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Abstract—This paper presents a control methodology for
achieving orbital stabilization with simultaneous time syn-
chronization of periodic trajectories in underactuated robotic
systems. The proposed approach extends the classical trans-
verse linearization framework to explicitly incorporate time-
desynchronization dynamics. To stabilize the resulting extended
transverse dynamics, we employ a combination of time-varying
LQR and sliding-mode control. The theoretical results are
validated experimentally through the implementation of both
centralized and decentralized control strategies on a group of
six Butterfly robots.

I. INTRODUCTION

The problem of trajectory tracking for underactuated
robots has been addressed in a series of publications [1]-[6].
Most of these works focus on orbital stabilization, where the
system state converges to a reference periodic trajectory up to
a phase shift. This formulation has enabled the development
of control algorithms that demonstrated effectiveness in real-
world applications [7]-[10]. However, in some practical
scenarios orbital asymptotic stability may be insufficient.
For example, in cooperative or synchronized tasks involving
multiple underactuated robots, asymptotic stability of the full
state may be required, particularly when the robots share a
common clock.

A straightforward approach to trajectory tracking is based
on linearizing the tracking error dynamics and designing an
LQR for the resulting linear time-varying (LTV) system.
This method, described in Chapter 12 of [11], achieves
asymptotic stability for small tracking errors and has been
validated experimentally on a triple pendulum on a cart [12].
Compared to orbital stabilization methods, however, it is
sensitive to initial time shifts and may lose stability if the
robot becomes desynchronized.

Alternative approaches address synchronization of closed
orbits by modifying orbital tracking algorithms to ensure
coordination within a group of underactuated robots [2],
[13]-[15]. For instance, [2] employs transverse linearization
for a group of three robots to design a centralized controller
that achieves synchronization. In [14], an ad hoc modification
of the transverse linearization approach is proposed and
validated experimentally on two robots.
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Our method for orbital stabilization with simultaneous
time synchronization is a modification of orbital stabilization
feedback based on the transverse linearization framework [2],
[16]. For a given periodic trajectory, we augment the trans-
verse dynamics with a desynchronization variable defined as
the difference between physical time and the reference time
corresponding to the “closest” point on the trajectory. We
show that linearization of the extended transverse dynamics
yields an LTV system that can be stabilized using a com-
bination of LQR and sliding-mode control, similarly to [6],
[17]. The resulting feedback law naturally decomposes into
orbital stabilization and synchronization components. The
synchronization term is bounded and includes the desynchro-
nization variable through a signum function, preserving the
advantages of orbital stabilization while ensuring bounded
corrective actions even for large desynchronizations.

The remainder of the paper is organized as follows.
Section II formulates the problem of periodic trajectory
tracking for a class of nonlinear control systems. Sec-
tion III reviews the orbital stabilization algorithm based on
transverse linearization. The main results are presented in
Section IV, where the transverse dynamics are extended with
a desynchronization variable and two stabilization methods
are proposed: an LQR design based on linearization of the
extended dynamics and a sliding-mode control approach.
Section V reports experimental results on a group of six
Butterfly robots [18]. Concluding remarks are given in Sec-
tion VL

II. PROBLEM STATEMENT
We consider nonlinear control-affine systems of the form

= f(x)+g®)u, (1)
where z € X is the state and « € R™ the control input. The
state space X is a smooth n-dimensional manifold; for Euler-
Lagrange systems, it typically coincides with the tangent
bundle 7'Q of a configuration manifold Q. The functions
f and g are continuously differentiable on X.

System (1) is assumed to admit a smooth, nontrivial T-
periodic solution

() =x.(t+T), u(t)=u.(t+T) VteR
satisfying £z, (t) = f(2.(t)) + g (z.(t)) us(t) . The tra-
jectory z.(t) has no equilibria (&.(t) # 0 for all ¢) and no
self-intersections. The associated orbit [11] is defined by

yi={zeX | :z=x.(t)}.
Under mild regularity conditions, v is a smooth embedded
submanifold of X. For sufficiently small ¢ > 0, we define
the tubular neighborhood
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Ue :={x € X |dist (z,7) < ¢},

where “dist” denotes the distance operator on X.

In underactuated robots, the state typically consists of
generalized coordinates and velocities, © = (¢;4) € TQ,
while the input u represents generalized forces, with 1 <
dimu < dimg. The periodic trajectory x.(t¢) therefore
corresponds to a repetitive robot motion.

A fundamental problem in robotics [19] is to design a
feedback law u = wu(t,z) such that x(¢) becomes a stable
solution of the closed-loop system

&= f(z)+ g(x)u(t, ). 2)

Depending on the application, different stability notions are
relevant. For underactuated robots — such as bipedal walking
mechanisms [3], [20] — local asymptotic orbital stability
is most common, meaning that trajectories starting in U,
converge to the orbit . Theoretically, a trajectory z (t)
then satisfies x1 (t) — z.(t —h) — 0 as t — oo for some
phase shift h. In practice, however, unmodeled dynamics and
disturbances may cause x; (t) and x,(t) to drift apart even
though z; (¢) remains within U..

Another class of control problems aims to design a feed-
back law ensuring asymptotic convergence of the tracking
error © — x,.(t) — 0 as t — oo. Although this formulation
eliminates phase desynchronization, few ready-to-use algo-
rithms are available [12], and existing asymptotic tracking
methods are often less robust than those developed for orbital
stabilization.

To overcome these limitations, we propose a control
method that achieves asymptotic stability by modifying an
orbital stabilization algorithm based on transverse lineariza-
tion. For completeness, we briefly recall the main elements
of this framework before introducing our modification.

ITI. TRANSVERSE LINEARIZATION APPROACH

A. Dynamics in Transverse Coordinates

A well-known approach to orbital stabilization is trans-
verse linearization [1], [16], [21]. The key idea is to introduce
local coordinates in a neighborhood of the reference orbit:

0=n(z)€[0,Ty) and &=a(z) eR™™  (3)
where 6 is the phase obtained by projecting x onto -y, and &

collects the n — 1 transverse deviations. The transformation
is assumed to be a diffeomorphism on U,, with inverse = =

B(&,0).
The projection 7 satisfies the monotonicity condition
d _Om (w.(1))

i (za(t)) = 5 Z.(t)>const >0Vt € [0,T), (4)

implying that 0,.(t) = m (x.(t)) is strictly increasing and
therefore can be extended continuously beyond one period
as 0.(t+kT) = 0.(t) + kTy, k € Z. Hence the inverse
t = 0,1(0) exists, allowing the reparametrization

z.(0) = 2. (0,1(0)),  u.(0) =u.(0,(0)).

By a standard abuse of notation, z, denotes both the original
and reparametrized trajectories.

In coordinates &, 6, system (1) becomes

€= fe(6,0) +ge (§,0)w (5)
0= fo(&0)+g0(&0)w (6)

where the new control input w is defined by w := u—wu.(0),
and the functions f¢ (-), fo (*), ¢ (), g0 () are given by

(&,0)

9o (57 9)
The Jacobian J := %ﬂ (55’99)) is invertible for sufficiently small

¢ due to the local diffeomorphism between (&, ) and z.
Dividing (5) by (6) yields the transverse dynamics in

nonlinear form:

S _ [e(§0) +9: (60w

do f9(§79)+99(€76)w
By the monotonicity condition (4), the denominator is strictly
positive for sufficiently small ¢ and w. Hence, within a
sufficiently small tube U, system (8) is well defined and
locally equivalent to (1). The orbital stabilization problem
therefore reduces to stabilizing the trivial solution £(0) = 0
of the transverse dynamics.

=J"g(8(&9)). ()

=:¢(&,0,w). ®)

B. Orbital Stabilization Control Design
A common approach for stabilizing (8) is to linearize the
right-hand side with respect to £ and w (see [16], [21]):
a5 _
g
where the matrix functions A () := 0¢¢(0,0,0) €
R=DX(=1) and B () := 0,¢ (0,0,0) € RM=DX™ are
Ty-periodic, and o (£, 8, w) collects higher-order terms. If the

linearized system (9) is controllable over one period [22], it
can be stabilized with the feedback

w (£ 0)=K ()¢ (10)
using a Tp-periodic gain matrix K (f) € R™*(»=1) This
defines a state feedback for the original system (1):

w(z) = u(m(x)) + K (7 (2)) a(x). (11)

Following [23], the control law (11) guarantees local asymp-
totic orbital stability of x.(¢), but not asymptotic stability of
the trajectory itself.

IV. TIME SYNCHRONIZATION ALGORITHM

A. Extended Transverse Dynamics

AO)E+BO)w+o(0,6w), ©)

Below, we consider an extension of the transverse dynam-
ics (8) that incorporates the robot’s time desynchronization,
expressed in terms of £, 6 and w.

Let x € U, be the state of the system at time ¢. Using the
projection operator 7 (x) and the alternative parametrization

0.(t), the robot’s self-time is defined as
7= 0, (n (z)) + T, (12)

where v € N counts the total number of periods completed
by the robot. The controller is assumed to maintain an
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internal state that tracks and updates v. The robot lateness
is then defined as
h:=t—r1. (13)

While ¢ normally represents physical time, rewriting the
dynamics in terms of # makes ¢ a dynamic variable. Its
evolution along a solution £(6), w(6) of (8) is given by (6)
as
o 1
00 Jo(§(€),2) + 90 (£(),8) w(e)
so that the dynamics of ¢ now depend explicitly on &, 6 and
w.

Using the expressions in (6,8,12,13), the extended trans-
verse dynamics can be written explicitly in terms of the
variables &, 6 and w as

A€ fe(§,0) +ge (§,0)w

t=ty+ d{-:, (14)

= 15
B 060+ o (EH)u )
dh 1 1
where the notation ¢/, (7) := d%*iy) used. It is straightforward

to verify that (15) admits the trivial solution £ = 0, h = 0,
w = 0, corresponding to the reference trajectory . (t), u.(t)
of (1). The control objective is then to design a feedback law
w(&, h, 0) that asymptotically stabilizes this trivial solution.

B. LOR Approach for Controller Design
As seen, system (15) represents a general nonlinear time-

varying system. Its linear approximation is the LTV system

d dh
ch = Ac (0) &+ Be (0)w, 5 = An (0) €+ B (O)w (16)

with Ty-periodic matrices A¢ (0),Ap (8), Be (0), By, (0).
If the system is controllable over one period [22], there
exists an exponentially stabilizing feedback w (6,£,h) =
Ke(0)¢ + Kj (0) h with Ty-periodic gains K¢(6) and
K}, (0), computable via standard numerical methods [26].
This feedback yields a control law for the original nonlinear
system (1):

u(t,x) =u(0) + Ke (0) o (z) + K (0) (t — 7).

A full proof of asymptotic stability of x,(t) in the closed-
loop nonlinear system is beyond the scope of this work;
we refer instead to the standard arguments in Theorem 4.13
of [11].

It is important to note, that the control law (17) guarantees
local asymptotic stability only, i.e., for an initial state xg
within a small neighborhood U, and small initial time devi-
ation |to — 0,1 (m (20))|, the closed-loop solution converges
to x.(t). Larger initial time deviations may compromise
stability even if xp € 7, so strict time synchronization can
reduce the robustness benefits of orbital stabilization. One
practical remedy is to saturate the lateness term:

u=u(0) + Ke(0) € + Kp(0) sat (t — 7, —Pmax, Pmax) »

where sat(Z, Tmin, Tmax) IMits & t0 [Tmin, Tmax]- While this
modification may improve practical performance, it can po-
tentially compromise stability from a theoretical standpoint.

A7)

To address this issue, we propose an alternative sliding-mode
control scheme in which the synchronization term remains
bounded.

C. Sliding Mode Approach for Controller Design

The proposed synchronization method combines the LQR-
based feedback wgi,;, for orbital stabilization (Section III-
B) with a synchronization term wgyn., Where the lateness
variable h enters via a signum function. The total feedback
for the extended dynamics (16) is

where  wgtan, = K(0)€

W = Wstab T Wsync,

ensures exponential stability of the &-subsystem, i.e., the
trivial solution of
¢
=
is exponentially stable. Defining A5(6) :=
By, (0)K(0), the extended dynamics (16) become

Ag (0)E+ Be (0) K (0) € = A1(0)€

An(9) +

d

£ = A1(9)§ + Bg(e)wsynca (18)
dh

—da = AQ(Q)E + Bh(e)wsb’nc'

Consider a theorem, that provides a constructive method to
stabilize system (18) for a single-input case wsync € R.
The multi-input case can be formulated similarly, but its full
statement and proof are omitted for brevity.

Theorem 1. Consider the LTV system (18) with state & €
R"~1, h € R, and control input Wsyne € R. Assume:
1) A1(0),A2(8), Be(9), By(0) are continuous and Ty-
periodic, Ty > 0.
2) The uncontrolled subsystem % = A1(0)¢ is uniformly
exponentially stable.

Let n() € R"~1 be the unique Ty-periodic solution of

dn

o = AT O)n - AL(6).
and define b (0) := BET(H) n (0)+ By, (0), such that |b(6)] >
bmin > 0 V0. Then, for any k > 0, the feedback

19)

Weyne (0,& h) = ———~sign (n"(0) €+ h)  (20)

k
b(0)
renders the equilibrium & = 0, h = 0 of (18) globally
asymptotically stable.

The full proof of Theorem 1 is given in [27].

Remark 2. While the sliding variable s := n' (0) & + h #
0, the &-subsystem experiences the periodic disturbance
ikfﬁe(e). Since the unforced system % = A; (0) € is expo-
nentiafly stable, the forced system converges to a bounded
steady state with amplitude O(k). Consequently, for any
sufficiently small £ > 0 and prescribed € > 0, there exists
0 > 0 such that every trajectory of the original nonlinear
closed-loop system starting within Us remains in U, for all
6 > 6y. This shows that the system stays close to the orbit
~ while the synchronization term converges.
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Fig. 1.  Kinematics of the Butterfly robot. The angle 19 defines the
orientation of the link, while the angle ¢ specifies the position of the ball.

Using Theorem 1, the resulting control for system (1) is

 k-sign (n"(6)&+h)
n'(0) Be (0) + Bn (0)

This feedback naturally decomposes into three compo-
nents: the feedforward term wu.(6), the orbital stabiliza-
tion term K (0)¢, and the bounded synchronization term
sign(n " . . .

—k"gTégij;zh). The magnitude of the synchronization term
is limited by k supg |nT(0) B¢ (6) + By (9)]_1 and can
be made arbitrarily small by choosing a sufficiently small
k > 0, providing a tunable trade-off between orbit-tracking
performance and the rate of lateness correction.

u(t,z) =u.(0) + K(0)¢

. @)

V. EXPERIMENTAL RESULT

The experimental platform is the Butterfly robot [18], a
planar mechanical system consisting of a figure-eight-shaped
link mounted to a fixed base via a single revolute joint. The
link rotates in the vertical plane, driven by a DC motor,
while a small spherical ball rolls passively along its surface.
The link’s angular position is measured by an encoder, and
a vision system provides real-time estimates of the ball’s
position. This setup is used to validate nonprehensile manip-
ulation algorithms, including tasks such as transporting the
ball between prescribed equilibrium points and maintaining
stable periodic motions [24].

Assuming ideal rolling and perfect spherical symmetry of
the ball, together with the mechanism’s rotational symmetry,
the configuration space is topologically a torus. It is parame-
terized by two angles: 1, the orientation of the link relative to
the base, and ¢, the ball’s position in a polar frame attached
to the link (Fig. 1). The DC motor generates the control
torque u at the link’s revolute joint axis.

The robot represents underactuated mechanical system
with two degrees of freedom and one control input. Dy-
namics of the robot are described by the Euler-Lagrange
equations [17], which can be represented in the control-affine
form (1) with state = = (¢, ¢, 0, )" and scalar control input
U as

#=f@)+9@u, g@),fz) eRL (@22
Exact expressions for the functions f and g are given in [17].

As shown in [10], the robot can perform one-directional
periodic motions, where the ball rolls continuously along the
link and the system returns to its initial configuration due to

o
3
T
1

Pu(t)

angle, rad

N [NISY)
o3 3 3
T T T
1 1 1 1

D, (t)
— ¢u(t)
3.57

velocity, rad/sec
[
T

0 1.19 2.38

t, sec

4.77

Fig. 2. Reference periodic trajectory of the Butterfly robot. The figure
shows the generalized coordinates ¥« (t), @« (t) and the corresponding
generalized velocities ¥« (t) , @« (t).

the topology of the configuration space. After one period
T = 4.77 sec, both the link orientation and ball position
advance by 27. We use this trajectory (Fig. 2) to illustrate
the algorithm proposed in Section IV-C.

A. Transverse Coordinates

As shown in Fig. 2, the coordinate @, (t) is strictly in-
creasing. This property motivates introducing the projection
operator

0 =m(z):= g, (23)

input transformation w := u — u.(¢;*(p)) and the trans-
verse coordinates £ = a(z) € R3:

G i=0-0.(p7(9), &:=9-0.(p7'(9), @4
§3 1= — P (QO;I(QO)) :

The linearization of the extended transverse dynamics (16)
was carried out using formulas (7) and (15), together with the
robot dynamics (22) and the transformations (23), (24). The
resulting LTV system is Ty-periodic with Ty = 27. Direct
computation of the controllability Gramian over the interval
[0,27] confirms that the linearized system is controllable
over period. This fact allows the construction of an LQR
for the subsystem A¢(6), B¢(f) with weighting matrices
Q = diag (20,1,1) and R = 2-10*. The stabilizing feedback
gains K () are found using the LMI approach [26].

The next step is to construct the synchronization term
by computing the periodic solution n (#) of (19). Reversing
the argument, # — —6, renders this equation exponentially
stable, so all solutions of the modified system converge to
n(—0). Thus, n(—6) is computed numerically by integrating
the modified equation from arbitrary initial conditions over
several periods until the solution becomes effectively peri-
odic. At this stage, all components required to implement the
feedback law (21) are available.

B. Asymptotic Stabilization of the Robot Trajectory

The algorithm described above was tested on the physical
robot. Fig. 3 shows the evolution of the lateness h, the
transverse coordinates £ and the rate of projection variable
6 as functions of physical time ¢.
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Fig. 4. Transient behavior of the tracking error x — x«(t).

The lateness h converges to zero at an approximately
constant rate, despite an initial lateness of 15 sec, which
is large relative to the trajectory period. The transverse
coordinates ¢ remain bounded but do not fully vanish due to
unmodeled dissipation and variable delays of approximately
15 ms in the vision system. The projection parameter’s rate
0 increases when lagging and decreases when catching up.
Fig. 4 shows the deviation = — x,(t) approaching the origin
and remaining within a small range, confirming practical
asymptotic stability of the closed-loop system.

The control law (21) can also synchronize a group of
robots sharing a common clock. Experimental results for the
synchronization of two robots are shown in Fig. 5. Initially,
the first robot lags behind the schedule while the second runs
ahead. Both robots then converge to the reference trajectory
2 (t). Once synchronization is achieved, the synchronization
component of the control is manually disabled, while orbital
stabilization remains active. The robots continue following
their trajectories but gradually drift apart in time.

C. Decentralized Synchronization of Six Robots

We next evaluate decentralized synchronization using a
heuristic modification of (21), replacing the reference phys-

8r re t*Tl - t*TQ ]
a4k ]
5}
20 e
= Bl
_4F . ]
—8F 4
0 20 40 60 80 100 120

t, sec
Fig. 5. Synchronization of two robots with respect to physical time. Dashed
vertical lines indicate when synchronization is activated and deactivated.

T T T T T TT T T TTT
T—T1 T—T4
4+ - _ 4
T — T2 T —T5
L T—T3 T—Te |
o 2 ‘
o}
wn
L |
—2F ‘ ‘ .|
_4E ]

0 25 50 75 100 125 150 175
t, sec

Fig. 6. Synchronization of six robots using neighbor-based references. The

plot shows the lateness of each robot relative to the average self-time of

all active robots, T := % Zl 7;. Vertical lines indicate when robots were

launched or stopped.

ical time ¢ with a reference time 7, computed from other
robots’ self-times — either a neighbor or the average over
all active robots. Although 7, evolves differently from t
and formal convergence is not guaranteed, the robustness of
the sliding-mode feedback compensates for these differences,
enabling network-level synchronization using only local time
signals.

In the experiments, six robots are launched sequentially
at varying intervals. Each robot publishes its self-time 7;
at 60 Hz and receives the self-times of all active robots.
Based on the chosen scheme, each controller computes
7, and the corresponding lateness h; = 7. — 7; for use
in (21). Robots are manually switched off one by one,
with the network automatically updating its active list. The
remaining robots maintain synchronization, illustrating the
decentralized operation of the scheme.

We tested several synchronization schemes inspired by
coupled harmonic oscillators [25]. In the first scheme, each
robot references only its immediate neighbor, so that the ¢-th
robot’s lateness is

i=1.N,

forming a directed ring network. Fig. 6 shows the lateness
of each robot relative to the average self-time of all active
robots, with vertical lines marking robot activations and
deactivations. Despite these sequential changes, the network
achieves synchronization within finite time.

In the second scheme, the robots communicate over a
complete directed graph, giving each controller access to
the self-times of all active robots. The reference time is
computed as the average self-time

1 .
T = N;Ti’ hi =7 —1, i=1.N.

R = Titimod N — Tis
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Fig. 7. Synchronization of six robots using average-based references. Each
robot references the average of self-times of all active robots 7 := % > Ti

Experimental results are shown in Fig. 7, and a video is
available at https://youtu.be/WtvYQWtRSiw.

VI. CONCLUDING REMARKS

We have presented a modification of the transverse-
linearization approach that enables asymptotic stabilization
of a reference periodic trajectory. The method combines the
transverse framework with a sliding-mode technique, ensur-
ing finite-time convergence of the time-desynchronization
dynamics. The theoretical results have been validated ex-
perimentally, demonstrating the effectiveness of the pro-
posed method not only for asymptotic stabilization of a
single robot, but also for the design of decentralized control
schemes for groups of robots.

Although the approach has been formulated for systems
with an n-dimensional phase space and a single control
input, it extends naturally to multi-input systems. A complete
stability proof for the closed-loop nonlinear system under the
proposed control law is beyond the scope of this conference
paper and will be presented elsewhere. Likewise, a rigor-
ous analysis of the proposed decentralized control schemes
remains a subject of future work.
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