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Abstract— Robot-assisted minimally invasive neurosurgeries
have shown great promise in enabling lower invasiveness and
faster patient recovery times. However, performing such surg-
eries remains challenging, mainly due to the use of rigid surgical
tools and limited accessibility to deep-seated brain structures.
Employing robotically steerable tools could address these chal-
lenges, as these devices, being relatively more dexterous, can
gain access to different regions in the brain. The autonomous
control of these tools could further enable manipulation with
higher precision and lower procedural time, facilitating less
fatigue for surgeons. In this paper, we present a control
strategy for the precise manipulation of a robotically steerable
endoscopic cannula (RSEC). The proposed control architecture
uses a combination of inverse kinematics, endoscopic imaging,
and electromagnetic tracking feedback to perform task-space
control of the RSEC in real-time. A joint angle estimation
algorithm is proposed to estimate the bending angles of the
RSEC using an endoscopic camera. The tip-position RMSE
value of the RSEC when bending the proximal and distal joints,
obtained using the proposed control strategy, was 0.7 mm. The
results indicate that the proposed method can be used to achieve
position control of the RSEC with sub-mm accuracy.

I. INTRODUCTION

In comparison to open neurosurgeries, employment of
minimally invasive surgeries (MIS) can potentially prevent
damage to eloquent brain structures due to less invasiveness
[1], [2]. Treatment of intracranial hemorrhage, tumors, and
hydrocephalus are common procedures wherein MIS are
being adopted [3], [4]. Endoscopy is used during MIS,
wherein an endoscope typically employs a trocar with a
camera and a light source that may have working channel(s)
for surgical cannulas to pass through. Furthermore, robotic
assistance in endoscopic procedures has shown evidence of
enhanced accuracy in manipulating the surgical tools [5], [6].

However, endoscopic procedures present several chal-
lenges, mainly due to the usage of rigid surgical tools,
which lack the required dexterity to gain access to deep-
seated brain regions. Continuum robotic tools, due to their
inherent ability to generate dexterous motion, have presented
a promising alternative to rigid surgical tools [7], [8]. The
past few years have seen progress in the development of
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flexible robotically steerable endoscopic cannulas, which are
a class of continuum robots applied to minimally invasive
neurosurgery [9], [10]. These devices exhibit enhanced dex-
terity, allowing surgeons to gain access to different regions in
the brain while potentially reducing tissue trauma. However,
precise control of these devices is still challenging due to
their flexible structure. In addition, an endoscopic camera
only provides planar information and does not provide 3D
information, such as depth. As a result, extensive training of
the operator is often required for precise navigation in the
brain. Furthermore, precise maneuverability, which results in
longer surgical procedures, could lead to increased fatigue
of the operator. To address these issues, research on the
autonomy of sub-tasks of MIS through closed-loop control
of the surgical tools has gained popularity [11], [12].

Endoscopic imaging is a popular feedback modality, fre-
quently used in existing literature, to estimate the physical
state of the device under consideration. Past studies have
presented several methods to estimate the pose of rigid tools
using endoscopic imaging [13], [14]. Gadwe et al. demon-
strated real-time 6 degrees-of-freedom (DoF) pose estimation
of a rigid endoscopic instrument with an outer diameter
(OD) of 6.7 mm, using printable markers [15]. While this
method could be utilized for pose estimation, the markers
utilized in this work are difficult to incorporate into tools
with a smaller OD. Furthermore, the geometric constraints to
estimate the pose from the motion of the markers developed
in this work do not translate to continuum robotic tools.
Qin et al. presented instrument segmentation for a rigid tool
using a fusion of the convolutional neural networks (CNNs)
prediction and the kinematic pose information [16]. However,
the pose estimation in real-time is not presented in this work.

Few studies have also developed methods for pose esti-
mation of continuum tools using endoscopic imaging [17].
Cabras et al. proposed a color-based image segmentation
with a graph-based method for instrument segmentation by
detecting the color transitions along Bézier curves fitted to
the tool’s edges for 3D pose estimation [18]. Zhou et al. pre-
sented a marker-less instrument segmentation approach using
network-based domain randomization [19]. Some approaches
have utilized robot kinematics for pose estimation [20], [21].
Lu et al. showed pose estimation using a rendering approach
wherein the pose is estimated by backpropagating the loss
constituting the difference between the rendered image and
the actual image [22]. While past studies have presented
methods to obtain pose information from endoscopic imag-
ing, limited work has been conducted on using endoscopic
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imaging in real-time. Consequently, closed-loop control of
robotically steerable tools using endoscopic imaging has not
been sufficiently explored.

In this work, we present closed-loop control of the RSEC
using endoscopic imaging. The RSEC under consideration
is a modified version of the robotically steerable tools
developed in the prior work [9], [23]. The proposed control
strategy utilizes the inverse kinematics and joint statics
models of the RSEC in combination with two feedback
modalities, namely 1) electromagnetic (EM) tracking, which
is utilized to determine the plane of bending of the robot,
and 2) endoscopic imaging, which is utilized to estimate the
pose of the robot in a given plane of bending. The inverse
kinematics of the RSEC are derived using optimization. The
proposed control strategy is validated through a series of
experiments. The primary contributions of this paper are:

• Estimation of bending angles of the RSEC using image
feedback from an endoscopic camera.

• Derivation of inverse kinematics of the RSEC for task-
space control.

• Closed-loop control of the joints of the RSEC using
endoscopic imaging and EM tracking in real-time.

II. MATERIALS AND METHODS

A. Robotically Steerable Endoscopic Cannula (RSEC) De-
sign
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Fig. 1. Schematic of the: (a-1) robotically steerable endoscopic cannula
(RSEC), (a-2) BAN pattern, and (a-3) UAN pattern. (b-1) Actuation system
for the RSEC. (b-2) Schematic depicting the camera and cannula placement
in a clinical scenario. (b-3) Camera offsets from the origin of the RSEC.

The design of the RSEC under consideration is shown in
Fig. 1(a-1). The cannula, with an OD of 1.93 mm, consists
of two steerable joints obtained by machining a nitinol
(NiTi) tube using a laser micromachining platform (WS
Flex Ultra-Short Pulse Laser Workstation, Optec, Frameries,
Belgium). The machined segment at the distal end of the
cannula, hereby referred to as the distal joint, consists of
a bidirectional asymmetric notch (BAN) pattern (Fig. 1(a-
2)). The machined segment at the proximal end of the

cannula, hereby referred to as the proximal joint, consists of
a unidirectional asymmetric notch (UAN) pattern (Fig. 1(a-
3)). The notch patterns are characterized by the depth of
cut (d), the notch spacing (c), the notch width (h), and the
number of notches (n). The values of the notch parameters
utilized to obtain the two machined segments are presented
in Table I. The joints are machined to achieve bending in
opposite directions with respect to each other, in the same
plane. Therefore, simultaneous actuation of the joints results
in S-shaped curves [23]. The “S-shape” curves can be used
to avoid obstacles while being steered to the target location
and can help to ensure that the distal tip of the cannula is
in the field of view of the camera [9]. Furthermore, the
combination of the BAN joint and a UAN joint reduces
coupling between the proximal and distal joints since the
actuation forces for bending the distal joint are significantly
lower than the actuation forces required to cause a similar
amount of bending of the proximal joint [23].

To achieve joint actuation, NiTi tendons are attached to
the distal ends of each joint. Each NiTi tendon is wrapped
around a spool connected to a DC motor (HPCB 6 V, Pololu
Corp., NV) with a gear ratio of 380:1 for the distal joint
and 1000:1 for the proximal joint. The joints are actuated
by applying tension to the tendons through the actuation of
motors. To achieve the rotation motion of the cannula for
varying the plane of bending, an ultra-high molecular weight
polyethylene (UHMWPE) tendon is wrapped around the base
of the cannula and the spool of the DC motor (HPCB 6 V,
Pololu Corp., NV) with a gear ratio of 380:1. The actuation
system of the RSEC is shown in Fig. 1(b-1).

TABLE I
PARAMETERS OF THE RSEC.

Parameters Value (mm)
Outer diameter, 2ro 1.93
Inner diameter, 2ri 1.49
Proximal joint, d 1.68
Proximal joint, h 0.5
Proximal joint, c 0.2
Proximal joint, n 8
Length of proximal joint, lp 5.6
Distal joint, d 1.6
Distal joint, h 0.5
Distal joint, c 0.2
Distal joint, n 8
Length of distal joint, ld 5.6
Length of segment between joints, lpd 8.8
Length of segment after the distal joint, lde 2.4
Distance between central axes
of the EM-tracker and cannula, r 1.25

To control the developed RSEC in real-time, two sensing
modalities are used: (a) an EM-Tracker to estimate the
rotation motion, and (b) an endoscopic camera to estimate
the bending angles of the RSEC. The sensor placements
are shown in Fig. 1(b-1). The placement of the camera with
respect to the cannula is determined based on their relative
positions in a clinical setting, as shown in Fig. 1(b-2). A
5-DoF EM tracker (Aurora, Northern Digital Inc., Waterloo,
Ontario, Canada) is attached to the rear end of the RSEC. The
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EM tracker’s position data is used to estimate the rotation
angle since the angle information from the EM tracker could
have only been directly utilized if the sensor was placed in
line with the central line of the RSEC body. However, the
EM tracker is attached to the outer surface of the RSEC
body such that the central lumen of the RSEC is left open
for end-effector integration, if required, which would be the
case in a clinical scenario.

The endoscopic camera used in this work is the OV6946
(Omnivision, Inc., USA) [24]. The length and OD of the
camera are 6 mm and 1.6 mm, respectively. The camera is
characterized by 160000 pixels (400 pixels × 400 pixels),
with a 120 ◦ diagonal field of view (FOV), and a 30 Hz
frame rate. The camera is placed such that a region of the
proximal joint and distal joint with maximum pixel area of
the markers is obtained in the FOV of the camera for efficient
segmentation. In this study, a simplified pin-hole camera
model is assumed. The placement of the camera with respect
to the cannula is characterized by the horizontal distance (hd)
and vertical distance (v) of the camera from the cannula, as
shown in Fig. 1(b-3). To maintain simplicity, v was selected
to be 0. The intrinsic parameters of the camera, the joint
regions selected for segmentation, and the robot kinematics
are utilized to determine hd. This procedure is described in
the subsection ‘Joint Angle Estimation Algorithm’.

B. Joint Kinematics
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Fig. 2. Schematic of the RSEC in (a) unactuated and (b) actuated state.

1) Forward Kinematics: The motion of the RSEC can be
characterized using three variables: rotation angle (θr), prox-
imal bending angle (θp), and distal bending angle (θd). Each
bending joint is modeled as a rotation-prismatic-rotation
(RPR) joint. The origin of the world frame, {F0}, coincides
with the base of the proximal joint as shown in Fig. 2. The
joints (j) for the forward kinematics of the RSEC shown in
Fig. 2 are defined as follows:

• j1: Revolute joint with rotation θr about the Z0-axis;
• j2: Revolute joint with rotation θp

2 about the Z1-axis;
• j3: Prismatic joint with translation θprp along the Z2-

axis;

• j4: Revolute joint with rotation θp
2 about the Z3-axis;

• j5: Revolute joint with rotation θd
2 about the Z4-axis;

• j6: Prismatic joint with translation θprd along the Z5-
axis;

• j7: Revolute joint with rotation θd
2 about the Z6-axis;

Assuming that the proximal and distal joints bend with
constant curvatures, respectively, the prismatic motion of the
proximal (θprp ) and distal (θprd ) joints are given by:

θprp =
2lp
θp

sin(
θp
2
)− lp; θprd =

2ld
θd

sin(
θd
2
)− ld, (1)

where lp and ld denote the length of the proximal joint and
distal joint, respectively. The unit angular velocity, ω, for
each revolute joint and the unit linear velocity, ν, for each
prismatic joint, with respect to the world frame, {F0}, is
given by:

ω1 =

00
1

 ; ω2 =

−1
0
0

 ; ν3 =

00
1

 ; ω4 =

−1
0
0

 ;

ω5 =

10
0

; ν6 =

00
1

 ; ω7 =

10
0

, (2)

where subscript in ωi or νi corresponds to the joint ji, with
i ∈ [1, 7]. The position vector, qi, of a point on the axis of
rotation relative to the world frame, {F0}, for each revolute
joint, is given by:

q1, q2 =

00
0

 ; q4 =

 0
0
lp

 ; q5 =

 0
0

lp + lpd

 ; q7 =

 0
0

lp + lpd
+ld

, (3)

where lpd denotes the length of the rigid link between the
proximal and distal joints. The twist coordinate, ξ ∈ R6, for a
revolute joint is given by ξ = [−ω × q, ω]T and for prismatic
joint is given by ξ = [ν,0]T. Using the twists, ξ̂i ∈ se(3), the
forward kinematics of the RSEC can be determined through
the product of exponentials [25], given by:

g0
st(Θ) =

( 7∏
i=1

eξ̂iθi
)
g0
st(0) =

 R0
st

px
py
pz

01×3 1

 ∈ SE(3),

(4)
where subscript, i, in ξ̂i and θi corresponds to ji, R0

st and
[px, py, pz]

T is the orientation and position of the tool-frame,
{Ft}, given in the world frame, {F0}, respectively. The
homogeneous transformation matrix relating {Ft} to {F0},
when the RSEC is unactuated, g0

st(0), is given by:

g0
st(0) =

1 0 0 0
0 1 0 0
0 0 1 lp + lpd + ld + lde
0 0 0 1

 ∈ SE(3), (5)

where lde denotes the length between the distal tip of the
distal joint to the tip of the cannula.

2) Inverse Kinematics: To achieve task-space control, the
joint angles are identified for a desired point Pdes (px, py, pz)
in space with respect to the world frame, {F0}. Deriving
closed-form equations for the joint angles for a given de-
sired point is not possible for the RSEC because of the
highly nonlinear nature of the forward kinematic equations.
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Therefore, in this study, the inverse kinematics are derived
through optimization, which is a popular technique often
employed for such robots [26]. The algorithm to compute
the inverse kinematics is as follows: Firstly, the plane of
bending of the cannula characterized by θr is determined.
Due to the mechanical structure of the cannula consisting of
two joints bending in opposite directions, for a given (px,py),
two possible values of θr can exist. These values are given
by θr1 and θr2 , and are determined using the atan2 function.

Secondly, for θr1 and θr2 , the values of the two bending
joint angles (α = [θp, θd]) are determined using constrained
optimization. This is accomplished by utilizing the possible
values of θr, the desired reference point, constraints on the
range of the joint angles (θp,θd), and the initial guess for the
joint angles (θp0

,θd0
). We used the constraint optimization

solver, fmincon (MATLAB 2024a, The Mathworks Inc.,
Natick, MA) to solve for the joint angles (θp and θd) and
obtain two solutions corresponding to θr1 and θr2 . The cost
function, J , for the optimizer is chosen to be the square of
the Euclidean distance between the desired point Pdes and
the point P̃ obtained for given joint values using the forward
kinematics mapping. Lastly, from the two sets of solutions,
the solution set that results in the minimum cost function
value is selected as the desired joint angle. The algorithm
is detailed in Algorithm 1 where f(α, θr) is the forward
kinematics mapping, and P̃ = [p̃x, p̃y, p̃z], is the position
for the given joint angle values. The algorithm is validated
in simulation for two trajectories shown in Fig. 3, where
the RMSE between the desired trajectory and the outputs
of Algorithm 1 are indicated.

Algorithm 1: Inverse Kinematics with Optimization
Input: Desired Pdes (px, py , pz)
Output: α = [θp, θd], θr
θr1 = −atan2(px, py)
if px > 0 then
θr2 = π − atan2(px, py)
else if px < 0 then
θr2 = −(π + atan2(px, py))
else θr2 = 0
J(α, θr)= |[p̃x, p̃y, p̃z]− [px, py, pz]|22 s.t. P̃ ←

f(α,θr)
α̂1 = min

α
J(α, θr1) s.t. 0 < α(1) < 5π

36
& 0 < α(2) < π

2

α̂2 = min
α

J(α, θr2) s.t. 0 < α(1) < 5π
36

& 0 < α(2) < π
2

if J(α̂1, θr1) ≤ J(α̂2, θr2) then
| α = α̂1, θr = θr1
else
| α = α̂2, θr = θr2
end

C. Marker Segmentation
A marker-based approach is utilized to detect the bending

angle of the flexible joints of the RSEC (see Fig. 4). The
cannula was laser-micromachined with hatched regions at
the distal end and the base of the distal joint. These hatched
regions are filled with yellow paint for segmentation pur-
poses. The hatched regions are segmented in the endoscopic

Desired Trajectory
Algorithm 1 Solution

Desired Trajectory
Algorithm 1 Solution

(a) (b)

RMSE: 2.05 ×10-11 (mm)RMSE : 6.46 ×10-9 (mm)

Fig. 3. Algorithm 1 validation for a desired trajectory using simulation.
Results with (a) Trajectory 1, and (b) Trajectory 2.
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Fig. 4. (a-1) Raw image and (a-2) segmented image with proximal and
distal markers of the RSEC in unactuated state. A zoomed-in view of the
distance between the (b-1) proximal marker in the frame at first instance
(M10 ) and in the actuated state (M1), and (b-2) proximal (M1) and distal
(M2) markers when the distal joint is actuated.

camera image based on the Hue, Saturation, and Value (HSV)
color-space segmentation thresholds. The image is corrected
for distortion, binarized using the HSV threshold values,
and erosion and dilation functions are used to eliminate any
speckles in the image. The centroids of the two largest re-
gions are stored as the centroids of the markers. Furthermore,
only the region in the image that can contain the projection
of the markers based on the workspace of the cannula is
searched during the segmentation process.

D. Joint Angle Estimation Algorithm

The change in the position of the EM-tracker sensor is
utilized to estimate the rotation angle, θr, of the cannula.
When the RSEC is in its home configuration, the position
value is Pemi(pemix , pemiy , pemiz ). At any time instance for
a position Pemt(pemtx , pemty , pemtz ), the rotation angle is
estimated using the following relation:

θr = 2asin(
||Pemi

− Pemt
||

2r
)sgn(pemiz

− pemtz
), (6)

where r, which is determined experimentally, is the distance
between the central axes of the EM-tracker sensor and the
cannula (given in Table I), and sgn denotes the signum
function. It is noted that Pemi and Pemt are measured in
the frame attached to the EM-tracker.

The camera model in combination with the forward kine-
matics model of the RSEC is utilized to estimate the joint
angles. Utilization of the kinematic mapping of continuum
robots has shown computationally efficient estimation of
joint angles [27]. The marker at the base of the distal joint,
‘M1’, is used to estimate the proximal joint angle. The
distance between the marker at the tip of the distal joint,
‘M2’, and ‘M1’ is used to estimate the distal joint angle.
As stated earlier, the origin of the world frame is considered
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to be at the base of the proximal joint. The world frame is
offset from the camera frame by a distance of hd in the Y -
direction and is rotated by an angle of θc about the Z-axis of
the camera frame. Using the camera intrinsic and extrinsic
parameters [28], the projection (u,v) of any point (px,py ,pz)
on the image plane of the camera is given by:

u ∗ k
v ∗ k
1 ∗ k

 =

fx S u0

0 fy v0
0 0 1

c(θc) −s(θc) 0 0
s(θc) c(θc) 0 hd

0 0 1 0


pxpypz
1

 ,

(7)
where k denotes the scale, fx and fy denote the focal length
of the camera along its X-axis and Y -axis respectively, S
denotes the skew, (u0, v0) denote the pixel coordinates of the
optical center of the camera, c(·) and s(·) are the cosine and
sine functions, respectively. Since, only a rotation about the
Z-axis is assumed, k = pz . The coordinates of the centroid
of the markers in the image are denoted as (um1 ,vm1 ) for
M1 and (um2 ,vm2 ) for M2.

1) Proximal Joint Angle Estimation: To estimate θp using
endoscopic imaging, firstly, a 2D map is created for the
change in position of M1 with respect to its initial position.
The initial position of M1 is obtained when the robot is in
its unactuated state. It is noted that the surface of the cannula
that is closer to the camera is visible in the image plane. The
camera is offset in the negative Y -direction with respect to
the world frame, {F0}. Therefore, the portion of the marker
visible in the image plane is offset in the negative Y -direction
from the world frame by the outer radius of the cannula. This
offset is considered while using the forward kinematics to
compute the position of the markers. The 2D map, computed
for different values of θp and θr, utilizes the forward kine-
matic equations to determine the position as follows: Based
on the respective ranges, θp and θr are discretized using a
1◦ step-size. The range of θr is [−180◦, 180◦] and θp is
[0◦, 25◦]. For each value of θr and θp, the position of the
centroid of M1, denoted by PM1 = [PM1,x, PM1,y, PM1,z]

T ,
is computed using the forward kinematics and is given by
the following equation:

PM1,x

PM1,y

PM1,z

 =


s(θr)(lM1s(θp) + lp

1−c(θp)

θp
− roc(θp))

c(θr)(lM1s(θp) + lp
1−c(θp)

θp
− roc(θp))

lM1c(θp) + lp
s(θp)

θp
+ ros(θp)

 , (8)

where ro and lM1 denote the outer radius of the cannula and
distance from the center of the M1 to the distal end of the
proximal joint, respectively (shown in Fig. 2).

Using Eq. (7), the different position coordinates of M1

are projected onto the camera frame. For each projected
coordinate, the Euclidean distance between the projected
coordinates of the robot in its unactuated state, and its
current state is computed and is denoted by d̂p. This process
is accomplished before the start of the experiment. The
generated 2D distance projection map is stored as a matrix
and is used as a look-up table to determine the measured
value of θp.

Secondly, the experimental value of θr is determined based

on the EM-tracker position data. We assume that the joint
is in its unactuated state at time t0, when the first frame is
captured, and the centroids for M1 are given by (uM10

,vM10
).

Thirdly, at any given instant of time, the projection of the
centroids for M1, given by (uM1

,vM1
) are determined. This

is followed by computing the Euclidean distance between
the initial position of the centroid and the current position of
the centroid, dp, as shown in Fig.4 (b-1) using the following
equation:

dp =
√
(uM1

− uM10
)2 + (vM1

− vM10
)2. (9)

Finally, for a given value of dp and θr, the value of θp that
results in d̂p ≈ dp, is selected from the 2D map, as the
measured proximal joint angle.

2) Distal Joint Angle Estimation: Similar to the proximal
joint estimation, to estimate θd, firstly, a look-up table
is created. However, unlike the proximal joint estimation,
which utilizes a 2D map with d̂p values, the distal joint
estimation uses a 3D map, which is generated using the
discretized values of θr, θp, and θd. For each of these
discretized values, the position of the centroid of M1 is
computed as stated above. The position of the centroid of
M2, denoted by PM2 , is computed using forward kinematics
and is given as follows:

PM2,x

PM2,y

PM2,z

 =



s(θr)(lp
1−c(θp)

θp
+ lpds(θp) + ld(

c(θd−θp)−c(θp)

θd
)

−lM2s(θd − θp)− roc(θd − θp))

c(θr)(lp
1−c(θp)

θp
+ lpds(θp) + ld(

c(θd−θp)−c(θp)

θd
)

−lM2
s(θd − θp)− roc(θd − θp))

lp
s(θp)

θp
+ lpdc(θp) + ld(

s(θp)+s(θd−θp)

θd
)

+lM2
c(θd − θp) + ros(θd − θp)


,

(10)

where lM2
denotes the distance from the distal end of the

distal joint to the center of M2 as shown in Fig. 2.
These coordinates are projected onto the camera frame

using Eq. (7). The Euclidean distance between the projected
coordinates of M1 and M2, denoted by d̂d, are computed
and used to generate the 3D distance projection map. This
process is accomplished before the start of the experiment.
The generated 3D map is stored as a matrix and is used
as a look-up table to determine the measured value of θd.
Secondly, the experimental values of θr and θp are deter-
mined based on the EM-tracker position data and endoscopic
imaging, respectively. Thirdly, at any given instant of time,
the projection of the centroids of M1 and M2, given by
(uM1 ,vM1 ) and (uM2 ,vM2 ), respectively, are determined. This
is followed by computing the Euclidean distance between
the position of the centroids of M1 and M2, dd, as shown
in Fig. 4 (b-2) using the following equation:

dd =
√
(uM2

− uM1
)2 + (vM2

− vM1
)2. (11)

Finally, for a given value of dd, θr, and θp, the value of θd
that results in d̂d ≈ dd, is selected from the 3D map, as the
measured distal joint angle.

The horizontal distance hd, shown in Fig. 1(b-2), is chosen
such that the markers are visible in the imaging plane. When
the camera is placed away from the cannula, the segmented
region of the markers increases in the image plane. However,
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since the distance between the camera and the cannula
increases, the markers move away from the optical center
of the image, thereby going out of the FOV of the camera.
For a given hd, M1 and M2 lie farthest from the camera,
when θp = θpm

(θpm
= max(θp)), θr = 0 and θc = 0◦.

To obtain a simplified expression to estimate hd, we neglect
the skew in the intrinsic camera matrix. The projection of
the centroid of M1 and M2 can be given by (0,vM1 ) and
(0,vM2 ), respectively, and vM1 and vM2 can be given by:

|vM1
− v0|

fy
=

|(PM1,y) + hd|
PM1,z

;
|vM2

− v0|
fy

=
|(PM2,y) + hd|

PM2,z
,

(12)
where hd is chosen to be the maximum value for which vM1

and vM2 lie within the image plane.

E. Control Strategy

Firstly, the RSEC is controlled in an open-loop manner to
reach a desired point, Pdes, with respect to the world frame
of the robot, {F0}. For this purpose, the inverse kinematics
mapping is utilized to obtain the desired joint angles: θr,
θp, and θd for a given Pdes in the workspace of the robot.
The joint statics models for the rotation joint, UAN joint,
and the BAN joint derived in [9] are used for obtaining the
desired tendon stroke values for the motor inputs. The joint
statics models only consider the loading cycle of the joints
and neglect the friction and hysteresis. Therefore, feedback is
used to further enhance the control of the RSEC (see Fig. 5).

Secondly, the RSEC is controlled in a closed-loop manner
by utilizing feedback to correct for the joint angles. The
rotation angle, θrm , is estimated using Eq. (6) using the
EM-tracker feedback, and the bending joint angles (αm)
are estimated using the joint angle estimation algorithm. In
addition to the inverse model, a proportional gain controller
is used to correct the error in the estimated and desired joint
angle values obtained from the inverse kinematics mapping.
The proportional gain of the controller is tuned heuristically.
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Fig. 5. Block diagram for (a) open-loop, and (b) closed-loop control. Pdes,
θdes, θmot, θact, αm, and θrm , are the desired position in the workspace of
the RSEC, the desired joint angles, the motor inputs, the actual joint values,
the bending joint angles estimated by the joint angle estimation algorithm,
and the measured rotation angle from the EM-tracker, respectively.

III. RESULTS

A. Camera Calibration

The calibration for the endoscopic camera was performed
using a checkerboard pattern. A total of 105 images were
grabbed, and Camera Calibration Toolbox (MATLAB 2024a)
was used to obtain the camera parameters. The intrinsic
matrix for the camera was determined to be as follows:

𝜃𝜃𝑟𝑟 = 0

(b)(a)

𝑑𝑑 𝑝𝑝
(𝑝𝑝
𝑝𝑝𝑝𝑝
𝑝𝑝𝑝𝑝
𝑝𝑝)

𝑑𝑑 𝑑𝑑
(𝑝𝑝
𝑝𝑝𝑝𝑝
𝑝𝑝𝑝𝑝
𝑝𝑝)

𝜃𝜃𝑟𝑟

Fig. 6. Distance map for estimating (a) θp and (b) θd (at θr = 0).

K =

260.4 −0.2965 191.65
0 259.9 199.57
0 0 1

 (13)

The maximum value of hd using the intrinsic parameters,
θpm = 25◦, and vM1 = 5 pixels (chosen > 0 pixel such that
a considerable part of the marker is within the image), is
computed to be 5.63 mm and for vM2

= 5 pixels is computed
to be 7.55 mm from Eq. (12). To ensure that both the markers
appear in the image with at least 5 pixels, the smaller value
of the two obtained values of hd is selected. To account for
any unmodeled phenomenon, hd was chosen to be 5.5 mm.

B. Validation of Joint Angle Estimation Algorithm

To validate the joint angle estimation algorithm, firstly, we
generate the 2D map for the proximal joint and the 3D map
for the distal joint based on the possible joint values as shown
in Fig. 6. Secondly, we evaluate the algorithm for different
trajectories. To do so, the bending angles are measured
using a 6-DoF EM-tracker (Aurora, Northern Digital Inc.,
Waterloo, Ontario, Canada) attached to the tip of the cannula,
which are considered to be the ground truth values (θr(EM),
θp(EM), θd(EM)). It is noted that the 6-DoF EM-tracker is
used only for the purpose of validating the proposed control
strategy and is not intended for inclusion in the robotic
system. The joint angles (θp(IM), θd(IM)) are estimated
using the image feedback and the 5-DoF EM-tracker system.
The proximal joint estimation is verified for θr ≈ 0 in
Fig. 7(a) and a varying rotation angle in Fig. 7(b). The distal
joint estimation is verified for θr ≈ 0 and θp ≈ 0 in Fig. 7(c),
for θr ≈ 0 and a varying θp in Fig. 7(d) and for θp ≈ 0 and a
varying θr in Fig. 7(e). The root-mean-square-error (RMSE)
values for joint angle estimation for the five trajectories are
given in Table II.

C. Control Experiments

To validate the proposed control strategy, we evaluate
the RSEC to track the desired trajectories in the cannula’s
workspace. To estimate the desired joint angles (θdes) re-
quired for reaching a desired point Pdes in space, we utilize
the inverse kinematics mapping. Furthermore, the desired
joint angles are used to compute the desired tendon stroke
values using the joint statics models. In addition, to correct
for the errors due to the unmodeled effects in the statics
models, the EM-tracking and imaging feedback are utilized
with the developed models to achieve closed-loop control.
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(a) (b) (d) (e)(c)

Fig. 7. Validation experiments for Joint Angle Estimation Algorithm. Validation of proximal joint estimation for: (a) θr ≈ 0, and (b) varying θr . Validation
of distal joint estimation for: (c) θr ≈ 0 and θp ≈ 0, (d) θr ≈ 0 with varying θp, and (e) θp ≈ 0 with varying θr .

(b-1)

(d-2)

(a-1) (a-2) (b-2)

(c-1) (d-1)(c-2)

Fig. 8. Control experiments for: (a-1) Trajectory 1: The desired trajectory, actual trajectory for open-loop case (Actual Trajectory-OL), and closed-loop
case (Actual Trajectory-CL) are shown. (a-2) Trajectory 1: The desired bending joint angle at the tip (θtip-Des), the actual joint angle for open-loop (θtip-OL)
and closed-loop (θtip-CL) control are shown. Similar plots are shown for: (b-1)-(b-2) Trajectory 2, (c-1)-(c-2) Trajectory 3, and (d-1)-(d-2) Trajectory 4.

The performance of the controller in open-loop and closed-
loop is shown in Fig. 8, and the RMSE value for the error
in the position measured by the EM-tracker and the desired
position is given in Table III. The desired (θtip-Des) and the
measured bending joint angles at the tip of the cannula are
shown in Fig. 8 for each trajectory for the open-loop (θtip-OL)
and the closed-loop (θtip-CL) experiments. It is to be noted
that the tip positions shown in Fig. 8 are the positions of
the center of the EM tracker placed at the tip used for
validation; thus, the desired positions in the trajectories are
calculated by adding the length from the cannula tip to the
center of the tracker to the overall length of the cannula
(lde is adjusted to be 7.4 mm). The tip bending angle of the
cannula θtip is given by |θp− θd|. The RMSE value between
the desired tip angle and the measured tip angle for the
given trajectory is given in Table III. The experiments show
sub-mm accuracy in reaching the desired positions using
the proposed strategy. Prior literature showed tip position
errors of 4.18 mm, 1.24 mm, and 1.29 mm, in [18], [19], [21],
respectively with real-time performance shown in [19] and
[21] wherein the computation times for pose estimation were
stated as 800 ms and 41 ms.

D. Discussion

Using the proposed control strategy, the experiments ex-
hibited sub-mm accuracy in reaching the desired positions
in the workspace of the cannula. Furthermore, the search
for the estimated bending joint angles using the joint angle
estimation algorithm is achieved within approximately 3 ms.
The experiments were performed using a computer with 32

GB RAM, which runs at 3 GHz speed. The processing time is
within the frame rate of the camera used in this work, thereby
facilitating real-time control. Additionally, for rotation angle
estimation, another sensor such as a hollow shaft encoder,
can be utilized at the base of the cannula to measure the
rotation. However, irrespective of the sensing method used
for the estimation of θr, the image-based control algorithm
should remain the same.

TABLE II
RMSE FOR VALIDATION OF JOINT ANGLE ESTIMATION

Fig. No. Fig. 7(a) Fig. 7(b) Fig. 7(c) Fig. 7(d) Fig. 7(e)
RMSE 1.12◦ 1.63◦ 2.74◦ 4.60◦ 3.08◦

TABLE III
CONTROL EXPERIMENTS RMSE-VALUES.

Fig. No. Fig. 8(a) Fig. 8(b) Fig. 8(c) Fig. 8(d)
Pdes RMSE-OL 0.82 mm 0.53 mm 1.06 mm 0.93 mm
Pdes RMSE-CL 0.49 mm 0.35 mm 0.70 mm 0.73 mm
θtip-Des RMSE-OL 4.3◦ 1.7◦ 5.4◦ 4.3◦

θtip-Des RMSE-CL 3.1◦ 1.4◦ 2.4◦ 2.5◦

A few aspects of the system that can be further improved
are as follows. Firstly, the segmentation approach utilized
in the control strategy may not perform efficiently in the
presence of occlusion, drastic changes in the lighting, or
other similar phenomena that may appear in clinical settings.
This can be addressed by using machine learning tech-
niques for robust segmentation or by combining the proposed
approach with other sensing methods [29]. Secondly, the
camera utilized in this work has a limited FOV that restricts
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the workspace in which the cannula can be controlled. This
is similar to clinical scenarios, where the cannula is often
controlled by the clinician only in the FOV of the camera.
This issue can be circumvented by utilizing a camera with
enhanced FOV. Lastly, a proportional gain controller was
employed in this work, which exhibited acceptable perfor-
mance. However, the control performance can be further
enhanced by utilizing advanced control strategies such as
adaptive control [30] or sliding mode control [31].

IV. CONCLUSION

This paper presents a control strategy for a robotically
steerable endoscopic cannula. The proposed strategy utilizes
imaging feedback from an endoscopic camera and EM-
tracking feedback. An algorithm to estimate the joint an-
gles using endoscopic feedback is proposed. Furthermore,
an inverse kinematic model of the RSEC, derived using
optimization, is used to compute the desired joint angles
for the controller. The proposed control method exhibited
acceptable performance in tracking the desired tip position
of the RSEC. The methods presented in this work can
potentially be used for other robotically steerable tools for
real-time control. Future work will focus on adapting the
proposed method to a neuroendoscopic tool consisting of two
cannulas and utilizing sensor fusion approaches employing
shape estimation through strain sensing, along with the
proposed approach.
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