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Guaranteed Robust Nonlinear MPC via Disturbance Feedback

Antoine P. Leeman?

Abstract— Robots must satisfy safety-critical state and input
constraints despite disturbances and model mismatch. We in-
troduce a robust model predictive control (RMPC) formulation
that is scalable and compatible with real-time implementa-
tion. Our formulation guarantees robust constraint satisfac-
tion, input-to-state stability (ISS) and recursive feasibility. The
key idea is to decompose the uncertain nonlinear system
into (i) a nominal nonlinear dynamic model, (ii) disturbance-
feedback controllers, and (iii) bounds on the model error.
These components are optimized jointly using sequential convex
programming. The resulting convex subproblems are solved
efficiently using a recent disturbance-feedback MPC solver.
The approach is validated across multiple dynamics, including
a rocket-landing problem with steerable thrust. An open-
source implementation is available at https://github.
com/antoineleeman/robust—-nonlinear-mpc.

I. INTRODUCTION

Autonomous robots, whether agile drones, wheeled ma-
chines, or (autonomous) spacecraft, must operate in dynamic
and uncertain environments while satisfying strict safety and
performance requirements [1]. Model mismatch can arise
from disturbances such as wind gusts, actuator misalign-
ments, or unmodeled friction. Such disturbances are typically
handled by introducing ad hoc safety margins in the control
design, resulting in slower motions, reduced maneuverability,
and under-utilization of the system’s capabilities.

Reinforcement learning (RL), often with domain ran-
domization, has recently shown success in achieving robust
sim2real performance [2], particularly in contact-rich tasks.
While learned policies can be executed in real time, training
requires extensive offline computation, careful reward design,
and heuristics to ensure convergence.

In contrast, trajectory-optimization methods enforce con-
straint satisfaction for nonlinear dynamics and are widely
used in practice as a model-based control technique based on
sequential convex programming (SCP) [3]. However, these
methods typically do not ensure safety or stability in the
presence of disturbances, which is critical for real-world
deployment.

In this paper, we introduce a scalable RMPC formula-
tion for nonlinear systems that is safe-by-design. RMPC
commonly accounts for disturbances by predicting a set
containing all possible future states [4]. To reduce conser-
vatism, these robust predictions are based on closed-loop
predictions and a corresponding feedback law is typically
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Fig. 1. Illustration of RMPC for real-time rocket control with steerable
thrust in a safe landing zone. The formulation jointly optimizes a nominal
trajectory and uncertainty tubes within the constraints to ensure safety. The
figure is based on an edited MuJoCo rendering.

optimized offline, e.g., using contraction metrics [5], [6].
However, fixing the feedback a priori can limit closed-
loop performance and the offline computations also limit
scalability. RMPC approaches that optimize feedback laws
to reduce conservatism have been proposed in [7], [8], which
rely on (conservative) sequential over-approximations of the
robust predictions. In contrast, the disturbance feedback
MPC [9] framework (also known as system level synthesis
(SLS) [10]) provides an exact characterization of the robust
prediction for linear time-varying (LTV) systems, thereby
avoiding this compounding effect. Recent extensions [11],
[12] further enable its application to nonlinear systems,
where the only source of conservatism comes from the
over-approximation of the linearization error. While these
formulations improve performance compared to fixed policy
approaches, they generally do not provide guarantees of
recursive feasibility or stability. However, such guarantees
are crucial, since loss of feasibility at any step can cause
safety constraint violations.

Contribution: Building on the nonlinear SLS formulation
in [11], we propose a fast and scalable RMPC formulation for
nonlinear systems with robust closed-loop guarantees. Our
approach jointly optimizes the nominal nonlinear trajectory,
a disturbance-feedback controller, and an upper bound on the
prediction error. The main contributions can be summarized
as follows:

o Formal guarantees are provided, i.e., robust constraint
satisfaction, recursive feasibility (Thm. 1), and ISS
(Thm. 2). Recursive feasibility is ensured by a novel
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o An efficient SCP algorithm tailored to the robust MPC
formulation is provided to enable real-time deploy-
ment. Each iteration solves a nominal QP, updates
disturbance-feedback gains via Riccati recursions, and
evaluates Jacobians of the dynamics. The design is
general and the provided code can be directly applied
to systems with large state and input dimensions and
long prediction horizons.

« Real-time feasibility (computation times) is demon-
strated across different dynamics, including a quad-
copter and a rocket landing. Robust performance is
demonstrated on a rocket-landing problem with steer-
able thrust and actuator dynamics (Fig. 1), demonstrat-
ing robust constraint satisfaction with an average total
latency of 19.7 [ms] per iteration. A comparison to
a soft-constrained MPC baseline highlights safety and
stability of the proposed approach.

Notation: For vectors or matrices a,b we denote hori-
zontal concatenation by [a, b]. Stacked vectors are denoted
(a,b) =[a", b"]T. For a vector r € R", we denote its i
component by r;. For a sequence of matrices M}, ; € RP*9,
indexed by k > j > 0, we define the shorthand horizontal
concatenation My = [My 1, My p_2, ..., Mpo] €
RP*k4. For a vector v € R™, we write its 1-norm as |||y
and its infinity norm as ||v||. For a matrix M € R™*",
the matrix infinity norm is || M| = max; >, [M;;[. We
denote sets with calligraphic letters, e.g., W C R". Let B
be the unit ball defined by B™ := {d € R™| ||d||o < 1}.
The Minkowski sum of two sets A, D C R" is defined
as A@D = {a+dla € Ad € D}. For a vector-
valued function f : R® — RY, we denote the Jacobian by
%H € R9*". For the i™ component (f);, we denote its
&2(f); . € R,

0z2

Hessian by

II. PROBLEM SETUP

We consider a discrete-time nonlinear system
w(t +1) = f(z(t), u(t) + E(z(t),u(t) - w(t), z(0) =z,
1
with state x(¢) € R™, input u(t) € R™, invertible distur-
bance matrix E(z,u) € R™*"= time ¢t € Ny, and norm-
bounded disturbance w(t) € B™ with B™ the unit-norm
ball. ' We assume that the dynamics f : R x R™ — R™x
are two times continuously differentiable and the state x(t)
can be measured. We impose point-wise in time state and
input constraints
(a(),u(t) €C, Ve N, @)
that should be satisfied for any realization of the disturbance
w(t) € B™. The constraint set C is given by a compact
polytope
C:={(x,u) € R™"™| ¢ (x,u) +b; <0, i=1,...,n.}.
3)
with ¢; € R™" and b; € R and 0 € C. We consider
the problem of stabilizing the origin with f(0,0) =0 and a

! See [13] for a parametrization with a right-invertible disturbance matrix.

quadratic cost with positive definite matrices @), R:
{(z,u) =z Qr+u' Ru. 4)
In the next section, we introduce the finite-horizon opti-
mization problem solved at each time step, which optimizes
affine disturbance-feedback controllers, so-called tube con-
trollers, of the form
up = (o, .., xk), k=0,...,T—1, (5)
and ensures robust constraint satisfaction. This construction
naturally yields two layers of feedback: (i) an outer model
predictive control (MPC) feedback from re-solving the op-
timization at each sampling time, and (ii) an inner tube
controller that accounts for the disturbance propagation.

IIT. NONLINEAR ROBUST PREDICTIONS WITH
DISTURBANCE FEEDBACK

In this section, the proposed robust MPC formulation is
presented. In Section III-A, we parameterize tube controllers
using disturbance feedback and leverage existing results [14]
in over-approximating (disturbance) reachable sets of nonlin-
ear systems. In Section III-B, we formulate the corresponding
joint optimization problem.

A. Robust reachable sets

First, we derive a robust reachable set over the finite
prediction horizon T € Ny. Our robust prediction leverages
a nominal system

zk+1:f(zk,vk)7 I€=07...,T—1 (6)
where z; € R™* is the nominal state, and vy € R™ is
the nominal input. The linearization around the nominal
dynamics is defined as:

0
A(z,v) = /

8.13‘ =2z

u=v

of
o= (D

U=v

, B(z,v) =

We introduce an LTV approximation of the nonlinear sys-
tem (1)

—~+

Az = A(z,v)Ax + B(z,v)Au, (8)
where Az is the approximate prediction and Az, Au denote
the deviations from the nominal trajectory.

Assumption 1: The error between the true system (1) and

its LTV approximation (8) can be characterized by a function
o :R™ x R™ x R — R™ satisfying

£z o)+ 82" = fleu)| < olz0,7) ©)
for all (z,u), (z,v) € C, w € B™ with 7 € R satisfying
Az
{Au} Oogf, Ar=x—2, Au=u—v. (10)

Intuitively, the function o(z,v,7) captures how much the
nonlinear dynamics can deviate from the linearized model
within a neighborhood of radius 7.

Remark 1: A natural choice for o(z, v, 7) is the lineariza-
tion error in its Lagrange form, as used in [11]. Consider the
Hessian of the ™ component of f, i.e.,

2
Y y=£,w=w
with y = (z,u), and where £ € R™ " lies in the convex
hull of the linearization point (z,v) and the evaluation point

(1)
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(x,u). We define the curvature bound p; € R™x*"x

1 T ~
i = = h HZ 5 h . 12
Hii= g x| (& @) (12)
[[hllee <1
Then,
oi(z,0,7) =72 + |le] E(z,0)]||1, (13)

satisfies (9), where ¢; is the it vector of the unit basis, and
oi(z,v,7) is the i component of o(z,v,T).

Instead of the analytic over-approximation in (13), o can
also directly be tuned offline using data and sampling-based
methods, analogous to domain randomization in RL.

The reformulation (9), (10) is at the center of the presented
RMPC formulation, as it will enable the joint optimization
of the nominal nonlinear trajectory (6), the disturbance-
feedback controller based on the LTV dynamics (8) and the
(time-varying) overbound 7.

We introduce an affine causal error feedback for the LTV
error dynamics (8) of the form

up = vo + Yy (14)
k—1

up = vk +Vp+ Y Kij(Azy —yY), k=1,...,T—1,
j=0

where Kj,; € R™*™ are online optimized disturbance-
feedback gains, and the auxiliary variables ¥y € R™x,
i € R™ evolve according to the LTV dynamics

Y5 = Axg = z(t) — 2o (15)

w;c(—i-l = A(Zk,vk)wz + B(Zk, Uk)w}cl, k= 0,...,T—1.
The following proposition, adapted from [14], presents a pa-
rameterization of the affine disturbance feedback and robust
reachable set for the nonlinear dynamics (1).

Proposition 1: Consider a nominal nonlinear trajectory
(z, v) satisfying (6), and auxiliary variables ¢} € R™, ¢}! €
R™ defined according to (15). The matrices <I>’,;, ; € R X T
P ; € R™M X satisfy

7, ; = diag (o (25,05, 75))
i1,y = Az, vi) % j + B(zk, o) Py
7=0,....,T—1,k=3j+1,...,T — 1. These matrices map
disturbances at time j to the state and input at time k. The
overbound satisfies

||[®(k)7¢k]||o®§7—k7 k:O7...,T—17 (17)
and ¥y = (Y5, ¥p) and Py = (D), (). Then, the
system (1) with disturbance feedback (14)—(15) satisfies

(16)

k—1
(k) € Ru(zr, U5, ®Fy)) == {2 + i} @D @5, 8™,

=0

o (18)
u(k) € Rulvk, ¥y, (bl(lk)) = {vk + ¢y} @ (I)ll;,jan'

§=0

Proof: The result follows by analyzing the reachable
set of the LTV error dynamics
Al’k+1 S {AkAl'k + BkAuk} ® XpB™,
Azxg = z(t) — 2o,
where ¥, = diag(o(zg,vg,7x)) overapproximates the
disturbance of the nonlinear dynamics arising in (9), see
also [14, Prop. 3.1.-3.3] for a similar proof. |

19)

By introducing the controller parametrization (14)—(15)
and the (over-)approximation of the reachable sets of the
nonlinear dynamics (18), we can ensure robust constraint
satisfaction by requiring that the state and input reachable
sets (Rx,Ry) lie within the constraint set C. Next, we
formulate the optimization problem solved at each time step
in the MPC loop.

B. Finite-horizon robust nonlinear optimal control

Using the LTV error system response from Prop 1,
we formulate a tractable robust nonlinear optimal control
problem that jointly optimizes the nominal trajectory, affine
disturbance-feedback, and overbounding terms to ensure
robust constraint satisfaction.

As in standard MPC formulations, additional terminal
ingredients are required to ensure recursive feasibility (see
Sec. IV). Therefore, the finite-horizon problem also uses a
terminal set

Xe ::{:1061F§""|c;’rfx—f—bi,fgo7 i=1,...,n¢}, (20)
with the origin in its interior, 0 € int(X}), ¢;r € R™, and
bi s € R. Stability and performance will be ensured using a
standard quadratic finite-horizon cost

T-1

JT(Z7Va 1/)? (}) = e(zk + ’L/);;, v + wZ) + Ef(ZT + '(/)?)

= 1)
with £(x,u) from Eq. (4) and 4;(z) = 2" Pz is a quadratic
terminal cost. The proposed RMPC optimization problem is
formulated as:

q{nin Jr(z,v, P, ®), (22a)
b
St Zpg1 = f(Zk, Uk), k=0,....,T—1 (22b)
Yo = x(t) — 20, (22¢)
zp =0, (22d)
(I)_)j(+1,j = diag(a(zja Vg, Tj))7 (226)
)Ié-',-l,j = A(Zk, Uk)q)),;)j + B(Zk, Uk)q)}é)j,
j=0,... ., T—1, k=j+1,....,T—1, (220)
Vi1 = Alzr, )05 + B2k, vi)Yy,
k=0,...,T—1, (22¢)
k—1
D el @yl + el (zr + v ok + ) + b <0,
j=0
k=0,....,T—1,i=1,...,n (22h)
T-1
Z ||CIf‘I)):;1,jH1 + CiT,f%/}:)F +bir <0,
§=0
i=1,... 0, (22i)

The formulation (22) integrates all components of the
robust prediction and control design:

« The nominal trajectory is propagated according to the
nonlinear model (22b), subject to the initial and terminal
conditions (22¢)—(22d). In particular, :(t) # 2o in (22¢)
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allows discrepancies between the nominal trajectory and
the uncertain system, which enables a feasible candidate
solution and is key to establishing recursive feasibility,
unlike previous formulations [11], [12].

o The disturbance propagation is captured through the
LTV error dynamics (22e)—(22g), where the terms <I>X
and @y ; describe how model mismatch affect the state
and input.

« Robust constraint satisfaction is enforced by the tight-
ened constraints (22h)—(22i), which guarantee that both
state and input constraints (3) hold for all disturbances
and modeling errors.

e The auxiliary bounds (22j) ensure that nonlinear mod-
eling errors remain within the radius 7, which is
optimized jointly with the trajectory and disturbance-
feedback gains.

As per Prop.1, the disturbance-feedback gains resulting
from solving (22) ensures that the uncertain nonlinear system
(1) remains within the constraints C over the prediction
horizon.

IV. RoBUST MPC THEORETICAL ANALYSIS

This section shows the main theoretical properties of
the proposed RMPC: recursive feasibility, robust constraint
satisfaction, and ISS stability.

The optimization problem (22) is solved in receding
horizon at each time step ¢ € N and we apply only the
first optimal input

u(t) = vj + Y5~ (23)
where vg,14* are the optimal solution for the current state
z(t). We then prove recursive feasibility of (22), i.e., if the
problem is feasible at time ¢, it remains feasible at t4+1 when
applying the input (23) to the uncertain system (1).

A. Recursive feasibility

First, to establish recursive feasibility, the terminal set X}
needs to be chosen appropriately.

A terminal controller ©v = K;x is used, such that the
linear system Ay := Af + ByKs is stable, with A =
A(0,0), Bt := B(0,0). The following constants bound the
model errors in the terminal set:

7t = max ||(Az, KiAz)| s,

Jnax, 3¢ := diag(o(0,0, 7%)).

Assumption 2: The polytopic terminal set Af is robust
positively invariant (RPI), i.e.,

AgX ® XeB™ C A, (24)
Furthermore, state and input constraints are satisfied in the
terminal set, i.e., Xy x K¢AX: C C.
The terminal set A can be computed as the maximum RPI
At set for the closed-loop dynamics z, = Agz + w where
w € X¢B™, see [15] for an overview on computing invariant
sets satisfying Assumption 2.

Theorem 1: Given Assumptions 1, 2, and suppose the
optimization problem (22) is feasible at ¢ = 0. Then,
Problem (22) remains feasible for all t € Ny, and the closed-
loop system (1) with input (23) satisfies the constraints (3)
for all ¢ € Ny and all disturbances w(t) € B™x.

Proof: Since the Jacobians in (22f) vary depending on

the nonlinear nominal trajectory (22b), linear results [9], [16]
do not apply. Here, this issue is addressed by introducing
the auxiliary trajectory (¢*,¢"), which account for the
mismatch between the nonlinear dynamics and their LTV ap-
proximation. The detailed proof is provided in Appendix A.
|

B. Stability

In the following, we analyze the stability of the closed-
loop system (1) with (23) under a cost function J7. We show
that, with an appropriate choice of stage and terminal costs,
the formulation ensures ISS stability [17].

Assumption 3: The terminal cost {;(x) = " Pz in (21)
satisfies

A PACl—P+Q+KfRKf'<0 (25)

To analyze stability, we consider the optimal cost of

Problem (22) at time ¢

T—1
Vo= 30 0t + 05t vp + 000 + 6 (0F). (26)
k=0

Theorem 2: Suppose the conditions in Theorem 1 and
Assumption 3 hold. Then V; is an ISS Lyapunov function
and the closed-loop system is ISS stable.

Proof: Considering the candidate solution from the
proof of Theorem 1, the terminal cost condition (Asm. 3),
and Lipschitz continuity of the cost ¢, ¢; and dynamics f on
the compact set C ensures

Vipr = Vi < —a(t) " Qa(t) + ¢ [w(®)]],
for some Lipschitz constant c,. Moreover, the value function
satisfies the following lower and upper bounds:

#),(22¢)
Ve 2 00z + 5" vg H ™) 2 a(t) T Qu(t),
Vi <ax(t)" Px(t), x(t) € X, 0€int(X;).

The local upper bound also implies an upper bound on
the feasible set [4, Prop. 2.16]. Thus, V; satisfies the three
standard conditions of an ISS Lyapunov function and V; is an
ISS Lyapunov function, and therefore the closed-loop system
is ISS stable [17]. |

V. IMPLEMENTATION VIA SCP

To solve the nonconvex optimization problem (22), we
propose an efficient implementation that combines the flex-
ibility of sequential convex programming (SCP) [3] with
recent advances in numerical optimization for MPC with
disturbance-feedback [18]. At each SCP iteration, a (con-
vex) second-order cone program (SOCP) is constructed by
linearizing the nonlinear dynamics and convexifying the
constraint tightening around the current nominal trajectory
(z,v). The resulting SOCP can be efficiently solved using
the structure-exploiting solver of [18], and its solution is
then used to update the trajectory. A quadratic regularization
term on ® improves numerical stability [18]. The overall
procedure is summarized in Algorithm 1.

Crucially, each SOCP retains the numerical structure ex-
ploited by the fast-SLS solver [18], which is specifically de-
signed for efficient MPC with jointly optimized disturbance
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feedbacks. The solver alternates between Riccati recursion
and quadratic program (QP) solve for the nominal dynamics.

Inputs: horizon 7', cost weights, constraints C, Xj.
For t =0,1,2,... (receding horizon):
1) Measure current state x(t).
2) Initialize (z, v): shifted previous solution.
3) Repeat until convergence (SCP loop):
a) Linearize (22) around (z,v) to build an
SOCP approximation.
b) Solve the SOCP via [18], obtaining
(Zlin*’vlin*) and <I)X, (I)u’ wx’ ’l,bu.
c) Update (z,v) < (z,v) + (2™, vlin*),
4) Apply in closed loop: u(t) = v§ + ¥g*.

Remark 2: To enhance computational efficiency, we adopt
the real-time iteration (RTI) scheme [19]. Instead of iterating
the sequential convex program or the associated SOCP
solvers [18] to full convergence at every sampling step ¢,
RTT performs only one (or a few) iterations. In practice,
this approach provides a close approximation to the optimal
solution, see also MPC [19], [20].

Remark 3: The update of the nominal nonlinear trajectory,
including Jacobian evaluation and the QP solve, has a
computational complexity of O(T(n2 +n2)), matching that
of state-of-the-art MPC solvers such as [21] and iterative
linear quadratic regulator (iILQR) [22], [23]. The Riccati-
based disturbance-feedback update [18] scales as O(T?(n3+
n2)) and constitutes the only additional computational cost
compared to a nominal MPC. This represents a significant
improvement over a naive implementation with complexity
O(T*(ng + ny)n).

VI. NUMERICAL EXAMPLES

First, we consider a simple example of a cart-pole,
where we illustrate the application of the proposed theory
(Sec. VI-A). Then, we study the more practical application
to rocket landing, where we introduce approximations that
enable rapid deployment without system-specific offline de-
signs (Sec. VI-B). We evaluate our approach against soft-
constrained MPC baselines [24] (Sec. VI-C). Finally, we
report computation times, where we additionally consider a
quadcopter [6] as well as on a space-grade CPU (Sec. VI-D).
2

A. Cart-pole System

We first consider a cart-pole system, where we implement
the proposed optimization problem (22). The constant x from
Remark 1 is obtained by sampling within the constraint set
C. The terminal set X} is designed via [25, Thm. 3.1].

Fig. 2 shows that the optimized reachable sets (18) with
horizon T' = 10 lie within the constraints C, demonstrat-
ing that the proposed robust MPC framework successfully

2 All parameters are specified in the open-source implementation:
https://github.com/antoineleeman/
robust-nonlinear-mpc
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Fig. 2.  Cart-pole implementation of the proposed RMPC formulation
(22). The shaded regions show the disturbance reachable sets and the lines
indicate predicted nominal states and input.

enforces state and input constraints in the presence of
disturbances. This example is implemented with a generic
NLP solver (sgpmethod from CasADi [26]). While it
serves as a theoretical proof of concept, the solver can take
minutes to converge due to the large number of decision
variables in the matrix ®. Thus, for the following examples
we implement the specialized solver (Alg. 1) that exploits the
problem structure and scales efficiently to high-dimensional
dynamics.

B. Rocket landing with steerable thrust

To enable rapid deployment, we adopt a simplified im-
plementation by setting 1 = 0 (disregarding Hessian in
(13)), omitting the terminal constraints (22d),(221i), and fixing
19 = 0. This approximation allows us to directly leverage
the fast-SLS solver [18], albeit at the cost of relaxing the
theoretical guarantees. The integration of the full design with
the acados solver [21] is beyond the scope of this work.

We adopt the rocket model from [27], which captures
the translational and rotational dynamics and an actuator
with four internal states, yielding 17 states and 4 inputs.
The control objective is to steer the rocket from arbitrary
initial conditions to a vertical landing while minimizing a
quadratic control objective, and robustly satisfying all safety
constraints, on each state and input. We use a sampling time
of 50 [ms], a prediction horizon of 7' = 15, and a single RTI
iteration for both the SCP loop (Alg. 1) and the underlying
SOCP solver [18].

Each RTI step only takes about 20 [ms] (real-time fea-
sible). The proposed RMPC scheme successfully steers the
rocket to a vertical landing while satisfying all state and input
constraints, despite the presence of uncertainties.

C. Comparison

We compare the proposed robust MPC scheme against
a soft-constrained MPC baseline in Fig. 4. Both use iden-
tical dynamics, constraints, and cost functions. The soft-
constrained formulation relaxes the constraints using slack
variables penalized in the objective, while neither optimizing
the (®*, ®") nor guaranteeing robust constraint satisfaction.
This ensures feasibility of the optimization problem at every
time step, but may cause constraint violations when strict
feasibility is not possible. As opposed to our proposed
approach, this soft-constrained approach results in signifi-
cant violations of safety-critical constraints and incurs large
oscillations. iLQR-based methods [22] would yield similar
constraint violations. These results highlight the advantage of
guaranteeing safety without heuristic constraint relaxations.

13315



45 —— —x L =, . Vi
o - —— 0.0 N A ——"
4.0 ‘*\y\\' y 0.75 vy /‘>\.\ /,
. —r= Zz — Vz v ~
35 . - 030 —-02
£ ' € 025 c
= 3.0 = S o4
S 2 0.00 g _'
B2 ks,
2 S _o25) ©
%20 g 306
. __/-—\ -0.50
1.5 ~0.75 -0.8
1.0 _
1.00 -1.0
2.0 frreera e Wy 1.00 1.00
15 -=-w, | Z 075 0.75
w = — f
3 10 E 050 T 0.501:
g S = :
L 05 £ 025 £ 0251
— 0 . 5 ! H
2 o0 g 0004 2 000y
[ o N
8 o5 5-0.25¢ £-0.25
g‘ £ o
c -1.0 B -0.501{ £-0.50
< 2
-15 £-075 0751 |
-2.0 —1.00 —1.00 t=vdedeerictertirireciatiiereicisidressnriereretens
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
Time [s] Time [s] Time [s]

Fig. 3. Closed-loop state and input trajectories for rocket landing with steerable thrust. The shaded regions show the disturbance reachable sets R*, R" (18)
at selected time steps predicted over the horizon. The red dotted lines indicate state and input constraints.

Moreover, the closed-loop behavior demonstrates minimal
conservatism, as the system operates close to the constraints
while maintaining robust feasibility.

1.0

Velocity [m/s]
Angular vel. [rad/s]
o

0.5 1.0
Time [s]

0.5 1.0
Time [s]

Fig. 4. Closed-loop velocity v and angular velocity w comparison
between robust (ours) and soft-constrained MPC [24] for rocket landing
with steerable thrust.

D. Computation times

Beyond the rocket, we implement a standard quad-
copter [6] and a cart-pole example. We use the fast-SLS
SOCP solver [18] which relies on a QP solver that we
generate with OSQP C-code [28]. We have implemented
the backward Riccati recursions using Numba just-in-time
(JIT) compiler [29] in parallel. Finally, we have evaluated
the Jacobians of the dynamics using CasADi [26] with
JIT. The primary computational steps of Algorithm 1 are
solving the QP, performing the Riccati recursions (Ricc.),
and evaluating the Jacobians (Jac.). Table I summarizes
the per-iteration computation times across various horizon
lengths and dynamics measured on a MacBook Pro (Apple
M1, 8-core CPU, 16 GB RAM, 2020). With a maximum run-
time of 2.2 [ms] for the largest problem, Riccati recursions
are computationally negligible compared to the dominant
QP step. The measured computation times are competitive
with state-of-the-art (nominal) MPC solvers [30], and are
compatible with real-time deployment.

TABLE I
AVERAGE COMPUTATION TIMES [MS] VS. HORIZON LENGTH N.

Dynamics (ng, ny,) T Jac. [ms] Ricc. [ms] QP [ms]

15 0.5 0.4 0.2
Cart-pole (4,1) 30 1.0 0.5 0.4
40 1.3 0.5 0.6
15 0.8 0.5 2.8
Quadcopter [6] (12,4) 30 2.2 1.0 5.3
40 2.1 1.7 4.8
15 1.2 1.0 17.5
Rocket landing [27] (17,4) 30 2.1 1.3 56.4
40 2.7 2.2 128.9
LEON4 (space-grade CPU) 10 n/a n/a 2787.0

To demonstrate feasibility under highly limited computa-
tional resources, we also implemented the QP solve with the
LEON4 architecture provided by European Space Agency
(ESA), a space-grade CPU optimized for fault tolerance
and radiation hardness. Despite being significantly slower
than desktop processors, these results indicate that the core
optimization step can be executed onboard, showing that the
overall algorithm is suitable for space guidance, especially
in combination with a low-level controller.

Notably, even though we solve a robust problem, the only
additional cost over a standard nominal NMPC implementa-
tion using SCP [21] is the Riccati column updates required
by the disturbance-feedback formulation, which represent
only a small fraction of the total solve time in our examples.
For comparison, solving the cart-pole problem with N =
15 to convergence using CasADi IPOPT [26] required on
average 5435.5 [ms], i.e., more than 10%x slower than our
SCP implementation (Alg. 1).

VII. CONCLUSION

We presented a scalable RMPC formulation for nonlinear
systems guaranteeing robust constraint satisfaction, recur-
sive feasibility, and ISS. The formulation jointly optimizes
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disturbance-feedback gains, a nominal trajectory, and model-
error overbounds. The method combines a disturbance-
feedback MPC solver with sequential convex programming
for efficient optimization. Overall, by combining theoretical
guarantees with an efficient solver implementation, we pro-
vide a scalable framework for robust-by-design MPC that
requires no problem-specific tailoring and enables real-time
deployment on agile robotic platforms. Its robust perfor-
mance is further validated on a challenging rocket-landing
problem with steerable thrust.
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APPENDIX

A. Proof of Theorem 1

The proof proceeds in three steps. First, we introduce
a feasible candidate sequence and verify that it satisfies
the disturbance propagation (22f) together with the nominal
nonlinear dynamics (22b). Second, we construct a shifted
version of 1 ensuring that the initial condition (22c) holds,
while preserving the terminal set condition (22i). Finally,
we show that the resulting sequence satisfies the state and
input constraints (22h) as well as the linearization error
bound (22j).

1) We denote ®**, ®"*, o*, z*, v* the optimal value
of the optimization problem (22) at time step ¢ with initial
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condition z(t). Then, the following shifted trajectory

z=1(Z0,...,2r) = (27,...,25,0),
7= Goreons20) = (1002.0) o
v = (Tg,...,0r—1) = (v],...,v5_1,0).
and block-shifted matrices
(P)I;,j: )I:H,jﬂa
j=0,...,T—-1, k=35+1,...,T -1,
FX Xk . (28)
Q7 ;= Aa®y 11, 7=0,...,T =2,
oy =t
éz,j = ‘I)Eil,jﬂa
j=0,....,T -1, k=j5+1,...,T -1, (29)

Ph ;=K% 5, j=0,...,T -2,
satisfy the constraints (22f), (22b), and (22d) with the shifted
uncertainty bounds

k=0,...,T—1, (30)
Indeed, as the nominal trajectory z and v is the shifted ver-
sion of an optimal sequence, it still satisfies (22b), and (22d),
considering also £(0,0) = 0. Thus, the shifted ® also satisfy
the equality
(I);(—Q—l,j = diag(o(z;,7;,75)),

)/;-‘rl,j = A(Zhﬁk-)q)zd' + B(zk,ﬁk)@z7j,
j=0,....T -1k =j5+1,....,T — 1, ie., the con-
straint (22f) holds. This choice ensures that the block-shifted
matrices ij used in the definition of ®* remain consistent
with the overbounding of the nonlinear dynamics. Hence,
[k, ®i)]lloc < 7 for k=0,...,T, ie., (22j) is preserved
under the shift.

2) We denote 1**, ¢»"*, the optimal values of the opti-
mization problem (22) at time step ¢ with initial condition
z(t). A naive shift of the trajectory (¥, ") is not feasible
for (22c). Hence, we define w € B™ as an equivalent
disturbance such that

OTHw = x(t + 1) — 2§ — ™. (32)

By construction, the difference x(t + 1) — (2 + ¥7*)
corresponds exactly to the deviation between the nonlinear
system and its linearized prediction. Since this deviation is
bounded componentwise by o(z§, v, 70) (cf. (22e)), there
always exists a disturbance realization w € B™* such that
(32) holds.

The following sequence is proposed as a feasible candi-
date:

. — e
Tk = Tka1s TT = Tf.

€2y

1/_)}0( :I(t+1) 72{5

wk_wk+1 kOw kzl,...77"—17
¢k—1/’k+1 kow k=1,...,T -1, (33)
wT: Cl/(/)T717

VY = Kepp_yq,

where @ is given by (32) and x(¢ + 1) by (1) with optimal
input (23). Multiplying (31) for 5 = 0 by w yields
(34)
which, by the principle of superposition, shows that ¢, )"
satisfy (22g).

3) Lastly, we write the reachable sets of the proposed
feasible candidate solution as

Xx — * * Xk - * * ux ,—
Q10w = Az, v3) 0w + B(zg, vi) PR,

k—1
Ry = {z + U5} €D @}, B™. (35)
j=0
Likewise, we denote
k1 = {Zte1 T ¥R} @q)k+1 j (36)

The tube inclusion of the reachable set, as required to
show recursive feasibility, writes

RECRN., k=0,...,T—1, (37)

REC RN, k=0,...,T -2, (38)
Since the nonlinear trajectory is shifted as per (27) with z; =
241> and U = vg, 4, the inclusions (37) simplify to

k
{v} @ % ;B C {¢ity} @ i1, 8™
=0 §=0

As per the construction of ®, in (28), each block of
the feasible system response corresponds, by design, to a
laterally shifted block of the optimal solution

(39)

05y =it (40)
fork=1,...,T—1land j=0,...,k—1.
Hence, the set inclusion (39) is equivalent to
{vr} € (Uit @ (i41,0)8™, (41)

which is satisfied as per construction of ¢/* in (33) since w €
B™= as per Eq. (32). Satisfaction of the input constraints fol-
lows analogously. Hence, it is guaranteed that the reachable
sets (18) satisfy (37)—(38) and thus the proposed candidate
sequence satisfies the constraints (22h). As for the terminal
constraints (22i), we need to show that wTEB<I>X BT C A},
Using the definition of wT from (33) and the deﬁnltlon of
<I>(T) from (28) with w € B™*, we have

,(/’),)1(1 oy (i)x anT

CAq @ OB | @ B B
CAqX; @ ZfB"" C X,

where the penultimate step used the fact that ¢}
i BT C X; and the last step follows from Assump-
tion 2. Finally, we need to show that the constraint (22j),
which bounds the linearization error via 7, is satisfied by the
proposed candidate solution, i.e., that the following inclusion
holds £k =0,...,T —1

[[¥orks Paiyllloo < Nk41> Plagylllon < T = Toe (42)

We can use (40) and the definition of the infinity norm,
to simplify the expression (42) to

[Pklloo < NW7s15 Phsnollloo-
The inequality is satisfied as per (41).

Thus, recursive feasibility follows from the shifted can-
didate solution, which remains feasible at the next step.
Constraint satisfaction is preserved since the tightened in-
equalities hold for all admissible disturbances.

(43)
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