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Abstract— Global data association is an essential prerequisite
for robot operation in environments seen at different times
or by different robots. Repetitive or symmetric data creates
significant challenges for existing methods, which typically rely
on maximum likelihood estimation or maximum consensus
to produce a single set of associations. However, in these
ambiguous scenarios, the distribution of solutions to global
data association problems is often highly multimodal, and such
single-solution approaches frequently fail. In this work, we
introduce a data association framework that leverages approx-
imate Bayesian inference to capture multiple solution modes
to the data association problem, thereby avoiding premature
commitment to a single solution under ambiguity. Our approach
represents hypothetical solutions as particles that evolve via
deterministic or randomized updates, naturally parallelizable
on GPUs, to cover the modes of the underlying solution
distribution. Simulated and real-world experiments with highly
ambiguous data show that our method correctly estimates the
distribution over transformations when registering point clouds
or object maps. Code is available at: https://github.com/
mit-acl/mmda.

I. INTRODUCTION

Data association is essential in many robotic applications,
enabling key perception technologies such as dynamic object
tracking [1]-[3] and simultaneous localization and mapping
(SLAM) [4]-[6]. In these scenarios, robots must recognize
when an object or feature they are currently observing is
the same as something they (or another robot) may have
seen from a different perspective. Without correct data asso-
ciation, the environment representation may be inconsistent,
leading to undesirable behaviors in downstream tasks (e.g.,
incorrect associations in loop closure detection can lead to
dramatically distorted maps [6]).

This work considers global data association, which aims
to find pairwise correspondences for registering two point
clouds [7], object-level maps [8], or scene graphs [9] without
an initial guess. While significant progress has been made
towards point-to-point data association [10]-[12], most ex-
isting methods formulate data association using maximum
likelihood estimation or maximum consensus, returning a
single solution representing the most likely relative pose
estimate or most consistent set of data associations. However,
both approaches can fail in the presence of ambiguous data,
where multiple likely solutions coexist and cannot be distin-
guished without additional observations. Such ambiguities
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Fig. 1: Symmetric and repetitive structures are common in human
environments and induce perceptual aliasing. To localize, robots
must explicitly model the uncertainty from ambiguities inherent
in those environments. The top row shows several such scenarios,
where the visualized object associations are perceptually similar
but incorrect, necessitating a multimodal representation. The bottom
row shows the multimodal distribution generated by our proposed
method. The orange mode is incorrect and corresponds to the
ambiguous associations shown in the top row.

are common in human environments, which often contain
symmetrical or repetitive structures. In these scenarios, the
success of the solver may be determined purely by the
optimization initialization or the realization of measurement
noise. For example, consider a robot trying to localize itself
from a reference map within the staircase shown in Fig. 1.
The repetitive nature of each floor of the staircase results in
many likely sets of object associations, yielding a multimodal
distribution over the robot pose estimate. If the robot were
to choose the most likely option, it would believe that it was
two floors above its actual location.

Currently, there are mainly three applicable approaches
to avoid incorrect estimations in ambiguous scenarios: (1)
outlier rejection, (2) probabilistic data association, and (3)
probabilistic pose estimation. Existing outlier rejection meth-
ods [12]-[15] typically assume that all inlier measurements
are mutually consistent while all outliers are uncorrelated.
As a result, they do not work well when measurements
form multiple consistent clusters and the resulting solu-
tion distribution has multiple modes. On the other hand,
probabilistic data association methods [4], [5], [16], [17]
model the distributions of associations in a factor graph by
introducing new measurement models and factors. However,
these methods primarily address local ambiguities rather than
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global ambiguities that are inherent in highly symmetric or
repetitive environments. Another line of work augments ex-
isting methods such as ICP with probabilistic methods [18],
[19] to estimate uncertainty in pose estimation. However,
as shown in our experiments, such approaches struggle to
estimate highly non-uniform distributions.

Contributions. In this work, we address the limitations
of the aforementioned work by proposing novel algorithms
for multimodal global data association. Our core insight is
to view data association through the lens of approximate
Bayesian inference, by interpreting the former’s objective
function as log likelihood defined over sets of candidate
associations. Building on this insight, we develop deter-
ministic and randomized multimodal global data association
algorithms that connect with two well-established Bayesian
inference frameworks. Specifically, our approach models
hypothetical solutions as a set of particles that are updated
using approximate-inference-based update rules. We show
that the proposed method can handle difficulties specific to
the optimization formulation of global data association and
directly benefit from modern GPU-parallelized optimization
solvers. Experimentally, we perform extensive comparison
studies against existing approaches and show the proposed
approach can capture both highly peaked and highly uniform
solution distributions.

II. RELATED WORKS

Data Association In robotics, data association refers
to the task of matching observations of the environment
across agents or time. Specifically, we address methods that
consider distributions over solutions to the data association
problem, rather than methods that commit to a single hy-
pothesis (i.e., a single most likely pose estimate or a single
set of data associations). Although recent work has begun to
address multimodal data association problems, most of these
efforts concentrate on SLAM backend design, particularly in
the context of factor graph optimization. For example, work
on probabilistic data association [4], [5], [16] focuses on
representing distributions of associations in the factor graph
by introducing new measurement models. However, this line
of work often assumes good initial guesses provided by the
frontend and usually focuses on extracting the most likely
solution instead of estimating the full distribution. Another
approach uses Multi-Hypothesis Tracking (MHT) [2], [3],
[17] to track multiple possible solutions in data association
problems, but MHT is typically computationally expensive
due to the exponential growth of the hypothesis tree.

The most relevant line of work to ours is [18], [19]. In
[18], Maken et al. develop a variant of Iterative Closest
Point (ICP), termed Bayesian ICP, which uses stochastic
gradient Langevin dynamics [20] to obtain samples from
the posterior distributions of relative poses between point
clouds. Because Bayesian ICP is computationally expensive
and not parallelized, the authors then propose Stein ICP [19],
which employs Stein variational gradient descent (SVGD)
to approximate the posterior distribution more efficiently,
achieving better empirical performance. Although SVGD

helps to discover different modes, the quality of the generated
distribution is sensitive to initialization and parameter tuning.

Bayesian Inference in Robotics Sampling from, or ap-
proximating, posteriors defined by unnormalized densities is
central in statistics, with two main approaches: MCMC and
variational inference (VI). In robotics, SVGD, which is a
VI method, has been used for state estimation and motion
planning [19], [21]-[23]; motivated by these successes, we
develop an SVGD-based variant and evaluate it on real-
world global data association. We also develop a variant
based on Langevin dynamics, which has been studied for
both escaping local minima in stochastic optimization and
approximating Bayesian posteriors [24], [25], and show
it is effective for posterior approximation in global data
association.

III. PRELIMINARIES

Given two ordered lists of points S, 7, we can form a list
of potential associations. For example, if each point in S can
be associated with each point in 7, we can obtain |S| x |T|
potential associations. The association between point s € S
and point ¢ € T is denoted as (s,t). To ease the burden of
notation, we will use the index of a point interchangeably
with its coordinate, e.g., s will denote both the s-th point in
S as well as the coordinate of the s-th point in S expressed
in a local reference frame (e.g. robot’s sensor frame). We
use || - ||2 to denote the 2-norm in Euclidean space.

CLIPPER Given n potential associations (e.g.,
n = |S| x |T]), we can form a symmetric affinity matrix
M € [0,1]"*". Let i = (s;,;) and j = (s;,t;), CLIP-
PER [26] then defines M i, j] = e~ ((si:ta)(s5:4)%/(20%) g
d((sisti), (s4,t5)) < &, and M[i,j] = 0 otherwise, where
d((si,ti), (sj,t5)) = lllsi = sjll2 = [[ts = t;]|2|. Intuitively,
d(-,-) measures the violation of geometric consistency,
since a consistent set of associations should preserve the
relative distances of points. Then the problem of finding the
maximum consistent set of associations can be formulated
as follows:

Problem 1.

u' Mu
max
we{0,1}" u'u
subject to u;u; =0 if M[i,j] =0, Vi,j.

The matrix M can be viewed as the sum of a weighted
adjacency matrix and the identity matrix, where the weighted
adjacency matrix defines a graph called the consistency
graph, wherein nodes represent potential associations and
edges connect nodes only if they are consistent. In the case
where M is binary, Problem 1 is equivalent to finding the
maximum clique in the consistency graph, which is expen-
sive to obtain for large graphs. Therefore, CLIPPER solves
a relaxed problem, described as follows. Define another
matrix My such that My[i, j] = M[i, j] if M[i, ] # 0, and
Myli, j] = —d otherwise, where d € R.. Intuitively, if two
associations are deemed inconsistent, the corresponding entry
in My will incur penalties if selected. Then, inspired by [27],
CLIPPER solves an optimization problem of the form:
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Problem 2.

max  ul Myu
u€RY
subject to  ||ullz < 1.

The optima lie on the boundary of ||u||s < 1 [26], so we can
equivalently write u € R} NS™~! and remove the inequality
constraint. Moreover, as remarked in [26], when d > n, the
(local) optima of Problem 2 correspond to the (local) optima
of the original Problem 1. The local optima correspond to
maximal cliques in the consistency graph while the global
optimum corresponds to the maximum clique.

Stein Variational Gradient Descent SVGD aims to ap-
proximate a target distribution with an unnormalized density
function p : R™ — R using a set of particles X =
{x;}¥,, x; € R™ Vi. Denoting the distribution represented
by the set of particles X as gx, the goal is to find X such
that KL(gx || p) is minimized. Suppose we would like to
iteratively update the particles via a map T'(z) that takes the
form x 4+ a¢(z) where a > 0 is the step size. The optimal
perturbation direction ¢(-) is max4,, <1 { — - KL(Tqx ||
P)|,_o}> where # is a reproducing kernel Hilbert space
[28]. Intuitively, ¢(-) is the functional gradient of the KL
divergence with respect to the particles. A key result from
[29] shows that ¢(-) takes a closed-form expression:

N
1
o(x;) = szlogp(l”j)k(%i,%j) + Va, k(z,25), (1)

j=1

where k(-,-) is a kernel specified by the user. Intuitively,
SVGD works by pushing the particles to high-density regions
via the Vlogp(:) term, while pulling them apart from
each other to encourage discovering different modes via the
repulsive term Vk(-, ). Note that the repulsive term is deter-
ministic, which makes SVGD a deterministic algorithm. With
only a single particle, SVGD reduces to exact maximum a
posteriori (MAP) optimization [28].

Langevin Dynamics Given an unnormalized density func-
tion p : R™ — R, Langevin dynamics (LD) can be applied
to draw samples from the distribution defined by p(-) by
iteratively updating the particle [28]:

Ti41 < Ty + aV logp(xf) + 2\/551‘,7 &, ~ N(O, 1) (2)

Intuitively, the second term on the right side encourages par-
ticles to cover regions with higher density, and the third term
encourages particles to spread out so that more modes can
be discovered. Unlike SVGD, LD is a stochastic algorithm
due to the random noise term. Moreover, the computational
complexity is reduced by removing the O(n?) computation
needed to evaluate the kernel terms in SVGD. This update
can be viewed as a discrete version of an It6 diffusion
dxy = —Vlogp(x:)dt + 2dB; where B; is a standard
Brownian motion.

IV. PROPOSED METHOD

In this section, we introduce our proposed methods. The
general strategy is to view Problem 2 from a probabilistic
perspective in which the objective becomes drawing samples

from a target distribution. Then, the approximate Bayesian
inference techniques introduced in the previous section can
be applied to approximate the target distribution.

Referring to Problem 2, let F;(u) = u” Myu. The data
association problem can be viewed as obtaining samples
from the posterior distribution (assuming a uniform prior):

p(ulS,T) o p(S, Tlu) o exp(Fy(u)), u e R} NS 1.
3)
This type of reformulation of an optimization problem into an
inference problem is common in trajectory optimization and
control literature [30], [31] . Since p(ul|S, T) rarely admits a
closed-form expression, our goal is to approximate p(u|S, T)
with a distribution ¢(u) that is tractable for computation.

In this work, we propose two variants of our method: Stein
CLIPPER based on SVGD and Langevin CLIPPER based
on Langevin dynamics. Both algorithms update particles in
parallel, enabling efficient implementation on GPUs.

Stein CLIPPER Recall the update direction in SVGD
given by Eq. (1). To compute the update, we need the
gradient of the log posterior (i.e. the score) as well as a kernel
function. Since p(u|S,T) x exp(Fy(u)), logp(u|S,T) x
F4(u). Because the score is independent of the normalization
constant, we have:

Vo logp(u|S,T) = VuFy(u) = 2u” M. 4

Note that we adopt the convention that the gradient of a
function f : R” — R™ is an m X n matrix [32]. We
choose the widely used radial basis function (RBF) kernel
[33], which takes the form k(z,2') = e~ le=o'll3/(207)

See Algorithm 1 for the overall Stein CLIPPER approach.
Line 1 initializes n, particles from Uniform([0,1]™) that
each represents a possible set of associations (i.e. u in
Problem 2). We use a homotopy method [26] to gradually
increase d (see Problem 1). We initialize Ad to be the
maximum eigenvalue of M and increase d by Ad for every
outer iteration, until d > n, at which point the optima of
Problem 1 should be recovered (see Problem 2 and the
comments immediately after it). Empirically, we find setting
Ad = M\ (M) offers good trade-offs between speed and con-
vergence without using a problem-specific parameter. This
homotopy step is important for both the original CLIPPER
(to avoid being trapped in local minima) and Stein CLIPPER
(to prevent particle degeneracy). The inner loop (Lines 6 -
10) consists of the main optimization steps. Intuitively, for
each fixed d, we solve Problem 2 via gradient ascent where
the gradient is computed via Eq. (1) and adjusted by the
adaptive gradient algorithm AdaGrad [34]. AdaGrad adjusts
and rescales the learning rate for each particle automatically.
Empirically, we find AdaGrad very important for returning
diverse particles and preventing particle degeneracy. After the
update, we perform a projection step to project each particle
back to R N S”—1. Finally, a clique is extracted from each
particle by taking the associations corresponding to their top
@ = round(u " Myu) entries as done in [26].

Langevin CLIPPER Recall that the update step from
Langevin dynamics is given by Eq. (2). Thus we only need
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Algorithm 1 Stein CLIPPER
Require: Affinity matrix M € [0, 1]™*", step size a, kernel

k() )
1: 0 + rand(np, n) > initialize uniformly in [0, 1]
2:d+0
32 Ad <+ M (M) > A (M): maximum eigenvalue of M
4: while d < n do
5: d<+—d+ Ad
6: while max iterations not reached do
7: Mg+ M —dC
8: Compute ¢(6;) via Eq. (1) for each i € [n,]

9: 0 + 0+ « - AdaGrad(¢(0))

10: 0 < max(6/]|0], 0)

—_
—_

. Extract a clique from each 6; by taking the top w; =
round(GiTMdGi) entries of 0;

Algorithm 2 Langevin CLIPPER

Require: Affinity matrix M € [0, 1]"*", step size «
1: 0 < rand(ny, n) > initialize uniformly in [0, 1
2 Mg+ M —nC
3: while max iterations not reached do
4 Compute ¢(6;) via Eq. (2) for each i € [n,]
5: 0 < 0+ o - AdaGrad(¢(0))
6
7

0 < max(6/]|6], 0)

. Extract a clique from each 6; by taking the top w; =
round(@iTMdGi) entries of 0;

the expression for V,, logp(u|S,T) to perform the update,
which was derived in Eq. (4).

The overall Langevin CLIPPER algorithm is recorded in
Algorithm 2. Note that d is directly set to n (Line 2) instead
of gradually being increased via the homotopy method. We
find that Langevin CLIPPER is able to reliably capture the
full distribution without the homotopy step, avoiding the
particle degeneracy observed with SVGD. We hypothesize
that this is due to a rigorously motivated relative noise
scale with respect to the score (y/a vs. @) [25], which
automatically adjusts the noise scale to prevent overshooting
while still being able to spread out the particles enough to
escape the basin of local minima. In contrast, the kernel term
in SVGD has to be manually selected and properly tuned.
Lines 3 - 7 iteratively update the particles by moving them in
the direction given by Eq. (2). Again, AdaGrad helps rescale
the step size for each particle and a clique is extracted by
taking the top @; entries of §; for each ¢ € {1,...,n,}.
Remark 1 Theoretically, when the affinity matrix M is
binary, the modes of the distribution obtained from the pro-
posed methods correspond to the local optima of Problem 2,
which correspond to maximal cliques in the consistency
graph. Enumerating all maximal cliques has a worst-case
run time 0(3”/ 3) [35], which is intractable for most data
association applications (e.g., associating |S| = 40 points to
|7| = 40 points would result in n = 40% = 1600). The
proposed methods enable the approximate enumeration of

Fig. 2: Visualizations of some experimental setups. The bottom-
row middle image shows the setup used for maximal clique enu-
meration (Section VI-C), where the object map consists of bushes.
The remaining images show inspiration for the simulation setups
(Section V): Circle (top-left), Two Lines of Points (bottom-left),
and Office (top-right). The bottom-right image shows the objects
used for point cloud registration (Section V-C).

maximal cliques in a much more tractable manner, as will
be shown in Section VI-C.

V. SIMULATION EXPERIMENTS

Our simulation experiments consist of two types of setups:
(1) Simulated Object Map Registration presented in Sec-
tion V-B, where the goal is to evaluate the proposed methods
under perfect sensing (no noise or outlier objects). These
maps are motivated by real-world examples, as shown in
Fig. 2. (2) Point Cloud Registration presented in Section V-
C, where we show that the proposed methods can also be
applied to point cloud registration tasks as studied in [19].
A. Experiment Setup

Baseline Methods We compare with two baselines:

o TCAFF [2], which generates multiple hypotheses se-
quentially by removing correspondences obtained in
previous runs and then re-solving the problem.

« Stein ICP [19], which employs SVGD to perform mini-
batch gradient descent on translational and rotational
parts of the particles independently.

We also attempted to use Bayesian ICP [18], but it consis-
tently diverged on our simulated object map examples.

Ground Truth Distribution Generation In [19], ground
truth pose distributions are generated by running standard
ICP from different initial guesses sampled from a small range
(£1,~ £10deg), which may not capture the distributions
often encountered in object-level map association problems,
where the transformations can spread all over SE(3). For
example, consider the circle example shown in Fig. 2 (top
left). We run ICP from 1M initial poses by uniformly sam-
pling rotations from SO(3) and translations in the bounding
box defined by the extent of the map; the obtained yaw
distribution is shown in Fig. 3 (yellow). We observe that the
distribution is almost uniform. However, the peaks of the yaw
distribution should only appear at multiples of 45 deg. One
approach would be to enumerate all maximal cliques using
Bron—Kerbosch (BK) [35]; however, this is intractable for all
but the smallest of problems. Instead, we use the RANSAC-
based alignment method described in [36] to generate initial
proposals by running it 1M times and keeping at most 5000
proposals. We then refine the accepted proposals with ICP
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Fig. 3: Visualization of Distribution on the Circle Example Gener-
ated by ICP vs. RANSAC proposals + ICP.

[37]. The result is shown in Fig. 3 (green). As we can see
from the plot, this method cleanly captures the modes. The
downside of this method is that it takes minutes to generate
enough proposals to approximate the distribution. However,
this is sufficient for the purpose of approximating the ground
truth distribution offline.

Metric To capture the discrepancy between distributions
over SE(3), we use three different metrics: the Energy
Distance (ED) [38], Maximum Mean Discrepancy (MMD)
[39], and Wasserstein-1 distance (W1) [40]. For all three, we
use Euclidean distance as the distance function on translation
and chordal distance [41] as the distance function on rotation.

Implementation and Parameters Since Stein ICP re-
quires upper and lower bounds to sample initial poses from,
for object map experiments, we set all the bounds on transla-
tions to be 0.5m away from the bounding box enclosing the
object maps. For the object point cloud examples, we sample
translations from the unit cube, since the point clouds are
rescaled to be within the unit cube. Rotations are sampled
from [—180deg, 180 deg) to cover all possibilities. We use
1000 particles and 1000 iterations for both Stein ICP and
the proposed methods to ensure the generated distributions
are representative of the methods’ capabilities. For TCAFF,
since it discovers different solutions sequentially, we only
generated 100 solutions to avoid long run times. The learning
rates of Stein ICP, Stein CLIPPER, and Langevin CLIPPER
are 0.01, 0.001, and 1.0 respectively, which were obtained
by tuning them on the two lines of points example. The
AdaGrad parameters for the proposed methods are both set
to 0.9. The kernel bandwidth of Stein CLIPPER is set to
0.005. The o and ¢ for generating the affinity matrix M are
set to (0.1m, 0.2m) for the object point cloud examples and
(0.4m, 0.6m) for everything else. Both proposed methods are
implemented with PyTorch [42].

B. Simulated Object Maps

We report distribution similarity and runtime metrics in Ta-
ble I. These values reflect the mean and standard deviation
of running each method 10 times.

Circle The first simulated object map is a circle of eight
points lying on the zy plane, motivated by Fig. 2 (top
left). The yaw distributions obtained from all methods are
shown in Fig. 6 (left). TCAFF and the proposed methods
successfully capture this discrete symmetry while Stein ICP
struggles. Quantitative results are recorded in Table I (first
block). TCAFF and the proposed methods have low rotation
errors, matching the qualitative results.

Two Lines of Points Motivated by Fig. 2 (bottom left),
this configuration tests the ability of the proposed methods

»
- 10°

S I e ——— S

Translation
Rotation

0.003 0.005 0.010 0.050 0.100
Kenerl Bandwidth

0200 0300

Fig. 4: Ablations of Stein CLIPPER over kernel bandwidth on
the office example. We note that it fails to return solutions for
bandwidth < 0.003 or > 0.5.
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Fig. 5: Ablations of Langevin CLIPPER (left) and Stein CLIPPER
(right) over particle sizes and step sizes on the office example. We
can see that Langevin CLIPPER is less sensitive to the parameters
and can work with a larger range of step sizes.

to capture a translational distribution with discrete modes.
Langevin CLIPPER and TCAFF are better at capturing the
translation distribution exhibited in this example.

Office The third simulated object map is an office, shown
on the right of the top row in Fig. 2, where the object meshes
are taken from ModelNet [43]. We built two U-shaped pods,
each consisting of 6 sets of workstations (including a chair,
desk, keyboard, and monitor). This setup is motivated by
the real-world office setup in Fig. 2 (top middle). The
quantitative results are recorded in the third block in Table I.
As we can see, the proposed methods obtain the best results
overall, although Stein CLIPPER exhibits longer runtime.
TCAFF’s runtime greatly increases in this example, which
is expected due to the increase in the number of objects and
the sequential computation of TCAFF.

C. Object Point Clouds

To investigate the performance of the proposed methods
on registering object point clouds, we choose three object
scans from the Google Scanned Objects dataset [44], shown
in Fig. 2 (bottom right). This set of experiments is motivated
by the experiment setup in Stein ICP [19]. The point clouds
are rescaled to a unit cube and then downsampled with
voxel size 0.05m. Noise is injected from N(0,0.025). We
use FPFH [45] features to generate putative associations
for TCAFF and the proposed methods. A visualization of
the yaw distributions for the bowl is provided in Fig. 6
(right). We observe that Stein ICP and Langevin CLIPPER
are better at capturing the distribution which is more uniform
than those in the object map examples. The quantitative
results are recorded in the lower half of Table I. We observe
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= TCAFF Stein ICP === Stein CLIPPER === Langevin CLIPPER === Ground Truth
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Fig. 6: Comparisons of Yaw Distributions on Circle (left) and Bowl
(right). The proposed methods can handle both highly-peaked and
uniform distributions.

that Langevin CLIPPER performs best overall, which shows
the ability of Langevin CLIPPER to capture both highly-
peaked distributions and uniform distributions. Stein ICP
performs better on this set of experiments than on object
map registrations, as it was developed and evaluated on
similar scenarios. Stein CLIPPER performs worse on this
set of experiments, which we believe is due to the kernel
bandwidth. In practice, one could use different bandwidths
for different experiments, but we keep the bandwidth the
same to test generalizability.

D. Ablation Study

An ablation study of the sensitivity of the proposed meth-
ods to the particle size and learning rate is performed, and the
result is recorded in Fig. 5. We find Langevin CLIPPER is
less sensitive to the parameters compared to Stein CLIPPER.
In addition, an ablation of Stein CLIPPER over the kernel
bandwidth is performed and the result is reported in Fig. 4.

VI. REAL WORLD EXPERIMENTS

To evaluate the capabilities of the proposed methods in
scenarios with real sensor noise, we perform real-world
object map registration experiments. Note that we use the
same parameters for proposed methods as we used for
simulated object maps throughout this section.

A. 3RScan Dataset

We evaluate the proposed methods using the 3RScan
dataset [46], which contains scans of indoor scenes captured
with RGB-D cameras. This dataset tests whether the pro-
posed methods can be applied to general scenes, irrespective
of the multimodal nature of the underlying data association
distribution, as the 3RScan scenes may not necessarily elicit
multimodal association solutions. We randomly select 100
scenes from 3RScan, where 2 scans are randomly selected
from each scene for registration. We use the same ground
truth generation as in the simulation experiments. The results
averaged over all 100 scenes are recorded in Table II. An
interesting observation is that TCAFF performs better on this
dataset than it does in the simulation study, despite having a
much longer runtime than the other methods. We hypothesize
this is due to the lack of ambiguous data in 3RScan, in which
case TCAFF becomes similar to a standard data association
method. Langevin CLIPPER still performs the best overall,

TABLE I: Simulation Results

(Best in ; second-best in )
Stein Langevin
Metric TCAFF-100 Stein ICP CLIPPER CLIPPER
Object Map Registration
Runtime (s) 0.04 £ 0.00 3.46 +0.22 1.77 £ 0.03 0.24 + 0.01
MMD (trans) 229 £ 0.15 90.81 +£1.74  0.00 £ 0.00  0.00 + 0.00
@ MMD (rot) 0.19 + 0.04 3.88 +0.22 1.19 £ 0.28 0.06 + 0.02
£ ED (trans) 6.49 £ 0.18  84.07 + 3.05 0.00 £ 0.00  0.00 + 0.00
© ED (rot) 0.59 + 0.03 8.06 + 0.24 2.12 + 0.57 0.10 £ 0.04
W1 (trans) 13.81 £0.41 15274 £3.92  0.00 £ 0.00  0.00 + 0.00
W1 (rot) 1223 £ 039 7886 + 1.38  23.07 £3.12 479 £ 0.78
Runtime (s) 0.97 = 0.05 3.65 £ 0.21 3.10 £ 0.08 0.33 £ 0.02
«» MMD (trans) 1.94 + 0.06 1.73 + 0.47 1274 + 537  1.63 £ 0.11
?5’ MMD (rot) 7.58 £0.19 6.26 + 0.15 4.68 £ 1.07 2.85 +0.14
j ED (trans) 733 £044 2119 £328 3350 + 14.32  4.66 + 0.38
E ED (rot) 5.88 £ 0.17 7.77 £ 0.25 4.24 +0.82 2.39 £ 0.10
W1 (trans) 78.58 + 1.23  117.49 £ 5.50 127.85 +21.88 62.94 + 1.28
W1 (rot) 52.46 +1.04 9725+ 0.86 41.70 +3.88 31.75 + 0.86
Runtime (s)  42.70 £ 0.88  3.70 + 0.27 17.14 £ 030 1.19 = 0.01
MMD (trans) 33.13 £ 1.76  2.52 £ 0.13 2.10 + 0.37 0.77 + 0.09
g MMD (rot) 17.14 £ 1.24  3.16 £ 0.36 1.67 £ 0.66 0.57 + 0.03
£ ED (trans) 61.71 £2.54 2510+ 083 1236+759 148 £0.38
© ED (rot) 20.16 £ 229  4.52 +0.46 2.60 + 1.44 0.63 + 0.15
W1 (trans) 167.05 £ 2.55 120.30 = 1.62 92.50 + 15.90 53.63 + 2.01
W1 (rot) 85.00 +3.78 5221 +1.45 3985 +6.54 28.99 + 1.96
Point Cloud Registration
Runtime (s) 119.27 +4.00 4.10 + 0.21 31.23 £0.81  0.83 £ 0.01
MMD (trans) 8.66 + 0.11 525+ 052 10.12 +£3.57 349 £ 0.25
— MMD (rot) 9.47 + 0.31 0.88 + 0.13 1.26 + 0.28 0.83 + 0.07
§ ED (trans) 5.56 + 0.12 2.64 + 0.34 5.58 + 1.87 1.74 £ 0.15
ED (rot) 1822 £0.93  4.74 £ 0.09 593 +1.52 1.38 £ 0.22
W1 (trans) 21.25+0.07 18.80 £ 0.37 22.60 +2.35 17.14 £ 0.25
W1 (rot) 91.03 £ 091 5503 +0.71 56.80 £3.78 43.05 + 0.94
Runtime (s)  75.56 = 1.74  4.15 £ 0.22 25.65 £ 1.62  0.69 + 0.02
MMD (trans) 9.45 + 0.13 9.64 £ 056 1993 £ 11.65 4.10 + 0.44
« MMD (rot) 9.15 +0.28 0.85 + 0.13 2.57 + 0.59 0.81 + 0.20
é ED (trans) 453 £0.08  4.55=+0.37 9.12 + 547 1.81 £ 0.18
ED (rot) 2337 +1.17 047 +0.08 6.82 + 3.17 1.61 + 0.47
W1 (trans) 20.74 £ 0.10 21.07 £ 027  28.89 £5.93 16.96 + 0.32
W1 (rot) 79.83 £ 1.28 2733 +£0.89 51.20+7.99 3298 +2.64
Runtime (s) 212.77 £3.51 435 £ 0.20 31.76 £ 0.15  1.04 £ 0.01
MMD (trans)  6.95 + 0.15 6.22 + 0.75 55.54 £ 850 2.90 £ 0.25
5 MMD (rot) 6.50 + 0.34 1.20 £ 0.40 3.41 +0.38 0.51 £ 0.05
§ ED (trans) 331 +0.11 2.85 + 0.39 40.61 +581 1.22 £0.11
& ED (rot) 3540 £ 0.85 284 £1.04 2360 +3.69 3.15%054
W1 (trans) 2072 £ 0.11 19.59 £ 0.57 48.18 £2.66 16.98 + 0.22
W1 (rot) 116.70 £ 0.93 54.09 £5.11  85.16 + 424 4789 + 1.75

All values except runtimes are multiplied by 107 for readability.

demonstrating its effectiveness in general data association
problems, regardless of whether the solution distribution is
unimodal or multimodal.

B. Real World Object Map Registration

To demonstrate the importance of understanding un-
certainty in ambiguous association problems, we apply
our method to several real-world scenarios in which RO-
MAN [8], a state-of-the-art object map association method,
commits to the wrong mode of the solution distribution.
Initial object maps are built online using ROMAN, which
processes RGBD images from a RealSense D455 stereo
camera with Kimera-VIO [47] for odometry. We directly
use the affinity matrix M provided by ROMAN, which
incorporates gravity direction and object semantic similarity
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TABLE II: 3RScan Dataset Results

Stein Langevin
Metric TCAFF-100 Stein ICP CLIPPER CLIPPER
Runtime (s) 1342 £26.15 3.52 £ 0.15 2.61 + 1.45 0.37 = 0.13
MMD (trans)  2.45 + 1.58 1.64 £ 1.59 3.09 + 3.87 1.16 + 0.98
MMD (rot) 237 £1.66 202+ 246 2.66 + 3.98 1.20 + 1.32
ED (trans) 6.40 £ 6.63  7.63 £10.62 38505470 4.12 £5.83
ED (rot) 411 £3.66 433 +£545  9.80 + 15.21 2.57 £2.99
W1 (trans) 63.52 £ 22.55 68.24 +30.77 104.40 + 63.26 51.08 + 23.24
W1 (rot) 58.86 £ 9.22 59.78 + 15.08 65.28 + 20.65 46.01 + 9.46

All values except runtimes are multiplied by 102 for readability.

priors, but fails to uniquely disambiguate between repet-
itive objects. Data is recorded from the three ambiguous
environments shown in Fig. 1: a staircase, a line of trees,
and a circular library room. We task each algorithm with
registering two object maps: one complete reference map and
a smaller second map (e.g., a single floor of the staircase).
For each experiment, we investigate an ambiguous axis of the
estimated pose. We visualize the estimated pose distribution
found by the proposed methods, the pose found by ROMAN,
and a manually annotated ground truth pose for qualitative
comparison. We find that Langevin CLIPPER successfully
represents the multimodal distribution while Stein CLIPPER
often collapses to a few modes, likely due to its sensitivity
to the kernel bandwidth.

Stairs Significant elevation (z-axis) ambiguity is present
in this example, which is shown in Fig. 1 (left) with distri-
butions generated by proposed methods visualized in Fig. 7
(left). Stein CLIPPER fails to capture the full distribution
and ROMAN commits to an incorrect mode. Meanwhile,
Langevin CLIPPER recovers a peak at elevations correspond-
ing to each floor of the stairway, capturing the uncertainty
of the solution.

Trees In this example, shown in Fig. 1 (middle), a single-
file line of tall trees is mapped, inducing ambiguity in
the pose estimate’s x-axis. Stein CLIPPER and Langevin
CLIPPER both capture many potential modes at regular
intervals, although Langevin CLIPPER finds more modes.

Library Our final example, shown in Fig. 1 (right), ex-
hibits yaw ambiguity. The library room is circular, with four
doors and columns between each door. Stein CLIPPER and
ROMAN both commit to the wrong mode, while Langevin
CLIPPER finds the four modes at -90, 0, 90, and 180 deg.

C. Enumerating Maximal Cliques

We set up a small example to investigate how well the
proposed methods match the theoretical result discussed in
Remark 1, where enumerating all maximal cliques is possible
using the BK [35] algorithm. The setup of the experiment is
shown in Fig. 2 (bottom middle), where two object maps
are generated from two different views of the triangular
arrangement of bushes. We run BK to generate all the
maximal cliques of the consistency graph, by rounding edge
weights above 0.5 to 1 and others to 0. The result is shown
in Fig. 8. We can see that both proposed methods match BK
well, although the resulting distribution is less concentrated
around the modes (i.e., smaller density), which is expected
since the theoretical analysis is asymptotic.

Stairs Trees Library
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Fig. 7: Pose distributions from Stein CLIPPER and Langevin
CLIPPER for the staircase, trees, and library shown in Fig. 1.
For each case, the axis containing repetitive geometry is shown.
Langevin CLIPPER successfully finds modes at different floors of
the staircase, at different trees in the line, and around the four
quadrants of the library. The single estimate found by ROMAN
and the ground truth (GT) pose are also shown.
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VII. CONCLUSION

In this work, we proposed and investigated two methods
for capturing multimodal distributions of solutions to global
data association problems, leveraging approximate Bayesian
inference techniques. Future work includes integrating the
resulting multimodal pose estimate distributions into loop
closures in a multimodal SLAM backend [17], [48] for im-
proved downstream trajectory estimates. A current limitation
is runtime, which must be improved to support online multi-
robot SLAM.
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