
RCM Constraint-Consistent Dynamic Control in Surgical Robots

Yu Li1, Hamid Sadeghian1, Zewen Yang1, Valentin Le Mesle1, and Sami Haddadin2

Abstract— Robotic-assisted minimally invasive surgery
(RAMIS) requires accurate enforcement of the remote center
of motion (RCM) constraint to ensure safe tool motion
through a trocar. Existing virtual RCM controllers are
commonly formulated either at the kinematic level or as
task-space objectives, which makes torque-level enforcement
under trocar motion and physical interaction difficult to
formulate consistently. This paper models the RCM as a
rheonomic holonomic constraint and incorporates it into a
projection-based inverse-dynamics controller with explicit
constrained/free-motion torque decomposition. The resulting
formulation unifies kinematic RCM enforcement and task-space
tracking at the torque level, while preserving a constraint-
consistent structure for residual regulation and null-space
compliance. The proposed controller is validated in simulation
and on a RAMIS training platform against representative
projection-based and constrained-dynamics baselines. Across
spiral tracking, varying insertion depth, moving trocar
conditions, and human interaction, the method achieves lower
RCM residuals and smoother torque profiles while maintaining
accurate tool-tip tracking. These results support the use of
constraint-consistent torque control for reliable virtual RCM
enforcement in surgical robotics. The project page is available
at https://rcmpc-cube.github.io.

I. INTRODUCTION

Minimally invasive surgery (MIS) reduces trauma, re-
covery time, and infection risk by operating through small
incisions [1]. Despite these benefits, MIS remains demanding
due to constrained access and safety-critical motion [2].
Robotic-assisted MIS (RAMIS) enhances dexterity and pre-
cision while reducing surgeon workload through motion
scaling and tremor filtering [1], and further supports training
and assessment via teleoperation and haptic feedback [3].
Central to RAMIS safety is the remote center of motion
(RCM), which constrains tool motion about a trocar pivot [4].
Enforcing this constraint with high precision under dynamic
and interactive conditions remains a major control challenge.

Early solutions relied on mechanical RCM mechanisms,
e.g., parallelogram linkages, spherical joints, and hybrid
architectures [5], [6], which reliably maintain pivoting but
limit adaptability and workspace flexibility. This has mo-
tivated control-based enforcement. Among these, kinematic
methods incorporate constrained Jacobians [7], parameterize
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Fig. 1: RAMIS training platform used in this work. The setup com-
prises three surgical robot manipulators (SRMs): one for endoscope
positioning and two equipped with the surgical tool. The platform
can also be operated in teleoperation mode.

tool motion [8], or solve inverse kinematics and velocity
control [9]. Data-driven variants employ recurrent models for
servoing and parameter estimation [10], [11]. However, these
methods are often tailored to position or velocity control and
remain less compatible with torque-level implementations,
where dynamic consistency and robustness are essential [12].

Implicit formulations mitigate some of these limitations.
Projection-based and null-space schemes [13] enforce virtual
RCM constraints implicitly by restricting task velocities,
while multi-priority control extends this idea to dynamical
task constraints via augmented Jacobians [14]. In collab-
orative RAMIS [15], dynamic controllers have further in-
corporated disturbance compensation [16] as well as op-
timal and passive teleoperation schemes [17], [18]. More
recently, constrained-dynamics formulations [19], [20] have
explicitly separated constrained and free dynamics, providing
a more consistent dynamic treatment. However, previous
virtual RCM controllers remain primarily formulated at the
kinematic or task level, and their extension to rheonomic
or enforced RCM conditions induced by trocar motion and
viscoelastic tissue behavior is less explicit [21].

More broadly, projected constrained dynamics and
operational-space control have proven effective in contact-
rich robotics [22], [23]. Orthogonal projections can re-
duce torque effort [24] and accommodate friction-aware
constraints through optimization-based formulations [25],
[26]. However, classical projection-based methods typically
assume rigid scleronomic constraints and remain sensitive
to modeling errors and Jacobian conditioning [27], [28],
which limits their direct applicability to RCM control under
trocar motion and non-ideal abdominal-wall compliance.
Relative to augmented-Jacobian virtual RCM control [14]
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and constrained-dynamics decomposition [20], the present
formulation explicitly embeds rheonomic virtual RCM reg-
ulation into a projection-based constraint-consistent torque-
control framework.

The main contributions of this paper are threefold:
(i) We reinterpret the RCM constraint as a rheonomic

holonomic constraint and express it in a projection-
based inverse-dynamics formulation, linking existing
kinematic RCM descriptions to torque-level constrained
dynamics in a unified framework.

(ii) Within the constraint-consistent formulation of pro-
jected dynamics [28], we derive a torque-level control
law that separates constrained and free-motion actions,
enabling simultaneous RCM residual regulation, tool-tip
tracking, and null-space compliance.

(iii) We validate the resulting controller in simulation and
on a RAMIS training platform against representative
projection-based and constrained-dynamics baselines
under spiral tracking, varying insertion depth, moving
trocar conditions, and external human interaction.

The remainder of the paper is organized as follows:
Section II reviews the background on projection-based con-
strained dynamics, Section III presents the proposed RCM
constraint kinematics and controller design, Section IV re-
ports simulation and experimental validation, and Section V
discusses limitations and concludes the work.

II. PRELIMINARIES

We consider the joint-space dynamics of an n ∈ N
DoF manipulator subject to external interaction and k ∈ N
independent kinematic constraints, given by

Mq̈ + h = τ + JT
c f c + τ ext, (1)

where q ∈ Rn is the joint configuration, M ∈ Rn×n is the
symmetric positive-definite inertia matrix, h ∈ Rn collects
Coriolis, centrifugal, and gravitational torques, τ ∈ Rn is
the control input, τ ext ∈ Rn is the external torque, and
f c ∈ Rk is the generalized constraint force associated with
the Jacobian Jc ∈ Rk×n. The constraints satisfy Jcq̇ = 0,
with Jc assumed to have full row rank.

To separate constrained and free-motion dynamics, we
introduce the orthogonal projector

P = I − J†
cJc,

where (·)† denotes the Moore–Penrose pseudoinverse. The
operator P projects onto the null space of Jc and satisfies
P q̇ = q̇ for all q̇ ∈ N (Jc) where N (·) defines the null-
space. It is worth noting that P is idempotent, i.e., P 2 =
P = P T . Projecting (1) onto the free-motion subspace, it
has

PMq̈ + Ph = P (τ + τ ext). (2)

Then, we decompose the control input torque into free-
motion and constrained components,

τ = τ ∥ ⊕ τ⊥, (3)

where τ ∥ := P †Pτ f lies in the free-motion subspace,
τ⊥ := (I − P †P )τ c in the constrained subspace, and
τ f , τ c denote free-space and constrained-space control in-
puts, respectively. The generalized inverse P † is chosen
dynamically consistent. Since τ⊥ does not contribute to
motion, all free-space tasks such as trajectory tracking and
null-space compliance are executed through τ f .

For all admissible velocities q̇ ∈ N (Jc), it holds that
(I − P )q̇ = 0. Differentiating with respect to time gives

(I − P )q̈ = Ṗ q̇, Ṗ = −J†
cJ̇c. (4)

Combining (2) and (4), the constrained dynamics becomes

Mf q̈ + Ph− Ṗ q̇ = P (τ + τ ext), (5)

where Mf = PM+(I−P ) is nonsingular by construction.
Pre-multiplying (5) with JM−1

f and substituting Jq̈ = ẍ−
J̇ q̇, the operational-space dynamics follows

Λf ẍ+Λf

(
JM−1

f Ph− (J̇ + JM−1
f Ṗ )q̇

)︸ ︷︷ ︸
hf

= ff + fext,

(6)
where Λf = (JM−1

f PJT )−1 is the task-space inertia, hf

is the bias force, and fext = J#T τ ext is the projected
external force with J#T = (JM−1

f PJT )−1JM−1
f P . To

complete a free space task, the PD+ type controller is
designed,

ff = Λf ẍd +Kf,Dė+Kf,Pe+ hf , (7)

where tracking error e = xd − x and positive-definite gains
are Kf,P ,Kf,D. The corresponding joint torque input is

τ f = JTff + N̄τ 0, (8)

where N̄ = I −JTJ#T is the dynamically consistent null-
space projector, and τ 0 is an auxiliary null-space input for
secondary objectives lying in the free motion space.

III. METHODS

When virtual RCM conditions are soft or rheonomic,
the separation between kinematic constraints and task-level
objectives is no longer sharp. A kinematic formulation retains
the structure of constraint-induced action, whereas a task-
space formulation is more direct for torque-level tracking
control. We therefore express the RCM in a projection-
based constrained-dynamics framework [27] and model it as
a rheonomic holonomic constraint. The resulting formulation
provides a constraint-consistent torque decomposition for si-
multaneous RCM regulation, tool-tip tracking, and null-space
compliance under trocar motion and non-ideal abdominal-
wall behavior [7], [21].

A. RCM Kinematics from Projection

Let the reference pose of the surgical tool be (pr,Rr) ∈
R3 × SO(3), where pr is the reference position and Rr its
orientation. Let the trocar point be pc(t), which may move
with known velocity ṗc(t). Two common formulations of
RCM kinematics exist in the literature: the 3D formulation
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(a) (b)

Fig. 2: RCM geometry and frame definitions. (a) Overview of the
considered scenario: the shaft of the surgical tool (see [29]) passes
through the virtual RCM located at the trocar point. (b) Local
frame construction used for the projected RCM residual. Frame
r is attached to the tool reference point, frame t to the tool tip, and
frame c to the trocar point. The residual is expressed in the r-frame
to obtain the 2D/3D projected RCM coordinates used in control.

[14] and the 2D formulation [13]. To prepare for our later
projection-based controller, we reinterpret both approaches
by expressing them in the local tool-reference frame (the r-
frame), as detailed in Fig. 2 with RCM kinematics. This en-
sures consistency with the projection formulation introduced
in Section II, while maintaining equivalence to the original
derivations.

The projected residual is defined as the orthogonal projec-
tion of the residual vector onto the r-frame. This approach
adapts the idea presented in [14] by formulating the projec-
tion in the r-frame rather than the base frame.

xp,rcm,3D = RT
r pcr ∈ R3 (9)

with pcr = pr −pc. The associated Jacobian with respect to
pc is [

Jp,c

Jω,c

]
=

[
I3×3 −p∧

cr

03×3 I3×3

] [
Jp,r

Jω,r

]
, (10)

where Jp,r and Jω,r are the translational and angular parts
of the Jacobian at the tool reference, while Jp,c and Jω,c

correspond to the trocar point. The RCM Jacobian then
follows the orthogonal projection correspondingly, i.e.,

Jrcm,3D = RT
r Jc,p. (11)

Consequently, the projected velocity residual becomes

ẋp,rcm,3D = Jrcm,3Dq̇ −RT
r ṗc. (12)

Notably, for the 2D case following [13], we define a
planar basis Br ∈ R3×2 by taking the first two columns
of Rr. Replacing Rr with Br in (9)–(12), we obtain the
corresponding Jacobian Jrcm,2D, and 2D residual xp,rcm,2D

and velocity ẋp,rcm,2D.

B. Constraint-consistent control

Non-ideal kinematic or task-level constraints can be de-
scribed by general rheonomic holonomic conditions, i.e.,

Φc(q, t) = xc(t) ∈ Rk, (13)

where xc(t) denotes the time varying residual constraint co-
ordinate. (·)c represents not only the placeholder of different
RCM constraint formulations but also for any generic con-
straints. To obtain the velocity and acceleration relationships,
we differentiate the constraint equation (13) with respect to
time as follows

∂Φc

∂q
q̇+

∂Φc

∂t
= ẋc,

∂2Φc

∂q2
q̇+

∂Φc

∂q
q̈+

∂2Φc

∂t2
= ẍc. (14)

For brevity, we define the Jacobian of xc as Jc = ∂Φc/∂q
and the lumped nonlinear bias term at acceleration level
bc :=

∂2Φc

∂q2 q̇+ ∂2Φc

∂t2
1. We then obtain the acceleration-level

equivalence subject to constraint

Jcq̈ = ẍc − bc. (15)

Pre-multiplying by J†
c gives

(I − P )q̈ = J†
c(ẍc − bc). (16)

Thus, the joint acceleration decomposes as

q̈ = q̈∥ ⊕ q̈⊥,

with q̈∥ = P q̈ and q̈⊥ = (I − P )q̈. Substituting the
dynamics (1), we obtain

q̈ = J†
rcm(ẍc − bc) + PM−1(τ + τ ext − h),

which combines constrained and unconstrained dynamics in
the sense of Gauss’s principle [19]. Accordingly, (5) updates
to

Mf q̈ = P (τ f + τ ext − h)− J†
rcm(ẍc − bc). (17)

The corresponding operational formulation (6) is obtained
by substituting

hf = Λf

(
JM−1

f Ph−J̇ q̇+JM−1
f J†

rcm(ẍc−bc)
)
. (18)

Hence, the operational-space control law (7) applies with the
updated hf .

To stabilize the residual dynamics, the constraint acceler-
ation is designed as

ẍc = ẍc,d −Λ−1
c (Kc,D

˙̃xc +Kc,P x̃c) + bc, (19)

where x̃c = xc − xc,d denotes the constraint er-
ror, Kc,P ,Kc,D ≻ 0 are gain matrices, and Λc =
(JcM

−1JT
c )

−1 is the constraint-space inertia. For most
cases (e.g. RCM constraints), xc,d = 0 will be defined for
exact satisfaction.

The associated constrained torque in (3) is then designed
as

τ c = JT
c (Λcẍc + JcM

−1h). (20)

In analogy to the free-space formulation, this ensures that
xp,rcm and its derivatives converge to zero. Any disturbance
induced by the additional constraint dynamics is compen-
sated by updating ẍc via (19).

1For brevity, the computation is not analytically elaborated with respect
to different RCM or any constraint implementations.
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Remark 1. To enhance robustness, we extend the control
law with a disturbance estimate τ̂ ext, such that

τ̂ = τ ∥ ⊕ τ⊥ + τ̂ ext. (21)

The estimate τ̂ ext can be decomposed into free and
constrained components using P and is obtained via a
momentum-based observer with sign inversion, so that τ̂ ext+
τ ext → 0 [30]. Finally, null-space compliance is introduced
through

τ 0 = −Kn,D
˙̃q −Kn,P q̃, (22)

where q̃ = q − qinit is defined relative to the initial con-
figuration, and Kn,P ,Kn,D ≻ 0 are null-space impedance
gains. The final control input τ̂ thus replaces τ in (1) under
disturbances.

C. Baseline of projection controllers for comparison

1) Projection Jacobian approach: For comparison, we
first outline an alternative operational-space formulation un-
derlying the admittance controller in [13]. The dynamics in
operational space are expressed as

ΛEẍ+HE =

[
f c

fn

]
, (23)

where

ΛE = J−T
E MJ−1

E =

[
Λc 0
0 Λn

]
, (24)

Λc = (JcM
−1JT

c )
−1, (25)

Λn = ZTMZ, (26)

HE = ΛE

([
Jc

Z#

]
M−1h−

[
J̇c

d
dtZ

#

]
q̇

)
. (27)

The extended Jacobian JE is defined by[
ẋc

ẋn

]
=

[
Jc

Z#

]
︸ ︷︷ ︸

JE

q̇, (28)

where ẋn denotes the null-space velocity orthogonal to
the constraint space, and Z# = (ZTMZ)−1ZTM . The
corresponding torque input is

τ = JT
E

([
f c

ZTJTff

]
+HE

)
+ τ̂ ext, (29)

where the constraint JZ = 0 holds and Z is chosen
following [31]. For simplicity and comparability, we restrict
to the static RCM case with ṗc = 0. The constrained force
f c is implemented through a PD law relative to −xc,

f c = Λcẍc,d −Kc,D
˙̃xc −Kc,P x̃c, (30)

The free-space force ff is implemented analogously to (7).

2) Dynamical Udwadia–Kalaba controller: We also re-
formulate an existing torque controller [20], originally de-
rived from a dynamically consistent framework, but lacking
explicit constraint consistency in the residual dynamics.
Starting from the constraint relation (15), the inverse dy-
namics are decomposed according to the Udwadia–Kalaba
(U–K) principle [19]:

Mq̈ = Q+Qic +Qnic + h+ τ̂ ext, (31)

where Q, Qic, and Qnic denote the contributions from
free motion, ideal constraints, and non-ideal constraints,
respectively:

Q = τ# − h, (32)

Qic = M1/2Π†(bic − JcM
−1Q), (33)

Qnic = M1/2
[
I −Π†JcM

−1/2
]
M−1/2τnic, (34)

with τ# the free-space torque (designed as Cartesian PD+
with optional null-space term), Π = JcM

−1/2, and

τnic = JT
c

(
Λcẍc,d −Kc,D

˙̃xc −Kc,P x̃c

)
, (35)

as in (20). Similarly to the proposed controller, the term
bic = Λcẍc,d − Kc,D

˙̃xc − Kc,P x̃c accounts for ideal
rheonomic holonomic constraints and compensates for the
part from non-ideal constraints minimization efforts τnic.
Unlike [20], where τnic is simply added to Q and Qic,
here the non-ideal constraint is consistently projected into
torque space, leading to a self-contained constraint-consistent
formulation.

IV. RESULTS

In this section, the proposed controller is first validated
through simulation and experiments in comparison with
baseline controllers. Subsequently, we examine its perfor-
mance in dynamic and human-interactive tasks to demon-
strate reliability in practice.

A. Task implementation

For benchmarking, the controllers are implemented fol-
lowing their original formulations. The primary task is tool-
tip position tracking, while the constraint task is RCM
regulation. The U–K approach of Minelli et al. [20] is
evaluated under the 3D RCM formulation, whereas the pro-
posed controller and the Z-approach adopt the 2D projected
formulation. Accordingly, xc,d and its derivatives are set to
zero, and all terms (·)c are instantiated as (·)p,rcm,3D or
(·)p,rcm,2D, respectively.

A dynamically challenging spiral trajectory pt,d(t) is
generated along the robot z-axis. The trajectory has a radius
of r = 0.02m, a pitch of 0.015m, and a trapezoidal
velocity profile over a duration of T = 20 s. The free-
motion task is defined by xd = pt,d and x = pt, together
with their corresponding derivatives. In the experiments,
the reported tip-tracking error and projected RCM residual
are reconstructed from the robot state and calibrated tool
geometry, and therefore reflect both control performance and
residual modeling mismatch.
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(a) Proposed controller: P -approach

(b) U-K Approach

(c) Z-approach

Fig. 3: Simulation comparison of the three controllers. For each controller, the panels report tool-tip tracking error, RCM residual, and
joint-torque evolution along the same spiral reference trajectory. (a) Proposed P -approach. (b) U–K approach. (c) Z-approach.

The trocar position pc is initialized from the starting
configuration (pr(0),pt(0)) using a scaling factor α:

pc = pr(0) + α (pt(0)− pr(0)) .

The physical insertion depth is α·Ltool, where the tool length
is Ltool = 0.59m. A larger α corresponds to a shallower
insertion.

In practice, trocar motion can be induced by breathing or
other tissue motion [7]. To emulate this effect, a sinusoidal
motion of pc along the z-axis with frequency 0.2Hz and
amplitude ±4 cm is predefined in the experiments.

B. Performance validation through simulation
To validate the proposed constraint-consistent controller

(P -approach), we compare it with two representative
baselines: the projection Jacobian controller (Z-approach,
Sec. III-C.1) and the dynamical U–K controller (Sec. III-
C.2).

A MuJoCo simulation environment is built using the same
robot kinematics, tool geometry, trocar initialization, and
spiral reference described in Sec. IV-A, with a timestep of
1ms. To emulate non-ideal contact around the trocar region,
compliant MuJoCo soft objects are introduced with tuned
impedance parameters allowing limited penetration. For sim-
plicity, rheonomic trocar motion is omitted in simulation and
pc is kept fixed. Gains are selected such that the proposed
P -approach and the Z-approach achieve comparable tip-
tracking and RCM-regulation levels, while the same gains
are applied to the U–K controller for consistency; derivative
gains are set element-wise as kD,i = 2

√
kP,i.

Compared with the Z-approach, the proposed P -approach
requires slightly higher mean absolute torque (0.53 vs.

0.41 Nm) but yields a lower peak torque (0.99 vs. 1.10 Nm)
and smoother joint-torque profiles over the periodic spiral
motion. By contrast, the Z-approach shows more irregular
torque transients despite comparable tracking and RCM reg-
ulation. Relative to the U–K controller, the proposed method
also yields lower tip-tracking and RCM residuals in the
tested gain range. When implemented in our setup with the
selected gains, the original U–K baseline became numerically
unstable if only the additional τnic term from [20] was
added.

C. Performance validation through experiment

1) Comparative evaluation of the proposed controller:
Experiments are conducted on a Franka Research 3 (FR3)
robot arm with a real-time loop running at 1 kHz under
Ubuntu 22.04 with a real-time kernel.

To further validate the simulation results, we compare the
proposed controller (P -approach) with the Z-approach. Both
controllers are evaluated on the same spiral reference, with
the same trocar initialization and insertion depth, and under
the same tool configuration. The U–K approach could not
be stably implemented with the same or comparable gains
as the P -approach, likely due to numerical issues arising
from heavy matrix manipulations and sensitivity to modeling
errors. The gains of the Z-approach are tuned in the same
manner as in simulation2, and the tracking error trajectories
and statistics are shown in Fig. 4.

The proposed controller achieves lower RCM residuals
while showing slightly weaker tip tracking than the Z-

2For transparency, the proportional gains applied to the tool tip and RCM
tasks are 1000 and 1500 N/m, respectively, in diagonal form.
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Fig. 4: Experimental comparison between the proposed controller
and the Z-approach under comparable tracking and RCM residual
levels. The figure reports joint-torque evolution together with the
corresponding tip-tracking and RCM residual signals.

approach. Nevertheless, the total torque consumption of
the P -approach, computed as the sum of absolute joint
torques, is about half of that of the Z-approach. Moreover,
the peak torques of the Z-approach are 77% higher than
those of the proposed controller. This reduction is consistent
with the orthogonal decomposition of constrained and free-
motion torques in the constraint-consistent formulation. In
particular, the decomposition separates the control action into
projected free-motion and constraint-related components, in
line with minimum-effort arguments commonly used in
projected inverse-dynamics formulations [23]. Additionally,
the Z-approach produces more aggressive torque trajec-
tories, consistent with the non-smooth behavior observed
in simulation due to the lack of a dynamical constraint-
consistent formulation, which likely amplifies overall torque
consumption. Projection-Jacobian controllers are known to
admit passivity-related issues in hierarchical settings [32].
The proposed controller differs structurally by embedding
the RCM regulation into a constraint-consistent projected
dynamics formulation rather than a classical projected sub-
ordinate compliance law; however, a formal passivity proof
for the present rheonomic formulation is left for future work.

2) Dynamical task feasibility experiment: The insertion
depth varies with the surgical objective and can be adjusted
either by semi-autonomous guidance of the torque-controlled
manipulator or by teleoperation. To investigate this, experi-
ments are conducted at three insertion depths, corresponding
to scaling factors α = 75%, 50%, 25%. The results are
visualized in Fig. 5(a–c).

For visualization only, the instantaneous RCM point in the
base frame is reconstructed following [14] as

prcm = pr +
1

L2
tool

pT
rtprcprt,

where prt = pt −pr with the tool-tip position pt expressed
in the base frame (Fig. 2b). The quantitative evaluation in
Table I is based on the projected RCM residual introduced

TABLE I: Mean absolute Cartesian tip-tracking error and projected
RCM residual for the four experimental cases. Case (a): α = 0.75;
case (b): α = 0.50; case (c): α = 0.25; case (d): moving trocar.
Units are 10−3 m.

Case Tip Tracking Error e(x,y,z) Projected RCM Residual x̃c,(x,y)

a 0.5066 0.2504 0.8444 0.4152 0.6824
b 0.9992 0.9972 0.9155 0.7336 0.7079
c 3.0231 3.0567 0.9449 2.7085 1.6267
d 0.9440 0.9854 0.9369 0.7995 0.7276

in Sec. III-A.
The results displayed in Fig. 5(a–c) show good spatial

correspondence between the desired pc (blue cross) and
the reconstructed prcm values (magenta circles), together
with small projected residuals. However, shallower insertions
(smaller α) make both tip tracking and RCM constraint
satisfaction more difficult. The tool-reference motion pr

(green trace) increases by roughly a factor of three from
case (a) to case (c). This lever-arm effect means that shal-
lower insertion amplifies lateral displacements for the same
angular deviation. Consequently, the system undergoes faster
motions, which magnify errors caused by model mismatches,
in particular due to discrepancies in the customized surgical
tool drive unit. Consistently, the tip error also scales with the
lever arm, being about three times larger in case (c) than in
case (a). The quantitative results are summarized in Table I.

Finally, rheonomic effects are evaluated by activating
trocar motion as described in Sec. IV-A. The numerical
error in Fig. 5(d) and the mean absolute error in Table I
remain small and close to those of case (c) under the same
insertion depth. This indicates that the rheonomic constraints
are handled consistently by the proposed controller in the
tested setting.

D. Human Interaction

As shown by Sadeghian et al. [33], [34], compensating ex-
ternal torques enhances disturbance rejection in both primary
and secondary tasks. We conducted experiments in which
the manipulator followed the same spiral trajectory of 20 s
duration at 50% insertion depth. Incorporating the observed
external torques increased robustness, as demonstrated in
Fig. 6(b), compared to Fig. 6(a) without τ̂ ext. When an
external torque was exerted at the flange, both tracking
and RCM errors increased slightly but remained within
acceptable limits.

Intentional interaction was not suppressed but expressed
through null-space compliance according to (22). In the
experiment, push–pull forces were applied to the second
link of the robot, mimicking arm bending into different
attack angles (see Fig. 2b). The observed torque at joint 2
and the corresponding induced torque at joint 1 are shown
in Fig. 6(c). A joint stiffness of 5Nm/rad with sufficient
damping was applied. Several joints, notably q1, q3, q5, and
q6, actively contributed to the compliant null-space response
at different phases of motion. In theory, null-space compli-
ance should not degrade tip tracking or RCM satisfaction; in
practice, however, a small increase in errors is observed in
Fig. 6(c) compared to the baseline in Fig. 6(a).
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Fig. 5: Experimental results of the proposed controller under varying insertion depth and rheonomic trocar motion. Columns (a)–(c)
correspond to insertion factors α = 0.75, 0.50, and 0.25, respectively; column (d) corresponds to the moving-trocar case. From top to
bottom, the rows show 3D task-space visualization, tool-tip tracking error, and projected RCM residual.

Fig. 6: Experimental interaction scenarios. From top to bottom, the panels show joint torques and joint positions, tool-tip tracking error,
and projected RCM residual. (a) External interaction at the flange without disturbance compensation. (b) External interaction at the flange
with disturbance compensation. (c) Intentional human interaction expressed through null-space compliance.

V. DISCUSSION AND CONCLUSION

Discussion. This work formulates RCM enforcement
as a rheonomic holonomic constraint within a projected
constraint-consistent controller. Across the tested simulation
and hardware scenarios, the proposed method provides lower
RCM residuals and smoother torque profiles than the consid-
ered baselines, while retaining accurate tool-tip tracking and
enabling null-space compliance. These improvements arise
from the explicit separation of constrained and free-motion
actions in the control law. Several limitations, however,
remain.

First, projection-based formulations remain numerically
sensitive [28]. Even small modeling errors or ill-conditioned
Jacobians can destabilize the projector. Second, RCM kine-
matics are inherently depth-sensitive: due to the lever-arm
effect, control gains tuned for one insertion length may
degrade performance at another, making it difficult to define
a unified gain set. Third, although a PD(+) law was used
for fair comparison, passivity-preserving extensions remain
an interesting direction for future work. Fourth, while torque
smoothness has improved, residual high-frequency oscilla-
tions may degrade accuracy with long or flexible instruments
in practical deployment, and the lack of direct tip sensing
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means forward kinematics remain the only feedback source.
Fifth, null-space compliance, though enabling interaction, is
configuration-dependent: in some poses, surgeons may not
intuitively adjust the attack angle, suggesting that admittance
control is still relevant. Finally, gain tuning itself poses a
practical challenge: despite theoretical orthogonality, RCM
and tip-task gains remain coupled, and adjusting one often
affects the other. This interdependence was particularly evi-
dent in the Z- and U–K baselines and complicates fair cross-
method comparison.

Conclusion. The proposed controller provides a constraint-
consistent torque-control formulation for RCM-constrained
surgical robotics and demonstrates improved joint-torque
smoothness, reduced torque demand, and lower RCM resid-
uals in the tested scenarios. Future research should focus
on reducing numerical sensitivity, mitigating depth depen-
dence, integrating passivity-preserving designs, and explor-
ing shared-control schemes that accommodate inequivalent
task constraints.
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