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Beyond Collision Cones: Dynamic Obstacle Avoidance for
Nonholonomic Robots via Dynamic Parabolic Control Barrier Functions
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Abstract— Control Barrier Functions (CBFs) are a powerful
tool for ensuring the safety of autonomous systems, yet applying
them to nonholonomic robots in cluttered, dynamic environ-
ments remains an open challenge. State-of-the-art methods
often rely on collision-cone or velocity-obstacle constraints
which, by only considering the angle of the relative velocity,
are inherently conservative and can render the CBF-based
quadratic program infeasible, particularly in dense scenarios.
To address this issue, we propose a Dynamic Parabolic Control
Barrier Function (DPCBF) that defines the safe set using
a parabolic boundary. The parabola’s vertex and curvature
dynamically adapt based on both the distance to an obstacle and
the magnitude of the relative velocity, creating a less restrictive
safety constraint. We prove that the proposed DPCBF is valid
for a kinematic bicycle model subject to input constraints. Ex-
tensive comparative simulations demonstrate that our DPCBF-
based controller significantly enhances navigation success rates
and QP feasibility compared to baseline methods. Our approach
successfully navigates through dense environments with up to
100 dynamic obstacles, scenarios where collision cone-based
methods fail due to infeasibility. [Project Page]' [Code] [Video]

I. INTRODUCTION

Ensuring safety is a fundamental challenge for au-
tonomous systems, particularly nonholonomic robots and
autonomous vehicles operating in dynamic and cluttered en-
vironments. Control Barrier Functions (CBFs) have emerged
as a powerful tool for enforcing safety constraints in real-
time, formulated within a Quadratic Program (QP) [1] or
with Model Predictive Control (MPC) [2]. Their effective-
ness has led to widespread adoption in applications from
robotic navigation [3] to multi-agent coordination [4].

Collision avoidance can be encoded through a distance-
based CBF, which defines the safe set based on the Euclidean
distance to an obstacle. To incorporate the relative velocity
between the robot and the obstacle, one can employ a High-
Order CBF (HOCBF) [5]. However, it requires all control
inputs to appear in the CBF condition, which makes it
difficult to be applied to systems with inputs of different
relative degrees [6].

Recent work addresses dynamic obstacles within the
CBF framework by leveraging velocity-obstacle (VO) con-
straints [7], also referred to as collision cones in other
literature [8]. These methods define the unsafe set as a
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Fig. 1: Illustrative comparison of two CBF mechanisms in dynamic obstacle
avoidance scenarios. (a) Since the Collision Cone CBF (C3BF) evaluates
only the heading of the relative velocity, it may classify the robot as
unsafe regardless of its actual distance from the obstacle. (b) Our Dynamic
Parabolic CBF (DPCBF) establishes a more flexible safety condition by
evaluating both relative position and the magnitude of relative velocity,
which avoids unnecessary restrictions when clearance is large. As shown
in (b), the parabola’s vertex shifts away from the robot’s origin by u(x).
This relaxes the safety constraint, allowing for less restrictive movements
that approach the boundary of the unsafe set while remaining provably safe.

collision cone in the relative-velocity space and constrain
the relative velocity to lie outside a fixed cone [9], [10]. This
approach has been successfully applied to various systems,
including the kinematic bicycle model, by showing that the
constraint has relative degree one with respect to all control
inputs. Despite their advantages for dynamic obstacle avoid-
ance, cone-based and VO-based methods exhibit fundamental
conservatism. Because the safety constraint depends only
on the heading angle of the relative velocity, the robot is
prohibited from moving toward the obstacle, regardless of
their distance or relative speed. This rigidity can induce
immediate QP infeasibility when the initial relative velocity
lies within a collision cone, or in dense environments where
the union of multiple cones removes all feasible control
inputs, even when sufficient collision-free space exists (see
Fig. 1a).

This paper introduces a Dynamic Parabolic Control Bar-
rier Function (DPCBF) that explicitly incorporates both
clearance and the magnitude of the relative velocity. Instead
of a fixed cone, we define a state-dependent parabolic safety
boundary whose curvature and vertex adapt with distance and
relative velocity (see Fig. 1b). This design yields less con-
servative safety constraints, improving the feasibility of the
CBF-based controller in cluttered, dynamic environments.
The main contributions of this work are:
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¢ We propose a DPCBF for nonholonomic robots in
dynamic obstacle avoidance tasks, which dynamically
shapes the safety boundary to provide less conservative
safety margins by adapting to distance and relative
velocity.

« We prove that DPCBF is valid for the kinematic bicycle
model under input constraints.

« We show extensive simulation results in dense, dynamic
environments, demonstrating higher feasibility and suc-
cess rates, and lower control intervention, compared to
state-of-the-art CBF methods.

II. PRELIMINARIES

A. Control Barrier Functions

Consider a continuous-time, control-affine system:
z = f(x)+g(z)u, (1)

where * € X C R" is the state and u € U C R™ is the
control input, with I/ representing the admissible control set
for System (1). The functions f : X — R" and g : U —
R™ "™ are both assumed to be locally Lipschitz continuous.

Let h : R™ — R be a continuously differentiable function.
We define

C:={x eR"|h(x) >0}, (2a)
OC = {x € R" | h(x) = 0}, (2b)
Int(C) == {x € R" | h(x) > 0}, (2¢c)

where C is referred to as the safe set.

Definition 1 (Forward Invariance). A closed set C C R"
is forward invariant for System (1) under a state-feedback
control law u = () if the solution x(t) of the closed-loop
system &(t) = f(x(t)) + g(x(t))n(x(t)) for every initial
state (0) € C satisfies x(t) € C,Vt > 0.

Definition 2 (Control Barrier Function [1]). Given the set
C defined by (2a), the function h is a CBF for System (1) if
there exists an extended class Koo function o(-) such that

sup [Lsh(z) + Lyh(z)u] > —a(h(xz)) Yo eC. ()

h(x,u)
We denote Lyh and Lyh as the Lie derivatives of the
function h with respect to f and g.

Lemma 1. ( [11, Theorem 1]) Let h satisfy the CBF
condition (3) and define

Kept(x) = {u cu | Lih(x) + Lyh(x)u > fa(h(m))}.
4)
Then, any Lipschitz continuous feedback controller u =
w(x) € Ket(x) renders C forward invariant for System (1).

To enforce that trajectories of (1) remain in C (2a),
we solve the following Quadratic Program with CBF con-
straint (CBF-QP):

u* (w) =arg LDGIZI} Hu - uref(w) H% (5)

s.t. Lh(x) + Lyh(x)u > —a(h(x)).

x = [z,Y9,0,v]
u=|a,B]

Fig. 2: Schematic of the kinematic bicycle model. The robot’s state is defined
by its Center of Mass (CoM) position (z, ), heading angle 6, and forward
velocity v. The distances from the CoM to the front and rear axles are
Ly and £, respectively. The front-wheel steering angle is J, and 3 is the
resulting vehicle slip angle.

Note, inputs are bounded: I/ # R™. By Lemma 1, if i is a
CBF, applying u = uw*(x) guarantees the state in the safe
set C for all time.

B. Bicycle Model

In this paper, we consider a robot modeled by the kine-
matic bicycle model [12], [13] (see Fig. 2). The state is
x = [z,y,0,v]", where (z,y) denotes the position of the
vehicle’s center of mass (CoM), 6 is the heading angle, and
v is the forward velocity. The control inputs are longitudinal
acceleration a and the forward-wheel steering angle 6. Let
¢y and ¢, denote the distances from the CoM to the front
and rear axles, respectively, and define the slip angle 5 =
tan~! (tan(0) £,/ (L5 + £;)).

To model the kinematic bicycle as a control affine system
as in (1), we consider that the slip angle S is small, i.e.,
sin 8 = 3. Then, the dynamics equation follows [12]

7 v cos 0 0 —wvsinf
y|  |vsind N 0 UC;])SG a ©)
ol | o 0 T Bl
0 0 1 0 \uf/
M~
& @) g9(z)

where the inputs are now u = [a, 3] .

C. Obstacle Model

We model a scenario with multiple dynamic obstacles. The
state of the j-th dynamic obstacle, where j € {1,..., Nobs},
is represented by

Joo_[.d J J J T
Lobs = [‘robs7 Yobs> 90bs’ vobs] ’ (7)

where xgbs, ygbs denote the obstacle’s center position 07, its

> “obs
heading angle, and v}, its forward speed.

The dynamics of the j-th obstacle is described by a
unicycle model with constant velocity: @, = vl cos 6,
sin ¢’

and y'gbs = vl hs- We assume that the obstacle states

are fully observable. For the remainder of the paper, we omit
the superscript j and describe the CBF constraint for each
obstacle for notational simplicity.
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Fig. 3: A closer look at collision cone-based CBF. (a) Single obstacle: if
hee(2(to)) > 0, the CBF constraint keeps hec(a(t)) > 0 for all t > to.
(b) Five obstacles: if hj cc(a(t)) > 0 for all j-th obstacle and the CBF-QP
is feasible at t, safety is at least maintained at a given time ¢. (c) Even
with hj cc(2(to)) > O for all j-th obstacle, cone intersections can leave no
admissible relative velocity direction, leading the CBF-QP infeasible. (d)
Given the initial configuration where the robot is surrounded by the union
of the collision cones, there is no feasible solution to the CBF-QP even
though a large collision-free area exists nearby.

D. Distance-Based CBF

A distance-based CBF is a collision avoidance formulation
based solely on the Euclidean distance. Let 7o, > 0
and 7rops > 0 denote conservative safety radii that over-
approximate the robot and obstacle geometries, and define
T = Trob + Tobs- Then, with the robot position p = [z,y]"
and obstacle position Pops = [Zobs, Yobs] | » @ distance-based
safety constraint function is:

hais () = [|p — Povs||* — r*. (8)

Because it only considers distance, this barrier is not, in
general, a CBF except for simple systems in which the
control inputs directly affect the velocity. Its myopic nature
makes it particularly unsuitable for systems with nonholo-
nomic constraints [9].

E. Collision Cone CBF

The Collision Cone CBF (C3BF) [9] was recently pro-
posed for dynamic obstacle avoidance and constructs the
CBF with the Velocity Obstacle (VO) [7] constraint. Given
the relative position p. and relative velocity vy, a conser-
vative circle of radius 7 is placed around the obstacle center,
and the collision cone is formed by the pair of tangents from
the robot’s center to the circle (see Fig. 1a). To implement
the outside-of-cone constraint, C3BF defines

hcc(w) - <prelvvrel> + Hprel|”|vrel‘| COS¢ (9)

where ¢ is half the cone angle, and cos ¢ = ”IT;LITTQ. As

illustrated in Fig. 3a, the unsafe set is the collision cone,
ie., {x | he(x) < 0}. If the relative velocity at time

to lies outside this cone, the CBF constraint enforces the
control input such that the relative velocity remains outside
for all future time, thereby avoiding collision. This collision-
cone approach is designed for moving obstacle avoidance
tasks and it is also shown to be applicable to the kinematic
bicycle model (6) [14]. Recently, it also has been extended
to navigation tasks of quadrotors [15], ground mobile robots,
and autonomous vehicles [14].

However, the mechanism itself poses conversely funda-
mental limitations of the C3BF. Since the CBF only monitors
the relative velocity’s angle with respect to the collision
cone, the robot cannot ever drive towards the unsafe set,
no matter how far away from those unsafe sets and how
small the velocities are, the resulting behavior is extremely
conservative. In addition, if the initial relative velocity lies
inside of the collision cone whenever the controller just gets
initiated, the problem becomes immediately infeasible, even
though there is a large free space in between the robot and
the obstacle (see Fig. 3c). Furthermore, this problem is more
prominent in multi-obstacle cases as shown in Fig. 3d. If the
robot is surrounded by obstacles, the union of each cone
shrinks the set of admissible relative velocity directions,
making it easily infeasible in dense environments.

III. DYNAMIC PARABOLIC CBF

In this paper, we present a novel CBF formulation for
dynamic-obstacle collision avoidance tasks. Existing meth-
ods either do not provide safety guarantees for moving
obstacles or are prone to infeasibility when multiple obstacles
are nearby. Accordingly, we focus on improving the key
criteria: (i) guaranteeing safety for dynamic obstacles under
input constraints, and (ii) improving the feasibility of the
resulting CBF-based controller.

At a high level, we construct a safety constraint that
explicitly accounts for the magnitude of the relative velocity.
Unlike C3BF, which relies on a fixed cone and only evaluates
the heading of the relative velocity, our approach allows
for a less restrictive safety condition. This distinction is
crucial, as it permits the robot to safely move toward an
obstacle when the relative velocity is low and clearance is
large. We introduce a geometric strategy inspired by finite-
time velocity obstacle formulations [16], in particular the
truncated cone construction and parabolic approximation of
the safe set boundary [17], [18].

A. DPCBF Formulation

Consider a robot modeled as System (6) navigating in an
environment with dynamic obstacles.

1) Relative Coordinates: Define the relative position and
velocity between the robot and the obstacle:

Drel,x Lobs — T 2
= |Preta| — €R?,
Prel |:prel,y:| |:7Jobs - y:|

oo — |Vl | _ [Vobs cOS Oops — v CcOs O c R (10b)
rel Urel.y Uobs SiN Bgps — v sin 6

(10a)
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Fig. 4: Visualization of the global world frame (x,y) and the rotated
Line-of-Sight (LoS) frame (Z,§) used in our formulation. By rotating the
coordinates by an angle « (11a), the Z-axis of the LoS frame is aligned with
the vector from the robot to the obstacle, pr. This transformation simplifies
the definition of the parabolic safety boundary (16), allowing its position
and curvature to adapt online based on the relative velocity components in
this new frame.

: / 2 2 _

with  norms ”prel ” Prel,x + DPrely Hvrel H -
2 2 :

Vrelw T Vrely- Then, we rotate the coordinates to

align with the line connecting the robot and the obstacle
(see Fig. 4a). Denote the angle between the global x-axis
and this new x-axis as the rotation angle:

o= ataIlQ(preLy,prel,a:)y (11a)

R(—a) = [ cosa } €50(2).  (11b)

—sina

sin o
cos o
We refer to the rotated frame defined by the rotation matrix

R as Line-of-Sight (LoS) frame throughout this paper (see
Fig. 4b). Finally, we define the relative velocity in the LoS

frame: _
B 1= Urel,z | __ R(—Oé) Urel,x
rel = | ~ = .
Urel,y Urel,y

2) CBF Formulation and Design Maps: Let r € R be the
combined robot-obstacle radius defined in (8). Then,

d(x) = V/|pral|* — 7.

We introduce tunable parameters ky,k, > 0, and the
following functions:

Ae) = ky @)

= R
[Vral|’

12)

13)

p(x) = kyd(x). (14)
Here )\ : X — R adjusts the curvature of the parabola, and
w: X — R shifts the parabola forward by the safe distance
margin.

We propose the Dynamic Parabolic CBF (DPCBF) as
follows:

ME) = Bret.o + M) Ty, + p(T), (15)

where U, and ¥p, are the components of the relative
velocity between the robot and the obstacle in the LoS frame.
Since A(x) and p(x) depend on the relative distance and
speed, the parabola representing the unsafe set dynamically
adapts its shape online to the current situation. The CBF is
now defined by measuring how close the endpoint of the
rotated relative velocity (12) is to a specific parabolic region
in this new plane (see Fig. 5):

2

7~~Jrel,axc = _)\(m){}rel,y - ,LL(CC) (16)

€T T xr
(a) p(x)-only case (ky=0) () A(x)-onlycase (k,=0) (c) DPCBF (ky, k,#0)

Fig. 5: Three examples illustrating how (16) shapes the safety boundary.
(a) When k) = 0 (with k, active), as the obstacle gets closer, the
parabola’s vertex moves toward the robot, shrinking the safe region. (b)
When k;, = 0 (with k) active), as the obstacle approaches or the relative
velocity magnitude increases, the curvature of the parabola decrease, leading
to a larger unsafe set. (c) In DPCBF, where k) # 0 and k, # 0, both the
vertex and the curvature of the parabola adapt dynamically.

This provides a significant advantage over cone-based meth-
ods. As illustrated in Fig. 1b, the boundary of the unsafe
set (16) does not pass through the origin of the LoS-
frame relative-velocity plane whenever the clearance to the
obstacle, d(x), is non-zero. This shift creates a feasible space
where motion toward an obstacle is no longer treated im-
mediately as unsafe. Instead, safety is now evaluated jointly
using the current clearance d(«) and the relative velocity vy
We empirically show in Sec. IV that this design improves
the feasibility of the DPCBF-based controller compared with
prior work.

B. Validity of DPCBF

To make DPCBF valid for System (6), we require the
following assumptions:

Assumption 1. The forward speed of System (6) is bounded
by v € [Vmin, Umax)>» Where Umax > Umin > 0.

Assumption 1 is a required but mild assumption as in [5],
[19], [20], since it excludes the degeneracy at v = 0 in (3)
where Lyh(x) = 0.

Assumption 2. The admissible distance satisfies ppax >
lpretll = Pmin == sr > 0, where s > 1 is a safety margin.
Therefore, d(x) = \/||Prell|> — 72 > dmin == /P2, — 7% >
0. The maximum distance to obstacle py,a.x iS determined by
the finite sensing range.

To prove the proposed DPCBF is valid for System (6), we
show that for any state on safe set boundary € JC, there
exists an admissible control input u € U = {[a, B3] | |a| <
Umaxs | 8] < Bmax} that satisfies the CBF condition (3).

We first derive the corresponding terms for System (6).
Let ®(x) denote the maximum control authority at x:

o0o) = mp Loh(ee = p [Cof5)]

=|C*(@)| amax + |C?(@)] Bmax: (17)
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where C(x) and C?(z) are the derived control terms:

d(x .
|Ca(:1: } = [ 14 ky H (lﬁ?’ Vobs (josgc,bs Ve y} cos
=MNa, GOS(m)
d d
+ [k)\ (w)S Vobs SN Dobs T2 Uger,y — 2k (@ )vrel y} sin @
l|vrer | [|vret |
::na,sin(m)
dx) 5
BT } , 18
+ |: A Hvrel”gvvrel,y ( )
=Na O(E)
and
]C’B(m)| = |ng,cos () 08 0 4 1 sin () sin§|, (19)
where
f}rehy d(w) ﬁrel,yﬁrel,x
N8 .cos(XT) =0 |— + 2k —
pea@) = |~ 2k [ 5 P
v d(x) . Vobs -
+ k/\g m rel,y (W sin Gops Urel,y — 2) ,  (20a)
re re
”prel” rel Y ”prel H
sin ) =V k + k
(@) = [ka gl 4k
v d(x)
t (1-m s o o <05 ons y)} (20b)
Now, we aim to verify the following Nagumo’s condition:
Lih(x)+ ®(x) >0 Va € 9C, (21)
where
L h(a:) - —k‘)\ ||prel|| ’ar2el,y —k ||prel|| cos
! d(@) ol " d(x)
(Qk,\ Uty d(@) Vrel,w — Urely ) sin 91. (22)
[vrel || [|Pre | (||

We partition the safe set boundary dC as dC; and OCa,
i.e., 8(21 U 8(32 = 0C:
ACy = {x | |sinf| > 5}, 9Cy:={x||sind| < 5}, (23)

where 5 := % sin Bops € [0, 1). Therefore, we verify (21) in
these two sub-groups separately, for ¢ € {1, 2}, yielding:

Jnf, [Lyh(z) + |C%(2) |[amax + |CP ()| Bmax]  (242)
> inf th( )+m1€r(19fC1 [|C (-’B)|amax]

x€dC;
Di min (kx k) C2 o Consk)
+ b [IC7(@)[Bimax]  (24b)
CF in (kxok)
ZDz’,min(kM ku) + Czq,min(k)\? ku) + Ci,min(k)\v ku) = 0.
@4, min (kx,kp)

(24c)

We will show that (24c¢) holds for both ¢ € {1,2}, which
together implies that (21) is satisfied.

Case 1 (i = 1). We aim to verify (24c) for the subset 9Cy
of the safety boundary. Dividing (24c) by v yields:

inf 7th(m) + 1nf 40 (:B) Amax
x€dCq v xedCy v
5
v ot | 2@ >0 (25)
xcdCy v

By |sinf| > 5 in (23), we have infzcac, |C%(x)/v] = 0 (see
Appendix? Sec. D). Also, we show that the control term for
B and the drift term are both lower bounded by ®1 min(k,)
and D1 min(kx, k,.), respectively, and they depend on the
hyperparameters k) and k,,:

Ch(x)

inf 7‘ max::q) min

| [P = Prin() >0 9
e Leh(z)
mle%f(‘jl T = Dl,mln(k)nkp.)' (27)

Therefore, the following condition is sufficient to satisfy
(25):

Ql,min(ku) Z *Dl,min(k)wk/t)- (28)
Case 2 (i = 2). Similarly, we show (24c¢) for 9Cs.
inf L¢h inf e max
oL, L) B, 1O @] e
i f /3 max > 2’
+ inf |C%(x)| Brmax >0 (29)

By |sinf| < 5 in (23), we have infzcac, |CP(x)| = 0 (see
Appendix Sec. E). Also, each of the remaining terms are
lower-bounded:

inf |Ca( )|amax = q)2,min(k>\) >0

x€dCso
ot Lih(x) = Do min(kx, ky)-

(30)
3D

Therefore, the following condition is sufficient to satisfy
(29):
<I)2,min(k)\) 2 *DQ,min(kkyku)' (32)

Theorem 1. Under Assumptions 1-2, the DPCBF is valid
for System (6) under the input constraints, if there exist
parameters ky and k,, that satisfy (28) and (32).

Proof. A full proof with step-by-step derivation of each term
can be found in Appendix Sec. D-Sec. E. A procedure for
finding a feasible set of parameters (k, k,,) satisfying both
(28) and (32) is given in Appendix Sec. F. O]

Remark 1. As is common in CBF analysis, including the
prior works we evaluate against, the safety guarantee in
Theorem 1 holds for a single CBF constraint, corresponding
to one obstacle. For methods on composing multiple CBF
constraints into a single constraint, we refer the readers to
[6], [21]. A formal investigation into the composition of mul-
tiple DPCBFs under input constraints is outside the scope
of this paper. We evaluate the performance of our DPCBF-
based controller against the compared methods using a QP
with multiple constraints in Sec. IV.

2The Appendix can be found in: https://arxiv.org/abs/2510.
01402
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Fig. 6: Demonstration of the proposed DPCBF’s navigation behavior in a surrounded environment with ten dynamic obstacles. For the same configuration,
collision cone-based methods are infeasible, as shown in Fig 3d. (Left) At ¢ = 0 s, with v(tg) = 0.5 m/s, the QP with DPCBF constraints finds a feasible
solution even though the robot is surrounded by unsafe sets, by keeping the relative-velocity vectors outside the dynamic parabolic boundaries, allowing
it to proceed safely. (Center) By ¢t = 4.4 s, the robot successfully maneuvers through a narrow passage. This is possible due to the less conservative
formulation of DPCBF, which provides the necessary control flexibility in confined spaces. (Right) The robot safely navigates through the obstacles and

reaches the goal at t = 7.9 s.

IV. RESULTS
A. Experimental setup

We conduct a series of simulation experiments to evaluate
the performance of our proposed DPCBF and compare it
against state-of-the-art baseline methods. The primary goal
is to assess the ability of DPCBF to maintain safety while
reducing conservatism, particularly in challenging scenar-
ios with multiple dynamic obstacles. All experiments are
performed in a simulated 2D environment. The robot is
modeled as a kinematic bicycle (6) with parameters specified
in Table I. Dynamic obstacles are modeled as discs with
varying radii and move with constant velocity. The nominal
controller us is a simple proportional controller that drives
the robot towards a goal location. We compare our DPCBF
against three established CBF methods for dynamic obstacle
avoidance:

(i) C3BF [15]: The collision-cone based CBF described
in Sec. II-E.

(i) MA-CBF-VO [22]: This method uses a velocity
obstacle formulation for guidance and a separate, distance-
based CBF to formally guarantee safety. To avoid the con-
servative behavior of VO approaches, the VO constraint is
relaxed into a soft constraint by using a slack variable in the
optimization’s objective function, while the distance-based
CBF remains a hard constraint for collision avoidance.

(iii) Dynamic zone-based CBF [23]: This approach
modulates a circular safety zone around each obstacle based
on the relative motion between the robot and the obstacle.
The radius of this zone dynamically expands only when the
robot and an obstacle are moving toward each other.

For all methods, the safety constraints are enforced via
the CBF-QP formulation. We evaluate performance based
on four key metrics: (i) Success rate: the percentage of
trials where the robot reaches the goal without collision
or infeasibility. (ii) Infeasible rate: the percentage of trials
where the CBF-QP becomes infeasible, leading to mission
failure. (iii) Collision rate: the percentage of trials where the
robot’s body intersects with an obstacle. (iv) QP cost: the
total amount of deviation from the reference control input,
calculated as the cumulative sum of the instantaneous QP

Parameter | Bicycle Robot |  Obstacles
Maximum velocity 3.5 [m/s] 1.2 [m/s]
Minimum velocity 0.2 [m/s] 0 [m/s]
Maximum sensing range 15 [m] -

QAmax 5.0 [m/52] -
Bmaz 0.28 [rad] -
Max/Min radius 0.3 /- [m] 0.7 /0.1 [m]
Rear axes distance /£, 0.2 [m] -
Safety buffer s 1.05 -

TABLE I: Main parameters for the simulation studies.

cost, ||u — |2, over the trajectory, where a lower QP cost
implies a more efficient and less conservative method.

B. Comparison with C3BF

We first demonstrate a crucial qualitative comparison in
Fig. 6, directly addressing the failure case for C3BF shown
in Fig. 3d. In this challenging scenario, the robot is initially
surrounded by obstacles. While C3BF becomes infeasible
due to the complete overlap of collision cones, DPCBF
successfully finds a path to the goal. Although the robot
is similarly enveloped by parabolic safety boundaries, the
dynamic nature of DPCBF provides a key advantage. Specifi-
cally, the state-dependent term p(x) in (14) creates sufficient
feasible space for the relative velocity in the CBF-QP. This
directly illustrates how DPCBF overcomes the conservatism
of cone-based methods.

C. Experimental Results

Performance Analysis in Dense Dynamic Environ-
ments. To test the core hypothesis that DPCBF alleviates
infeasibility issues while ensuring safety, we simulate naviga-
tion in environments with an increasing number of dynamic
obstacles, from 1 to 100. The results are summarized in
Fig. 8. We first evaluate the methods in single-obstacle
scenarios, where the formal safety guarantee holds for all
methods except for Dynamic zone-based CBF. As expected
from the theoretical guarantee, all such methods achieve a
100% success rate. The Dynamic zone-based CBF exhibits
a 1.7% infeasibility rate because it is not a valid CBF for
the kinematic bicycle model, regardless of the number of

7694



Umax

Start ¢ Goal

Tt=10s

10 15 20 25

Y [m]

t=63s (S

35 40 45

X [m]

50 §5 60 40 45 50 55 60

Fig. 7: A visualization of a successful navigation scenario using DPCBF with 100 dynamic obstacles, drawn from the statistical results in Fig. 8. All other
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Fig. 8: Performance comparison of success, infeasible, and collision rates for
our method and three baselines as the number of obstacles increases from 1
to 100. Each bar represents the average of 300 trials, conducted across three
scenarios with varying maximum obstacle radii (0.3, 0.5 and 0.7 m). The
results highlight that our approach outperforms other state-of-the-art CBF
methods by maintaining a high success rate in dense environments where
baselines frequently become infeasible.

constraints. The performance of the compared methods drops
dramatically as the number of dynamic obstacles increases,
resulting in frequent QP infeasibility or even collisions.
Notably, DPCBF achieves a 100% success rate even in the
10-obstacle cases. This shows that the collision-cone based
methods [15], [22] suffer in obstacle-dense environments,
where overlapping collision cones severely constrain the
feasible control space, leading to frequent QP failures.
Analysis on Conservatism. Fig. 9 details the QP cost for
each method. Our DPCBF consistently exhibits the lower
median and mean QP cost, navigating complex scenarios
with minimal deviation from the reference controller. In
contrast, C3BF requires the largest control interventions.
This reveals a fundamental design limitation that becomes
prominent in scenarios with multiple dynamic obstacles:
overlapping collision cones overly shrink the safe set. Conse-
quently, the QP with C3BF constraints is forced to either de-
celerate constantly to maintain the minimum velocity or take
a large detour from the optimal trajectory, leading to a longer
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Fig. 9: Control intervention, measured by QP cost ||u — |2, is plotted
against obstacle density for each method. Lower costs indicate greater
efficiency and less conservative behavior.

time to reach the goal. Although the Dynamic zone-based
CBF appears to have the lowest QP cost, it is highly prone
to infeasibility, as shown in Fig. 8. In scenarios with over 50
obstacles, its success rate drops to nearly 0%. Furthermore,
while MA-CBF-VO shows a QP cost comparable to the
proposed DPCBEF, it has a higher infeasibility and collision
rate. This is because its VO constraints are soft constraints
that are often relaxed in obstacle-dense environments.
Qualitative Trajectory Analysis. Fig. 7 visualizes a
challenging navigation scenario in which the DPCBF-based
QP guides the robot through a dense group of 100 dynamic
obstacles with a maximum obstacle radius of 7ops max =
0.7 m. We also visualize the velocity of the kinematic bicycle
along its trajectory, with the corresponding QP cost and
control inputs shown in Fig. 10. This demonstrates that
DPCBEF constraints guide the CBF-QP to effectively adjust
both longitudinal and lateral motion around multiple obsta-
cles, successfully performing safe navigation. Importantly, at
snapshots taken at ¢ = 10 s and ¢ = 21 s, the union of the
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Fig. 10: QP cost and resulting control inputs over time for the dense scenario
from Fig. 7. The peaks in QP cost near ¢ = 21 s correspond to the most
obstacle-dense moments of the trajectory shown in Fig. 7.

unsafe sets does not render the feasible space empty, whereas
methods based on VO or collision cone would be infeasible
in the same configurations. The robot is also able to regain
high velocity at ¢ = 33 s when the obstacles are no longer
driving towards it. These examples highlight how DPCBF
actively modifies the nominal control inputs to guarantee
safety without being overly conservative.

V. CONCLUSION

In this paper, we introduced the Dynamic Parabolic Con-
trol Barrier Function (DPCBF), a novel CBF formulation for
nonholonomic robots navigating in dynamic environments.
By defining a safety boundary with a parabola that can
adapt based on both relative distance and velocity, DPCBF
generates a less conservative constraint that significantly
improves the feasibility of the corresponding QP. Extensive
simulations validated our approach, demonstrating higher
navigation success rates in dense environments compared to
state-of-the-art methods, particularly in challenging scenarios
with up to 100 obstacles where cone-based approaches fail.
Future work will focus on implementing DPCBF on physical
hardware and investigating its extension to other complex
dynamical systems.
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