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Robust LPV Modeling of Precision Motion Systems via
Edge-Theorem Verification

Yazan M. Al-Rawashdeh

Abstract— This work proposes a systematic workflow for con-
structing grid-based Linear Parameter-Varying (LPV) models
from frequency response data. Transfer functions are estimated
at multiple scheduling-parameter grid points, fitted with a
fixed model order, and transformed into controllable canoni-
cal realizations to ensure structural consistency. These vertex
models are interpolated into an LPV state-space representation,
while robust stability is verified using the Edge Theorem,
which reduces the problem to checking edge polynomials of
the convex hull. The novelty of the approach lies in integrating
frequency-domain identification, canonical-form embedding,
and polytope-based robust stability analysis into a unified
LPV framework. Unlike conventional methods that rely on
time-domain experiments or subspace techniques, the proposed
method exploits experimentally accessible frequency-response
data and avoids coordinate mismatches during interpolation.
Validation on a precision motion system demonstrates both
theoretical soundness and practical applicability, confirming the
workflow as a reliable pathway from frequency-domain data to
robust LPV control design.

I. INTRODUCTION

Accurate models are essential for model-based control,
system identification, and learning applications [1]. In indus-
trial contexts such as semiconductor manufacturing, reliable
models enable a workload distribution based on tracking
error budgets [2]. Precision motion systems such as wafer
scanners exhibit position-dependent dynamics [1], [3], non-
linearities [4], and resonance shifts from local linearizations
[5], complicating modeling and control. Nonlinear methods
[4], [6] capture rich dynamics, but are rarely controller-
friendly, while linearized models are tractable, yet only
locally valid [5].

Robust control [7] and gain-scheduling [8] mitigate these
issues, but face conservatism or stability limitations. Lin-
ear parameter-varying (LPV) control provides a systematic
alternative, although its success depends on the quality of
the underlying LPV model [9]. Identification remains chal-
lenging: subspace methods [10] face state alignment issues,
nonlinear block models [11] are complex, and multi-model
techniques [6] struggle with robust stability.
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This work proposes a frequency-domain workflow for
LPV modeling based on experimentally obtained frequency
response functions (FRFs) [1], [12]. FRFs are fitted with
fixed-order transfer functions, converted into controllable
canonical realizations for automatic state alignment [8], [13],
and interpolated into a polytopic LPV model. Stability is
verified using the Edge Theorem [14], [15], reducing the
analysis to a finite set of edges.

Compared to gain-scheduling [8], [13], subspace methods
[10], and regression approaches [16], our workflow combines
frequency-domain fidelity, consistent state alignment, and ro-
bust stability checks in a modular, MATLAB-implementable
process. The main contributions are: (i) a systematic FRF-
based LPV modeling workflow; (ii) canonical realizations
for state consistency; and (iii) Edge Theorem-based stability
guaranties.

The paper is structured as follows: the problem statement,
system handling, and the outline of the proposed method
are provided in Section II, the characterization of the driven
motion system using random walk steps is discussed in
Section III, and the experimental verification is presented
in Section IV. Final remarks are provided in the last section.

II. MATHEMATICAL MODELING OF MOTION SYSTEM

1) Problem Statement: Adopting the input-output per-
spective from the desired motion (p,4(t)) to the actual motion
(pa(t)) yields the system > depicted in Fig. 1.

Let the x-y plane spatial dynamics of the motion system
shown in Fig. 2 be captured using a linear parameter-
varying model structured in the controllable canonical form.
Mathematically, this is given as

C(t) = Ay(B4(1)) C(t) + By za(t)
24(t) = Cy(0c(t)) C(t) + Do (0p(t)) xa(t) + va(t)
n(t) = Ay(a(t)) n(t) + By yalt)
Ya(t) = Cy(vpc(t)) n(t) + Dy(¢p(t)) yalt) + vy (1), (1)

where x, and y, denote the approximate positions along
the z and y axes, and ¢ € R"*! denotes the states
vector associated with the z-axis motion, additionally with
A, € R"™X" a5 the system matrix, B, € R"%*! as
the input matrix, C, € R!X"= as the sensors matrix,
D, € R as the feedforward matrix, z4(t) as the desired
position along the z-axis, and v, (t) as a random process
with Gaussian distribution capturing the z-axis modeling
errors. The varying parameters affecting the spatiotemporal
variation of the matrices A,,C, and D, are 4(t) =
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OA(xd(t)ayd(t)) = [0A7nm_1(t)7 T aeA,O(t)]T € Rr=x1,
Oc(t) = Oc(za(t),ya(t)) = [Ocm,—1(t), -+ 0co(t)]" €
R">*! and Op(t) :== Op(xq(t),ya(t)) € R, with y4(t) € R
denoting the desired position along the y-axis. Similarly,
the associated variables related to the motion along the y-
axis, as given in (1) follow where n, is used instead of
n, to specify the model order in the y-direction. Note that
ng and n, may be different, in general. Moreover, the pair
p(t) = (zq(t), ya(t)) is used as the scheduling parameter.
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_ Zobef

Desired Trajectories

:—P
X

Fig. 1.  The closed-loop representation of the driven motion system
according to the combined feedforward-feedback control schema.
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Fig. 2. The working space of the driven motion system showing a square
grid of dimensions A, x A, and the linear chirp excitation signal used.

Remark II.1. Utilizing the controllable canonical struc-
ture in (1) results in reducing the number of parameters used.
For example, instead of having 4(t) € R™X1 Q4(t) €
R <1 s used.

Recalling Remark II.1, the number of parameters needed
in (1) to model the z-axis motion is equal to 2n, + 1
considering 04(t),0¢(t) and Op(t). Similarly, the number
of parameters needed in (1) to model the y-axis motion is
equal to 2n, + 1 considering 1 4(t), ¥c(t) and ¢p(t). In
total, 2 (ny + ny) + 2 parameters are needed in (1). The
structures of the matrices A, B,, C,, and D, are given as

Am(t) = 9A,nw71(t)"' 9A’0(t> aBz = []woa"' 70]T
ne—1xng—1  Ong—1x1
C.(t) = 0o, —1(t), - ,000(t)], Du(t) =Opo(t), (2)

where I is the identity matrix, and O is the zero vector.
Similarly, the matrices A, By, C,, and D, can be obtained
using n, and 14 (t), ¥ (t) and 1pp(t) parameters associated

with the motion along the y-axis. Interestingly, a similar
structure to (2) - with D, (¢) = 0 - was used in [5]. Having
D.(t) # 0 will be useful in error compensation, as will
be discussed in this study. More details about (1) will be
provided in the coming subsections.

2) Working space and test points: Consider the motion
system shown in Fig. 2, where the working space is parti-
tioned into an N, x N, grid with cell dimensions (Az, Ay).
A finer grid improves model accuracy at the expense of
computational effort. Each corner of the grid defines a test
point, yielding N,N, points in total. At each test point,
the system—kept active and fully controlled—is excited
locally by a small reciprocating motion driven by a chirp
signal of amplitude ¢, or &, and frequency range f €
[fmins fmaz)- The resulting frequency response functions
(FRFs) are recorded. A similar concept was used in [5],
though restricted to three points along a single axis. The grid
resolution is constrained by the experiment economy [17].

These local FRFs are essential for fitting stable transfer
functions of order n, or n,. Various methods can be applied,
such as quadrature-based vector fitting [18] and subspace
identification [19]; in this work, MATLAB’s tfest is
employed. The fitting quality depends strongly on both the
chosen model order and the bandwidth (BW) of interest,
which also influences the parameter count in (1). For in-
stance, Fig. 3 shows the y-axis FRF at (50, 50) fitted with
order n, = 3, where a BW of 100 Hz yields a stable and
satisfactory model with 96.22% fit percentage. This example
highlights the interplay between model order {n,,n,}, BW,
fit percentage, and parameter count in (1), underscoring the
need for careful trade-offs in constructing accurate and stable
local models.

n,=3
BW = 100 Hz
Stable

FRF Data
Fit Percentage: 96.22%

Magnitude (dB)
A N oM B O

10’ 102
Frequency (Hz)

Fig. 3. The fitting results of the y-axis FRF at the test point (50, 50)
obtained using the MATLAB function t fest with order n, = 3 resulting
in a stable transfer function for BW 100 Hz.

To preserve the structure of the matrices used in (1)
for a specific BW, both n, and n, must be constant
throughout the entire working spaces, i.e., at each test point,
where the resulting single-input single-output (SISO) linear
time-invariant (LTI) transfer functions G;(s) = C;(sI —
A)™'B; +D;i = 1,2,--- ,N;N, - s € C being the
complex frequency variable - are stable with satisfactory
fitting percentages (preferably > 95%). This will result
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in a uniform mesh. Moreover, it is worth noting that the
MATLAB function t fest produces strictly proper transfer
functions (D; = 0); therefore, the steady-state errors for
these transfer functions may not be zero.

To eliminate the tracking error e, (z;,y;,t) steady-state
value e,__(x;,y;) at the i-th test point in the z direction, for
example, mainly due to a step input U(s) = a/s,a € R
is its amplitude, an error compensation mechanism must be
involved such that G;(0) = fCiAi_lBi + D; = 1. To that
end, a feedforward path is realized with D; # 0 whose value
is given using the final-value theorem as

lim e, (z;,yi,t) = e, (T5,y;) = a — lim sG;(s)U(s) =0
t—o0 = s—0

—a—lim sGi(s)% =1-G4(0)=0

s—0
=1+C;A;'B,-D, =0
=D;=1+C;A;'B,, 3)

and is referred to as the static spatial error compensation.
Interestingly, if A; is ill-conditioned, then D; in (3) may not
be calculated correctly. As a remedy, the order n, or n,,
should be adjusted- typically reduced. The local SISO and
LTT system that approximates the dynamics of the motion
system at the vicinity of the i-th test point (X;(xi,yi) =
(A;,B,C;,D;)),i=1,2,--- ,N,N, is given along the z-
axis as

Ct) =AiCt)+Buzy(t)
zq(t) = C;¢(t) + Diza(t),

where D; # 0 is the contribution of the proposed error
compensation mechanism and not directly obtained from
the t fest function. Similarly, ¥, (x;,y;) can be defined.
Now, consider the convex hull comprised of the four vertices
{v1,v2,v3,v4} corresponding to four adjacent test points.
Creating a convex hull of these vertices yields the dynamics
along the z-axis given as

Yo, (@i, y) = { 4

Au(04() =3 i) Ais Ca(Bc(t)) =3 ealt) €
D,(6p(t) = ai(t) D, Z ai(t) =1, at) >0,
i=1 =1 (5)

with a;(t) = ai(p(t)) = ai(za(t),va(t)),i = 1,2,3,4
as the linear interpolating parameters. The proposed error
compensation mechanism along the x-axis, for example, can
be refined by introducing an additional term (g, (t) # 0)
in the feedforward path when |e,(t)] = |es(x,y,t)] =

Q4 Q3
V4,24 v3, 23

[ ‘Ta,ya)
Qa1 Q2

’U1721 ’U2722

Fig. 4. The convex hull of a grid comprising four vertices and containing
the point (Za,Ya)-

|xa(t) — z4(t)] > ., with é,(w) > 0 € R denoting the
motion system precision at the operating frequency w (rad/s),
which is usually known by observing the tracking error, for
example. Mathematically, it is given as

lex(z,y, )| = |za(t) — {2a(t) + g2 (t) Ta}| < 00(w)
ex(t) — 0z (w) ex(t) + 9z (w)

w0 <gu(t) < = o) y2a(t) # 0
_ex(t) = 0z(w)
=q.(t) = BETORE +
{ez(t) + 8 (w) B ex(t) — 0z (w) } .
xd(t) J)d(t) *
= gu(t) = %(t) {ealt) + (270 — 1) (@)}, za(t) £ 0
r5 ~ Unif(0, 1) (6)

where 7, is a random number drawn from a uniform dis-
tribution (Unif), with a mean equal to 0.5. Using (6) in (5)
yields the LPV system dynamics along the z-axis, including
the full error compensation mechanism, which is given as

¢(t) = Au(84(1)) C(t) + By zalt)
2alt) = C.0c() 1) + (Do (0p(1) + 0. (1)} )
- {3e-cm e+

{;ﬁz(eD(t)) + ;} z4(t) + (Tr - ;) 0a(w)

= C$<ec(t)> C(t) + Dz<9D(t>) md(t) + Va:(t)v (7

which is the motion system along the z-axis given in (1).

Similarly, the LPV dynamics along the y-axis can be derived.
3) Steps of the proposed workflow: According to the

proposed workflow, it is required to do the following:

o To model the motion system as an LPV model

1) Determine the needed grid resolution, i.e., (IV, x
N,) vertices.

2) Obtain the FRF response at each vertex.

3) Determine the orders n; and n,.

4) Fit monic and, preferably, strictly proper stable
transfer functions at each vertex, e.g., use tfest
built-in Matlab function. The fitting percent should
be acceptable according to the study objectives.
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Fig. 5. An illustrative simulation outline based on the proposed workflow
showing the z-axis only with n; = 3. The y-axis outline follows
seamlessly.

5) Convert the obtained transfer function into SISO
state-space canonical representation, e.g., control-
lable.

6) Store the resulting matrices {A;,C;}, and the
calculated static error compensation value D;.
Note that B is fixed and known for all the vertices,
assuming that a fixed-order controllable canonical
form is used along the same axis of motion.

7) Check global stability. If passed, then proceed;
otherwise, go to step 3.

8) Linearly interpolate the matrices, or equivalently
their parameters, convexly via the scheduling pa-
rameter p = (x4,yq) evaluated at each vertex in
the grid.

9) Store the interpolated parameter surfaces into
lookup tables to be used in the simulation envi-
ronment.

10) Build the simulation model similar to the outline
depicted in Fig.5.
o To check the obtained LPV (open-loop) stability

1) Local stability: Make sure that all the fitted trans-
fer functions or A;,i = 1,2,---, N, N, matri-
ces are stable (Hurwitz) using the same orders
(ng,ny). You may use pole, eig built-in Mat-
lab functions.

2) Global stability: The well-known Edge Theorem
[15] can be used.

4) Satbility of LPV: According to the proposed method,
the FRF at each vertex v; at the grid position (z;,y;) along
the z-axis - for example - is fitted using a fixed-order n,
strictly proper transfer function with monic denominator and
is given as

10

ny—1,x

st b s 0l

et al) ), smel 4t al’) s + af)),
o le, (S)
pﬂfi(s)

G, (s) = +d?

(®)

where the superscript (i) denotes the vertex index. As stated
earlier, the built-in MATLAB tfest fits a strictly proper
transfer function of order n.; and therefore, d® = 0 is
obtained in (8).

Considering the design of the proposed workflow, the
(open-loop) stability of the resulting LPV model can be
preferably checked using the Edge Theorem [15]. This
theorem fits neatly in the proposed workflow because of
how the LPV system is built. Let /P be a polytope of real-
coefficient N polynomials of fixed degree n given by

P = conv{pi(s),...,pn(5) },

pi(s) =s"+ain18""" + - Faio, i=12,---,N.
Thus any p(s) € P can be written as
N N
p(s) = Z)\ipi(s)v A 20, Z)\i =1,
i=1 i=1

and the degree of p(s) is n for all convex combinations (i.e.,
no degree drop on the boundary). Denote by £ the set of
exposed edges of P, i.e.,

£ A {conv{pi,pj} ZTPJ}

where p;p; is an edge of the convex hull in coefficient space.
For a polynomial p, write p € H if it is Hurwitz (all roots
in the open left half-plane).

Definition II.1 (Robust Hurwitz stability on a family). A
set of polynomials S is robustly Hurwitz if every p € S is
Hurwitz.

Theorem II.1 (Edge Theorem for polynomial polytopes
[15]). Let P be a polytope of real polynomials of fixed degree
n as above. Then P is robustly Hurwitz if and only if every
polynomial on every exposed edge is Hurwitz, i.e.,

PCH <<= Vconv{p;,p;} €€,
{Api+ (1= Np; : A€ [0,1]} € H.

Equivalently, it suffices to check all one-dimensional ex-
posed edges.

Remark I1.2. The Edge Theorem is applicable for any
order ng,ny, and this is another reason why it fits neatly in
the proposed workflow.

III. POINT-TO-POINT POSITIONING CHARACTERIZATION

In this section, the driven motion system characterization
is discussed, c.f. [3], [20], under mainly the frequency-aware
B-spline (F-B-spline) motion profiles that are introduced in
[21]. Also in [21], the point-to-point tracking errors during
the random walk motion with no dwell are harvested at each
vertex in the grid that covers the working space or a portion
of it.
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1) Tracking error computation: At each i-th vertex, the
averaged tracking error (||e||;) is obtained by averaging the
associated tracking errors of each test run. The averaged
tracking error reduces the contribution of the measurement
noise and any path-dependent behavior of the motion system
and is given as [21]

Np,i
1 !

||6Hi - N, ; Z Ti k- + eii,k r ©
=1

where N, ; is the runs counted during which the i*" control
point is visited, NN;, is the repetition number of the i-th
vertex v; in each run.

2) Random Walk: A random walk process is a discrete-
time stochastic process that comprises sums of independent
and identically distributed random variables or random vec-
tors in Euclidean space [22]. This motion is used to assess
the LPV model quality of the studied motion system.

IV. EXPERIMENTAL WORK AND MODEL VALIDATION

The LPV model of the motion system in Fig. 7 is
validated using F-B-spline profiles [21]. The platform is a
450% 450 mm? Plglide HS XY scanner with 1 nm resolution,
driven by an ACS controller and H-configuration linear
motors [23]. Its workspace is meshed into 50 x 50 mm? grids
(81 vertices).

1) Selecting Error Bounds: Based on the tracking error
measurements [21] as depicted in Fig. 6, the value of
dz(w), dy(w) given in (7) can be determined as functions
of the operating frequency w. Since ||e|| is available, it is
assumed that 0, (w) = 6,(w) ~ pje)(w), where pje)(w)
denotes the mean of |le|| as a function of the operating
frequency w. These values are listed in Table I and ap-
proximated as normal distributions as depicted in Fig. 6.
Mathematically, from (6), having ¢, (t) = ¢, (t) = 0 requires
ex(t) ~ (1 — 2r;)0, and ey(t) ~ (1 — 2ry)dy; therefore, &,
can be given as

llell = WN Oa \/(m —1)24 (27, — 1)
where ry, 7y, ~ Unif(0,1).LetU = 2r, — 1,V =2r, — 1
= U,V ~ Unif(—1,1). Then,

Elllell] = ey = 6 E[ VT2 + V7] =
1 1

i(;x/ / \/u2+v2dudv:5x\/§+ln§1+\/§),
—-1J-1

5 3 Hjell
Y V24 In(1+v2)

= 0,

~ 1.3068552 pu|¢||
(10

In this study, 6, = 0, = ﬁu”eH ~ 1.4142 piyje)| is used
instead of the value given by (10). Note that in (10) the norm
of the tracking error is assumed to be drawn from a normal
distribution as depicted in Fig. 6 and U,V are drawn from
Unif distribution. Consequently, in (10), matching only the
mean values of the two distributions is achieved. To match
the variances instead, 0, ~ 3.51120)| with o). being

the tracking error standard deviation. To match the means
and variances simultaneously using a single §, value, the
condition Tlle| / Hle|| = 0.372 must be satisfied; otherwise,
it is impossible. More details are beyond the scope of this
study.

At each vertex, FRF,,FRF, are collected and stable
transfer functions are obtained with n,,n, = 9 and
BW of 600 Hz. These transfer functions are then converted
into state-space representation with fit percentage listed in
Table II along the z-axis. The y-axis systems have similar
results. Stability is ensured by Theorem II.1. The interpo-
lated parameters of A;, C;,,D; matrices are generated via
MATLAB curveFitter [24].

TABLE I
THE VALUES OF ||| FOR THE LPV MODEL BASED ON THE TRACKING
ERRORS MEASUREMENTS [21].

w (rad/s)
el (pm)

40
0.123

50
0.39

60
0.83

70 80
095 | 1.11

90
2.29

200

N

2.5 3 3.5

x1073

0 Al
0 0.5 1

Fig. 6. The statistical analysis of the collected measurements [21] showing
almost normal distribution of the working space sampled tracking error over
a grid of size 10 mm using w € {40, 50, 60, 70, 80,90} rad/s.

Using the random-walk map from [25], the results show
that n, = n, = 9 yields an accurate LPV digital twin of
the studied motion system, thereby validating the workflow
presented in this study.

2) Summary, Advantages, and Limitations: The proposed
workflow presents several attractive features. First, it bridges
frequency-domain and LPV modeling by enabling the di-
rect use of FRF data, which is widely available in many
engineering applications. Second, the use of a controllable
canonical form across all vertices ensures consistent in-
terpolation and well-defined LPV embedding. Third, sta-
bility is efficiently guaranteed using the Edge Theorem,
which transforms the infinite stability-checking problem into
a finite number of verifications. Finally, the workflow is
straightforward to implement, modular, and mathematically
transparent. Its experimental validation in a precision motion
system highlights its robustness and credibility for real-world
deployment. Nevertheless, there are several limitations. The
fixed-order requirement for transfer function fitting may lead
to either high model complexity or insufficient accuracy if
not carefully chosen.
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The Edge Theorem applies primarily to convex poly-
topes, which limits generalizability. Additionally, parameter-
derivative effects are not explicitly modeled (embedded in
the chosen LPV representation), scalability suffers with
decreasing grid dimension, and convex interpolation may
not perfectly capture nonlinear parameter dependencies. Al-
though these limitations are inherent to the workflow, the
demonstrated agreement between simulation and experimen-
tal results in a precision motion system suggests that the
method is resilient in practice.

Fig. 7. The motion system used in this study.

TABLE II
THE FITTING RESULTS (%) OF x-AX1S FRF RESPONSES USING STABLE
TRANSFER FUNCTIONS OF ORDER 9.

y x — 50 100 150 200 250 300 350 400 450
50 89.77 89.97 | 89.77 | 89.46 | 89.20 | 88.71 | 88.65 | 89.62 | 89.56
100 89.68 89.94 | 89.77 | 89.35 | 88.74 | 88.28 | 88.52 | 89.27 | 89.48
150 90.51 90.95 | 90.69 | 90.50 | 90.16 | 89.43 | 89.48 | 90.60 | 90.26
200 90.43 90.99 | 90.91 | 90.49 | 90.15 | 89.39 | 89.45 | 90.30 | 90.34

250 90.50 90.90 | 90.69 | 90.39 | 90.10 | 89.20 | 89.13 | 90.01 | 89.90
300 90.52 90.86 | 90.53 | 90.17 | 89.77 | 89.12 | 89.11 | 90.14 | 89.69
350 90.47 90.70 | 90.52 | 90.09 | 89.60 | 88.80 | 89.10 | 89.86 | 89.43

400 90.19 90.75 | 90.68 | 90.10 | 89.53 | 88.87 | 88.88 | 89.65 | 89.06
450 90.34 90.92 | 90.89 | 90.38 | 89.84 | 89.17 | 89.12 | 89.75 | 89.36

V. CONCLUSION

We proposed a workflow for constructing LPV models
directly from frequency-response data, combining canonical
realizations and Edge Theorem-based stability checks. Its
modularity, simplicity, and reliance on standard tools make
it attractive for practical adoption, while its integration of
canonical realizations and Edge Theorem stability analysis
ensures theoretical soundness. Validation on a precision mo-
tion system showed strong experimental-simulation agree-
ment. Future work targets advanced interpolation, scalable
stability analysis, and integration with LPV controller syn-
thesis.
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