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Quartic Oscillator Model with Applications in Locomotion
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Abstract— This work introduces a novel compliant model for
running gaits. The model consists of a linear leg stiffness paired
with a nonlinear energy regulation term. This new model,
termed the quartic model, is shown to reproduce the external
dynamics of a running gait. The characteristics of the gait
are imposed through parametric conditions which are derived
through linearization of the model. The nonlinear nature of the
model ensures convergence towards a limit cycle, which makes
the model a useful template for the control of legged systems.

I. INTRODUCTION

The study of animal locomotion is central to the de-
velopment of prosthetic, orthotic, and exoskeletal devices,
with applications ranging from rehabilitation and assistance
to the enhancement of human physical capabilities. A key
challenge in this field lies in designing models that balance
biological relevance with parameter transparency, ensuring
that the reasoning behind parameter selection is explicit and
representative of locomotion dynamics.

Oscillations play a fundamental role in locomotion, where
elasticity emerges as a dominant mechanism, as best exem-
plified through the spring-mass model of locomotion [1].
In a rigid body framework, this can be captured either by
prescribing external dynamics, using force [2] or impedance
control [3] techniques, or through exploration of the dynamic
interplay between elastic elements and the rigid body seg-
ments [4]. It is also relevant that such oscillations are self-
sustained in the form of a limit cycle, allowing perturbations
to be compensated in a way that allows the return to the
original gait [5]. Alternatively, a method which is closely
related to sustained oscillations relies on the use of central
pattern generators (CPGs), where neural-inspired oscillators
directly shape joint trajectories [6], [7].

From a biological perspective, muscle-tendon units me-
diate mechanical energy through a combination of storage,
damping and generation. Here, the tendon is very efficient at
storing energy (with at most 10% of energy loss [8]), while
the velocity-dependent dynamics of muscle fibers allow for
the regulation of energy during steady state or transient
locomotion tasks. These principles have been abstracted into
phenomenological muscle models, where energy regulation
emerges through muscle fibers stimulation, either through
length, velocity, or force reflex pathways [9]. Here, at a
more abstract and simplified level, the quartic model echoes
this bioinspired approach by expressing the energy regulation
action at the velocity level. Thus, the present work builds
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Fig. 1. Quartic energy function, h(z) = ¢ (%5 — x2).

upon the elastic spring-mass model, with its multitude of
variations [10], and also on the construction of nonlinear
oscillators which are representative of locomotion.

To do so, the one-dimensional quartic oscillator is here
presented (§II) by analogy with the well-known Van der
Pol oscillator. In the previous context, this novel model
pairs the elasticity of the spring-mass model with a quartic
displacement function that, in proportion to velocity, achieves
energy regulation. Inclusion of gravity terms (§III) and its
discretization into stance and flight events (§IV) are also
detailed. Approximate solutions are discussed throughout be-
fore defining the quartic running model, in two-dimensional
space (§V). These approximations allow transparency in the
tuning of the model, by predicting the characteristics of the
resulting running gait. This feature is illustrated by modeling
the gait characteristics of runners [11], using as inputs the
desired velocity, the total mass, the leg’s length and the flight
and stance periods of time. Although a proof of stability
for the two-dimensional case is not provided here, all one-
dimensional variants are proved to be stable, as detailed in
the Appendix.

II. QUARTIC OSCILLATOR

It is the goal of this section to define the quartic oscillator
model, as well as provide some intuition for the existence of
limit cycles for the model. Whenever possible, this matter is
addressed more rigorously using the results in the Appendix.
As a constructive example, consider first a well known
system which exhibits periodic solutions, given here by the
Van der Pol oscillator described by the autonomous system
+e(@®—6*)x+a =0, withe > 0and § > 0.
Here, the circle notation is introduced, in order to distinguish
derivatives with respect to an independent coordinate, other
than time. That is, z = Z—f and T = 327"5. This model is
comprised by a linear elasticity and a nonlinear damping.
This system is a particular case of the Liénard equation [12],

known by its general formulation

Z+h(z)z+g(x)=0. (1)
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Fig. 2. Numerical solutions for the quartic oscillator (2) with (a) large energy coefficient, € = 3, and (b) small energy coefficient, € = 0.5.

Given this definition, some properties which promote the
emergence of limit cycles in the Van der Pol oscillator can
be inspected. In particular, it is pertinent to note that the
nonlinear term, h(z)x, undergoes a sign change across its
motion along x. That is, it is dissipative on the interval
|| > § and generative in the interval |x| < J. This is
also a good indication that the equilibrium, (z,z) = O,
must be unstable, and that all trajectories starting in the
generative region are bound to escape it. Moreover, since
this generative region is surrounded by another region of
dissipative nature, this also indicates that the trajectories
are not able to perpetually escape from the origin. These
are strong indicators that the system is bound to converge
towards a periodic solution. Such attractiveness towards a
periodic solution is called a limit cycle.

To better motivate the definition of the quartic model, it is
relevant to first see why the Van der Pol oscillator is not a
good model for locomotion. That said, stance events are well
described by the elastic element g(z) = x, in accordance to
compliant models of locomotion [1]. Thus, a stance phase
could be extracted from the Liénard equation (1), to write
Z+ h(z)x +x = 0 for all z > 0. However, using the
Van der Pol’s dissipative function, the instant of touchdown
would translate into a discontinuity in the leg’s support force,
h(0) 2(0) = —e 62 #(0). To remove this discontinuity, a new
nonlinear energy function is defined in such a way that
h(0) = 0. Choosing a fourth order polynomial, a possible
choice results in the following quartic model,

4
55’—&—6(?2—372)5:—&—33:0, with ¢>0,6>0. (2)

This energy function is illustrated in Fig. 1. Again, much
like the Van der Pol model, h(z) = 0 when « = +4, and all
previous intuitive remarks for the existence of limit cycles are
echoed here. Indeed, as shown in Corollary 1, the limit cycle
exists and is unique. Moreover, the limit cycle’s trajectory is
bound from the inside by 22 + & > 62, and bound from the
outside by |z| < %6. The state-space trajectories of the
model are illustrated in Figs. 2(a,b). Fig. 2(b) is a special
case, where energy regulation is very small. In such a case,
the solution approaches a linear solution, with state-space
amplitude A = /26, and oscillation period of AT = 2.
The linearized solution will prove to be quite useful, and is

detailed in the following section.

ITI. ACCELERATED QUARTIC OSCILLATOR

With the goal of describing a stance event, it is useful here
to imbue the oscillator with an acceleration bias, «, which
will later be used to model gravity. That said, the accelerated
quartic oscillator is described by

4
f—i—s(x—xQ)i—I—x—a:O, with €>0,0 >a>0.

52

3)
Corollary 2 guarantees the existence of limit cycles for this
system. This system will be useful in the estimation of
stance parameters. Particularly, in its linearized form, which
is obtained as follows.

To linearly approximate (3), consider employing an
energy-balance method for the limit cycle [12]. To do so,
assume a very small energetic coefficient, |¢| < 1, which
in turn allows to state that the nonlinearity is negligible.
In particular, when ¢ = 0, the system (3) becomes purely
elastic, with some bias,

F4+r—a=0, 4

which one may term as the linearized system. It is well
known that the general solution is z(7) = a+ A cos(T + ¢),
where A denotes the amplitude of oscillation and ¢ an
angle offset, both due to initial conditions. Since the rate of
change is z(7) = —A sin(7 + ¢), one may further restrict
the solutions for the case that A > 0 and ¢ = 0, to write the
phase paths of the linearized system as

r=a+AcosT, T=-—-AsinT, 5)

with an oscillation period given by T' = 2 7. Now, defining
a potential energy function for the nonlinear system (3), as
G(z) = [y g(u)du = 32 — vz, and the kinetic energy as
T(z) = %iQ. Then, the total energy becomes

E(t) = %%2(7’) + %332(7') —axz(T), (6)

and the total energy change over one period of oscillation of
the limit cycle is
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A= \/52 — 602 4+ V28a% — 40252 + 61

Fig. 3.

Here, the fact that the limit cycle is a closed path means that
the change in energy must be null. This energy variation
is now approximated by introducing the phase paths of the
linearized system (5), together with their oscillation period.
Allowing to state from (7) that

27
h(a+ A cosT) sin® 7dr = 0. (8)
0
Solving this equation gives the amplitude of the accelerated
quartic oscillator’s linearized solution,

A= \/52 — 602 +/28a% — 40262 + 64, (9)

When o = 0, the solution degenerates into the non-
accelerated quartic model’s approximated amplitude, with
A = /26, which was previously illustrated in Fig. 2(b). The
solutions of the accelerated quartic oscillator are compared
with their corresponding amplitude approximation in Fig. 3,
with varying energy regulation, ¢, and acceleration bias, o.

IV. HOPPING MODEL

The hopping model (or hop in place model) is now pro-
posed, through hybridization [13] of the accelerated quartic
oscillator (3). Before doing so, it seems now to be an
opportune moment to imbue the model with some physical
meaning. In particular, the focus is now placed in the
introduction of mass, gravity, stiffness and time into the
model. That said, let 2 [m] be a displacement and time be
t = 7/w [s]. Then, (3) is given physical meaning through
mi+muwe (z*/6% — 2?) & + mw? (z — a) = 0. Here, m
[kg] denotes mass, in which case f = m & [N] represents
a force. In particular, if & = mw? [N/m] denotes stiffness,
it must be that w = \/k/m [s7!]. And, if mw?a = mg
denotes force due to gravity, it must be that o = g/w? [m].
Keeping the focus on the acceleration, then

62

[k
with (5>a:%,w: —.
w m

Parameters will further be assumed to be positive. Moreover,
¢ [m~2] will be termed the energy regulation parameter and §

1,4
jj+wg<x2>g‘c+w2(xa)o, (10)

Y

Numerical solutions for the accelerated quartic oscillator (3) with § = 0.5.

[m] the amplitude parameter. Note also that its linearized so-
lution (5) becomes time dependent as x(t) = a+ A cos(wt),
z(t) = —w A sin(wt).

The hopping model is now obtained by discretization of
(10). Thus, the hopping dynamics are split into two phases,
a flight phase (z < 0), where gravity alone acts upon the
system’s mass, and a stance phase (z > 0), where the
previous dynamics are considered. In this way, the hopping
model may be written as

)

i+w6<§—§—x2)i+w2(x—a)20 , x>0
, <0

F—w?a=0

with § > «. As shown in Corollary 3, this system does
have at least one limit cycle which is stable. In Fig. 4,
the state-space solutions are illustrated and compared with
the previous linearization (5). From inspection, it is re-
markable to notice that the linearized model provides a
close approximation to the solution of the hopping model.
Particularly, regarding the maximum compression and impact
speeds (the speed at the flight-stance transition). Further
numerical comparisons are held until a more appropriate
stage. Moreover, the linear approximation yields a good
estimate for the existence of transitions between flight and
stance. That is, if « — A > 0 the phase paths of the linearized
solution never intersect the & axis, and the hopping model
will sustain oscillations which wont transfer to flight, by
approximation. Conversely, if « — A < 0, the hopping model
will exhibit flight.

V. RUNNING MODEL

The running model is now defined, by allowing the previ-
ous hopping model to move in a two dimensional space. To
do so, consider the force applied to a mass particle which
is allowed to move in such space, to write mp = f —mg.
Here, p is the position of the mass and g the acceleration
due to gravity, g = —gy,, which is fixed with respect to the
inertial frame, <z, y,>.

To describe the applied forces, it is now necessary to define
the state changes that occur in the flight-stance transitions.
That said, as illustrated in Fig. 5(a), let the point mass be
imbued with a massless leg of length ¢, during flight. Then,
given a leg orientation during flight of O, a potential contact
point with the ground is p, g;zpy = P + £, O/ ||O||, where
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Fig. 4. Numerical solutions for the hop-in-place model (12), with w = 13.34s71, a = g/w? ~ 0.055 m.
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Fig. 5. Running model’s illustration. (a) Flight and stance states, with

the leg orientation is determined according to the VBLA
model [14], as

O=(1-wp-—ngy,- (13)

At some instant of time, ¢ = t1p, the vertical position of this
potential contact point will cross the ground, yJ p, gigne =
Yaoor and yIp < 0, which settles the contact point as
Py = Py flight (tTD). This allows to measure leg compression
as s ={, — £, where { = ||p pXH Also, the leg direction
is defined as u = (p — p, ) /¢, and the compression velocity
may be obtained from projection of the point mass’ velocity,
S —u" p. Finally, to complete the state changes, flight
occurrence is defined at some time, ¢ = tTp, Where s
0 and s < 0. Finally, modeling the leg’s support force
according to the previous hopping model (12), the running
model becomes
, stance

mp= { , flight

f:[mwe((sz— )s—l—mwzs}u e \/>
(15)

The definition of the stance and flight states are best
summarized by means of Fig. 5(b). Here, § > 1/21/10 g/w?
is a well informed estimate, that follows from the linearized
solution, implying the existence of flight events (o < A).

Proving the existence of limit cycles for this system
does not seem to be a straightforward task, and this is
not performed here. Nevertheless, it is appropriate to define
some metrics to discuss its stability. Furthermore, since the
horizontal displacement will be monotonically increasing,
due to the desired locomotion, some care must be taken

f—-mg
—mg

(14)

main kinematic measurements. (b) State-machine and calculations summary.

TABLE I
STABILITY ANALYSIS OF THE QUARTIC RUNNING MODEL (14),
PARAMETERIZED BY m = 50kg, o = 1m, p = 0.5, = 0.1m,
(02.50 —4.46)T.
RESULTS OBTAINED IN SIMULINK, USING ODE45, WITH A MAXIMUM

a = 0.03m, AND INITIAL CONDITIONS X (0) =

STEP SIZE OF 1073,

m=2] 2*[m] &*[m/s] y*[m] T*[ms] error< 107%
1 0.960 2.662 0.185 563 k =403
5 0.956 2.657 0.184 561 k=114
10 0.955 2.655 0.183 561 k=54
15 0.956 2.657 0.183 561 k=68
20 0.957 2.660 0.183 561 k=67
25 0.958 2.663 0.183 561 = 66

here in the definition of the system’s state-space. That
said, let the dynamics of (14) be X (X)), where
X = (z, &, y, y) are its state-space coordinates. Moreover,
let o(t) = @ (p(t) - p(trn)), @(t) = @] p(t), y(t)
yl (p(t) — p(trp)) and y(t) = y7I p(t). Here, p is offsetted
by the the position at the instant of touchdown, p(¢Tp ). Note
that this is a jump map which does not change the dynamics
of the system. Then, let © = {X € R* : y =0 A y > 0}
be a Poincaré section of the state-space [12], representing
the apex point of the running motion. In which case, the
trajectories (solutions) will intersect X at some point X, €
Y, at some instant of time ¢t = ¢;. Moreover, T}, = t;, —trp_1
denotes elapsed time between intersections. Finally, if a fixed
point is reached, such that X* X1 = Xy, then
it is possible to conclude that the solution is a periodic
orbit (limit cycle), with period 7. The fixed point will be
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Fig. 6. Asymptotic stability of the quartic running model (14), parameterized by m = 50kg, £o = 1m, p = 0.5, =0.1m, @ = 0.03m, e = 5m 2.
The attained fixed point is found to be z* = 0.956 m, £* = 2.657 m/s, y* = 0.184 m and ¢* = 0, with period 7* = 561 ms.

X* = (z*, %, y*, 0), where ¢ = y* = 0 by virtue of the
cross-section’s definition.

The existence of periodic solutions is shown through
simulation. In Fig. 6, five solutions are illustrated, with
different initial conditions, which can be seen to converge to
a fixed point, given the chosen parameterization. Solutions
with backward velocity were excluded for the sake of repre-
sentation. In Tab. I additional results are presented, where the
changes in the fixed point can be inspected as a function of
€. Here, the number of cycles necessary for convergence are
gathered, using a length measurement between successive
returns, error = || X, — X_1]. The fastest convergence
is here observed at ¢ = 10m~2. Arguably (depending on
the application’s precision), the fixed point remains mostly
unchanged across the present experiments. Nevertheless, the
forward velocity, ¥, is seen to increase for £ > (0, which
may explain the slower convergence for large values of
the energy regulation parameter. Indeed, energy regulation
is synchronized with leg compression, according to the
quartic oscillator’s definition (2). Any synchronization with
the horizontal breaking and acceleration periods occurs only
by virtue of the stance symmetry, and therefore only by
approximation.

A. Running model parameterization

The goal of this section is to obtain an estimate for the
previous quartic running model (§V), such that it emulates
the characteristics of some running gait. The approximation
of the accelerated quartic model (3) will be used for this pur-
pose. This choice is due to fact that its linear approximation
yields a good estimate of the quartic hopping model (10).
Nevertheless, the task of converting this one dimensional
model into a two dimensional model, for the purposes
of parameter estimation, necessitates the inclusion of the

(@
s | 0

y(te/2)

T

0 t.

Fig. 7. (a) Sine wave approximation for the leg’s force [15]. (b) Simplified
model for the mass center’s trajectory, redrawn from [16].

forward progression velocity. This task can be performed
through combination of Alexander’s and McMahon-Cheng’s
models, as illustrated in Fig. 7. A good approximation for
the elastic force is given by [17] as the time dependent force

f(t) = fmax Sin(:— t) s

C

(16)

where fax denotes the maximum force and t. the contact
time, as illustrated in Fig. 7(a). Following [18], this maxi-
mum force can be determined as a function of the contact
time and flight time, ¢, to write

fmax =

mgm 1 . te
— th DF = ————
4 DF 2t + ty)
where DF' denotes the duty factor. Thus, given the maximum
force, and assuming a linear elasticity for the leg, the leg
stiffness follows from
_ f max kp

=AY

where A/ denotes the maximum leg compression. An ap-
proximate model for this displacement is given in [16]. As

a7

(18)
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illustrated in Fig. 7(b), this maximum displacement can be
computed as AL = £, —y (t./2), where y (t./2) denotes the
vertical displacement at midstance. This displacement may
be estimated with recourse to (16) by expressing the vertical
acceleration, §j(t) = f(t)/m — g, which can be integrated to
yield

. fmax tc ? g 2
Al ={,—{, sin o, + — | ==t (19)
m s 8
gtc fmax tc
= —_— 2
’l}y(tTD) 5 m ( O)

Here, the initial impact velocity v, (ttp) was also deter-
mined. To complete the deployment of these models, leg
angle at touchdown may also be determined with recourse

to Fig. 7(b), as
Ug te
Q, = arccos .
24,

In the present running model, leg orientation is determined
according to the VBLA model (13). As illustrated in Fig.
5(a), let the leg direction be a, = — arctan (yJ O, xzTO).
Then, the VBLA parameter can be determined through

2n

vy v, tan(ay,)
T g+ vy, + v, tan(a,)

; (22)

where the horizontal velocity may be specified from desired
value, v,, = v4, while the vertical velocity may be determined
from the previous estimate (20), v, = vy(tTD).

To conclude, consider now that the maximum compression
is given by the quartic hopping model (12) and its corre-
sponding approximation (5). Then A¢ = a+ A(«, §), where
A(a, §) was previously obtained in (9). Finally, solving for
0, yields its value, from previously determined A/,

24 a4

5a2 —2a A0+ A2
(23)

5:\2\/9042—204A€+A€2—

B. Marathon pace

Following the previous synthesis, the quartic running
model (§V) is now tuned in such a way that it mimics
the external dynamics of a running gait. The input variables
for design and the resulting parameters are summarized in
Tab. II, following the parameterization described in §V-A.
The resulting limit cycle solution is illustrated in Fig. 8§,
which is now compared to the input values and also the
estimated characteristics of the running gait. The results are
best summarized through Tab. III, to say that the proposed
parameterization yields a remarkable approximation of the
desired gait. This degree of approximation is reliant on the
fact that maximum compression is well estimated through the
quartic model’s linearization (§III), with an error of 0.2 mm.
Consequently, maximum force is also well estimated when
the energy regulation is low (¢ = 5m~2), since the dominant
term is elastic. The horizontal velocity’s approximation is
not as strong, which in turn yields an opportunity to discuss
the possibility of velocity regulation. In this regard, the
amplitude parameter, §, may be chosen as a way to increase

TABLE I
RUNNING MODEL PARAMETERS FOR A MARATHON PACE VELOCITY,
FOLLOWING QUARTIC MODEL INTERPRETATION.

Symbol Value [units] Nomenclature
Vq 5.55 [m/s] Desired velocity [11]
m 55.17 [kg] Locomotor’s mass [11]
Lo 1 [m] Rest length
te 170 [ms] Stance/contact time [11]
DF 0.25 Duty factor [11], (17)
Sfmax 1700 [N] Maximum force (17)
Qo 61.9 [deg] Angle of attack (21)
vy (tTD) —0.834 [m/s] Vertical impact velocity 20)
m 0.493 VBLA tuning parameter (22)
AL 0.173 [m] Maximum leg compression (19)
kp 9824 [N/m] Leg stiffness (18)
w 13.34 [rad/s] Stance frequency (18)
«a 0.0551 [m)] Acceleration bias (11)
) 0.1219 [m)] Amplitude parameter (23)

TABLE III
COMPARISON BETWEEN THE DESIRED, OR ESTIMATED VALUES, WITH
THE RESULTS IN FIG. III, FOR ¢ = 5m~2.

desired / result speed regulated

estimated (0 =0.1219m) (0 = 0.1247 m)

vz [m/s] 5.55 5.461 5.55
tc [ms] 170 176 175
DF 0.25 0.254 0.249
Smax [N] 1700 1725.5 1768.5
o [deg] 61.9 62.24 61.9
vy [m/s] —0.834 —0.835 —0.868
Al [cm)] 17.3 17.28 17.68

the separation velocity at takeoff, which will in turn increase
the horizontal velocity. A value of § = 0.1247m is found
to converge to the desired velocity, as shown in Tab. III.
Increasing the takeoff velocity will also change the vertical
velocity, which will in turn change the accuracy of the
characteristics related to the vertical oscillation.

VI. DISCUSSION

The quartic damping model introduces work loops of
dissipation and energy generation, which imbue the model
with limit cycle convergence. These loops can be inspected
from the force-displacement profiles, in Fig. 8. The success
of the model in replicating running gaits is also due to the
synchronism between the compression-extension phases of
the leg with the phases of horizontal breaking-acceleration.
Such synchronicity does not occur in walking gaits, where
multiple compression-extension phases occur during stance.
Thus, it remains to be seen how the present ideas may be
extended to modeling walking gaits. Nevertheless, it is well
known from the phenomenology of muscle dynamics, and
its application to the construction of walking models [19],
that such regulation must be present during walking as well.
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Fig. 8. Tllustration of the quartic running model’s (14) limit cycle trajectory, emulating the dynamics of long distance running (Tab. II), with e = 5m~2.
The energy regulation parameter is changed to illustrate the changes in the force pattern and the displacement-force pattern. The fixed point is X* =
(1.396 5.461 0.0355 0)T, with T* = 346 ms, resulting in a flight time of ty = 170 ms, or DF = 0.254.

As it stands, the quartic running model represents a model
of impedance, for interaction with the ground. The model
represents a template for locomotion which can be anchored
to a rigid body model by means of force or impedance
control techniques. Adding appropriate control features for
the regulation of posture and the leg swing, stable locomotion
of a rigid body mechanism can be achieved.

VII. CONCLUSION

The present quartic model was able to replicate the gait
characteristics of running at a marathon pace. Approxima-
tions of the model, together with known stance models,
allowed to provide a model for its parameterization.

APPENDIX

This section deals with the dynamics of Liénard systems
[12]. That is, systems of the form

i+ h(z)i+g(z) =0, (24)

Analysis of these nonlinear systems is conveniently per-
formed in a space of coordinates referred to as the Liénard
plane [20], described by

h(u) du .

(25

For the ensuing theorems, it is also useful to define G(z) =
fOJC g(u) du. That said, to show the existence of limit cycles
consider the following theorem [12], [21].

Theorem 1 (Liénard): The system (25) has a unique limit
cycle and the limit cycle is asymptotically stable, if the
following conditions hold true.

t=y—H(z), y=—-g(x), with H(z) =

0

1) h(z) is even and continuous in | —oco, +oo|;

2) H(z) has a unique positive zero a > 0, and
H(z) (x—a)>0forxz >0,z +#a;

3) H(z) is monotone increasing in ]a,+oc[, and
H(z) = 400 as x — 400;

4) g(x) is odd and continuous in |—oo,+oco[, and
xg(z) >0,V #0.

The following theorem establishes an upper bound for the
limit cycle’s trajectory [21].

Theorem 2 (Lijun-Xianwu): In addition to the conditions
of Theorem 1, and further assuming that

1) h(xz) has a unique positive zero b > 0 and
h(z) (x —b) >0 for x >0, z # b;

2) h(z) /g(x) is monotone increasing on |b, +oo|;

3) Jo H(s)g(s)ds > 0 for sufficiently large z* > 0,

then the unique limit cycle in Theorem 1 is located in the
strip region ‘x’ < x*.
Corollary 1 (Quartic oscillator): The system (2), with

€ > 0 and § > 0, has a unique and stable limit cycle.
Its state-space trajectory, I'(z,#), is contained in I" €

{(x,x) ER? : 22 +3%2> 8%V |z < \/26}

Proof: The functions h(x) and g(x) satisfy the sym-
metry and sign conditions required by Thm. 1. The primitive
H(z) has a unique positive zero at a = +/5/3, and
H(z) is mon. inc. for x > 4. Thus the system admits a
unique, asymptotically stable limit cycle. Moreover, h(x) has
a unique positive zero at b = ¢ and satisfies the necessary
sign condition of Thm. 2. Also, the ratio h(x)/g(x) is strictly
increasing for x > §, and the integral condition (3) is met,
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with the transition to positivity at z* = \/mé. Finally,
the inner bound can be found via Lyapunov analysis. Using
V(z) = 1(2? + v?) and its gradient. It can be found that
the equilibrium is unstable and that all trajectories starting
in 0 < 22 4+ @2 < 42 are bound to escape this region. [ ]

Theorem 3 (Dragilév): Let the following conditions hold:
1) zg(xz) > 0 when z # 0, and G(+00) = +00;

2) x H(z) < 0 when x # 0 and || is sufficiently small;
3) There exist constants M > 0 and K > K’ such that

Hz)>KVa>M and Hz)<K'Vz<-M.

Then system (25) has stable limit cycles.

Corollary 2 (Accelerated quartic oscillator): The system
(3), with e > 0 and § > « > 0, has at least one limit cycle
which is stable.

Proof: To verify the conditions of Thm. 3, the co-
ordinates of (3) need to be translated by § = = — «, to
write £ + h(§) €& + ¢g(§) = 0. In which case, cond. (1) is
straightforward to verify. To satisfy cond. (2), the slope of
H must be negative in the origin, 2(0) < 0, which is verified
if § > a. Cond. (3) holds, since H(£) ~ &5 for large €. W

The following theorem establishes the existence of limit
cycles in Liénard systems which lack symmetry [22].
Theorem 4 (Cioni-Villari): The system (25) has at least
one periodic solution if the following conditions hold true.
1) h,g : R — R are continuous and g(x) is locally
Lipschitz. Also z g(z) > 0V x # 0;
2) g(z)H(z) < 0 for || < € and = # 0, where € is
arbitrarily small;
3) Exist K1, Ky € R, K1 > K> such that

H(z) > Ky,
H(z) < K,

4) limsup, ,,. G(z) £ H(z) = +o0.

z>c >0
T < cy <0

Corollary 3 (Hopping model): The system (12), with £ >
0 and 6 > a > 0, has at least one limit cycle which is stable.

Proof: After coordinate transformation, £ = = — a,
cond. (1) of Thm. 4 is straightforward to verify. Now, ngting

that H(§) = H(§) — H(0) for £ > —« and H(§) = —H(0)
for ¢ < —a, cond. (2) can be verified when —H (0) > 0,
which holds for § > \/3/75 o, together with the imposition
that the slope of H is negative at the origin, 2(0) < 0, which
occurs when § > a > 1/3/5 a. Cond. (3) is verified by first
noting that K; may be arbitrarily large, since H is strictly
monotone increasing. Also, since H is bound by —H(0),
for £ < 0, there must exist such K; > K, relation. Finally,

cond. (4) is ensured by the monotonicity of the functions. W
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