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Abstract— Magnetic particle swarms are governed by rich
nonlinear collective dynamics that complicate predictive,
feedback-based control in biomedical microrobotics. We de-
velop a physics-based reduced-order ellipse model that de-
scribes the swarm morphology by its principal radii (r1, r2). At
steady state, these radii depend explicitly on magnetic-field cur-
vature, axial gradients, and actuation angular velocity through
anisotropic stiffness terms. Model parameters are identified
experimentally, yielding low validation errors (RMSE: 0.25 mm
for r1 and 0.42 mm for r2) and revealing pronounced stiffness
anisotropy (Sx/Sy ≈ 0.16). The resulting formulation provides
compact, interpretable equations that enable tractable control
design and feedback regulation of magnetic particle swarms.

I. INTRODUCTION

Magnetic control of micro- and nano-particle swarms has
emerged as a promising strategy for minimally invasive
biomedical applications such as microsurgery [1], hyper-
thermia [2], and targeted drug delivery [3]. By applying
external magnetic fields, it is possible to induce diverse col-
lective behaviors in particle ensembles suspended in fluids,
including aggregation, dispersion, translation, and rotation
[4]. Compared to single-agent microrobots, swarms offer
advantages in scalability, robustness, and fault tolerance in
complex environments where individual manipulation may
be impractical [5]–[7].

Despite these advantages, achieving precise and automated
control of swarm behavior remains challenging. Swarm dy-
namics are highly nonlinear, arising from dipole–dipole in-
teractions, hydrodynamic coupling, applied magnetic fields,
and external disturbances. Variations in actuation parame-
ters such as magnet position or rotation frequency induce
diverse morphologies, including ellipsoidal clusters, rod-
like aggregates, and multi-vortex states. Previous studies
have investigated how rotating magnetic fields generate such
patterns: Yu et al. [6] related vortex size and shape to driving
frequency and field strength; Kokot and Snezhko [7] reported
macroscopic vortices in magnetic rollers; and Petricenko et
al. [8] quantified swarm size and angular velocity in hematite
cubes. Related collective pattern formation under rotating
magnetic actuation has also been reported for spinning
magnetic micro-disks without an explicit focus on control-
oriented modeling [10].
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Fig. 1: Experimental setup: UR10e robotic arm with a spher-
ical magnet with a radius of 20mm, camera, and acquisition
system.

Several modeling and control frameworks have been de-
veloped to address swarm coordination. Yang et al. [11]
demonstrated feedback control of magnetic collectives, Xie
et al. [12] introduced reconfigurable multimode strategies,
Dong and Sitti [13] extended control to cooperative 2D
formations, and Chaluvadi et al. [16] proposed a covariance-
based kinematic model. Although these studies advanced
swarm control and characterization, they do not provide
explicit parametric descriptors that relate swarm morphology
to magnetic-field conditions, particle interactions, and fluid
effects. Dimensionless quantities such as the Mason number
partially capture the balance between viscous and magnetic
forces [14], [24], but they remain insufficient for predic-
tive closed-loop control, which requires compact, physics-
grounded reduced-order formulations [13]–[15].

Recently, computer vision and AI-based methods have
been developed to characterize swarm morphology and tran-
sitions in real time. Tang et al. [17] demonstrated real-
time AI control of nanoparticle collectives, Jiang et al. [18]
applied deep learning for adaptive swarm navigation, and
Xia et al. [19] introduced a physics-assisted AI framework
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Fig. 2: (a) Stepper-driven spherical NdFeB magnet mounted
on the robotic arm, generating a controlled rotating dipole
field (figure generated using OpenAI’s ChatGPT); and
Swarm morphologies: (b) ellipsoidal cluster, (c) rod-like
pattern, and (d) multi-vortex swarm formed by magnetic
microparticles under actuation.

capable of predicting multimodal swarm behaviors under
programmable fields. Although these approaches are power-
ful for monitoring and classification, they often lack physical
interpretability or direct links to governing equations. This
motivates the need for hybrid frameworks; physics-based
models that are compact enough for control while capturing
essential swarm features, and which can later be integrated
with AI for adaptability [20].

In this work, we develop a phenomenological reduced-
order model to predict the steady-state morphology of mag-
netic particle swarms. In contrast to particle-level models,
which are nonlinear and parameter-varying, the proposed for-
mulation yields compact, physics-grounded equations suit-
able for control. We consider neodymium–iron–boron (Nd-
FeB) particles actuated by a spherical permanent magnet
mounted on a robotic arm [21], [22], forming stable ellip-
soidal clusters relevant to biomedical applications [4], [23].
The model is validated through closed-loop simulations with
MIMO PID tracking and open-loop experiments, showing
good agreement with measured swarm morphologies and
enabling predictive feedback regulation.

This article is organized as follows. Section II presents
the reduced-order ellipse model and its parametric struc-
ture. Section III describes the experimental setup, swarm
phenomenology, and model validation. Section IV addresses
limitations, extensions to multimodal dynamics, and biomed-
ical implications. Finally, Section V summarizes the main
findings.

II. MODELING FRAMEWORK

A. Model Formulation

At the particle level, swarm behavior arises from nonlinear
dipole–dipole interactions, hydrodynamic drag, confinement,

and stochastic effects [9], [12]. Although qualitatively un-
derstood, the resulting many-body dynamics prevent closed-
form analytical descriptions at the collective scale. We there-
fore adopt a phenomenological reduced-order representation,
motivated by the rapid self-organization of particles into co-
hesive clusters observed experimentally. The cluster footprint
can be approximated by an ellipse with principal radii r1
and r2 (Fig. 2b), which serve as low-dimensional descriptors
of in-plane morphology. This abstraction enables tractable
parameter identification and control design while retaining
essential physical dependencies.

To simplify the reduced-order description, we adopt the
following assumptions :

1) The swarm centroid coincides with the center of the
applied rotating magnetic field. 2) The swarm envelope
rotates at the same angular velocity as the applied field
(ωswarm = ωm). In the following, experimental actuation is
specified in terms of the frequency fm(Hz), while the model
uses ωm. 3) Out-of-plane deformations are neglected, and the
swarm footprint is described solely by its in-plane principal
radii r1 and r2.

These assumptions are consistent with prior studies of
rotating-field-driven particle ensembles [6], [14], and allow
the model to capture the dominant morphology dynamics
while remaining tractable for control-oriented analysis.

The time evolution of r1 and r2 arises from three dominant
mechanisms:

a) Magnetic confinement: Dipole alignment and field
gradients pull particles toward the centroid, producing
anisotropic contraction. We approximate the confinement
strength along axis i ∈ {1,2} as

FB,i(ri;zm) = Kb,i Si(zm)(ri − ri,min)
β , (1)

where ri,min is the particle-packing limit, β adjusts the
nonlinearity of confinement, and Si(zm) is an anisotropic
stiffness function derived from field curvature and gradients
at the swarm–field distance zm. Here, Kb,i > 0 is an axis-
specific confinement gain that scales the contribution of the
anisotropic stiffness.

b) Rotation-driven expansion: The rotating field in-
duces centrifugal and shear stresses that act collectively to
enlarge the footprint. This effect is modeled phenomenolog-
ically as

E (r1,r2;zm,ωm) = Kτ

(
|ωm|
ωref

)p
sB B(zm)(r1 r2), (2)

with ωm the angular frequency of the field, ωref = 2π fref a
reference angular frequency, B(zm) the field magnitude, and
(Kτ , p,sB) fitted coefficients. The multiplicative term (r1r2) is
indicative of the empirical observation that larger footprints
experience proportionally greater shear expansion.

c) Linear relaxation: Effective dissipative relaxation of
the swarm envelope arises from fluid-mediated dissipation
and internal particle rearrangements. We model this behavior
using a first-order relaxation term

Di(ri) = Kd,i ri, (3)
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where Kd,i aggregates viscous and stochastic contributions to
the damping of envelope dynamics.

By combining expressions (1), (2), and (3), the following
reduced-order system is obtained:

ṙ1 =−Kb,1Sx(zm)(r1 − r1,min)
β +E (r1,r2;zm,ωm)

−Kd1r1,

ṙ2 =−Kb,2Sy(zm)(r2 − r2,min)
β +E (r1,r2;zm,ωm)

−Kd2r2,

(4)

where Sx,Sy are anisotropic stiffness functions reflecting
asymmetries of the rotating magnetic field.

B. Physics-Based Reduced-Order Model

Under steady-state conditions (ṙi = 0), Eq. (4) expresses a
balance between magnetic confinement, effective dissipative
relaxation, and rotation-induced expansion at the swarm-
envelope level. Although this balance defines the steady mor-
phology, the resulting coupled nonlinear relations provide
limited analytical insight and are ill-suited for parameter
identification and control design. Guided by the structure
of Eq. (4) and supported by experimental observations, we
therefore reformulate the steady-state relation into a physics-
based empirical parametric model as follows:

r1(zm,ωm) =
C1 Φ(ω)

Sx(zm,ωm)α1
,

r2(zm,ωm) =
C2 Φ(ω)

Sy(zm,ωm)α2
,

(5)

where C1,C2 are axis-specific gains, and α1,α2 are nonlinear
exponents capturing the sensitivity of each axis.

The frequency-dependent term is expressed as

Φ(ωm) = exp
[

N
((

|ωm|
ωref

)q

−1
)]

, (6)

where N and q tune how rotation amplifies expansion relative
to the reference frequency.

The anisotropic stiffness functions combine curvature,
gradient, and interparticle effects as defined in (7):

Sx(zm,ωm) = s0 +aK1 |k(B
2)

xx (zm)|γ1 +aG gz(zm)
ρ

+aP

(
B(zm)

Bref

)µP
[

1+ log
(

1+ cP

(
|ωm|
ωref

)qP
)]

,

Sy(zm,ωm) = s0 +aK2 |k(B
2)

yy (zm)|γ2 +aG gz(zm)
ρ

+aP

(
B(zm)

Bref

)µP
[

1+ log
(

1+ cP

(
|ωm|
ωref

)qP
)]

.

(7)

Here, s0 denotes the baseline stiffness; aK1,aK2 are cur-
vature gains with exponents γ1,γ2; aG and ρ scale the axial
gradient gz(zm); and particle–interaction effects are captured
by aP,µP with normalization by Bref. The coefficient cP
with exponent qP accounts for frequency–field interactions.
The curvature terms k(B

2)
xx and k(B

2)
yy correspond to second

derivatives of the squared magnetic field along x and y,

Fig. 3: Experimental morphology map of magnetic particle
swarms under a rotating spherical magnet.

and are included to account for confinement and shape
stability effects that cannot be captured by field magnitude
or gradients alone. B(zm) is the field magnitude at height zm.

The logarithmic term in (7) captures the gradual weak-
ening of interparticle cohesion with increasing rotation fre-
quency. It modulates particle–particle interactions without
suppressing them at low frequency and remains well-behaved
over the actuation range (1–10 Hz). This term accounts
for frequency-dependent rotational effects observed at the
particle level.

From a control perspective, the resulting anisotropic stiff-
ness functions determine the relative sensitivity of the princi-
pal radii to actuation inputs, thereby shaping the achievable
aspect ratio and conditioning of feedback control along each
axis. By construction, Sx,Sy > 0 due to numerical flooring,
ensuring physically meaningful stiffness values.

III. EXPERIMENTAL VALIDATION

A. System Description

Our experimental platform (Fig. 1) combines a 6-DoF
UR10e manipulator (Universal Robots e-Series, Odense,
Denmark) with a stepper-driven spherical NdFeB magnet
of radius 20 mm (Fig. 2a). The stepper motor provides
continuous rotation, generating a controlled rotating dipole
field, while the manipulator moves the magnet along the z-
axis.

The magnetic flux density of the sphere was characterized
using a 3D Hall sensor array at varying distances, and the
equivalent dipole moment |M| was estimated by least-squares
fitting to a point-dipole model.

The swarms were formed from NdFeB microparticles
(MQFP 15-7, Magnequench Inc.) with a mean diameter of
5 µm. The experiments were carried out in a cylindrical
water reservoir of radius 53 mm (ρ = 997 kg/m3, η =
0.890 mPa · s). Swarm footprints in the imaging plane were
tracked with an EXO174CU3 industrial camera (SVS-Vistek
GmbH, Germany).

System control was implemented in ROS2 Humble using
the Universal Robots driver, enabling real-time execution of
preprogrammed Cartesian trajectories.
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TABLE I: Identified Parameters and Validation Errors.

Axis-Specific Parameters r1 r2

Ci [mm] 7.76 16.6
aK,i [–] 0.487 2.58
αi [–] 0.10 0.45
γi [–] 0.21 0.10
Global Parameters Values
s0 [–] 0.023
aG [–] 0.20
N,q [–] −0.273, 0.24
aP,µP [–] 0.823, 0.33
cP,qP [–] −0.77, 0.10
fref [Hz] 6
Validation Errors a r1 r2

RMSE [mm] 0.248 0.415
MAE [%] 6.49 9.12
Median Stiffness Sx Sy

Value [–] 0.393 2.455

aRMSE and MAE are computed over all experimental conditions, while
median stiffness values summarize the fitted Sx and Sy functions.

B. Swarm Morphologies

When subjected to a rotating magnetic field, ensembles of
NdFeB microparticles in fluid self-organize into collective
morphologies. The dependence of these morphologies on
the magnet’s vertical position (zm) and frequency ( fm) is
summarized in the morphology map (Fig. 3), which high-
lights well-defined domains of ellipsoidal clusters, rod-like
patterns, and multi-vortex swarms, as well as the frequency-
dependent inversion of rotation direction.

At low fm and small zm, particles condense into compact
aggregates aligned with the field. Increasing fm elongates
these aggregates into ellipsoidal clusters (Fig. 2b), whose
aspect ratio grows systematically with frequency and magnet
position. Notably, below a critical cutoff frequency foff ≈
6 Hz, the swarm co-rotates with the magnetic field, while
above this frequency, it rotates in reverse direction. This
inversion reflects a viscous phase lag that dominates the
dipolar alignment at higher frequencies.

At larger zm, magnetic coupling weakens and swarm
coherence diminishes. Beyond a threshold zoff ≈ 23.5 mm,
ellipsoidal clusters are no longer sustained and the swarm
transitions to multi-vortex states (Fig. 2d), where smaller
vortices rotate locally. Rod-like aggregates (Fig. 2c) appear in
intermediate regimes but remain unstable. For 28.5 ≤ zm ≤
53.5 mm, multi-vortex behavior dominates, indicating that
reduced magnetic gradients favor fragmentation over elon-
gation. This transition is consistent with the Mason number
framework [14], where increasing viscous-to-magnetic stress
promotes fragmentation.

Among the different morphologies, the ellipsoidal state
is particularly attractive for biomedical applications, as it
provides an elongated yet coherent footprint that can be
steered precisely while maintaining structural connectivity.

(a)

(b)

Fig. 4: Comparison between experimental data and model
predictions for swarm radii: (a) r1, (b) r2.

C. Model Validation and Analysis

After parameter identification, the reduced-order ellipse
model was validated against the full experimental dataset
of 50 operating points spanning magnet–swarm distances
(zm ∈ [3.5, 23.5] mm) and frequencies ( fm ∈ [1, 10] Hz). For
each point, 10 repeated measurements of the radii (r1,r2)
were collected; mean values were used for identification, and
variability was quantified by standard deviation and median
absolute deviation. Parameters were estimated via nonlinear
least-squares fitting to minimize the root mean square error
(RMSE) between experimental means and model predictions.
The fitted parameters and error metrics are reported in
Table I.

a) Agreement across (zm, fm): The 3D surfaces of r1
and r2 reveal three main trends (Fig. 4): (i) increasing zm
enlarges both radii, reflecting weaker magnetic gradients
and reduced confinement; (ii) at low fm, the radii decrease
with frequency due to stronger viscous alignment; (iii) at
higher fm, both radii increase again as rotation-induced ex-
pansion dominates. The model captures this non-monotonic
frequency dependence together with the distance effect. Axis
anisotropy is also reproduced, with r2 consistently larger
than r1, consistent with preferential head–to–tail chaining
along field lines. Ridge and valley structures align closely
between model and experiments, with only minor deviations
at the workspace boundaries (largest zm, highest fm), where
cohesion weakens.

b) Axis-dependent variability: Experimentally, r2 ex-
hibits greater run-to-run variability than r1, particularly at
intermediate (zm, fm). This is consistent with the stiffness
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Fig. 5: Collapsed frequency response of swarm radii (r1,r2)
via dimensionless scaling.

structure: along the field-aligned axis (y), dipole chains
couple more strongly to magnetic curvature but are also
more sensitive to centrifugal and shear effects, resulting in
both larger mean values and increased variance. The model
captures this anisotropic scaling while attenuating high-
frequency scatter, in line with its quasi-steady formulation.

c) Collapsed representation: To test separability, we
define collapsed variables yi = (riS

αi
i )/Ci, i ∈ {1,2}, where

ri are the experimental values, which should collapse to
the frequency curve Φ(ω) = exp{N[(|ω|/ωref)

q − 1]}. As
shown in Fig. 5, both axes cluster around the same slowly
decreasing trend. Median values (Median ± MAD) track
Φ(ω) within 5–10% across most bins. The main deviations
occur near fm ≈ 5–6 Hz (retrograde transition) and at the
highest frequency, where weak cohesion amplifies variability.
Since the model uses |ω| and omits phase/step-out effects,
small biases at these points are expected.

d) Stiffness anisotropy: Although the squared field cur-
vature is nearly isotropic (kxx/kyy ≈ 1.04), the fitted stiffness
values show strong anisotropy (Sx/Sy ≈ 0.16). This reflects
the stronger alignment and cohesion of head-to-tail dipole
chains along r2, yielding larger radii but also greater sen-
sitivity to shear and centrifugal forces (range 5.66 mm). In
contrast, side-by-side configurations along r1 provide weaker
cohesion and higher drag, leading to smaller, more stable
footprints (range 2.02 mm).

e) Take-away: Overall, the model achieves sub-
millimeter accuracy (RMSE: 0.25 mm for r1, 0.42 mm for
r2; MAE: 6.5% and 9.1%). It captures geometry, anisotropy,
and frequency scaling, while the collapsed analysis supports
the separable parametric structure. The deviations mainly
arise near retrograde rotation and weak-cohesion regimes,
motivating future inclusion of phase dynamics.

D. Reference Tracking

a) Tracking performance: Fig. 6 shows the radii track-
ing results with a simulated MIMO PID controller. With
tuned gains, the controller tracks r1 : 7 → 8 → 9 mm
while holding r2 = 11 mm. The model predictions were
r1 = 7.61,8.14,8.50 mm and r2 = 10.43,11.23,11.70 mm,
respectively. Across the three representative operating points,

(a)

(b)

Fig. 6: Comparison between model predictions (closed-loop
PID control) and experimental measurements (open-loop) of
the swarm radii. In the experiments, (a) the target along the
x-axis was varied in steps r∗1 = 7 → 8 → 9 mm, while (b) the
target radius along the y-axis was fixed to r∗2 = 11 mm.

the model achieves sub-millimeter accuracy for r1 (RMSE =
0.25–0.63 mm, MAE = 2%–9%) and for r2 (RMSE = 0.29–
0.66 mm, MAE = 2%–6%), without sustained saturation.

b) Experimental comparison: Open-loop experiments
at fixed (zm, fm) yielded mean radii of ⟨r1⟩= 7.39±0.57 mm,
8.01± 0.26 mm, and 8.56± 0.35 mm; and ⟨r2⟩ = 11.94±
0.51 mm, 12.35±0.36 mm, and 10.65±0.33 mm across the
three setpoints. The alignment with the simulated trajectories
confirms that, under the same actuation, the reduced-order
model predicts radii within the experimental spread, with an
underestimation of r2 by about 1–1.5 mm. A supplementary
video illustrates the reference-tracking experiments.

c) Sources of discrepancy: Remaining mismatches
arise from the open-loop variability of the
swarm—particularly along r2—and from the proximity
to the frequency offset foff ≈6 Hz, where rotation reversal
and phase lag are not captured by the current model.

IV. DISCUSSION

The proposed reduced-order ellipse model compresses the
complexity of swarm morphology into two physically inter-
pretable descriptors, the principal radii r1 and r2. By linking
these observables to magnetic field curvature, gradients,
and frequency-dependent amplification, the model provides
a compact and physics-grounded framework for describing
steady-state swarm footprints.
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a) Predictive performance: The model demonstrates
consistent predictive accuracy across experimental condi-
tions, with RMSE of 0.25 mm for r1 and 0.42 mm for
r2. The frequency-dependent amplification Φ(ω) captures
the nonlinear effect of rotation, while the stiffness func-
tions Sx,Sy reflect spatial variations of field curvature and
gradients. Importantly, the fitted parameters reveal a marked
anisotropy (Sx/Sy ≈ 0.16), consistent with stronger chaining
of dipoles along the r2 axis. This explains why swarms
elongate preferentially along one axis while remaining more
compact orthogonally.

b) Limitations: Several simplifications limit the cur-
rent formulation. First, the steady-state assumption neglects
transient dynamics such as formation time, oscillations,
and vortex merging. Second, the use of |ω| ignores the
experimentally observed inversion of swarm rotation above
foff ≈ 6 Hz. Although footprint size depends mainly on
|ω|, omitting directionality and phase-lag effects introduces
systematic errors near this transition. Finally, the reduced-
order model abstracts away particle-level heterogeneity, hy-
drodynamic coupling, and confinement effects, which may
become important in more complex environments.

c) Strengths and relevance: Despite these limitations,
the model provides a compact, physically grounded, and
interpretable description of swarm morphology. Its explicit
parametric structure links magnetic-field curvature, axial
gradients, field intensity, and actuation frequency to the
steady-state footprint, revealing the mechanisms underlying
anisotropic stiffness and frequency-driven expansion. Con-
sequently, the model is particularly well suited for control-
oriented applications requiring validated, low-dimensional,
and computationally tractable formulations.

V. CONCLUSION

We presented a reduced-order ellipse model for pre-
dicting swarm morphology under rotating magnetic fields.
The model captures anisotropic stiffness and frequency-
dependent expansion with low prediction error, providing a
compact and physically interpretable foundation for control.
Although restricted to steady-state ellipsoidal clusters, it is
well suited for feedback regulation and control-oriented anal-
ysis. Future work will extend the framework to quasi-steady
and mode-aware dynamics, and explore in-vitro biomedical
scenarios and hybrid physics–AI approaches for enhanced
robustness in closed-loop control.
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