many outstanding works on formation nav-
igation in complex environments, including virtual struc-
tures [18], [19], consensus-based control laws [20], [21],
leader-follower [22], [23], which design compliant control
laws to achieve formation maintenance and obstacle avoid-
ance. These methods typically require low computational
resources. To further reduce communication overhead and
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Fig. 2. The overall framework of our proposed planning method. The blue dashed box on the left illustrates the method for excluding anomalous failed
agents, where each agent independently eliminates the outliers within the yellow background box. The green dashed box in the upper right indicates the
connection relationships established in a sparse graph after removing the abnormal agents from the swarm, thereby further reducing the number of agents
required for collaboration. The solid lines between agents represent bidirectional connections, while the dashed lines indicate unidirectional connections,
and the arrows denote the direction of the connections. The yellow dashed box in the lower right signifies that only a subset of agents is considered for

formation trajectory planning.

simplify constraints, sparse graph-based communication ar-
chitectures are adopted [4], [24], [25]. Moreover, ensuring
convergence in formation control requires maintaining the
rigidity of the communication topology [26], [27]. Theo-
retical analysis reveals that the convergence rate is intrin-
sically correlated with the second smallest eigenvalue of the
Laplacian matrix of the graph [28]. However, these local
feedback methods exhibit limitations in complex obstacle
environments and are prone to deadlock.

In contrast, optimization-based predictive frameworks
strike a balance between obstacle avoidance and formation
maintenance. However, such approaches require substan-
tial computational resources. While centralized formation
planning achieves superior collective mobility [7], [29],
simultaneous trajectory optimization for all agents becomes
computationally prohibitive for large-scale real-time appli-
cations. Treating the formation as a single entity to search
for traversable regions in the map can reduce computational
complexity. Nevertheless, these methods either rely on pre-
processed maps [30], making real-time planning challenging,
or simply employ flight corridors to characterize naviga-
ble areas [14], [31], resulting in inadequate adaptability
in complex environments. Another category of methods
adopts the framework of distributed trajectory optimization
[1], [8]. However, formation planning based on complete
graphs introduces excessive constraints, resulting in pro-
hibitive computational costs and limited scalability. Some
work successfully employ reinforcement learning to achieve
formation maintenance in obstacle environments [32], [33],
[34]. Xie et al. [33] achieve static and dynamic obstacle
avoidance for formation with three agents. Compared with
optimization-based formation planning methods, it has a
stronger formation maintenance capability. However, such
methods fail to achieve large-scale formation coordination
in complex environments. Besides, the approaches described

above rarely address the impact of the anomalous state
generated by failed agents on formation.

To deploy large-scale formation planning systems in com-
plex environments, this paper employs the distributed tra-
jectory planning framework. A sparse graph preserving the
spectral features of the original complete graph is constructed
by submatrix selection [35], [36].

C. Agents Failures Tolerance and Outliers Rejection

Numerous studies have concentrated on the resilience of
swarms, with particular emphasis on the critical task of
addressing the resilience of swarms in the context of robot
dropouts [37], [38]. However, those works focus on failures
at the communication network level of robots and make
several assumptions which limit practical applications. Some
works consider robot failures at task assignment, Morgan
et al. [39] determine the number of remaining agents in a
swarm based on bidding information, while allocating target
positions according to the number of bids. In this paper, we
focus on the impact of abnormal state information generated
by failed agents on formation coordination. These abnormal
state information can be regarded as outliers in formation
trajectory optimization. We transform agent failure tolerance
into the problem of rejecting outliers [40] and eliminate
abnormal state information in trajectory optimization. There
are many methods used to solve the problem of outliers
rejection. One category of methods treats it as a maximum
consensus problem (MC). It can be solved by Random
sample consensus (RANSAC) [41] and by completing the
maximum clique [42]. Another solution is M-estimation [43],
which attaches a robust loss function to the original optimiza-
tion cost. The commonly used method to address this issue is
through Graduated Non-Convexity (GNC) [44]. Additionally,
it can be relaxed to a semidefinite program (SDP) [45]. In our
problem, we focus primarily on identifying outliers and then
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performing graph sparsification after removing the abnor-
mal agents. To avoid affecting the subsequent sparsification
process and meet the real-time requirements of large-scale
formation planning, we treat it as MC and approximate the
maximum clique by computing the maximum k-core that
has linear complexity.

III. RIGID GRAPH AND SUBMATRIX SELECTION

In this section, we introduce the concept of graph rigidity
and discuss the basic principles of submatrix selection.

A. Globally Rigid Graph and Laplacian Matrix

The formation constraint of N drones is described by a
directed graph G = (v, e), where v := 1,2,...,N and e C
v X v represent the set of vertices and edges, respectively.
In directed graph G, the vertex v; € v denotes the i-th
drone with position vector p; = [z;, s, 2], and define the
composite vector P = (py,...,pny) € R3V. We define the
rigidity function of the graph G as the function

fg = (~'~a||pi_pj”2a"')v (l)

where the || - ||2 denotes the 2-norm and the ||p; — p;||2 is
the length of the edge e;; € e connecting the vertex v; and
v;, representing that drone ¢ consider the geometric distance
and trajectory information from drone j to cooperate. In this
paper, we only use the Euclidean distance between agents
as information for formation coordination. Unlike bearing-
based [27] and displacement-based methods [46], rigidity
analysis is conducted through the framework of bar-and-joint
[26]. We adopt the following definitions of rigidity, which are
taken from Asimow and Roth [47].

Definition 1 (Rigid graph): Let G be a graph with v.
G is rigid if there exists a neighborhood U € R3V of P
such that f5'(fg(P))NU = fc'(fic(P)) N'U, where K is
the complete graph with the same v as G. This means that
the graph will not undergo continuous deformation under
disturbances.

Definition 2 (Globally rigid graph): The graph G is
globally rigid if f5'(fg(P)) = fc'(fc(P)). That is, this
graph uniquely identifies a formation shape.

The level set fg Y(fg(P)) consists of all possible points
with edges of the same length. The set fc'(fx(P)) of the
complete graph K consists of points related to rigid body
motions. According to the definition in [48], a globally rigid
graph not only guarantees that the corresponding geometric
shape does not undergo continuous deformation under dis-
turbances, but also uniquely determines a shape. Therefore,
the necessary condition for graph-based formation planning
is that the graph G is globally rigid. Fig. 3 shows a graphical
interpretation of graph rigidity.

Since the Laplacian matrix L contains the structure of the
graphs and reflects the connection relationships of vertices
[49], we use L to formulate the formation constraint.

L=D-A, )

where A € RV*N and D € RV*Y denote the adjacency
matrix and the degree matrix of the graphs, respectively. The

elements in A and D are obtained by

i — Dj ife;; ce
Ay = P pl e € ®
0, otherwise,
N A .f . .
iy ifi =
D= A= 4 @)
0, otherwise.

B. Graph Sparsification and Submatrix Selection

For a complete graph G™P = (v“™P e“™P), we propose
an algorithm to construct a corresponding sparse graph
G*P" = (v*P", eP") that is also globally rigid, where v°P" =
v :=1,2,...,N and e®P" C e“"P,

Given a set of vertices v := {1,2,..., N}, a sparse graph
G°P" that satisfies the global rigidity can be constructed
following the Algorithm 1 (A1). When the number of swarms
is less than 4, we directly construct a complete graph to main-
tain the formation (A1: lines 3-7), as there are few formation
constraints. The core of Al is the selection of key vertices,
where the pseudocode of the function SelectionVbas is
detailed in Algorithm 2 (A2). Due to distinct sparse graph
conditions to achieve global rigidity in linear, planar, and
solid formation shapes, we process these cases separately to
obtain v%**, and construct a globally rigid sparse graph as
demonstrated in A2.

1) Linear Formations: We directly select the k vertices as
v%@s through the function GRPF VertexSelset (A2: lines
4 & 5). The details of function GRPFVertexSelset can
be found in section IV.

2) Planar Formations: We select k vertices as vP®®
through the function GRPF VertexSelset (A2: lines 6 &
7). Then, we introduce the following evaluation criteria
[50]:

3 Va, Vo, ve C VP, det(|vpvg, vevg]") #0,  (5)

to determine whether vertices are collinear, i.e., the
principle of the function IsCollinear (A2: line 8),
where det(-) is the determinant. If these k vertices
are collinear, we randomly select one vertex from the
remaining vertices that is not collinear with v*** and
add it to v®*5 (A2: lines 9-11).

3) Solid Formations: We select k vertices as v"** through
the function GRPFVertexSelset (A2: lines 12 & 13).
We introduce evaluation criteria [50]:

3 va, Vb, Ve, va VP, det(|vyvg, Vovg, vava|l) # 0,

(6)
to determine whether vertices are coplanar, i.e., the
principle of the function IsCoplanar (A2: line 13). if
these k vertices are coplanar, we randomly select one
vertex from the remaining vertices that is not coplanar
with v%** and add it to v*** (A2: lines 15-17).

Then, we use v*** to construct a complete graph G®*° =
(vbes €b?%), and set the remaining vertices as v""™" = v —
vb*5 (Al: lines 10-12). Connect each vertex in v™™" to all
vertices in v, but the vertices in v"™™" do not connect
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with each other (A1: lines 13-17). Finally, we obtain a sparse
graph which is globally rigid.

To illustrate the property of global rigidity of this sparse
graph, we introduce the following four Lemmas. Meanwhile,
formation shapes in different dimensions must satisfy distinct
conditions to ensure global rigidity.

1) Linear Formations: As the vertices in v®** are in-
herently non-coincident in linear formations. Accord-
ing to Lemma 4, G"** is globally rigid. Since GI™"
satisfies the conditions in Lemma 1 & 2, G]™" is
also globally rigid. Then, the sparse graph G°P" =
Gy, L, G, L UG e, GOPT is formed af-
ter all vertices in v"™" are connected to all vertices
in v®?° As the constructed sparse graph satisfies the
conditions in Lemma 3, G°P" is a globally rigid graph.

2) Planar Formations: The vertices in v"®® are non-
collinear in planar formations, then G®®* is globally
rigid. Because for collinear vertices, the resulting ver-
tices in v*® are coplanar regardless of how another
vertex is added to connect other vertices. According
to Lemma 2, G°P" is not globally rigid in 3D as
the vertices in v*** are coplanar. Similarly, G*P" is a
globally rigid graph based on the above explanation.

3) Solid Formations: The vertices in v*®° are non-collinear
in planar formations, then G*** is globally rigid as v?
satisfies the conditions in Lemma 2. According to the
above explanation, G°P" is a globally rigid graph. W

Although for Linear Formations and Planar Formations,
two vertices are sufficient to ensure non-collinear of v%%,
and three vertices can guarantee non-collinear of v%**. To
ensure the formation performance and algorithmic simplicity,
we uniformly configure !|v%?%| > 4.

Algorithm 1: Construction of globally rigid graph

1 Notation: Number of selected vertices m, Vertex
,Urmn’ E‘:(ige ermn’ Graph grmn

2 begin

3 if m < 4 then

4 ,Ubas = pCmp

5 ebs C vbs x pb?s  (Vertices fully connect)
6 gspr — (,vzbas’ e?as)

7 return G5P"

8 else

9 vP?* = SelectionVbas(v°°™, m)

10 ebas C ,Ubas X ,vbas

1 gbas — (,Uba,s’ ebas)

12 YT — emp _ ,Ubas

13 for v; € V""" do

14 V™" = v append(v;) (Add v; to vP*%)
17 gspr — gbas U g;"mn

18 return G°5P"

Algorithm 2: SelectionVbas

1 Notation: Number of selected vertices m, Vertex
vT"Van Edge e'r”rn,n Graph gT’ULTL
begin

2

3 switch Formation shape do

4 case line do

5 vb*% = GRPFVertexSelset(v°°™, m)

6 case plane do

7 0% = GRPFVertexSelset(v°°™, m)

8 if IsCollinear(v®**) then

9 VTN = Cmp _ vbas

10 v#dd = Randow VertexSelset(v"™", 1)
1 v?2% append(vg?d)

12 case solid do

13 vbes = GRPFVertexSelset(v°°™, m)

14 if IsCoplanar(v**®) then

15 T = Cmp _ ,vbas

16 v@d = RandowVertexSelset(v"™", 1)
17 v?2% append(v@?d)
18 | return v"*

Definition 3 (The cone of a graph) [51]: The cone of a
graph G is obtained from G by adding a new vertex v and
new edges from v to each vertex of G.

Lemma 1 (Extension lemma) [52]. Let G; be a graph
obtained from a graph G, by adding a new vertex v with
K edges incident to v. If G, is globally rigid in R¢ and
K > d+ 1, then G, is globally rigid in R, d is the spatial
dimension where the graph is located.

Lemma 2 [53]. A graph is globally rigid if it is formed
by starting from a clique of four non-coplanar nodes and
repeatedly adding a node connected to at least four non-
coplanar existing nodes.

Lemma 3 (Gluing lemma) [52]. Let G, and G- be graphs
with |V(G1) NV (Gs)| = K, and let G = G; U Go. If Gy and
G are globally rigid in Rd and K > d+1, then G is globally
rigid in R%. V(G) represents the set of vertices in graph G,
and |V (G)| denotes the number of vertices.

Lemma 4 [51]. A graph G is globally rigid in R? if and
only if the cone of G is globally rigid in R%*1.

Since the graph is described by the Laplacian matrix,
choosing partial edges from complete graphs is equivalent
to the submatrix selection. We transform the sparsification
mechanism into the submatrix selection, i.e., extracting sev-
eral columns from the Laplacian matrix. The Laplacian
matrix of complete graphs is L"P, then L®P" describes
the formation constraints in the planning problem that are
constructed by submatrix selection. It represents agent ¢ do
not consider agent j as a formation constraint when L;"
= 0. Fig. 4 shows a graphical interpretation of submatrix
selection and graph sparsification.
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Through the submatrix selection, a sparse graph with the
same vertices as in the complete graphs, which is globally
rigid, can be obtained. Considering the vertices as agents in a
distributed swarm system, it can be observed that the amount
of positional information that needs to be taken into account
for each agent in the sparse graph is less than that in the
complete graph, thereby reducing the number of formation
constraints.

IV. GRPF SPARSE GRAPH CONSTRUCTION METHOD

In this section, we construct a sparse graph that is glob-
ally rigid and adequately captures the main features of the
original complete graphs through submatrix selection. We
compare different submatrix metrics and obtain a closed-
form solution for our problem through analysis.

A. GRPF Sparse Graph Construction Problem

According to Section III-B, after determining the connec-
tion rate g, € (0,100%) according to the limited computa-
tional resources on board, we round up to obtain the number
of delected columns, which is [g. x N]. It is evident that
the outcome of random submatrix selection is not unique, in
order to guarantee formation performance and obtain an opti-
mal submatrix, £5P" should be selected carefully to construct
a GRPF sparse graph that can adequately capture the main
features of the original complete graphs [35]. As shown in
Algorithm 2, we implement the function GRPF VertexSelset
based on submatrix selection. We formulate the submatrix se-
lection as the following combinatorial optimization problem:

P1: min [|LemP —
HetmC{1,2,...,N},|Helm|=k

Ll (7)

where H™ is the optimization variable and contains the
index subsets of selected column blocks from the Laplacian
matrix L?. Liph € RV*N s the column-selected
submatrix, i.e., only the column blocks with the index in
He™ have elements that are identical to those in L¢™P, and

the rest of the column blocks are 0 € RV*!, Then we obtain
Lorr = LT

Although the combinatorial optimization problem of sub-
matrix selection in P1 can be solved by enumeration,
the exponentially growing problem dimension encounters
a combinatorial explosion for large-scale formation. The
computational complexity of the objective function in P1
is O(N?3) [54], which is impractical to solve combinatorial
optimization problems. Inspired by [35], the matrix-revealing
metric is adopted to replace the time-cost objective function,
allowing the optimization problem in P1 to be converted
into:

. cmp
P2: Hclmg{17271ir.1_?§/'(}7chlm|:k R(L[Hdm])’ (3
where R (-) is the matrix-revealing metric. There exist several
commonly used metrics which are listed in Table I.

The objectives of P1 and P2 are to maintain the struc-
tural information of the complete original graph, as verified
through simulations in Section VII.

TABLE I
CANDIDATE MATRIX-REVEALING METRICS

Min-Cond [35] Minimize condition Amax (L)/Amin (L)
Max-logDet [36] Maximize Log of determinant log(det(L))
Max-MinEigenValue [55] Maximize minimal eigenvalue Apip (L)
Max-Trace [56] Maximize trace Tr(L) = Zfl L;;

Amin & Amax are minimal & maximal eigenvalues of square matrix.
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Fig. 3. Illustration of graph rigidity. (a) A flexible graph deforms under
disturbances. (b) A rigid graph corresponds to multiple geometric shapes.
(c) A globally rigid graph ensures the stability and uniqueness.
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Fig. 4. Illustration of submatric selection. (a) Laplacian matrix of complete
graphs with six vertices. (b) Laplacian matrix of sparse graphs obtained
by submatrix selection. The elements in the dashed box correspond to the
connected edges in the sparse graph, represented by the same color. Four
columns of the matrix are selected to form the submatrix, resulting in that
vertices 1, 2, 3, & 5 being selected as the base set vbe5 Vertices 1, 2, 3,
& 5 connect with each other using undirected edges to establish a complete
graph, and vertices 4 & 6 connect with v®®% via directed edges.

B. Solution of Sparse Graph Construction Problem

To explore which matrix-revealing metric is most suitable
for assisting submatrix selection, we perform a simulation
to assess four candidates listed in Table I and simulate three
formation configurations (named cube, triangular prism and
octahedron) in a cluttered environment of 60m x 20m size,
as illustrated in Figs. 5(a)&5(b). To avoid unfair comparisons
caused by coupling effects of control, local perception, and
other modules, we plan a global trajectory of 40 meters for
each agent offline. The numbers of drones 24, 36, and 48
are tested for each configuration. The simulation platform
is a personal computer with an Intel Core i7 §700K CPU
running at 3.2 GHz and with 32-GB RAM at 3200 MHz.
We implement our proposed method in C++.

The sparse graphs obtained using different matrix-
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Fig. 5. Comparative simulation of four candidate matrix-revealing metrics.
(a) We simulate drones flying in formation from the left side to the right
side of a cluttered map with a velocity limit of 2m/s. The map is generated
randomly. The global formation trajectory is planned from the start point to
end point. (b) Three formation configurations are evaluated. (c) Comparison
results of formation error €4;5; along the global trajectory are presented.

revealing metrics are employed in formation planning. We
refer to the measurement method in [1] to acquire the average
formation error €4;5; as a quantitative indicator.

_ 1 d t
J— es_ atu 4 ¢
it = g [ Rts};np (sRpL™ 4 1)l

)
where L{™¢ and L' are the maximum diagonal length

in the formation and the length of swarm trajectory L,
respectively. [ is the length of the trajectory. The combination
of rotation R € SO(3), translation t € R3, and scale
expansion s € Ry represents the similarity transformation
that aligns the actual flight formation .4%** with the desired
one A%* to normalize the formation configuration. Our
evaluation criteria differs from [1] in the calculation of
the measurement error by replacing the initial formation
scale in [1] with a parameter L%, which carries explicit
physical significance and denotes the physical scale of the
formation. By dividing the formation error by LJ™¢, it
ensures that formations of different physical sizes exhibit
consistent error magnitudes under identical performance.
pdes and p#*“ denote the position of the ith drone in A%
and A%, Since the influence of rotation, translation, scaling,
and trajectory length is eliminated by normalization, €g4;s;
can fairly measure the degree of distortion between A%

and A% along the global formation trajectories.

The comparison results among different matrix-revealing
metrics are presented in Fig. 5(c). The é4;5¢ values for Max-
Trace and Max-logDet are comparable and clearly outper-
form the other two metrics. The computational complexity
of Max-Trace is only O(N), while for Max-logDet the cost
is O(N?) [35]. Thus, Max-Trace is selected as the scoring
metric to guide good submatrix selection.

C. Closed-Form Solution of GRPF Sparse Construction

We further explore the geometric feature of Max-Trace
reflected in the sparsification. Assume that there are k
vertices in the base set, and H™ is a solution of P2. We
can obtain a vector vig = [vg[0],...,vg[m],...,vg[N]] of
dimensional N containing only 0 and 1 elements based on
He'™  where

1, ifme H™,

vglm| = 10
fm] 0, otherwise, (19)

According to the formula (2)-(4) in Section III-A,
tr{Lih., ) = Z ZA“"P ¢ H™, (11)

1=0 j=0

where tr{-} denotes the trace of a matrix, A°"? de-
notes the adjacency matrix corresponding to the complete
graph. Since L“"P is the symmetric matrix, and the val-
ues of the elements in the adjacency matrix are calcu-

lated by || - [|2, A7F" = AJVP. It can be inferred that
N N . .

Dm0 2aj= oAcmpvJ ¢ Hdm A Zq— Zj 0 Ai i ¢

He™  where ijo AT = L7 = DiTP, and

D“™P denotes the degree matrix corresponding to the
complete graph. We define the degree vector Dv =
[Dg'oF, ..., DS .., DY'R]. According to the definition of

Vi, We obtain

N N
ZZA??p,i¢H0lm<:>vH~DvT

i=0 j=0

(12)

Consequently, we obtain:

L[Cglg'm]

) < max(vyg - DvT).
(13)
vy is equivalent to a selection vector, selecting k elements
from the degree vector to sum up. Getting the optimal
solution He™™ of problem P2, equivalent to selecting the
largest top k elements from Dv”. Then, the problem p2
can be solved without optimization. It is evident that the
diagonal element in each column of L“"? (i.e., the element
in DvT) represents the sum of the distances between the
corresponding vertex and the other vertices. Considering that
Max-Trace attempts to select the vertex with the maximum
diagonal element in L“"?, it reflects that the selected vertex
is positioned in the outline of the formation geometry.
Thus, the closed-form solution of GRPF sparse construc-
tion based on Max-Trace can be obtained by

HY™ = {..) Spmaz[L™ ], ... Smaz[LP, K], ...},
(14)

max R(
HAmC{1,2,...,N},|Hem|=k
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where S0, [L“™P, k] represents the column index of the
selected first k largest diagonal elements in matrix L™P,
In this way, we enable efficient selection of the submatrix
with specified connection rates, facilitating the real-time
construction of a GRPF sparse graph.

V. ELIMINATION OF ABNORMAL AGENT STATES

Due to the imperfect hardware and software characteristics
of the actual system, agent failures are highly likely to occur
in large-scale formation systems. This section introduces our
method for eliminating abnormal state information during
agent trajectory optimization, thereby obtaining the state
information of normal agents and utilizing this information
for formation coordination. Since we use graphs to represent
the similarity of formations, the solution process effectively
involves selecting the maximum clique from the graph that
represents the actual relative positions, which exhibits mini-
mal deviation from the expected formation. This approach
allows us to effectively identify the majority of normal
agents.

We utilize the Laplacian matrix to describe the structure
of graphs, which conveniently allows us to measure the
deviation from the expected formation shape. The normal-
ized Laplacian matrix corresponding to the actual relative
positions is denoted as L., = D~ Y/?LD~1/2 = I —
DY2AD~1/2 and the expected Laplacian matrix is f;des.
The difference matrix is denoted as AL = IAJCM — I:des,
where the off-diagonal elements of AL represent the errors
corresponding to the lengths of the edges. By setting an
appropriate threshold for edge length errors based on the
environment and the size of the formation, we can iden-
tify edges within AL that exhibit excessively large errors.
Subsequently, we disconnect these edges in the complete
graph composed of all agents, resulting in a sparse graph.
By computing the maximum clique of this sparse graph, we
can identify the majority of normal agents. The complete
graph corresponding to the maximum clique is denoted as
Gme = (Ume, €me), Where vy, and €, C Upme X Upe
represent the set of vertices and edges in the maximum
clique, and the associated Laplacian matrix is denoted as
L,,.. Thus, we transform the task of removing anomalous
agent state information into the problem of computing the
maximum clique.

In order to obtain the maximum clique while accommo-
dating limited computation resources in real time in large-
scale scenarios, we employ the calculation of the maximum
k-core as an approximation of the maximum clique, and the
elimination process is initiated at a low frequency which is
below 2 Hz. The k-core is the maximal subgraph Ci of G in
which every vertex within Cy, is adjacent to at least k vertices
[57]. [58] observe that the maximum clique resides within
the maximum k-core in practical problems and solving for
k-core is of linear complexity [12].

VI. FORMATION PLANNING BASED ON SPARSE GRAPH

After eliminating abnormal agents, we perform formation
trajectory planning based on the corresponding collaborative

relationships of the sparse graph.

A. Trajectory Representation

We embrace Tyinco [99] as the foundation for our trajec-
tory representation. This class defines a polynomial trajectory
with minimal control effort, characterized by:

TMINCO = {p(t) : [07 TE] — Rm|c = M(qa T))

(M (15)
qc R™M=D T c RMY

where p(t) represents an m-dimensional M -piece polyno-
mial trajectory of degree N = 2s—1 and s denotes the order
of the relevant integrator chain. The polynomial coefficient
c = (cf .., ef)T € R2Ms*m 5 derived from M(q,T),
where q = (qq, ...,q,,_1) represents the intermediate way-
points and T = (T}, T, ..., Tar)T denotes the time allocated
for each piece. Ty, = Zf\il T; signifies the total time span.

Each m-dimensional M -piece trajectory is defined as
follows:

p(t) = pi(t — ti—l) for all ¢t € [ti_l,ti), (16)

where the i*" piece trajectory is a N = 5 degree polynomial:
pi(t) = ¢l B(t) forall t € [0,T;), A7)

with ¢; € RIWFDX™ a5 the coefficient matrix, 5(t) =
[1,t, ...,tN]T as the natural basis, and T; = t; — t;_1 as the
time allocated for the it piece. The uniqueness of Tynco
is determined by (q, T). Parameter mapping ¢ = M(q, T)
facilitates the conversion of trajectory representations (¢, T)
to (q, T), allowing any second-order continuous cost function
J(¢, T) to be represented by H(q,T) = J(M(q, T), T).

To address time-integral constraints such as collision
avoidance, dynamical feasibility, and traversability cost, we
discretize each piece of the trajectory into k; constraint
points ﬁi,j = pz((j/lil> . Tl) for j =0,1,....,k; — 1.

B. Problem Formulation

We adopt a framework of distributed trajectory optimiza-
tion. Formation planning is formulated as a constrained
optimization problem:

tv 9
min / Ip® @) dt + p- T, (18)
q,T to
s.t. p(t) =Mgr VtE [to, tm), (19)
p*~1(0) = po, (20)
pls—H (tmr) = Dys (21)
H(p(t), ... (1)) 20 ¥t € [to, tar). (22)

The robot state p(t) is parameterized by the optimization
variables {q,T} and p is the time regularization param-
eter. The continuous-time constraint ‘H includes similarity
in group formation, dynamic feasibility, obstacle avoid-
ance, and reciprocal avoidance of swarms. pl*~U(t) =
(p®)T,p(t)T, ..., ps=H()T)T € R™ represents the higher-
order derivative of a chain dynamical system with an s-
integrator. po represents the initial state and py represents
the terminal state.
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We use optimization variables of MINCO (15) to elim-
inate the equality constraints (19)-(21) to solve continu-
ous constraint optimization problems in real time. And the
penalty function method [60] is used to handle inequality
constraints (22), reader can refer to [59] for specific methods
of constraint elimination and optimality assurance. Then we
transform the continuous constrained optimization problem
into a discrete unconstrained optimization problem:

P3: min [Jt, Jo] - 1, (23)

where p = {pr, fte, fie, He, [hs, fa} denotes the weight vec-
tor. We refer to the proportions of weight in the same
distributed unconstrained trajectory optimization framework,
where the obstacle avoidance weight was set higher for
safety. The specific values of these parameters in this paper
are detailed in Table II. 7, contains the cost function of the
control effort, flight time, collision avoidance, swarm recip-
rocal avoidance, dynamical feasibility, and modeling using
the same method as [1], the readers can refer to [1] for more
details. Jy = f(Fy) defines the cost function of similarity
formation, and f(-) is the differentiable metric to quantify
the similarity distance Fy = ||L$% — (L$27),..||% between
current and desired formations. L;7 is the Laplacian matrix
that represents the sparse graph G;P7', and (L;77),., denotes
the matrix describing the desired formation configuration in
the maximum clique. || - ||F is Frobenius norm. Although
we employ the same differentiable function to compute
similarity distances like [1], the Laplacian matrix utilized
as the metric is post-processed through outlier rejection and
sparse graphs.

While such an unconstrained optimization problem cannot
theoretically guarantee full constraint satisfaction, in the
specific trajectory planning process, to ensure obstacle avoid-
ance safety, we employ the A-star algorithm to generate an
initial path as the initial value for the trajectory optimization
problem. This path serves as a high-quality initial value
that inherently incorporates obstacle avoidance. Additionally,
we give greater weight to obstacle avoidance to prioritize
safety. Moreover, to guarantee dynamic feasibility along the
trajectory, we enforce conservative upper bounds on the
dynamics of the agents in the optimization formulation,
which are lower than the actual executable dynamic limits.
Furthermore, our 10Hz local replanning system discards non-
converged solutions immediately via rigorous verification,
preventing constraint avoidance.

TABLE I
WEIGHT PARAMETERS FOR TRAJECTORY OPTIMIZATION PROBLEMS

Weight Symbol Value

Weight for the formation similarity Wy 200.0
Weight for the control effort He 100.0
Weight for the flight time e 80.0

Weight for the collision avoidance Le 5000.0

Weight for the swarm reciprocal avoidance s 5000.0
Weight for the dynamical feasibility Hd 100.0

C. Complexity Analysis

We analyze the computational complexity of P3 and derive
the gradient of Fy, since the cost of swarm formation
similarity dominates the computationally expensive element.
According to the chain rule, the gradient of F; with respect
to the position of drones p;(t) can be obtained by

OF;  0F; owT

Opi(t)  ow} Opi(t)’ &9
where
OFy B OFy OF OF . 4
aW;f - [awil’”" 8wij7"'7 5Wm]’ ] GMa (25)
6WT 8wi1 8W1‘j 8Wm .
Lo = s e e , jEN;. (26)
o) ) B o)

N is the set of adjacent vertex in the drone 7, and wiT is a
weight vector composed of edge weights in A;. Suppose
the worst-case scenario, where all agents are within the
maximum clique, according to (25) & (26), the computa-
tional complexity of F /0w, and dw] /Op;(t) is O(N)
when using complete graphs, i.e, the number of drones in
N; is N — 1. Thus, 8F/9p;(t) consumes O(N?). For
sparse-graph-based formation planning, the computation cost
is reduced to O((9.N)?) with the connection rate o. €
(0,100%). If o. is set to 30%, the complexity is almost one
order of magnitude lower than that of complete graphs.

VII. BENCHMARKS AND EXPERIMENTS

Extensive simulations based on a global and local planning
framework are carried out, and we also implement physical
experiments to validate the performance of sparse-graph-
based formation planning methods.

A. Simulation of Efficient Global Planning

We explore the formation error and the efficiency of the
computation with respect to various connection rates of the
graphs o.. In order to primarily analyze the performance
of planning, we conduct simulations in the global planning
framework, i.e., generating a trajectory connecting the start-
ing and ending point without the need of local replanning.
The simulation environments and hardware are set as the
same in Section IV-B. In addition, we benchmark with other
sparse graph construction methods.

1) Study of Planning Efficiency and Performance: This
subsection focuses on analyzing the computation time used
for planning and formation performance with different con-
nection rates of sparse graphs and varying numbers of drones.
Fig. 6 depicts the computation time and formation error of
different connection rates. We observe that the computation
time reduces considerably as p. decreases in various test
scenarios. For 72 drones, the computation efficiency under
oc = 30% is over 10x faster than the counterpart with g,
= 100%. Although the method suffers from a performance
drop as p. decreases, €4;s¢+ With o. = 30% only increases
by approximately 30% compared to o. = 100%. As a
result, real-time formation planning with 72 drones can be
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achieved when o, = 30%, and involves an acceptable and
adjustable sacrifice in formation error. Formation planning
in complete graphs (g, = 100%) takes seconds and becomes
computationally prohibitive for real-time requirements.

2) Benchmark on Formation Keeping: To demonstrate the
superiority of our sparse graph construction method, three
sparse graph construction methods including random sparse
graph (Random), nearest neighbor sparse graph (Nearest) [4],
and our method without optimization on the base set v?®*
(Ours w/o opt) are compared with the proposed method in
terms of formation error and formation recovery. The details
of implementation of these comparative methods are listed in
Table III. For fair comparison, all the constructed graphs are
integrated into the same planning problem in Section V. The
test scenario involving 48 drones is established to require
maintaining an octahedron formation. The connection rate
oc 1s set as 30%, thus the number of edges connected in
each drone ![v"?%| is set to 15. Each method is run 80 times
with randomly generated maps.

From the comparison results in Fig. 7(a), the average
formation error é€45; and its dispersion of Nearest and
Random are large. Ours w/o opt is better and benefits
the global rigidity of the constructed sparse graph, but the
randomly selected base set makes the formation performance
unstable. Our method outraces all the methods in Table III
and achieves lower ég4;5, with much tighter dispersion. In
addition, eg;s; by ours is very close to that of Complete,
which can be attributed in part to the better structural
information captured by Ours. In Fig. 7(b), it can be found
that the vertices in the base set describe the skeleton of the
graph more holistically than Ours w/o opt.

3) Benchmark on Formation Recovery: A swarm with
48 drones is required to recover from a scattered state to
octahedron formation without obstacle avoidance, and the
connection rate is set to 30%. From Fig. 9(a), formation
planning based on a sparse graph highlights an order of
magnitude’s speedup, w.r.t. complete. The formation recov-
ery performance is qualitatively visible by plotting a subset
of formation states in Fig. 9(b). We identify that ours can
form the desired octahedron shape faster against the first
three methods in Table III, and the time required for recovery
in Fig. 9(c) is very close to complete. In summary, a GRPF
sparse graph can facilitate the planing to obtain satisfactory
formation results and improve the computation efficiency
significantly.

TABLE III
COMPARATIVE METHODS IN BENCHMARK

Random Each drone randomly selects !|v?%$| drones to connect

Nearest Each drone selects !|v2%%| nearest drones to connect
Ours w/o opt Base set v°®° is selected randomly without optimization
Complete Each drone connects with all other drones

Ours Establishing connection based on GRPF graph

!|vb@3| is the number of connected edges of each drone.

< 0Qe=100% O 0c=50% 0c=40% L\ Qc=30% %X Qc=20%
10'

D .0 314

Y RS o o ) X
£ ) g Py § 1.2 é 8
< 0O [0} 1

0 o 3 o

g o B e, g I fxg

2 |0 QT QAT |8 LA

g o P ¢ = 0.6 & il 5

© 4o §o " 04lH

(a) 24 36 48 60 72 24 36 48 60 72

1 1.5

o 10 ] 3 - be

° el o~ 1.3 AN
E . ol s A

- : 511 et Ve

§ q00t T Q e Gt O
T o Q Al S S

T Ao S 09 Z3

= O Q A e Z}I ® X e

g % E o7 we Qe

5 A s 3 b %9 s Y E) Tan

O 1o “ 05

(b) 24 36 48 60 72 24 36 48 60 72
— 10" in] -

L et 2 1

: e E %
_g =y 5 08l i ﬁ )

S 100 o 8 5 : 9
2 10 Q ) c e

S o o) Ao A] S 06 é S

5 O X ® bx Y

a SR AN 44 g oul s

Mrera i i

© 10 bk Lo Lo

(c) 24 36 48 60 72 24 36 48 60 72
Fig. 6. Comparison results of planning efficiency and formation error.

(a)-(c) represent the results on different formation shapes (cube, triangular
prism, and octahedron). The connection rates of graphs o, ranging from
20% to 50% are tested. The number of drones is set as 24, 36, 48, 60,
and 72. The first and second columns of the figure represent the computing
time and formation error, respectively. The data in the figure are the average
value for 20 runs, with the maps randomly regenerated for each test.
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B. Simulation of Efficient Local Planning

In this subsection, we integrate our sparse graph con-
struction into the distributed local planning framework. We
compare with the cutting-edge formation planning method,
including Quan’s method [1] and the virtual rigid body
(VRB) based method [19], to fully demonstrate that our
method can achieve a better efficiency-performance trade-
off. We configure the connection rate 9. = 30% and test
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TABLE IV

ABLATION EXPERIMENT OF ELIMINATING OUTLIERS

Number of agents 5 10 15 20
€qist(w) 0.072 0.066 0.159 0.216
€dist(w/0) 0.348 0.294 0.371 0.446

€4;s¢(w): Formation error of planning with eliminating outliers;
€dist(w/0): Formation error of planning without eliminating outlier.

formation planning with 10 to 100 drones that maintain
the shape of a cube in obstacles-rich environments. As the
number of drones exceeds 80, the perception and mapping
modules nearly exhaust the computational resources in the
personal computer used in Section IV-B. To perform simula-
tions for a large-scale swarm with more than 80 drones, we
use a high performance workstation which equipped multiple
AMD EPYC 7B13 CPU with 256-GB RAM. The formation
error is shown in Fig. 8(b). For comparison of computation
time, we record the longest time in the local planning process
of each drone. The average and variance of the time between
all drones are illustrated in Fig. 8(c).

It is evident that as the number of drones increases,
the computation time of Quan’s method grows significantly
compared to Ours. The computation time of Ours maintains
a low level consistently if the number of drones is less
than 50, and the time remains below 100 ms, even when
the number reaches 80. In comparison, when the number of
drones reaches 80, the trajectory optimization time of Quan’s
method costs more than 1 s. Due to the substantial increase in

computation time of Quan’s method, the trajectories shared
with other drones become outdated, leading to a larger
formation error. As shown in Fig. 8(b), the formation error
of Ours becomes lower than that of Quan’s method with 80
drones. For VRB-based method, although this category of
formation control approaches is computationally inexpensive,
it is highly prone to deadlocks in obstacle environments.
As illustrated in Fig. 8(d), a formation with 8 agents can
navigate through sparse obstacle environments, but when the
number increases to 16 agents, the formation fails. Through
comparison, we verify that our method maintains a better
formation performance for large-scale swarms.

Finally, in order to demonstrate the high-performance
and efficient formation trajectory planning effectiveness, we
present a large-scale formation planning of 100 agents in an
obstacle-rich area that maintains the shape of a jet aircraft
with the same hardware in Section I'V-B, it takes 0.12 seconds
for each local planning, the result is shown in Fig. 1.

C. Ablation study of Globally Rigid Graph Construction

To validate the key part of the Algorithm 1 in Section
IV-B (i.e., vertices in %% ghould be non-coplanar in 3D),
the ablation study is conducted. As shown in Fig. 10(a), we
select coplanar vertices to form v??* intentionally. According
to the graph rigidity theory in Section III-A, the constructed
sparse graph with coplanar v’ may be just a rigid graph
instead of a globally rigid graph in 3D, which cannot
uniquely determine a geometric shape. Since different shapes
correspond to different local minima and these local minima
are close to each other, formation planning oscillates among
multiple local minima and cannot converge to a feasible
solution, resulting in the collapse of formation. Additionally,
we simply change the position of a vertex to establish a
non-coplanar % in Fig. 10(b). It can be observed that the
graph with non-coplanar v%** can maintain stable formation
for three configurations.

D. Ablation study of Abnormal Agents Elimination

We obtain the maximum clique containing normal agents
by computing the maximum k-core, thus eliminating abnor-
mal agents and reducing the impact on the majority agents
in the overall formation. By comparing the elimination of
abnormal states through ablation experiments, we demon-
strate the effectiveness of our algorithm. As shown in Fig.
12, an agent is set far from the desired formation position.
Our method can automatically exclude outliers. When the
outlier moves closer to the desired position, our approach
can smoothly reintegrate it into the formation. The results
indicate that the trajectories of most normal agents remain
smooth and the overall formation shape is well maintained.
In contrast, the method that considers every agent at all
times leads to convoluted trajectories for all agents and
considerably affects the integrity of the overall formation.

As shown in Table IV, we further compared the formation
error with different numbers of agents flying in an obstacle-
rich environment, each formation comprising an agent in
an abnormal state. As the number of agents increases, the
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TABLE V

COMPARATIVE SIMULATION ON FORMATION RECOVERY

Number of agents 24 36 48 60
{reu(s)  $eom(s) {Tey(s)  geom(s) {Tey(s)  geom(s) trev(s)  teom(s)
Random N/A  0.172 N/A 0244 N/A  0.289 N/A 0443
Nearest N/A  0.168 N/A  0.236 N/A  0.256 N/A 0430
Ours w/o opt 6.52  0.171 7.88  0.238 11.00  0.288 12.08  0.428
Complete 222 0.684 2.64  1.652 454 2982 6.43  4.561
Ours 296  0.163 342 0.240 552 0.276 6.88  0.431

tc°™: Time used for planning (s); t"Y: Time used for recovery (s); N/A: Formation planning fail, i.e., cannot form desired configuration.
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Fig. 10. Formation planning results in the ablation study. Three formation configurations are tested, and the number of drones and connection rate are set
as 48 and 30%, respectively. (a) The formation with coplanar vertices in base set ¥®@. The shaded area represents the vertices in ¥®®*. (b) The formation
with non-coplanar vertices in ©®%5. The vertices in the shaded area and circle represent v%®S.

€d4ist tends to increase for both methods. However, when the  rejection consistently exhibits a €4;5; that is less than 50%
number of agents is less than 20, the method with outlier  of the value observed in the method without outlier rejection.
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controller in our drone system.
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Ablation experiment of eliminating outliers in local planning
framework. (a) with eliminating outliers. (b) w/o eliminating outliers.
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Fig. 13. Ablation experiment of eliminating outliers with different
proportion of abnormal agents. Formations in green boxes with outlier
rejection show lower normal-agent trajectory disturbance by anomalies,
contrasting obviously with distorted paths of formations in red boxes. Due
to lacking outlier rejection, The formation maintenance is degraded in red
boxes. (a)-(d) show 1, 2, 3, and 4 outliers in formation, respectively.

Specifically, when the number of agents is less than 10, €4; ¢
is reduced by as much as 78% in the method with outlier
rejection. By comparing the formation error of the swarm
without the outlier agent, it can be found that the method of
outlier rejection has a significant advantage in ensuring the
overall performance of the remaining formation.
Furthermore, we investigate formation planning under
different anomalous outlier levels while maintaining identical
formation scales. As shown in Fig. 13, compared to methods

without outlier rejection, the approach with outlier rejection
ensures stable formation coordination among normal agents
with smoother overall trajectories. The €4;5; of normal agents
are all below 60% of those without outlier rejection, and the
minimum ég;,; reaches 30%. However, as the proportion of
anomalous individuals increases, as shown in Fig. 13(d), our
method inevitably suffers from trajectory distortion caused
by excessive outliers. Even under such conditions, €g4;s: re-
mains approximately 56% of the value observed in methods
without outlier rejection. Our method can effectively address
the issue of abnormal agents.

E. Real World Experiments

We integrate the sparse-graph-based trajectory planning
method into the distributed physical aerial swarm system
to maintain formation, and the architecture of the physical
swarm system architecture is shown in Fig. 14(a). Each
drone has independent modules for control, perception, and
trajectory planning. The corresponding hardware includes
the KAKUTE H7 Mini flight controller for control, the
Intel RealSense D435 stereo camera for perception, and
the NOKOV Motion Capture System! for estimation. The
mapping, estimation, and formation planning is run with an
onboard computer Xavier NX in real-time.

As shown in Fig. 14(e), drones 0 to 3 correspond to
the base vertices v in the sparse graph, while drone
4 corresponds to the remaining vertices v"“™". The solid
blue lines indicate bidirectional connections, whereas the
dashed lines represent unidirectional connections. According
to Proposition 1, this sparse graph is globally rigid. The
maximum speed of drones is 1m/s. Each drone relies on
local sense for obstacle avoidance without prior mapping.
We adopt a classical geometric tracking control method
on SE(3) [61] to track the desired trajectory and perform
the experiment on an actual drone. As shown in Fig. 11,
the tracking errors along the three coordinate axes and
the total tracking error are maintained below 0.1m, with
negligible degradation observed in formation performance.
The experimental results demonstrate that our method can
guide the swarm in maintaining formation in obstacle-
rich environments. Throughout the entire flight process, the
eqist(t) does not exceed 0.3. As shown in Fig. 14(d), the
formation experiences a significant increase in eg;s+(t) due
to the interference of obstacles. However, the formation can
rapidly restore its desired configuration once it exits the
dense obstacle environment.

F. Discussion

The proposed GRPF sparse graph effectively reduces the
computation time for trajectory optimization, while demon-
strating remarkable formation maintenance and recovery ca-
pabilities in complex environments. However, this work does
not investigate formation coordination performance under
time-varying topological conditions and the connection rate
of the sparse graph relies on empirical selection. Considering

Thttps://www.nokov.com
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Fig. 14.

(a) System architecture of distributed aerial swarm in real world experiments. (b) Quadrotor in real world experiments. (c) Screenshot and Rviz

diagram of the final formation. (d) Screenshot and Rviz diagram of the formation corresponding to the 5 second. (e) Screenshot and Rviz diagram of the
initial formation. (f) Formation error eg;4¢ in the flight process. (g) Rviz diagram of a distributed swarm system of five drones in a square, which uses the
sparse graph to model formation constraint, is traversing an unknown obstacle area.

the swarm reciprocal avoidance, agents still need to receive
the trajectories of all other drones. However, polynomial
trajectories can be compactly represented by a small number
of parameters, which requires a small communication band-
width and is less than 10 bps. For larger formation planning,
communication complexity can be reduced through swarm
grouping [62]. Furthermore, although anomaly rejection
mechanisms achieve simultaneous connectivity sparsification
and mitigation of anomalous agent impacts, our approach
is currently limited to scenarios with a small proportion of
abnormal agents. The rejection threshold remains an empir-
ically determined threshold requiring systematic refinement
through data-driven threshold adaptation mechanisms. Ad-
ditionally, we adopt idealized communication assumptions,
without considering the communication delay [63], [64] and

link failure [25] in practical scenarios.

Notwithstanding these limitations, our methodology out-
performs cutting-edge formation planning methodologies [1],
[19] in computational efficiency and anomaly resilience,
particularly in large-scale swarm configurations.

VIII. CONCLUSIONS aND FUTURE WORK

In this paper, we eliminate agents in abnormal states by
competing the maximum k-core, ensuring the collaboration
of the majority of normal agents. Then, we propose a sparse
graph construction method for efficient formation planning.
The graph sprasification mechanism and submatrix selection
are integrated to ensure that the sprasified graph is globally
rigid and captures the main structural feature of complete
graphs. Benchmark comparisons and simulation indicate that
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our

method can significantly reduce computational time,

while the formation performance remains close to that under
the complete graph. The physical autonomous distributed
aerial swarm system is used to verify the effectiveness of
our method.

In the future, we aim to scale the formation system to
larger swarms and investigate the impact of communication
delays and link failure. Furthermore, we intend to develop
learning-based strategies to achieve more resilient formation
maintenance with outlier elimination.
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