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Abstract— This paper studies runtime monitoring for per-
sistent surveillance by autonomous robots when the autonomy
stack is a black box. The environment is partitioned into finitely
many parts, each carrying an uncertainty state that decreases
when observed and increases otherwise. We model the closed
loop as a state-dependent hybrid system with linear parameter
varying dynamics and design a monitor based on an invariant
computed offline. As this invariant is typically hard to obtain for
large to-be-surveyed spaces, we propose a compositional moni-
tor obtained by decentralized computation of low-dimensional
invariant sets for each uncertainty region, and checking their
conjunction online. Under common independence assumptions,
the compositional monitor is sound and complete with respect
to the full-system invariant. The approach is applied in a case
study with a real robot persistently monitoring a labyrinth,
emphasizing its applicability in practice.

I. INTRODUCTION

In persistent surveillance, an agent moves through an
environment to collect information about specific targets over
time. It is applicable across a wide range of robotic problems,
such as ocean monitoring [1] and forest fire detection [2].
In many deployed autonomous systems, navigation stacks
mix Artificial Intelligence (AI)-based modules with pro-
prietary or otherwise black-box components. Unanticipated
disturbances, sensor faults, and software vulnerabilities can
trigger navigation stalls, collisions, or critical failures. In
addition, cyber attacks that spoof sensors or manipulate
control channels can deliberately degrade performance or
subvert mission objectives. This motivates a runtime mon-
itoring layer that reasons from measured state (and, when
available, provided inputs) and raises early alerts before loss
of progress manifests operationally.

This paper studies monitoring the operation of a robot per-
forming persistent surveillance when the surveyed workspace
is partitioned into a finite number of parts. We model the
uncertainty state of each part as a Linear Parameter-Varying
(LPV) system, as we assume that the robot has the ability
to take (noisy) measurements of the state; this is a typical
setting that can be found in many persistent surveillance ap-
proaches such as [3], [4], [5], [6]. The uncertainty decreases
while remaining within the part and increases otherwise.
We represent the closed loop as a state-dependent hybrid
system characterized by Piece-Wise Affine (PWA) dynamics,
incorporating bounded, region-dependent LPV uncertainty,
and compute the Robust Controlled Invariant Set (RCIS) [7].
Intuitively, if the current measurement lies in a RCIS, then
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for all admissible inputs and parameter variations consistent
with the current region, the next state also remains inside.
This property of the RCIS is used for runtime monitoring.

Computing the maximal RCIS in the full space that con-
tains the robot state, all uncertainties of the to-be-surveyed
regions, and inputs becomes intractable as the number of
parts of the environment grows. We propose a compositional
construction: for each part we compute the RCIS in robot
pose, input, and part-uncertainty only, and the online monitor
checks the conjunction of these per-part memberships. As-
suming that the uncertainties of the regions are independent,
we show that the intersection of per-part RCIS is equivalent
to the full-system RCIS. Thus, the compositional monitor is
both sound and complete. Its complexity scales linearly with
the number of parts. We demonstrate the effective application
of the proposed monitor in a case study with a four-wheeled
differential-drive robot persistently surveying a labyrinth.

The contributions of the paper are as follows:
i. Formalize persistent surveillance with black-box con-

trol as a hybrid system whose uncertainties evolve via
bounded LPV factors.

ii. Compute per-part RCIS and prove their soundness and
completeness with respect to the full RCIS.

iii. Propose a monitor based on the compositional RCIS
with polyhedral modes and constant-time online mem-
bership checks suitable for embedded deployment.

iv. Demonstrate the effectiveness of the approach to monitor
persistent surveillance of a labyrinth by a real robot.

The remainder of the paper is structured as follows.
Section II discusses related work. Section III states the mon-
itoring problem for persistent surveillance and introduces
a running example used throughout the paper. Section IV
presents the monitoring approach based on formalizing the
hybrid model, obtaining invariants, and showing how to use
them for monitoring. Section V evaluates the approach in
a laboratory case study. Section VI discusses assumptions,
limitations, and extensions; Section VII concludes the paper.

II. RELATED WORK

A large body of work focuses on patrols over partitioned
environments, ranging from waypoint/visitation sequencing
[8], [9] to hybrid planners that account for region-dependent
dynamics [6], as well as multi-robot coordination [10].
These approaches output trajectories or visitation schedules
and typically provide completeness or optimality guarantees
under the modeled dynamics and costs, assuming access to
(or direct control over) the planning and control interfaces.
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Necessary and sufficient conditions on robot speed con-
trollers along a predefined path were derived for keeping the
accumulation function for persistent surveillance bounded
[11]. Prior work has also addressed autonomy under formal
specifications [12] and an event-triggered task structure [13],
in which policies are computed from modeled dynamics
under uncertainty. Our runtime monitoring is complementary
to all of these approaches: a planner can be wrapped by our
monitor to guard against stalls, sensor faults, or adversarial
perturbations that invalidate planning assumptions.

Runtime Verification (RV) frameworks monitor executions
against formal specifications with strong correctness guaran-
tees [14]. Temporal logic enables quantitative monitoring of
real-valued traces [15], [16]. Although RV offers rigorous
semantics and mature tooling, monitoring rich specifications
can be computationally heavy onboard resource-constrained
robots, and many approaches assume gray-/white-box access
to the system. Progress and failure monitors based on stabil-
ity certificates and short-horizon rollouts [17] were proposed
for goal-directed navigation, which, however, are not easily
extendable for persistent surveillance.

Hamilton-Jacobi reachability can also be used to provide
monitors with safety guarantees via value functions over the
state space [18]. The resulting certificates reduce runtime
checks to set membership, but memory and computation
requirements suffer from the curse of dimensionality, thus,
limiting scalability for robotic systems. A Control Barrier
Function (CBF) may enforce forward invariance via solv-
ing a Quadratic Programming (QP) online, offering safety
guarantees with minimal intervention [19]. Model predictive
control yields constraint satisfaction and robustness through
tube/robust formulations [20]. They require either solving
optimization problems at runtime or access to the control
loop, which may be incompatible with black-box autonomy.

Compared to logic- or optimization-heavy monitors, our
method relies on precomputed RCIS sets and set-membership
checks online, while retaining a provably sound and complete
compositional construction that scales to larger environ-
ments.

III. PROBLEM STATEMENT

Let a robot with pose xk ∈ X at discrete time k ∈ N and
a bounded velocity uk ∈ U ⊂ R2 move according to

xk+1 = xk + ukTs, (1)

where Ts is the sampling time. The autonomy stack that
generates uk is treated as a black box.

For the persistent surveillance setup, consider a bounded
planar workspace X ⊂ R2 partitioned into finitely many
parts P = {P1, . . . , PN}, Pi ⊂ X with pairwise disjoint
interiors; parts may meet only on their boundaries (e.g., along
shared edges or vertices). For each part Pi, let Obsi ⊂ X
denote the set of robot poses from which Pi is observed.
Note that Obsi may also consist of multiple (disconnected)
parts. The uncertainty of part Pi is denoted by a scalar zi,k ∈
R+ at time k. Uncertainty decreases while Pi is effectively
observed, i.e., when x ∈ Obsi, and increases otherwise. For
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Fig. 1: Example: A robot persistently surveying two parts
P1, P2 with a sample patrol trajectory.

clarity of exposition, we assume an obstacle-free workspace,
but we show how the presence of obstacles can be treated
in the case study.

Assumptions: (i) observability sets for each part are
known or conservatively over-approximated; (ii) each zi,k
evolves independently of zj ̸=i given xk (no cross-coupling
among parts beyond the shared pose); (iii) uncertainty up-
dates are bounded and monotone with observation status,
e.g., multiplicative LPV factors with decay when observed
and growth when unobserved; (iv) disturbances/parametric
variations (including benign faults or adversarial perturba-
tions within specification) are captured by these bounds; (v)
at runtime, the monitor receives xk; it may also receive uk

(optional) and either measured zi,k or computable proxies
derived from sensing/coverage logs.

Problem 1: Given the available signals, design a runtime
monitor that determines whether the persistent surveillance is
being met, i.e., all parts remain within acceptable uncertainty,
zi,k ∈ [0, zcriti ] for desired thresholds zcriti > 0 , and that
raises (anticipatory) alerts when a violation is imminent.
The monitor should run at predictable, low per-step cost suit-
able for onboard deployment, provide per-part diagnostics
(which regions are at risk and by how much), scale to large
N , and remain robust to bounded disturbances, parameter
drift, and adversarial perturbations that are consistent with
the specified observation model.

Example. We instantiate X = [0, 5] × [0, 3.5] with two
parts centered at p1 = (1, 1.5) and p2 = (4, 1.5). Each part
has a square sensing footprint of half-side r = 0.7, i.e.,
obsi(x) = 1 ⇐⇒ ∥x − pi∥∞ ≤ r, so the observation
regions are polyhedral and used as is in computation. The
sampling time is Ts = 1 s and the robot follows the single-
integrator model xk+1 = xk + ukTs with input bound
∥uk∥∞ ≤ 0.6 (i.e., U = {u : ∥u∥∞ ≤ 0.6}). Uncertainties
have to satisfy 0 ≤ zi ≤ zcrit = 4. Observed/unobserved
multiplicative factors lie in intervals a ∈ [0.65, 0.80] and
b ∈ [1.05, 1.15] ; for robustness we use the monotone worst-
case vertex (amax, bmax) = (0.80, 1.15) in each region.
This example shown in Figure 1 will illustrate the proposed
solution throughout the paper.

IV. INVARIANT-BASED MONITORING

This section presents the key components of the approach
as shown in Fig. 2: formalizing the hybrid model for persis-
tent surveillance, introducing the RCIS and a compositional

8661



Offline

Online

Uncertainty &
robot model

Operational
limits

Invariant
set

Measured
state (& input)

Runtime
monitoring

Fig. 2: Overview of the monitoring approach: In the Offline
stage (top) the certificate is synthesized from the robot
motion model and operational limits; in the Online stage
(bottom) the measured state (and, optionally, the input) are
used to check if operation remains in the invariant.

construction with soundness/completeness guarantees, com-
puting them, and using invariants as monitoring primitives.

A. Hybrid model

We model the closed loop as a state-dependent hybrid
system that contains the motion of the robot (1) and multi-
plicative, region-dependent uncertainty dynamics:

zi,k+1 = γi(xk) zi,k, i = 1, . . . , N, (2)

where γi(x) is changes according to the robot’s location:

γi(x) ∈

{
[amin

i , amax
i ] ⊂ (0, 1), x ∈ Obsi,

[bmin
i , bmax

i ] ⊂ (1,∞), else.

For each part i, we build a PWA system in the state ξi =
(x, zi, u) with two modes:

obsi :x+ = x+ uTs, z+i = amax
i zi, x ∈ Obsi;

unobsi :x+ = x+ uTs, z+i = bmax
i zi, x ∈ X \Obsi,

subject to the joint domain Di := X× [0, zcriti ]×U . Further,
define guards Gobs

i := {x ∈ X | x ∈ Obsi} and Gubobs
i :=

{x ∈ X | x /∈ Obsi}.
Example (revisited). In our running example, for each i ∈

{1, 2} we build a PWA subsystem in [x⊤, zi]
⊤ ∈ R3 with

input u ∈ R2 and two mode maps:

obsi :

{
x+ = x+ uTs,

z+i = amax zi,
unobsi :

{
x+ = x+ uTs,

z+i = bmax zi,

guarded by x ∈ Obsi := { ∥x − pi∥∞ ≤ r } and x ∈ X \
Obsi, respectively. Because X \ Obsi is non-convex, it is
represented by a union of polyhedral sets with a separate
linear-time-invariant-mode per set. To reduce the complexity
of the example, we consider only the mode between the two
to-be-observed parts, and the overall hybrid system consists
of three modes.

B. Invariants

Let ξk := [x⊤
k , [z1,k, . . . , zN,k], u⊤

k ]⊤ denote the joint
state–input vector with domain

D := X ×
N∏
i=1

[0, zcriti ]× U.

A set S is RCIS for (1)–(2) if, for all admissible uk ∈ U
and for all factors γi(·) consistent with the active region at
xk, ξk ∈ S ⇒ ξk+1 ∈ S.

Computing the maximal full-system RCIS S scales poorly
with the number of parts N , making exact computation
and storage quickly prohibitive. Thus, we compute per-part
RCIS’s and intersect them to retain correctness. For each
part i, consider the subsystem over the state space (x, zi),
dynamics (1) with the input set U and (2) only for zi, and
the corresponding region guards. Then, compute its maximal
RCIS Smax

i in Di := X × [0, zcriti ] × U . For multiplicative
updates z+i = γizi with γi bounded per region, the next-
step map is monotone in γi. Hence, the RCIS set coincides
with the set computed at the region-wise worst-case vertices
(amax

i , bmax
i ) (equivalently, intersect vertex-wise invariants if

multiple vertices are used). For a set Si ⊆ Di, define the
one–step predecessors in mode i as

Prei(Si):=
{
x̂ ∈ Di : fi(x̂) ∈ Si, ∀u ∈ U, ∀ γi ∈ Γi(x)

}
.

This leads to the following proposition.
Proposition 1: Assume:
(i) ∀i, z+i in (2) depends only on zi and the guard Obsi,

and not on zj with j ̸= i;
(ii) The full system and each per-part subsystem use the

same workspace set X and input set U ;
(iii) The full system and each per-part subsystem use the

same guards Gobs
i , Gunobs

i and uncertainty/LPV bounds.
Let S ⊆ D denote the maximal RCIS set for the full system,
and let Smax

i ⊆ Di denote the maximal RCIS set for the ith
per-part subsystem. Then, with i = 1, . . . , N and

Ŝ :=
{
[x⊤, z⊤, u⊤]⊤ ∈ D

∣∣ [x⊤, zi, u
⊤]⊤ ∈ Smax

i ∀i
}
,

S = Ŝ holds.
Proof: We show both inclusions.

1) S ⊆ Ŝ. Fix i ∈ {1, . . . , N} and consider the projection

Πi : D → Di, Πi(x, z, u) := (x, zi, u).

Let Pi := Πi(S) ⊆ Di. We claim that Pi is RCIS for the
ith subsystem. Take any (x̄, z̄i, ū) ∈ Pi. By definition, there
exists z̄−i such that (x̄, z̄, ū) ∈ S . Since S is RCIS for
the full system, for any admissible uncertainty realization
(equivalently, any γ(·) ∈ Γ(x̄)) and the induced successor

x̄+ = x̄+ ūTs, z̄+ = g(x̄, z̄),

we have (x̄+, z̄+, ũ) ∈ S for all ũ ∈ U (as required by the
predecessor definition used in the paper). By Assumption
(i), z̄+i depends only on (x̄, z̄i) (and the guard Obsi), hence
z̄+i = gi(x̄, z̄i) is exactly the successor of the ith subsystem
under the same guard and uncertainty bounds (Assumption
(iii)). Projecting yields (x̄+, z̄+i , ũ) ∈ Pi for all ũ ∈ U
and all admissible uncertainties, i.e., Pi is RCIS for the
ith subsystem. By maximality of Smax

i on Di, we obtain
Pi ⊆ Smax

i , hence

(x, z, u) ∈ S ⇒ (x, zi, u) ∈ Smax
i ∀i ⇒ (x, z, u) ∈ Ŝ.

Therefore, S ⊆ Ŝ.
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2) Ŝ ⊆ S . We first show that Ŝ is RCIS for the full system.
Take any (x̄, z̄, ū) ∈ Ŝ. By definition, (x̄, z̄i, ū) ∈ Smax

i

for all i. Let an admissible uncertainty realization be fixed
(equivalently, choose any γ(·) ∈ Γ(x̄)), with successor

x̄+ = x̄+ ūTs, z̄+i = gi(x̄, z̄i), i = 1, . . . , N.

Because each Smax
i is RCIS for the corresponding per-part

subsystem and, by Assumptions (ii)–(iii), uses the same
X,U , guards, and uncertainty bounds as the full system,

(x̄+, z̄+i , ũ) ∈ S
max
i ∀i, ∀ũ ∈ U.

Thus, (x̄+, z̄+, ũ) ∈ Ŝ for all ũ ∈ U and all admissible
uncertainties, i.e., Ŝ is RCIS for the full system and satisfies
Ŝ ⊆ D. By maximality of S among RCIS subsets of D, we
conclude Ŝ ⊆ S .

Combining 1) and 2) gives S = Ŝ.
Remark 1: Proposition 1 implies that the compositional

invariant is sound (no false alarms) and complete (no misses)
w.r.t. S ⊆ D. Under static, known obstacles, the obstacle-free
portion of X can be under-approximated by a finite col-
lection of convex polyhedral cells; this under-approximation
preserves soundness (see case study). Dynamic obstacles are
not considered in this work.

C. Computing invariant sets

The RCIS sets are obtained as greatest fixed points of the
monotone set operator T (S) = D ∩ Pre(S), iterated from
S(0) = D until convergence [7]. For linear (or modewise-
affine) dynamics with polyhedral constraints, Pre(·) reduces
to polyhedral operations (linear images, Minkowski sums,
Pontryagin differences) and Boolean combinations, yielding
polyhedral RCIS sets (exact or convergent approximations).
For the LPV states (2), we use the standard vertex method:
compute (or intersect) invariants for each vertex system
(amax

i , bmax
i ) consistent with the active region, which is

conservative and monotone with respect to multiplicative un-
certainty [7], [21]. We encode (1)–(2) as a hybrid LPV/PWA
model with polyhedral constraints and compute the RCIS’s
via fixed-point iteration. To obtain the compositional invari-
ants, we iterate the robust predecessor operator per mode
under its guard and intersect across modes until a fixed point
is reached; the result is a union of polytopes Smax

i ⊂ Di

(Algorithm 1).
Example (revisited). We compute two per-part invari-

ants in [x, y, zi, vx, vy] (two modes per part: ob-
served/unobserved) and, for comparison, a single full in-
variant in [x, y, z1, z2, vx, vy] (three modes: observing
P1, observing P2, observing none). We set (amax, bmax) =
(0.80, 1.15) in the observed/unobserved regions. Because
the parts are denoted by squares, there is no geometric
approximation gap. Table I compares the complexity of the
invariants in terms of state dimension, number of system
modes, invariant polytopes and vertices, and computation
time on a general purpose laptop.

Algorithm 1 Per-part compositional invariant (offline)

Require: X , U , centers pi, half-side S, bounds zcriti , worst-
case (amax

i , bmax
i ), Ts, tolerance ε, max iters Lmax

1: Define guards: Obsi = {x : ∥x−pi∥∞ ≤ S}, Unobsi =
X \Obsi

2: Define mode maps on (x, zi, u):
Obs: x+ = x+uTs, z+i = amax

i zi; Unobs: x+ =
x+ uTs, z+i = bmax

i zi
3: Initialize S(0) := Di := X × [0, zcriti ]× U
4: for ℓ = 0, 1, . . . , Lmax do
5: Ŝ(ℓ+1) := PreObs,i

(
S(ℓ)

)
∩ PreUnobs,i

(
S(ℓ)

)
6: S(ℓ+1) := Di ∩ Ŝ(ℓ+1) ▷ intersect with joint box
7: if S(ℓ+1) = S(ℓ) (or distH < ε) then break
8: end if
9: end for

10: Smax
i ← minimal union-of-polytopes representation of

S(ℓ+1) (remove redundant facets/sets)
11: return Smax

i

TABLE I: Running example: invariant complexity.

System State Dim. # modes # P # Vertices Comp. time [s]

Part 1 3 2 12 72 2.4
Part 2 3 2 18 108 3.4
Full 4 3 610 9280 3319

D. Monitoring using invariant sets

Using full invariant: At time k, the system (1)–(2) is
healthy iff ξk ∈ S. Leaving S flags a failure or, if uk is
also available and the resulting ξk+1 ̸∈ S based on (1) – an
imminent failure.

Using compositional invariants: At time k, form ξi,k =
[x⊤

k , zi,k, u
⊤
k ]

⊤ (or drop uk and encode its bound in the
offline construction) and test membership in Smax

i for all i.
Following Proposition 1, the compositional decision is

healthy at k ⇐⇒ (xk, zi,k, uk) ∈ Smax
i ∀i (i.e., ξk ∈ Ŝ).

Membership reduces to halfspace checks against the facets
of the polytopes in the union; for the compositional monitor
the per–step cost scales linearly with N .

Example (revisited). For a measured triple (xk, z1,k, z2,k)
(and optional uk) the system is declared healthy iff

(xk, z1,k, uk) ∈ Smax
1 and (xk, z2,k, uk) ∈ Smax

2 .

The full invariant S can also be used for monitoring analo-
gously. On our platform on average, the compositional check
ran in 0.03 ms per step, while the check with the full invariant
took 1 ms per step without any numerical optimizations.

V. CASE STUDY

We evaluate the proposed invariant-based monitor on a
four-wheeled differential-drive robot tasked with persistently
surveying a labyrinth-like indoor environment. The study
follows the workflow (Figure 2) introduced earlier: per-
part robust invariants are synthesized offline from a LPV-
hybrid model and operational limits; the monitor performs
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Algorithm 2 Compositional monitoring (online)

Require: {Smax
i }Ni=1, measurements (xk, {zi,k}), optional

uk

1: for i = 1 to N do
2: hi ← 1

{
(xk, zi,k, uk) ∈ Smax

i

}
▷ polyhedral union

membership
3: end for
4: if

∏N
i=1 hi = 1 then return Healthy

5: else return Alert (report indices {i : hi = 0} and
nearest-facet margins)

set-membership checks to raise anticipatory alerts. We only
evaluate the compositional invariant monitor, as computing
the full invariant is intractable.

A. Experimental Setup

Robot: The platform is a ground robot (Figure 3a)
with footprint 0.44 × 0.40m (mass 5 kg), wheel encoders
(16 pulses/rev), an ITG-3200 gyroscope (10 Hz), and a
Hokuyo URG-04LX 2D LiDAR (10 Hz, 240◦ FOV). Low-
level control runs on an STM32F746ZG (Cortex-M7, 1 kHz),
while high-level software runs on a Raspberry Pi 4B (8 GB)
with ROS 2; actuator bounds are v ∈ [−0.26, 0.26]m/s, ω ∈
[−1, 1] rad/s and the state space is x, y ∈ [−4, 4]× [−3, 3]m,
θ ∈ [−π, π], with sampling time Ts = 0.1 s.

Policy: We use a simple uncertainty–greedy patrol
policy: the robot selects the partition with the largest current
uncertainty zi, plans a path to the center of that partition,
and dwells until zi drops below a target level ztari ; it then
reselects the next part. A small hysteresis band on zi and
a minimum inter-visit time τmin prevent chattering. Local
motion is handled by ROS Nav2.

Environment: The traversable obstacle-free labyrinth
workspace is manually under-approximated by a finite num-
ber of partially adjacent convex polyhedral cells that serve as
observability regions and mode domains in the hybrid model.
The resulting map and labels are shown in Figure 3b. Each
partition Pi is equipped with an uncertainty proxy zi that
evolves multiplicatively according to the LPV model with
part–specific factors (ai, bi), following zi,k+1 = γi(xk) zi,k,
with γi(x) ∈ [amax

i , 1) when x ∈ Pi (observed) and γi(x) ∈
(1, bmax

i ] otherwise. zmax = 10 for all parts.
Invariant set computation: We conservatively instan-

tiate the input set as U = {u : ∥u∥∞ ≤ 0.26} obtained
from platform bounds, with an extra inflation δu = 0.1
to cover Nav2 tracking error. This over-approximates the
instantaneous body-frame linear velocity projected in the
world frame; heading variation within one sample is ab-
sorbed by universal quantification over u ∈ U . For each part
i we build a two-mode PWA subsystem in (x, zi, u) with
guards x ∈ Pi vs. x /∈ Pi and compute the maximal RCIS
set Smax

i ⊂ X × [0, zcriti ] × U via fixed-point iteration of
the predecessor operator under universal quantification over
inputs and LPV vertices (Algorithm 1). Computation took
between 111 s and 154 s for each compositional invariant on
a general-purpose laptop.

(a) Robot navigation.
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(b) Labyrinth configuration.

Fig. 3: Labyrinth for persistent surveillance by a four-
wheeled differential-drive robot. The labyrinth has been
manually partitioned into 10 parts.

B. Monitoring

From each run we obtain time-stamped robot poses xk ∈
R2 (filtered using a Kalman filter) and per-part uncertainty
proxies zi,k (derived from perception/coverage events). We
derive the uncertainty factors (ai, bi) online from LiDAR
measurements as follows.

Uncertainty update: We have excluded the LiDAR
detections of the initial mapping pass shown in Figure 3b
when defining the partitions. To emulate time-varying uncer-
tainty, additional small objects were placed in the labyrinth
during operation without preventing the robot from moving
freely through all parts. New detections are accumulated
per partition in a counter Ci(k) > 0 at time k (detections
since the last time the robot entered Pi). When the robot
re-enters Pi at time k, we map ri(k) := Ci(k)/Ci(k − 1)
monotonically into the decay range [amin

i , amax
i ] by

ai(kin) = clip
(
amin
i +

min{ri, rmax
i } − 1

rmax
i − 1

(
amax
i −amin

i

))
.

Here rmax
i > 1 is a chosen saturation point and clip(·)

enforces the interval [amin
i , amax

i ]. Intuitively, more detec-
tions drive ai upward toward amax

i < 1, meaning uncertainty
decays more slowly even when the partition is observed.

For simplicity in this case study, the unobserved growth
factor bi was kept constant, i.e., bi ∈ (1, bmax

i ] independent of
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(a) Robot trajectory in labyrinth.
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(b) Uncertainty evolution and monitor triggers.

Fig. 4: Labyrinth for persistent surveillance by a four-
wheeled differential-drive robot. The labyrinth has been
manually partitioned into 10 parts.

ri. We did not investigate removing obstacles; thus, Cnew
i is

non-decreasing between entries and ai is piecewise-constant
and non-decreasing across visits. The parameters are updated
while moving through Pi. The same zi sequences are then
fed to the monitor according to Algorithm 2.

Evaluation: We monitor a run over multiple minutes in
the labyrinth with a failing patrol that loiters and starves
two parts, causing uncertainty growth beyond admissible
bounds. For reference, we compare against a threshold-only
rule that raises an alert when any zi,k ≥ zcriti . Further,
we evaluate: (i) Detection lead time from the monitor’s
first alert to the threshold crossing zi,k ≥ zcriti (positive
values indicate anticipatory detection); (ii) false alerts (alerts
without subsequent violation within a grace window); and
(iii) checking computation time.

C. Results

Figure 4a shows the robot position trajectory overlaid
on the ten-part partition; Figure 4b plots the corresponding
uncertainty traces and marks monitor triggers. The invariant-
based monitor raises alerts before uncertainties hit the critical

threshold, providing anticipatory warnings; the threshold-
only baseline, by definition, reacts at (or after) violation. No
false alerts are produced by the monitor.

During the run patrolling fails, loitering in a subset of
the maze leads to starvation of two parts; the monitor
exits the invariant set well before zi crosses zcriti , yielding
positive lead time. Subsequent growth of zi confirms the
early warning, and the parts reported by the monitor match
the regions visibly under-serviced in the trajectory plot.

We ran three independent trials per configuration with
different random seeds for patrol initialization and obstacle
placements. Each of them yielded similar results in terms
of monitoring outcomes. On average, per-step runtime for
checking polyhedral union membership over all parts was
0.3 ms; storing per-part unions and their facet matrices dom-
inates memory consumption. We plan to release the scripts
for generating the experimental evaluation.

VI. DISCUSSION

This section reflects on assumptions, practical trade-offs
in using the proposed monitor, and directions for extensions.

Guarantees and assumptions: The completeness and
soundness of the monitor based on compositional RCIS relies
on two conditions: (i) mutual independence of the part-wise
uncertainties, and (ii) robust (universal) quantification over
the same state and input space, guards, and LPV bounds.
Condition (i) is appropriate when each uncertainty state is a
local proxy driven by sensing staleness/coverage (e.g., time-
since-last-observation or map freshness). However, global
events may couple the uncertainty of parts. For example,
wind-driven smoke propagation in fire monitoring can raise
uncertainty beyond one part. In this case, one can cluster
coupled parts into multi-part subsystems, albeit at the cost
of higher RCIS complexity. In the case study, the under-
approximation of the traversable space yields conservative
invariants. Thus, within the under-approximated area runtime
alerts remain sound but can be conservative.

Measurement noise and model mismatch: With noisy
xk or zi,k, sharp set boundaries can induce chattering.
Two possible standard remedies are (i) guard erosion/set
inflation: shrink Obsi by a margin δ or inflate the invariant
to accommodate estimation error; and (ii) hysteresis: declare
exit only after m consecutive violations or require a margin
η > 0 beyond the boundary. If uk is not available, quantify
over U offline; if it is available, slice the union by the
measured uk to reduce conservatism.

Complexity: The offline computation of the RCIS’s is
based on a fixed-point iteration of robust predecessor oper-
ators with polyhedral set operations. In the worst case, both
runtime and representation size grow exponentially with the
state dimension and with the number of halfspaces/vertices.
In our compositional construction, this cost is incurred in
the dimension of [x⊤, zi]

⊤, whereas the full-system RCIS
requires the same operations in [x⊤, z1, . . . , zN ]⊤. As N in-
creases, computation and storage become quickly prohibitive,
which is reflected in Table I, where the full invariant has
orders-of-magnitude more vertices and higher runtime.
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Online runtime scales with the number of polytopes and
facets. For compositional monitoring, this scales roughly
linearly with N (each membership test is independent),
and unions can be compressed via polytope merging, facet
pruning, or spatial indexing (e.g., k-d trees on polytope
bounding boxes). Upon memory limitations, the union can be
approximated by a single outer polytope around each Smax

i

and the approximation gap can be tracked.
Choice of thresholds: The thresholds zcriti encode the

surveillance objective and reflect sensing fidelity, revisit con-
straints, and acceptable risk. Unequal priorities are handled
by part-specific zcriti and by weighting the reporting (e.g.,
alert sooner on critical parts using larger safety margins).

Observability and motion models: Both the running ex-
ample and the case study used polyhedral representations of
the environment. For circular cones, occlusions, or complex
visibility polygons, inner/outer polyhedral approximations
to trade tightness for tractability can be used. The single-
integrator kinematics can be replaced by other linear (or
modewise linearized) models. The invariant computation pro-
ceeds analogously, albeit in a higher-dimensional space and
with possibly significantly higher computational complexity.

Adversarial robustness and cyber–physical attacks: Be-
cause the monitor relies on measured state, integrity attacks
that spoof these channels can mask violations. Practical mit-
igation includes cross-checks between commanded uk and
observed motion (residual tests), redundant sensing for zi,k
(e.g., overlapping footprints), and secure logging/attestation
for the signals used by the monitor. From a synthesis
viewpoint, suspicious channels can be treated as adversarial
disturbances by enlarging the LPV bounds, which preserves
soundness at the cost of more conservative alerts.

Limitations: Exact computation of RCIS in high dimen-
sions remains challenging; our compositional construction
mitigates, but cannot remove, the intrinsic cost for very large
N without sacrificing some tightness.

Extensions: The framework extends to 3D workspaces,
to multi-robot surveillance (modularity remains sound if
interactions are conservatively bounded), and to stochastic
envelopes (replace worst-case vertices by chance-constrained
predecessors to trade false positives for false negatives).
Hybridization with other monitoring objectives is another
natural extension, e.g., combining with barrier-methods-
based monitors for richer early-warning signals, or adding
look-ahead for imminent failures.

VII. CONCLUSION

We introduced a runtime monitoring framework for per-
sistent surveillance that treats the autonomy stack as a
black box. The key idea is a compositional construction
of invariant sets for each to-be-surveyed part and checking
their conjunction online. Under independence and common-
domain assumptions, we showed that the compositional
monitor is equivalent to the full-system-based monitor. The
monitor requires only constant-time polyhedral membership
tests online and scales linearly with the number of parts.
A laboratory case study with a mobile robot in a labyrinth

illustrated how the construction is instantiated from data and
how impending instability can be detected early.

Future work will include incorporating coupling or distur-
bances in per-part predecessors and extending to multi-robot
teams with collision and communication constraints.
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