
Learning-based Observer for Coupled Disturbance

Jindou Jia1,2,3,∗, Meng Wang1,2,∗, Zihan Yang1,2, Bin Yang1,2, Yuhang Liu1,2, Kexin Guo1,2,†, and Xiang Yu1,2

Abstract— Achieving high-precision control for robotic sys-
tems is hindered by the low-fidelity dynamical model and
external disturbances. Especially, the intricate coupling between
internal uncertainties and external disturbances further exacer-
bates this challenge. This study introduces an effective and con-
vergent algorithm enabling accurate estimation of the coupled
disturbance via combining control and learning philosophies.
Concretely, by resorting to Chebyshev series expansion, the
coupled disturbance is effectively decomposed into an unknown
parameter matrix and two known structures dependent on
system state and external disturbance respectively. A regu-
larized least squares process is subsequently formalized to
learn the parameter matrix using historical time-series data.
Furthermore, a polynomial disturbance observer is specifically
devised to achieve a high-precision estimation of the coupled
disturbance by utilizing the learned structure portion. Extensive
simulations and real flight tests valid the effectiveness of
the proposed framework. We believe this work can offer a
new pathway to integrate learning approaches into control
frameworks for addressing longstanding challenges in robotic
applications.

I. INTRODUCTION

High-precision control is crucial for robotic systems
where states-related model uncertainties and external factors-
conditioned disturbances are pervasive. A plethora of estima-
tion schemes have been developed regarding model uncer-
tainties and external disturbances as a lumped disturbance
[1]–[3]. Few studies have penetrated the difficult-to-model
coupling between internal states and external factors to
reduce control conservativeness.

In the control area, focus on the coupled disturbance
(depending not only on external disturbance but also internal
model uncertainties), many classical methods attempt to es-
timate or attenuate it with a bounded (or bounded derivative)
assumption, such as L1 adaptive observer [4], [5], extended
state observer (ESO) [6], nonlinear disturbance observer
(NDO) [7]–[9], composite adaptive control [1], [10], sliding
mode control [11], and H∞ control [12]. The bounded
assumption on coupled disturbances has explicit limitations
from a theoretical perspective. A causality dilemma arises
that the state should be preemptively restricted within a
bound whose upper limit may be unreasonable, before prov-
ing the stability [13]. Moreover, this assumption usually
results in a bounded estimation error [7]. A smaller bound
of the coupled disturbance (or its derivative) is imposed to
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Fig. 1. Overall framework of our proposed learning-based observer.
Supplementary Materials: https://anonymous.4open.science/
r/Coupled_disturbance-33DF.

enable a small estimation/control error, which may not be
satisfied.

Benefiting from the growing computing power, massively
available data, and advanced algorithms, data-driven learning
approaches appear to be an alternative for handling robotic
disturbances. In the data-driven paradigm, most approaches
attempt to learn the unknown lumped disturbance with neural
networks (NNs) [3], [14], [15]. Focus on the coupled dis-
turbance, a major challenge emerges that the external factor-
conditioned disturbances cannot be entirely sampled as learn-
ing input (e.g., the real wind speed for quadrotors). Inspired
by the time-delay embedding theorem [16], historical states
are concentrated as the learning input to reflect unmeasurable
factors [17], [18]. With the assistance of meta-learning,
several works establish a bi-level optimization to handle
coupled wind disturbance [1], [2], [19]. By merging with
composite adaptive control [10], the meta-learning scheme
can remarkably improve the dynamic performance, but this
scheme is limited to specific disturbance and has yet to result
in a zero-error estimation theoretically. Moreover, training
process for these methods is black-box and labor-intensive.

More recently, the interest in combining control-theoretic
approaches with data-driven learning techniques is thriving
for achieving stable and high-precision control performance
[1], [2], [5], [20]–[25]. For more details refer to Supple-
mentary Materials I-A. Following this routine, we present a
convergent estimation framework specifically for the coupled
disturbance. Concretely, a learning algorithm is employed
to learn the latent invariable parameters offline, while a
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polynomial observer is used to estimate the time-varying
part online by utilizing the learned portion. As depicted in
Fig. 1, the main contributions are summarized as follows.
Decomposition: A variable decomposition principle (The-
orem 1) is established to decompose the coupled distur-
bance into an unknown parameter matrix, a system-state-
related matrix, and an external-disturbance-related vector,
with an arbitrarily small residual. The Chebyshev polynomial
is utilized due to its suitable property. Learning: With an
analytically derivable assumption on external disturbance, a
corollary (Corollary 1) is further developed, which enables
the unknown parameter matrix to be learned in a supervised
way. Afterward, the learning objective is formalized as a
regularized least squares (RLS) problem with a closed-form
solution. Estimation and compensation: By leveraging the
learned knowledge, a polynomial disturbance observer is de-
signed to estimate the final coupled disturbance (Theorem 2),
which can improve control performance after compensation.

In the proposed framework, 1) there is no need to manually
model complex disturbance, 2) the bounded assumption on
the coupled disturbance (or its derivative) in traditional
control field [1], [4], [6], [8], [11], [12] can be avoided,
and 3) the implemented learning strategy is explainable and
lightweight compared with deep neural networks (DNNs)
based methods [1]–[3], [14]. Multiple simulations and flight
tests (indoor and outdoor) are implemented to verify the
proposed scheme.

A. Related Work

As our proposed method falls into the realm of the scheme
combining control and data-driven learning, the related ad-
vanced research is also reviewed.

1) Analytical disturbance estimation: The basic idea of
the disturbance estimation approach is to design an ad-
hoc observer to estimate the disturbance by utilizing its
influence on the system. The estimation method is a two-
degree-of-freedom control framework [7], [26], which can
achieve tracking and anti-disturbance performances simul-
taneously. For most disturbance observers, like frequency
domain disturbance observer [27], ESO [6], unknown input
observer (UIO) [28], generalized proportional integral ob-
server (GPIO) [29], and NDO [8], zero-error estimation can
be usually achieved in the event of constant disturbances.
For more complicated time-varying disturbances, accurate
estimation usually requires a priori knowledge of disturbance
features. For example, UIO [28] and NDO [30] can accu-
rately estimate the harmonic disturbance if its frequency is
known. GPIO [29] and higher-order NDO [31] can achieve
an asymptotic estimation of the disturbance represented by
a high-order polynomial of time series. More recently, for
multi-disturbance with limited priori information, the simul-
taneous attenuation and compensation approach appears to
be a nascent solution [7].

Some researchers attempt to estimate the unknown cou-
pled disturbance with a bounded derivative assumption, such
as ESO [6] and NDO [8]. The strict assumption presents
an inherent theoretical limitation, as it requires the system

state to be preemptively bounded [13] (Detailed expression
is provide in Section II). Moreover, a large derivative bound
can result in a large estimation error. In order to avoid the
strict premise on system states, a two-stage active disturbance
rejection control strategy is designed in [13]. The controller
in the first stage guarantees the boundness of the system state
by a special auxiliary function, while a linear ESO in the
second stage is employed to estimate the total disturbance.
However, the existence of the auxiliary function is not
discussed.

2) Combining analytical control and data-driven learn-
ing: Fueled by the advancement of updated learning algo-
rithms, the interest in combining control-theoretic approaches
with data-driven learning techniques is thriving for achiev-
ing stable and high-precision control performance. In [20],
DNNs are utilized to synthesize control certificates such as
Lyapunov functions and barrier functions, providing formal
guarantee of the safety and stability. Moreover, the mass
matrix and the potential energy in Lagrangian mechanics
and Hamiltonian mechanics are learned by DNNs [21]. Com-
pared to naive black-box model learning, a more interpretable
and plausible model can be obtained from energy conser-
vation principle. Furthermore, an interesting conclusion is
found that a higher-order nonlinear system controller by
the reinforcement learning (RL) policy behaves like a linear
system [32]. The stability of the RL policy can be analyzed
by the identified linear closed-loop system with the pole-
zero method. [22] combine robust control and echo state
networks (ESN) to control nonlinear systems, where ESN
is employed to learn the inverse dynamics. Nevertheless, the
bound of disturbance and learning output need to be known
in advance. [5] develop a L1 adaptive observer-argument RL,
enabling the quadrotor to track infeasible trajectories in the
presence of disturbances.

Even with these advances, for nonlinear systems perturbed
by external time-varying disturbances that cannot be ac-
curately sampled, data-driven supervised learning methods
would no longer be applicable. Several studies addressing the
handling of coupling disturbances have been conducted by
formulating a bi-level optimization problem [1], [2]. Within
the framework of adaptive control, the nonlinear features
depending on the system state are learned via meta-learning
offline in [1]. This work breaks through the assumption that
the unknown dynamics are linearly parameterizable in the
traditional adaptive control method. [2] develop a control-
oriented meta-learning framework, which uses the adaptive
controller as the base learner to attune learning to the
downstream control objective. Both methods attribute the
effect of external disturbance in the last layer of the neural
networks, which is estimated adaptively online. However, the
above scheme ensures zero-error convergence only when the
external disturbance is constant. Moreover, laborious offline
training is imposed.

In the proposed framework, 1) there is no need to manually
model complex disturbance, 2) the bounded assumption on
the coupled disturbance (or its derivative) in traditional
control field [1], [4], [6], [8], [11], [12] can be avoided,
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and 3) the implemented learning strategy is explainable and
lightweight compared with deep neural networks (DNNs)
based methods [1]–[3], [14]. Multiple simulation and flight
tests (indoor and outdoor) are implemented to verify the
proposed scheme.

B. Notation

Throughout the paper, R denotes the real number set; Z+

denotes the non-negative integer set; |x| denotes the absolute
value of a scalar x; ∥x∥ denotes the 2-norm of a vector x;
∥A∥F denotes the Frobenius-norm of a matrix A; xi denotes
the i-th element of a vector x; Xij denotes the i-th row, j-th
column element of a matrix X; X (i, :) denotes the i-th row
vector of a matrix X; ·⃗ denotes a unit right shift operator;
λm (·) represents the minimum eigenvalue of a matrix; I and
0 represent the identity and zero matrices with appropriate
sizes, respectively. Moreover, Mean Absolute Error (MAE)
is defined as MAE = 1

nd

∑nd

i=1 ∥xi − xd,i∥ to evaluate test
results, where nd denotes the size of collected data, xi and
xd,i denote i-th evaluated variable and its desired value,
respectively.

II. PROBLEM FORMULATION

Consider a general control affine system of the form

ẋ = fx (x) + fu (x)u+∆ (x,d) , (1)

where x ⊂ X ∈ Rn and u ⊂ U ∈ Ro denote the
state and the control input, respectively; X and U are
the state and control spaces of dimensionality n and o,
respectively; X includes the unstable set; fx (·) : Rn → Rn

and fu (·) : Rn → Rn×o are nonlinear mappings, which are
continuously differentiable; ∆ (·) : Rn × Rm → Rn repre-
sents the coupled disturbance, which is analytic. ∆ depends
on known system state x and unknown external disturbance
d ⊂ D ∈ Rm with D being the disturbance space of
dimensionality m. Supplementary Materials I-B provides the
used notations.

Problem Statement: Consider system (1). The objective
is to develop an algorithm to accurately estimate the cou-
pled disturbance ∆ (x,d) only using control input u and
measurable state x.

Previous works [1], [2], [5], [20]–[22] estimate the coupled
disturbance ∆ with a bounded or bounded derivative as-
sumption, i.e., there exists an unknown positive value γ ∈ R
such that

∥∆ (x,d)∥ ≤ γ or
∥∥∥∆̇ (x,d)

∥∥∥ ≤ γ. (2)

Three limitations exist in the assumption. (L-1) Logical
paradox: the bounded assumption on ∆ actually requires the
system state x to be preemptively bounded before proving
the stability of the system [13]. (L-2) Dynamic change: the
evolution of x will change after the estimated disturbance
is compensated. There is no guarantee that this assump-
tion based on previous experience will always be satisfied.
Consider a scenario where x constitutes the denominator of
∆. (L-3) Estimation conservativeness: the final disturbance
estimation error usually depends on γ, which may be large.

Our Solution: The core idea is to 1) decompose the coupled
disturbance ∆ (x,d) into an unknown parameter matrix, a
x-related matrix, and a d-related vector, with an arbitrarily
small residual, 2) offline learn the unknown parameter from
historical data, and 3) online estimate the remaining d-related
portion convergently. The whole process is schematized
in Fig. 1 and Algorithm 1. By resorting to the proposed
algorithm, the limitations (L-1)-(L-3) are expected to be
circumvented.

Algorithm 1 Estimating coupled disturbance via the
learning-based observer.
Input:

Collect training dataset Dtra =
{
tnf ,x

n,∆n
}

; set param-
eter δ;
Solve the RLS problem (6);
return Output parameter matrix Θ;

Result:
Set observer gain Λh (x);
while running do

Sample current feedback {x,u};
Solve state observer gain Γh for time-varying system
(10);
Run polynomial disturbance observer (12);
return Estimated coupled disturbance ∆̂;

end while

III. METHOD

A. Decomposition of the coupled disturbance

Before introducing the variable decomposition theorem for
the coupled disturbance ∆ (x,d), a preliminary lemma from
[1, Theorem 3] is reviewed for a scalar ∆i (x,d) firstly.

Lemma 1: [1, Theorem 3] Assume an analytic function
∆i (x,d) : Rn × Rm → R for all [x,d] ∈ X × D. For any
small value ϵ > 0, there always exist p = O

(
log(1/ε)√

n+m

)
∈

Z+, ϕi (x) : Rn → R1×s consisting of Chebyshev
polynomials and unknown constant parameters, ξ (d) ∈ Rs

consisting only of Chebyshev polynomials such that

sup
[x,d]∈X×D

|∆i (x,d)− ϕi (x) ξ (d)| ≤ ϵ, (3)

and s = (p+ 1)
m

= O (log (1/ϵ)
m
).

Note that Lemma 1 is initially build on
[
x̄, d̄

]
∈ [−1, 1]

n×
[−1, 1]

m in [1, Theorem 3]. By normalization, its result can
be generalized to [x,d] ∈ X × D. Lemma 1 concludes that
the analytic coupled disturbance can be decoupled to a x-
related portion and a d-related portion with an arbitrarily
small residual. The x-related portion remains unchanged in
operation. Intuitively, it will be helpful to estimate the d-
related portion if the knowledge of x-related portion can be
exploited beforehand. In [1], [2], DNNs are adopted to learn
the x-related portion, which needs laborious offline train-
ing and lacks interpretability. A more lightweight learning
strategy is pursued here. To achieve that, we need to exploit
Lemma 1 to drive a more explicit decomposition form.
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Theorem 1: ∆i (x,d) is a function satisfying the assump-
tions in Lemma 1, for all i ∈ [1, 2, · · · , n]. For any small
value ϵ′ > 0, there always exist s1 ∈ Z+; s2 ∈ Z+;
an unknown constant parameter matrix Θ ∈ Rn×s1 , two
functions B (x) : Rn → Rs1×s2 and ξ (d) : Rm → Rs2 that
both consist only of Chebyshev polynomials such that

sup
[x,d]∈X×D

∥∆ (x,d)−ΘB (x) ξ (d)∥ ≤ ϵ′, (4)

where s1 = (p+ 1)
m+n

= O
(
log (

√
n/ϵ′)

m+n
)

and s2 =

(p+ 1)
m

= O
(
log (

√
n/ϵ′)

m)
.

Proof: See Supplementary Materials V-A.
Remark 1: Theorem 1 extends the result of Lemma 1

to the multidimensional case and obtains a more explicit
decomposed structure. It is proven that all unknown constant
parameters of the coupled disturbance can be gathered into a
matrix, which enables the coupled disturbance to be learned
in a more explainable way compared with DNNs-based
methods [1]–[3].

In comparison with the existing approaches [1], [2], [5],
[20]–[22] requiring bounded or bounded derivative assump-
tion, the only premise of our framework is that d(t) is
analytic. The premise can be readily fulfilled by many
disturbances in real-word. Therefore, a theoretical foundation
for the reliable implementation of an explicit learning process
is achieved. Subsequently, the following corollary is given.

Corollary 1: ∆i (x,d(t)) is a function satisfying the as-
sumptions in Lemma 1, for all i ∈ [1, 2, · · · , n]. Assume
d(t) is analytic with respect to t. For any small value ϵ′ > 0,
there always exist s1 ∈ Z+; s2 ∈ Z+; an unknown constant
parameter matrix Θ ∈ Rn×s1 , two functions B (x) : Rn →
Rs1×s2 and ξ (t) : R → Rs2 that consist only of Chebyshev
polynomials such that

sup
[x,t]∈X×D

∥∆ (x,d(t))−ΘB (x) ξ (t)∥ ≤ ϵ′, (5)

with s1 = (p+ 1)
n+1

= O
(
log (

√
n/ϵ′)

n+1
)

,
s2 = p + 1 = O (log (

√
n/ϵ′)), and ξ (t) =[

T0 (t) T1 (t) · · · Tp (t)
]T

, where Ti represents the i-
th order Chebyshev polynominal.

Proof: The proof procedure is similar to Theorem 1 by
replacing the argument d with t.

Remark 2: Based on Theorem 1, Corollary 1 further re-
sorts the unsamplable external disturbance d to the samplable
feature t, which allows the unknown parameter matrix to
be learned in a supervised way. The external disturbance
d is ultimately decomposed into parameters in Θ and t-
related structure ξ (t). A practical example is provided in
Supplementary Materials V-B to instantiate Corollary 1.

B. Learning the parameter matrix

In this part, an RLS optimization algorithm is established
to learn parameter matrix Θ. Construct the training dataset
Dtra =

{(
tnf ,x

n,∆n
)

| n = 1, 2, · · · , N
}

with N sam-
ples. tf represents the time in the offline training dataset.

Note that ∆n can be calculated by using ∆n = ẋn −
fx (x

n)− fu (x
n)un, where ẋn can be obtained by offline

high-order polynomial fitting.
Denote Θ∗ as the optimal solution under the dataset Dtra.

The learning objective is formalized as

Θ∗ = argmin
Θ

1

2

[
N∑

n=1

∥∆n −ΘBnξn∥2 + δ ∥Θ∥2F

]
, (6)

where Bn := B(xn), ξn := ξ
(
tnf

)
, and δ regularizes Θ.

Furthermore, the closed-form solution of (6) is given as:

Θ∗ =

N∑
n=1

∆nξTn B
T
n · (

N∑
n=1

Bnξnξ
T
n B

T
n + δI)−1. (7)

Until now, the x-related portion of ∆ (x,d) has been
separated and the unknown constant parameters Θ can be
learned from the historical data.

Denote tl as the online time. Note that the offline learning
phase and online estimating process are in different time
domains. In other words, the offset between tf and tl
is unknown. Therefore ∆ cannot be directly obtained by
ΘB (x) ξ (t) online. Moreover, update ξ (t) using feedback
state can also improve the generalization to other distur-
bances. The remaining issue is to estimate ξ (t) online
from control input u and measured x. By resorting to the
polynomial disturbance observer to be designed, ξ (t) can be
exponentially estimated.

C. Estimation via a polynomial disturbance observer

Before proceeding, ξ (t) in Corollary 1 can be further
decomposed due to the structure of Chebyshev polynomial
(Eq. (20)). It can be rendered that

ξ (t) = Hς (t) , (8)

where H ∈ Rs2×s2 ,

H (i, :) =


[
1 0 · · · 0

]
, i = 1,[

0 1 · · · 0
]
, i = 2,

2H⃗ (i− 1, :)−H (i− 2, :) , 2 < i ≤ s2,

H (i, :) denotes the i-th row vector of H , ·⃗ denotes a unit
right shift operator, and ς (t) consists of polynomial basis
functions, i.e.,

ς (t) = [ 1 t · · · tp ]T ∈ Rs2 . (9)

From (5) and (8), the coupled disturbance ∆ (x,d) is
finally represented as{

ς̇ (t) = Aς (t),
∆ = ΘB (x)Hς (t),

(10)

where A ∈ Rs2×s2 ,

A (i, j) =

{
j, i = j + 1,
0, i ̸= j + 1.

Define ς̂ and ς̃ as the estimation of ς (t) and the estimation
error ς̃ = ς (t) − ς̂ , respectively. The expected objective of
the subsequent disturbance observer is to achieve

˙̃ς = Λh (x) ς̃, (11)
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where Λh (x) : Rn → Rs2×s2 denotes the observer gain
matrix which is designed to ensure the error dynamics
(11) exponentially stable. To achieve (11), the observer is
designed as

żh = Aς̂ − Γh(fx (x) + fu (x)u+ΘB (x)Hς̂),

ς̂ = zh + Γhx,

∆̂ = ΘB (x)Hς̂,

(12)

where zh ∈ Rs2 is an auxiliary variable and Γh ∈ Rs2×n is
designed such that Λh (x) = A− ΓhΘB (x)H.

Theorem 2: Consider the nonlinear system (1). Under the
designed polynomial disturbance observer (12), the estima-
tion error ∆̃ will converge to zero exponentially if Γh can
be chosen to make the error dynamics

˙̃ς = (A− ΓhΘB (x)H)ς̃ (13)

exponentially stable.
Proof: See Supplementary Materials V-C.

According to (13), the design of Γh for polynomial
disturbance observer (12) is equivalent to the design of the
state observer gain for the disturbance system (10). The
methods of state observer design for linear time-varying
systems have been developed in many previous works, such
as the least-squares-based observer [33], the extended linear
observer [34], and the block-input/block-output model-based
observer [35]. Due to the convenience of adjusting the pole,
the method proposed in [34] is employed here to decide
Γh online. Moreover, the computational burden is mainly
concentrated on the inverse of an observable matrix, which
is suitable for practical systems. A detailed discussion can
refer to Supplementary Materials.

Remark 3: The polynomial disturbance observer (12) uti-
lizes the offline learned knownledge ΘB (x) and real-time
{u,x} to estimate ξ (t) online. Two advantages can be
achieved. One is that the offset between offline time tf and
online time tl need not be known. The other is that the
generalization to other kinds of external disturbance d can
be improved according to real-time feedback (Section IV-C).

IV. EMPIRICAL STUDY

A. Learning performance on nonlinear functions
A supervised learning strategy is synthesized in Section

III-B to extract Θ from disturbance ∆. In this part, the learn-
ing performance is exemplified and analyzed by following
nonlinear functions ∆ (x,d) = sin (x) sin (d) , d = t,

∆ (x,d) = x− 1
12x

3 − 1
4d, d = t2,

∆ (x,d) = − 1
9 sin (x)d, d = t3.

(14)

a) Setup: The learning dataset is constructed from x ∈
[−2, 2] and t ∈ [0, 4]. 10000 samples are collected and
scrambled, where 5000 for training and 5000 for testing.
The hyperparameter δ used for training is set as 0.01.
Moreover, the influences of measurement noise and the
selection of p (Corollary 1) are also analyzed. The state x
in the training dataset is corrupted by noise N

(
0,σ2

x

)
. The

learning performance under different σ2
x and p is tested.

b) Results: The learning errors of three nonlinear func-
tions (14) under different σ2

x and p are presented in Fig.
2A-C. Two phenomena can be observed. On the one hand,
the learning performance degrades as the noise variance
increases. On the other hand, proper p can achieve decent
performance, since small and large p can lead to underfitting
and overfitting problems, respectively.

B. Estimation performance on a second-order dynamics

In this part, the estimation performance of the proposed
polynomial disturbance observer is demonstrated through
a toy example for intuitive understanding. Considering a
second-order Newton system perturbated by a coupled dis-
turbance

{
η̇ = v, v̇ = a,
ma = u+∆(v, d),

(15)

with position η ∈ R, velocity v ∈ R, acceleration a ∈ R,
mass m ∈ R, control input u ∈ R, and coupled disturbance
∆(v, d) ∈ R. Note that the measured v is corrupted by noise
N

(
0, σ2

v

)
. The coupled disturbance used in the simulation

is modeled as

∆(v, d(t)) = −v2 + 50− 10t− 0.5t2. (16)

The truth value of Θ of (16) can be derived, i.e., Θ =
[49.75, 0,−0.5,−10, 0, 0, 0.25, 0, 0].

The objective is to design control input u so as to ensure
that η tracks the desired state ηd. The baseline controller
adopts the proportional-derivative control, and the estimated
disturbance ∆̂ by the proposed polynomial disturbance ob-
server is compensated via feedforward, i.e.,

u = Kηeη +Kvev − ∆̂, (17)

with gains Kη ∈ R and Kv ∈ R, and tracking errors eη =
ηd − η and ev = vd − v.

a) Setup: The learning dataset is constructed from v ∈
[−10, 10] and t ∈ [0, 100]. 10000 samples are collected.
The hyperparameter δ used for training is set as 0.01. p in
Theorem 1 is chosen as 2. The desired tracking trajectory
is set as ηd = sin( 12 t). The variance σ2

v of imposed noise
is set as 0.1. The baseline controller gains Kη and Kv are
tuned as 10 and 25, respectively. The NDO [8], ESO [6],
[36], L1 adaptive [5], [37], EVOLVER [38], and the baseline
controller (without compensation) are taken as comparisons.
For the sake of fairness, the observer gains (in charge of
the convergence speed) of the compared NDO, L1 adaptive,
EVOLVER, and the proposed one are set to be the same. All
eigenvalues of Λh (x) are set as 0.4.

b) Results: Denote Θ̂ as the learning result of Θ.
By employing the proposed learning strategy designed in
Section III-B, the learning error

∥∥∥Θ− Θ̂
∥∥∥ is 1.1473×10−3,

which demonstrates the effectiveness of the proposed learn-
ing strategy in Section III-B. As shown in Fig. 3A, the
tracking performance of learning-based methods (EVOLVER
and proposed one (12)) outperform feedback-based methods
(Baseline, NDO [8], L1 adaptive [5], [37], ESO [6], [36]).
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Fig. 2. Learning errors (MAE) of three nonlinear functions (14) under different noise variances σ2
x and parameters p on the test dataset.

Focusing on feedback-based methods, there are always es-
timations lags from Fig. 3B. Compared with EVOLVER, a
Koopman-based online learning framework, the proposed one
can avoid the dataset construction process and allows for a
more in-depth learning of the coupled structure on distur-
bance (16), leading to the smallest tracking and estimation
error (Figs. 3A-C).

C. Control performance on a flying drone

The proposed learning-based observer is further verified in
real flight tests, which consider a drone flying under multiple
disturbances. The conventional cascaded baseline control
framework is employed here, where the coupled disturbances
are further estimated by the proposed polynomial disturbance
observer (12) to enhance the control accuracy.

a) Setup: Three scenarios are implemented indoor,
including hovering under wind disturbance (Fig. 4A), circle
flight under model uncertainty (Fig. 4B), and circle flight un-
der both model uncertainty and wind disturbance (Fig. 4C).
Θ is offline trained under single mass uncertainty with 2500
samples. p in Theorem 1 is chosen as 2. The hyperparameter
δ used for training is set as 0.01. Since the mass uncertainty
mainly depends on unmeasurable acceleration, inspired by
the time-delay embedding theory [16], 9 historical velocities
are utilized and reduced to 4 through an autoencoder, which
is finally regarded as x of ∆ (x,d). The mass uncertainty in
tests is around 1 kg, constituting more than 35% of the entire
system. The wind is considered to verify the generalization
ability. The maximum wing speed can reach at 5 m/s. The
radius and period of the commended circle are set as 1 m
and 7 s, respectively. The observer (12) is running on an
onboard Intel NUC with 100 HZ.

In the outdoor test, the drone is commanded to follow a
circular trajectory in the presence of both mass uncertainty
(around 1.2 kg) and natural wind, as illustrated in Fig. 6E.
The radius and period of the commanded circle are set to
be 1.2 m and 7 s, respectively. The observer gain Γh in Eq.
(12) is decided online [34] so that the eigenvalues of Λh (x)
are all −0.6.

b) Results: The control performance of all 3 indoor
tests is summarized in Fig. 5. The control errors (MAE)
are improved 44.3%, 20.0%, and 35.0%, respectively. The
results show that the proposed one can successfully enhance
the tracking performance with the compensation of estimated
disturbance, even in the face of unseen wind disturbance. Fig.
5G further provides the control and estimation performance

along the X-axis in Test #3, under both mass and wind dis-
turbances. It can be seen the changing trends of tracking error
and estimated disturbance are roughly consistent. Moreover,
the computation burden is mainly around the solution of gain
Γh. The computation cost is provided in Fig. 6G.

We further conduct an outdoor flight test under natural
wind. As depicted in Fig. 6F, the tracking delay and over-
shoot issues of the baseline method are mitigated by the
proposed algorithm, particularly along the X-axis. Fig. 6D
further presents the distributions of the tracking errors, which
effectively demonstrates the robustness of the proposed ap-
proach in the outdoor scenario.

V. CONCLUSION

In this article, we propose a learning-based disturbance
observer for robotic systems perpetuated by a coupled dis-
turbance. The considered coupled disturbance is difficult to
model explicitly. Firstly, a variable decomposition principle
is presented by leveraging the Chebyshev series expansion.
An RLS-based learning strategy is subsequently developed to
learn the separated unknown parameter matrix using histor-
ical data, which maintains a low computational complexity.
Finally, the polynomial observer is developed by utilizing the
learned structure, which can theoretically achieve a precise
estimation of the coupled disturbance. The learning and
estimation performance of the proposed method is verified
by several simulational and experimental examples.

Although the proposed framework showcases compelling
theoretical and practical promise, the convergence of the
presented uncertainty estimation algorithm is based on the
analytic assumption on d. Therefore, effectively handling
the nonanalytic disturbances with a theoretical guarantee,
such as contact-induced, step-like scenarios, remains an open
challenge that warrants further investigation.
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